1. Preface 
2. Parametric Equations and Polar Coordinates 


1. 
2. 
3. 
4. 
D. 
6. 


Introduction 

Parametric Equations 

Calculus of Parametric Curves 

Polar Coordinates 

Area and Arc Length in Polar Coordinates 
Conic Sections 


3. Vectors in Space 


. Introduction 

. Vectors in the Plane 

. Vectors in Three Dimensions for Doug Baldwin 

. The Dot Product for Doug Baldwin 

. The Cross Product 

. Equations of Lines and Planes in Space 

. Cylinders and Quadrics for Doug Baldwin 

. Cylindrical and Spherical Coordinates for Doug Baldwin 


4. Vector-Valued Functions 


. Introduction 

. Vector- Valued Functions and Space Curves 
. Calculus of Vector-Valued Functions 

4. 
5. 


Arc Length and Curvature 
Motion in Space 


5. Differentiation of Functions of Several Variables 


NOD OB WN 


. Introduction 

. Functions of Several Variables 

. Limits and Continuity 

. Partial Derivatives 

. Tangent Planes and Linear Approximations 
. The Chain Rule 

. Directional Derivatives and the Gradient 


8. Maxima/Minima Problems 
9. Lagrange Multipliers for Doug Baldwin 
6. Multiple Integration 
1. Introduction 
2. Double Integrals over Rectangular Regions 
3. Double Integrals over General Regions 
4. Double Integrals in Polar Coordinates 
5. Triple Integrals 
6 
7. Calculating Centers of Mass and Moments of Inertia 
8. Change of Variables in Multiple Integrals 
7. Vector Calculus 
1. Introduction 
2. Vector Fields 
3. Line Integrals 
4. Conservative Vector Fields 
5. Green’s Theorem 
6. Divergence and Curl 
7. Surface Integrals 
8. Stokes’ Theorem 
9. The Divergence Theorem 
8. Second-Order Differential Equations 
1. Introduction 
2. Second-Order Linear Equations 
3. Nonhomogeneous Linear Equations 
4. Applications 
5. Series Solutions of Differential Equations 
9. Table of Integrals 
10. Table of Derivatives 
11. Review of Pre-Calculus 


Preface 


Welcome to Calculus Volume 3, an OpenStax resource. This textbook was 
written to increase student access to high-quality learning materials, 
maintaining highest standards of academic rigor at little to no cost. 


About OpenStax 


OpenStax is a nonprofit based at Rice University, and it’s our mission to 
improve student access to education. Our first openly licensed college 
textbook was published in 2012, and our library has since scaled to over 25 
books for college and AP® courses used by hundreds of thousands of 
students. OpenStax Tutor, our low-cost personalized learning tool, is being 
used in college courses throughout the country. Through our partnerships 
with philanthropic foundations and our alliance with other educational 
resource organizations, OpenStax is breaking down the most common 
barriers to learning and empowering students and instructors to succeed. 


About OpenStax's resources 


Customization 


Calculus Volume 3 is licensed under a Creative Commons Attribution- 
NonCommercial-ShareAlike 4.0 International (CC-BY-NC-SA) license, 
which means that you can distribute, remix, and build upon the content, as 
long as you provide attribution to OpenStax and its content contributors, do 
not use the content for commercial purposes, and distribute the content 
under the same CC-BY-NC-SA license. 


Because our books are openly licensed, you are free to use the entire book 
or pick and choose the sections that are most relevant to the needs of your 
course. Feel free to remix the content by assigning your students certain 
chapters and sections in your syllabus, in the order that you prefer. You can 
even provide a direct link in your syllabus to the sections in the web view of 
your book. 


Instructors also have the option of creating a customized version of their 
OpenStax book. The custom version can be made available to students in 
low-cost print or digital form through their campus bookstore. Visit your 
book page on OpenStax.org for more information. 


Errata 


All OpenStax textbooks undergo a rigorous review process. However, like 
any professional-grade textbook, errors sometimes occur. Since our books 
are web based, we can make updates periodically when deemed 
pedagogically necessary. If you have a correction to suggest, submit it 
through the link on your book page on OpenStax.org. Subject matter 
experts review all errata suggestions. OpenStax is committed to remaining 
transparent about all updates, so you will also find a list of past errata 
changes on your book page on OpenStax.org. 


Format 


You can access this textbook for free in web view or PDF through 
OpenStax.org, and for a low cost in print. 


About Calculus Volume 3 


Calculus is designed for the typical two- or three-semester general calculus 
course, incorporating innovative features to enhance student learning. The 
book guides students through the core concepts of calculus and helps them 
understand how those concepts apply to their lives and the world around 
them. Due to the comprehensive nature of the material, we are offering the 
book in three volumes for flexibility and efficiency. Volume 3 covers 
parametric equations and polar coordinates, vectors, functions of several 
variables, multiple integration, and second-order differential equations. 


Coverage and scope 


Our Calculus Volume 3 textbook adheres to the scope and sequence of most 
general calculus courses nationwide. We have worked to make calculus 
interesting and accessible to students while maintaining the mathematical 
rigor inherent in the subject. With this objective in mind, the content of the 
three volumes of Calculus have been developed and arranged to provide a 
logical progression from fundamental to more advanced concepts, building 
upon what students have already learned and emphasizing connections 
between topics and between theory and applications. The goal of each 
section is to enable students not just to recognize concepts, but work with 
them in ways that will be useful in later courses and future careers. The 
organization and pedagogical features were developed and vetted with 
feedback from mathematics educators dedicated to the project. 

Volume 1 


Chapter 1: Functions and Graphs 
Chapter 2: Limits 

Chapter 3: Derivatives 

Chapter 4: Applications of Derivatives 
Chapter 5: Integration 

Chapter 6: Applications of Integration 


Volume 2 


Chapter 1: Integration 

Chapter 2: Applications of Integration 

Chapter 3: Techniques of Integration 

Chapter 4: Introduction to Differential Equations 
Chapter 5: Sequences and Series 

Chapter 6: Power Series 

Chapter 7: Parametric Equations and Polar Coordinates 


Volume 3 


Chapter 1: Parametric Equations and Polar Coordinates 
Chapter 2: Vectors in Space 
Chapter 3: Vector- Valued Functions 


Chapter 4: Differentiation of Functions of Several Variables 
Chapter 5: Multiple Integration 

Chapter 6: Vector Calculus 

Chapter 7: Second-Order Differential Equations 


Pedagogical foundation 


Throughout Calculus Volume 3 you will find examples and exercises that 
present classical ideas and techniques as well as modern applications and 
methods. Derivations and explanations are based on years of classroom 
experience on the part of long-time calculus professors, striving for a 
balance of clarity and rigor that has proven successful with their students. 
Motivational applications cover important topics in probability, biology, 
ecology, business, and economics, as well as areas of physics, chemistry, 
engineering, and computer science. Student Projects in each chapter give 
students opportunities to explore interesting sidelights in pure and applied 
mathematics, from navigating a banked turn to adapting a moon landing 
vehicle for a new mission to Mars. Chapter Opening Applications pose 
problems that are solved later in the chapter, using the ideas covered in that 
chapter. Problems include the average distance of Halley's Comment from 
the Sun, and the vector field of a hurricane. Definitions, Rules, and 
Theorems are highlighted throughout the text, including over 60 Proofs of 
theorems. 


Assessments that reinforce key concepts 


In-chapter Examples walk students through problems by posing a question, 
stepping out a solution, and then asking students to practice the skill with a 
“Checkpoint” question. The book also includes assessments at the end of 
each chapter so students can apply what they’ve learned through practice 
problems. Many exercises are marked with a [T] to indicate they are 
suitable for solution by technology, including calculators or Computer 
Algebra Systems (CAS). Answers for selected exercises are available in the 
Answer Key at the back of the book. The book also includes assessments at 


the end of each chapter so students can apply what they’ve learned through 
practice problems. 


Early or late transcendentals 


The three volumes of Calculus are designed to accommodate both Early 
and Late Transcendental approaches to calculus. Exponential and 
logarithmic functions are introduced informally in Chapter 1 of Volume 1 
and presented in more rigorous terms in Chapter 6 in Volume 1 and Chapter 
2 in Volume 2. Differentiation and integration of these functions is covered 
in Chapters 3-5 in Volume 1 and Chapter 1 in Volume 2 for instructors who 
want to include them with other types of functions. These discussions, 
however, are in separate sections that can be skipped for instructors who 
prefer to wait until the integral definitions are given before teaching the 
calculus derivations of exponentials and logarithms. 


Comprehensive art program 


Our art program is designed to enhance students’ understanding of concepts 
through clear and effective illustrations, diagrams, and photographs. 
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Additional resources 


Student and instructor resources 


We’ve compiled additional resources for both students and instructors, 
including Getting Started Guides, an instructor solution manual, and 
PowerPoint slides. Instructor resources require a verified instructor account, 
which you can apply for when you log in or create your account on 
OpenStax.org. Take advantage of these resources to supplement your 
OpenStax book. 


Community Hubs 


OpenStax partners with the Institute for the Study of Knowledge 
Management in Education (ISKME) to offer Community Hubs on OER 
Commons — a platform for instructors to share community-created 
resources that support OpenStax books, free of charge. Through our 
Community Hubs, instructors can upload their own materials or download 
resources to use in their own courses, including additional ancillaries, 
teaching material, multimedia, and relevant course content. We encourage 
instructors to join the hubs for the subjects most relevant to your teaching 
and research as an opportunity both to enrich your courses and to engage 
with other faculty. 


To reach the Community Hubs, visit www.oercommons.org/hubs/OpenStax. 


Partner resources 


OpenStax Partners are our allies in the mission to make high-quality 
learning materials affordable and accessible to students and instructors 
everywhere. Their tools integrate seamlessly with our OpenStax titles at a 
low cost. To access the partner resources for your text, visit your book page 
on OpenStax.org. 
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Introduction 
class="introduction' 


The 
chambered 
nautilus is a 

marine 
animal that 
lives in the 
tropical 
Pacific 
Ocean. 
Scientists 
think they 
have existed 
mostly 
unchanged 
for about 
500 million 
years. 
(credit: 
modificatio 
n of work 
by Jitze 
Couperus, 
Flickr) 


The chambered nautilus is a fascinating creature. This animal feeds on 
hermit crabs, fish, and other crustaceans. It has a hard outer shell with many 
chambers connected in a spiral fashion, and it can retract into its shell to 
avoid predators. When part of the shell is cut away, a perfect spiral is 
revealed, with chambers inside that are somewhat similar to growth rings in 
a tree. 


The mathematical function that describes a spiral can be expressed using 
rectangular (or Cartesian) coordinates. However, if we change our 
coordinate system to something that works a bit better with circular 
patterns, the function becomes much simpler to describe. The polar 


coordinate system is well suited for describing curves of this type. How can 
we use this coordinate system to describe spirals and other radial figures? 
(See [link].) 


In this chapter we also study parametric equations, which give us a 
convenient way to describe curves, or to study the position of a particle or 
object in two dimensions as a function of time. We will use parametric 
equations and polar coordinates for describing many topics later in this text. 


Parametric Equations 


e Plot a curve described by parametric equations. 

¢ Convert the parametric equations of a curve into the form y = f(z). 

e Recognize the parametric equations of basic curves, such as a line and a circle. 
e Recognize the parametric equations of a cycloid. 


In this section we examine parametric equations and their graphs. In the two-dimensional coordinate system, 
parametric equations are useful for describing curves that are not necessarily functions. The parameter is an 
independent variable that both x and y depend on, and as the parameter increases, the values of x and y trace 
out a path along a plane curve. For example, if the parameter is t (a common choice), then t might represent 
time. Then x and y are defined as functions of time, and (x (t), y (¢)) can describe the position in the plane of a 
given object as it moves along a curved path. 


Parametric Equations and Their Graphs 


Consider the orbit of Earth around the Sun. Our year lasts approximately 365.25 days, but for this discussion 
we will use 365 days. On January 1 of each year, the physical location of Earth with respect to the Sun is 
nearly the same, except for leap years, when the lag introduced by the extra i day of orbiting time is built into 
the calendar. We call January 1 “day 1” of the year. Then, for example, day 31 is January 31, day 59 is 
February 28, and so on. 


The number of the day in a year can be considered a variable that determines Earth’s position in its orbit. As 
Earth revolves around the Sun, its physical location changes relative to the Sun. After one full year, we are 
back where we started, and a new year begins. According to Kepler’s laws of planetary motion, the shape of 
the orbit is elliptical, with the Sun at one focus of the ellipse. We study this idea in more detail in Conic 
Sections. 


January 1 
(t= 1) 


April 2 
(t = 92) 


O October 1 
(t = 274) 


Earth’s orbit around the Sun in one year. 


[link] depicts Earth’s orbit around the Sun during one year. The point labeled F9 is one of the foci of the 
ellipse; the other focus is occupied by the Sun. If we superimpose coordinate axes over this graph, then we can 
assign ordered pairs to each point on the ellipse ([link]). Then each x value on the graph is a value of position 


as a function of time, and each y value is also a value of position as a function of time. Therefore, each point 
on the graph corresponds to a value of Earth’s position as a function of time. 


(x(), YO) 


Coordinate axes superimposed on the orbit of Earth. 


We can determine the functions for x (¢) and y(t), thereby parameterizing the orbit of Earth around the Sun. 
The variable ¢ is called an independent parameter and, in this context, represents time relative to the beginning 
of each year. 


A curve in the (z, y) plane can be represented parametrically. The equations that are used to define the curve 
are called parametric equations. 


Note: 

Definition 

If x and y are continuous functions of t on an interval J, then the equations 
Equation: 


£=a2(tjandy—y(t) 


are called parametric equations and t is called the parameter. The set of points (x, y) obtained as t varies 
over the interval I is called the graph of the parametric equations. The graph of parametric equations is called 
a parametric curve or plane curve, and is denoted by C. 


Notice in this definition that x and y are used in two ways. The first is as functions of the independent variable 
t. As t varies over the interval J, the functions x (t) and y(t) generate a set of ordered pairs (x, y). This set of 
ordered pairs generates the graph of the parametric equations. In this second usage, to designate the ordered 


pairs, x and y are variables. It is important to distinguish the variables x and y from the functions x (t) and 
y(t). 


Example: 
Exercise: 


Problem: 
Graphing a Parametrically Defined Curve 


Sketch the curves described by the following parametric equations: 


aag(t)=t—1, y(t)=2t+4, -3<t<2 
ba(t)=#—-3, y(t)=2t+1, -2<t<3 
ea(t)—4cost, yt) —4smt, 07 = on 


oH 


Solution: 


a. To create a graph of this curve, first set up a table of values. Since the independent variable in both 
x (t) and y (€) is ¢, let t appear in the first column. Then z (¢) and y (¢) will appear in the second 
and third columns of the table. 


t x(t) y(t) 
-3 -4 -2 
-2 -3 0 
-1 -2 2 

0 -1 4 

1 0 6 

2 1 8 


The second and third columns in this table provide a set of points to be plotted. The graph of these 
points appears in [link]. The arrows on the graph indicate the orientation of the graph, that is, the 
direction that a point moves on the graph as t varies from —3 to 2. 


x(t) =t-—1 
y(t) = 2t+ 4 
—3sts2 


Graph of the plane curve described by the parametric 
equations in part a. 


b. To create a graph of this curve, again set up a table of values. 


t x(t) y(t) 
-2 1 -3 
-1 -2 -1 
0 -3 1 

1 -2 3 

2 1 5 

3 6 7 


The second and third columns in this table give a set of points to be plotted ({link]). The first point 
on the graph (corresponding to t = —2) has coordinates (1, —3), and the last point (corresponding 
to t = 3) has coordinates (6, 7). As t progresses from —2 to 3, the point on the curve travels along a 
parabola. The direction the point moves is again called the orientation and is indicated on the graph. 


y 
7 
3 
x(t) = 2-3 6 
y(t) = 2t+1 
—2=t=3 5 


Graph of the plane curve described by the parametric 
equations in part b. 


c. In this case, use multiples of 7/6 for t and create another table of values: 


t x (t) y (t) t x (t) y(t) 

0 4 0 = =I/32=3.5 || 2 

3 | 2V3=3.5 2 zo lr 23 = —3.5 
= 2/3 = 3.5 7 | 0 ma 

z 9 4 aE 2 —2/3 = —3.5 
8 2/3 = 3.5 Se || OV 2 

| Beats | 2 2x4 9 

T -4 0 


The graph of this plane curve appears in the following graph. 


x(t) = 4cost 
y(t) = 4sint 
Os<t=27 


Graph of the plane curve described by the 
parametric equations in part c. 


This is the graph of a circle with radius 4 centered at the origin, with a counterclockwise orientation. 
The starting point and ending points of the curve both have coordinates (4, 0). 


Note: 
Exercise: 


Problem: Sketch the curve described by the parametric equations 
Equation: 


a(t)=3t+2, y(t)=P-1, -3<t<2. 


Solution: 


x(t) = 3t + 2 
yjy=?-1 
-3=<=t=2 


Hint 


Make a table of values for z (t) and y (¢) using t values from —3 to 2. 


Eliminating the Parameter 


To better understand the graph of a curve represented parametrically, it is useful to rewrite the two equations as 


a single equation relating the variables x and y. Then we can apply any previous knowledge of equations of 
curves in the plane to identify the curve. For example, the equations describing the plane curve in [link]b. are 
Equation: 


e@)=P=3, y@)=2t+1, -2<¢<3. 


Solving the second equation for t gives 
Equation: 


This can be substituted into the first equation: 
Equation: 


y-1\’ y?—2yt+1 y?— 2y-11 
r= 5 3= 3= ; 


This equation describes x as a function of y. These steps give an example of eliminating the parameter. The 
graph of this function is a parabola opening to the right. Recall that the plane curve started at (1, —3) and 
ended at (6, 7). These terminations were due to the restriction on the parameter t. 


Example: 
Exercise: 


Problem: 
Eliminating the Parameter 


Eliminate the parameter for each of the plane curves described by the following parametric equations and 
describe the resulting graph. 


aa(t)=/2t+4, y(t)=2t+1, -2<t<6 
beott)—Aeost, (i= saint, Or tr 
Solution: 


a. To eliminate the parameter, we can solve either of the equations for t. For example, solving the first 
equation for t gives 


Equation: 
a = J2t+4 
xg? = +4 
z2—-4 = 2t 
a x24 


2 


x?—4 
2 


Note that when we square both sides it is important to observe that x > 0. Substituting ¢ = 
this into y (t) yields 


Equation: 
y(t) = 2t+1 
a 24 
y = 2(54)41 
y= e441 
y= pe = 3 


This is the equation of a parabola opening upward. There is, however, a domain restriction because 
of the limits on the parameter t. When t = —2, « = \/2(—2) +4 =0, and whent = 6, 
x = ,/2(6) + 4 = 4. The graph of this plane curve follows. 


x(t) = v2t+4 
y(t) = 2t+1 
—2=t=6 


Graph of the plane curve 
described by the parametric 
equations in part a. 


. Sometimes it is necessary to be a bit creative in eliminating the parameter. The parametric equations 
for this example are 
Equation: 


z(t) =4costand y(t) = 3sint. 


Solving either equation for t directly is not advisable because sine and cosine are not one-to-one 
functions. However, dividing the first equation by 4 and the second equation by 3 (and suppressing 
the t) gives us 

Equation: 


i . y 
cost = — andsint = —. 
4 3 
Now use the Pythagorean identity cos”t + sin’t = 1 and replace the expressions for sin t and cos t 


with the equivalent expressions in terms of x and y. This gives 
Equation: 


This is the equation of a horizontal ellipse centered at the origin, with semimajor axis 4 and 
semiminor axis 3 as shown in the following graph. 


x(t) = 4cost 
y(t) = 3sint 4 


0O=t=27 


Graph of the plane curve described by the 
parametric equations in part b. 


As t progresses from 0 to 27, a point on the curve traverses the ellipse once, in a counterclockwise 
direction. Recall from the section opener that the orbit of Earth around the Sun is also elliptical. 
This is a perfect example of using parameterized curves to model a real-world phenomenon. 


Note: 
Exercise: 


Problem: 


Eliminate the parameter for the plane curve defined by the following parametric equations and describe 
the resulting graph. 


Equation: 
3 
A are) y(t)=t—1, 2<t<6 
Solution: 
ie = se nae Org) = =I sp =. This equation describes a portion of a rectangular hyperbola centered 


at (2, —1). 


5 t=6 

3 
4 xQ=2+5 
3 yYH=t—1 


2=t=6 


Hint 


Solve one of the equations for t and substitute into the other equation. 


So far we have seen the method of eliminating the parameter, assuming we know a set of parametric equations 
that describe a plane curve. What if we would like to start with the equation of a curve and determine a pair of 
parametric equations for that curve? This is certainly possible, and in fact it is possible to do so in many 
different ways for a given curve. The process is known as parameterization of a curve. 


Example: 
Exercise: 


Problem: 
Parameterizing a Curve 


Find two different pairs of parametric equations to represent the graph of y = 2x? — 3. 


Solution: 


First, it is always possible to parameterize a curve by defining z (t) = t, then replacing x with t in the 
equation for y (t). This gives the parameterization 
Equation: 


2) =f, yG)—2e = 3, 


Since there is no restriction on the domain in the original graph, there is no restriction on the values of t. 


We have complete freedom in the choice for the second parameterization. For example, we can choose 
x (t) = 3t — 2. The only thing we need to check is that there are no restrictions imposed on x; that is, 

the range of z (t) is all real numbers. This is the case for z (t) = 3t — 2. Now since y = 2x? — 3, we 
can substitute x (¢) = 3¢ — 2 for x. This gives 

Equation: 


y(t) = 2(3t —2)?-2 
= 2(9t?— 12+ 4) —2 
= 18t?— 24t+ 8-2 
= 18t? — 24t + 6. 


Therefore, a second parameterization of the curve can be written as 
Equation: 


a(t) = 3t — 2and y(t) = 184? — 24t +6. 


Note: 
Exercise: 


Problem: Find two different sets of parametric equations to represent the graph of y = x? + 2z. 
Solution: 


One possibility is z(t) =t, y(t) = t? + 2t. Another possibility is 
a(t)=2t-—3, y(t) =(2t—3)?+2(2t—3) = 40? — 8t+3. 


There are, in fact, an infinite number of possibilities. 
Hint 


Follow the steps in [link]. Remember we have freedom in choosing the parameterization for z (t). 


Cycloids and Other Parametric Curves 


Imagine going on a bicycle ride through the country. The tires stay in contact with the road and rotate in a 
predictable pattern. Now suppose a very determined ant is tired after a long day and wants to get home. So he 
hangs onto the side of the tire and gets a free ride. The path that this ant travels down a straight road is called a 
cycloid ({link]). A cycloid generated by a circle (or bicycle wheel) of radius a is given by the parametric 
equations 

Equation: 


z(t)=a(t—sint), y(t) =a(1—cost). 


To see why this is true, consider the path that the center of the wheel takes. The center moves along the x-axis 
at a constant height equal to the radius of the wheel. If the radius is a, then the coordinates of the center can be 
given by the equations 

Equation: 


for any value of t. Next, consider the ant, which rotates around the center along a circular path. If the bicycle is 
moving from left to right then the wheels are rotating in a clockwise direction. A possible parameterization of 


the circular motion of the ant (relative to the center of the wheel) is given by 
Equation: 


z(t)=-—asint, y(t) =—acost. 


(The negative sign is needed to reverse the orientation of the curve. If the negative sign were not there, we 
would have to imagine the wheel rotating counterclockwise.) Adding these equations together gives the 
equations for the cycloid. 

Equation: 


A wheel traveling along a road without slipping; the point on the 
edge of the wheel traces out a cycloid. 


Now suppose that the bicycle wheel doesn’t travel along a straight road but instead moves along the inside of a 
larger wheel, as in [link]. In this graph, the green circle is traveling around the blue circle in a 
counterclockwise direction. A point on the edge of the green circle traces out the red graph, which is called a 
hypocycloid. 


x(t) = 3cos t + cos 3t 
y(t) = 3sint — sin 3t 


Graph of the hypocycloid described by the parametric equations 
shown. 


The general parametric equations for a hypocycloid are 
Equation: 


x(t) = (a— b) cost + bcos (32) ¢ 
y(t) = (a — b) sint — bsin (%*) t. 


These equations are a bit more complicated, but the derivation is somewhat similar to the equations for the 
cycloid. In this case we assume the radius of the larger circle is a and the radius of the smaller circle is b. Then 
the center of the wheel travels along a circle of radius a — b. This fact explains the first term in each equation 


above. The period of the second trigonometric function in both a (t) and y (¢) is equal to an ; 


The ratio 7 is related to the number of cusps on the graph (cusps are the corners or pointed ends of the graph), 


as illustrated in [link]. This ratio can lead to some very interesting graphs, depending on whether or not the 
ratio is rational. [link] corresponds to a = 4 and b = 1. The result is a hypocycloid with four cusps. [link] 
shows some other possibilities. The last two hypocycloids have irrational values for +. In these cases the 
hypocycloids have an infinite number of cusps, so they never return to their starting point. These are examples 
of what are known as space-filling curves. 


y/ 
Vg 
Ms 


Graph of various hypocycloids corresponding to 
different values of a/b. 


Note: 

The Witch of Agnesi 

Many plane curves in mathematics are named after the people who first investigated them, like the folium of 
Descartes or the spiral of Archimedes. However, perhaps the strangest name for a curve is the witch of 
Agnesi. Why a witch? 

Maria Gaetana Agnesi (1718-1799) was one of the few recognized women mathematicians of eighteenth- 
century Italy. She wrote a popular book on analytic geometry, published in 1748, which included an 
interesting curve that had been studied by Fermat in 1630. The mathematician Guido Grandi showed in 1703 
how to construct this curve, which he later called the “versoria,” a Latin term for a rope used in sailing. 
Agnesi used the Italian term for this rope, “versiera,” but in Latin, this same word means a “female goblin.” 
When Agnesi’s book was translated into English in 1801, the translator used the term “witch” for the curve, 
instead of rope. The name “witch of Agnesi” has stuck ever since. 

The witch of Agnesi is a curve defined as follows: Start with a circle of radius a so that the points (0,0) and 
(0, 2a) are points on the circle ([link]). Let O denote the origin. Choose any other point A on the circle, and 
draw the secant line OA. Let B denote the point at which the line OA intersects the horizontal line through 
(0, 2a). The vertical line through B intersects the horizontal line through A at the point P. As the point A 
varies, the path that the point P travels is the witch of Agnesi curve for the given circle. 

Witch of Agnesi curves have applications in physics, including modeling water waves and distributions of 
spectral lines. In probability theory, the curve describes the probability density function of the Cauchy 
distribution. In this project you will parameterize these curves. 


1 


ON aus 


As the point A moves around the circle, the point P traces out the witch of Agnesi 
curve for the given circle. 


. On the figure, label the following points, lengths, and angle: 


a. C is the point on the x-axis with the same x-coordinate as A. 

b. x is the x-coordinate of P, and y is the y-coordinate of P. 

c. E is the point (0, a). 

d. F is the point on the line segment OA such that the line segment EF is perpendicular to the line 
segment OA. 

e. b is the distance from O to F. 

f. c is the distance from F to A. 

g. d is the distance from O to B. 

h. 6 is the measure of angle 7COA. 


The goal of this project is to parameterize the witch using 6 as a parameter. To do this, write equations 
for x and y in terms of only 0. 

. Show that d = ran : 

. Note that = d cos 0. Show that z = 2a cot 8. When you do this, you will have parameterized the x- 
coordinate of the curve with respect to 0. If you can get a similar equation for y, you will have 
parameterized the curve. 

. In terms of 0, what is the angle 7EOA? 

. Show that b + c = 2acos & — Ne 

. Show that y = 2a cos (z — 0) sin 0. 

. Show that y = 2a sin?@. You have now parameterized the y-coordinate of the curve with respect to 0. 

. Conclude that a parameterization of the given witch curve is 
Equation: 


x = 2acot 6, y = 2asin’0, —co < 0 < co. 


. Use your parameterization to show that the given witch curve is the graph of the function 


— be 
fle) = aya 


Note: 
Travels with My Ant: The Curtate and Prolate Cycloids 


Earlier in this section, we looked at the parametric equations for a cycloid, which is the path a point on the 
edge of a wheel traces as the wheel rolls along a straight path. In this project we look at two different 
variations of the cycloid, called the curtate and prolate cycloids. 

First, let’s revisit the derivation of the parametric equations for a cycloid. Recall that we considered a 
tenacious ant trying to get home by hanging onto the edge of a bicycle tire. We have assumed the ant climbed 
onto the tire at the very edge, where the tire touches the ground. As the wheel rolls, the ant moves with the 
edge of the tire ([link]). 

As we have discussed, we have a lot of flexibility when parameterizing a curve. In this case we let our 
parameter t represent the angle the tire has rotated through. Looking at [link], we see that after the tire has 
rotated through an angle of t, the position of the center of the wheel, C = (xc, yc), is given by 
Equation: 


to = atand yo = a. 


Furthermore, letting A = (a4, ys) denote the position of the ant, we note that 
Equation: 


Lo — £4 = asint and yo — ys = acost. 


Then 

Equation: 
LA = tc — asint = at — asint = a(t — sint) 
YA = yc — acost = a— acost = a(1— cost). 


(a) (b) 


(a) The ant clings to the edge of the bicycle tire as the tire rolls along the 
ground. (b) Using geometry to determine the position of the ant after the 
tire has rotated through an angle of t. 


Note that these are the same parametric representations we had before, but we have now assigned a physical 
meaning to the parametric variable t. 

After a while the ant is getting dizzy from going round and round on the edge of the tire. So he climbs up one 
of the spokes toward the center of the wheel. By climbing toward the center of the wheel, the ant has changed 
his path of motion. The new path has less up-and-down motion and is called a curtate cycloid ({link]). As 
shown in the figure, we let b denote the distance along the spoke from the center of the wheel to the ant. As 
before, we let t represent the angle the tire has rotated through. Additionally, we let C = (xc, yc) represent 
the position of the center of the wheel and A = (4, ya) represent the position of the ant. 


(a) (b) 


(a) The ant climbs up one of the spokes toward the center of the wheel. (b) The 
ant’s path of motion after he climbs closer to the center of the wheel. This is 
called a curtate cycloid. (c) The new setup, now that the ant has moved closer to 
the center of the wheel. 


1. What is the position of the center of the wheel after the tire has rotated through an angle of t? 

2. Use geometry to find expressions for xc — x, and for yo — ya. 

3. On the basis of your answers to parts 1 and 2, what are the parametric equations representing the curtate 
cycloid? 

Once the ant’s head clears, he realizes that the bicyclist has made a turn, and is now traveling away from 
his home. So he drops off the bicycle tire and looks around. Fortunately, there is a set of train tracks 
nearby, headed back in the right direction. So the ant heads over to the train tracks to wait. After a while, 
a train goes by, heading in the right direction, and he manages to jump up and just catch the edge of the 
train wheel (without getting squished!). 

The ant is still worried about getting dizzy, but the train wheel is slippery and has no spokes to climb, so 
he decides to just hang on to the edge of the wheel and hope for the best. Now, train wheels have a flange 
to keep the wheel running on the tracks. So, in this case, since the ant is hanging on to the very edge of 
the flange, the distance from the center of the wheel to the ant is actually greater than the radius of the 
wheel ([link]). 

The setup here is essentially the same as when the ant climbed up the spoke on the bicycle wheel. We let 
b denote the distance from the center of the wheel to the ant, and we let t represent the angle the tire has 
rotated through. Additionally, we let C = (xc, yc) represent the position of the center of the wheel and 
A = (x4, yA) represent the position of the ant ([link]). 

When the distance from the center of the wheel to the ant is greater than the radius of the wheel, his path 
of motion is called a prolate cycloid. A graph of a prolate cycloid is shown in the figure. 


(c) 


(a) The ant is hanging onto the flange of the train wheel. (b) The new setup, 
now that the ant has jumped onto the train wheel. (c) The ant travels along a 
prolate cycloid. 


4. Using the same approach you used in parts 1— 3, find the parametric equations for the path of motion of 
the ant. 

5. What do you notice about your answer to part 3 and your answer to part 4? 
Notice that the ant is actually traveling backward at times (the “loops” in the graph), even though the 
train continues to move forward. He is probably going to be really dizzy by the time he gets home! 


Key Concepts 


e Parametric equations provide a convenient way to describe a curve. A parameter can represent time or 
some other meaningful quantity. 

¢ Itis often possible to eliminate the parameter in a parameterized curve to obtain a function or relation 
describing that curve. 

e There is always more than one way to parameterize a curve. 

e Parametric equations can describe complicated curves that are difficult or perhaps impossible to describe 
using rectangular coordinates. 


For the following exercises, sketch the curves below by eliminating the parameter t. Give the orientation of the 
curve. 
Exercise: 


Problem: z = ¢? + 2t,y=t+1 


Solution: 


orientation: bottom to top 


Exercise: 


Problem: x = cos(t), y = sin(t), (0, 277] 


Exercise: 


Problem: z = 2+ 4,y=t—1 


Solution: 


orientation: left to right 


Exercise: 
Problem: zc = 3 —t,y = 2t-—3,1.5<t<3 


For the following exercises, eliminate the parameter and sketch the graphs. 
Exercise: 


Problem: x = 2t?,  y=t*+1 


Solution: 


y=S+1 


05 1.0 15 2.0 2.5 3.0% 


For the following exercises, use technology (CAS or calculator) to sketch the parametric equations. 
Exercise: 

Problem: [T] x = ?? + t, y= f=] 
Exercise: 


Problem: [T] x =e’, y=e”~—1 


Solution: 


Exercise: 
Problem: [T] z = 3cost, y=4sint 


Exercise: 
Problem: [T] z = sect, y=cost 


Solution: 


For the following exercises, sketch the parametric equations by eliminating the parameter. Indicate any 
asymptotes of the graph. 
Exercise: 


Problem: z =e’, y=e"+1 


Exercise: 


Problem: z = 6 sin(20), y = 4cos(26) 


Solution: 


Exercise: 


Problem: z = cos0, y = 2sin(26) 


Exercise: 


Problem: z = 3—2cos0, y= —5+ 3sin0 


Solution: 


Exercise: 


Problem: x =4+2cos#, y=-—1+sin0 


Exercise: 


Problem: z = sect, y=tant 


Solution: 


Asymptotes are y = andy = —2 


Exercise: 


Problem: «x = In(2t), y=? 


Exercise: 


Problem: x =e’, y =e” 


Solution: 


1.0 15 2.0 2.5 3.0% 


Exercise: 
Problem: z =e **, y=e* 
Exercise: 


Problem: z = ¢?, y= 3lnt 


Solution: 


10 15 20 25* 


Exercise: 
Problem: z = 4sec0, y= 3tan0 


For the following exercises, convert the parametric equations of a curve into rectangular form. No sketch is 
necessary. State the domain of the rectangular form. 
Exercise: 


Problem: x = t?—1, y= af 


Solution: 
a = 4y* — 1; domain: z € [1, 00). 


Exercise: 


Problem: < = Ta y= yy t>-l 
Exercise: 

Problem: x = 4 cos 0, y = 3sin6,t € (0, 27] 

Solution: 

a - ue = 1; domain z € [—4, 4]. 


Exercise: 


Problem: zc = cosht, y= sinht 


Exercise: 
Problem: z = 2t— 3, y= 6t—7 


Solution: 


y = 3x + 2; domain: all real numbers. 


Exercise: 


Problem: « =i”, y=t° 
Exercise: 
Problem: = 1+ cost, y=3-—sint 
Solution: 
(a — 1)? + (y— 3)? = 1; domain: x € [0,2]. 


Exercise: 


Problem: 7 = Vt, y=2t+4 


Exercise: 


Problem: z = sect, y=tant,m<t< “3 


Solution: 
y = Vx? — 1; domain: x € [—1, 1]. 
Exercise: 


Problem: x = 2cosht, y=4sinht 


Exercise: 


Problem: z = cos(2t), y =sint 
Solution: 


y? = +3; domain: x € (2, oo) U (—oo, —2]. 


Exercise: 


Problem: z = 4t + 3, y = 16t? — 9 


Exercise: 
Problem: z = t?, y=2Int,t >1 


Solution: 


y = Inz; domain: z € (0, 00). 


Exercise: 


Problem: x = ¢?, y=3lInt,t>1 


Exercise: 


Problem: z = t¢", y=nInt,t > 1, where nis a natural number 


Solution: 


y = Inz; domain: z € (0, 00). 


Exercise: 


z = In(5t) 
Problem: 9, Wherel <t<e 
y = In(t’) 


Exercise: 
x = 2sin(8t) 
Problem: 
y = 2cos(8t) 
Solution: 


az? + y* = 4; domain: x € [—2, 2]. 


Exercise: 


xz =tant 
Problem: : 
y = sec*t — 1 


For the following exercises, the pairs of parametric equations represent lines, parabolas, circles, ellipses, or 
hyperbolas. Name the type of basic curve that each pair of equations represents. 
Exercise: 


Problem: 


_c=3t+4 


Solution: 


line 


Exercise: 


Problem 


Exercise: 


Problem 


Solution: 


parabola 


Exercise: 


Problem 


Exercise: 


Problem: 


Solution: 


circle 


Exercise: 


Problem: 


Exercise: 


Problem 


Solution: 


ellipse 


Exercise: 


Problem: 


y= dt—2 
_7-4=5t 
‘yt2=¢t 
c= 2t+1 
“y=P-3 
_& = 3cost 
“y= 3sint 
_& = 2cos(3t) 
y = 2sin(3t) 
_«=cosht 
y = sinht 
_& = 3cost 
“y =Asint 
_& = 2cos(3t) 


y = 5sin(3t) 


Exercise: 


x = 3cosh(4t) 


Problem: 
y = Asinh(4t) 
Solution: 
hyperbola 
Exercise: 
= 2cosht 
Problem: - - 
y = 2sinht 
Exercise: 
x=h+rcos0 ; ; 
Problem: Show that : represents the equation of a circle. 
y=k+rsin0 
Exercise: 
Problem: 


Use the equations in the preceding problem to find a set of parametric equations for a circle whose radius 
is 5 and whose center is (—2, 3). 


For the following exercises, use a graphing utility to graph the curve represented by the parametric equations 
and identify the curve from its equation. 
Exercise: 


xz —6+sin0 
Problem: [T] 
y =1-—cos0 


Solution: 


The equations represent a cycloid. 


Exercise: 


2t — 2sint 
y=2-—2cost 


Problem: [T]” 


Exercise: 


=t—O.5sint 
Problem: [T] ” die 
y=1-1.5cost 


Solution: 


Exercise: 
Problem: 
An airplane traveling horizontally at 100 m/s over flat ground at an elevation of 4000 meters must drop 
an emergency package on a target on the ground. The trajectory of the package is given by 
x = 100t, y = —4.9t? + 4000, t > 0 where the origin is the point on the ground directly beneath the 


plane at the moment of release. How many horizontal meters before the target should the package be 
released in order to hit the target? 


Exercise: 


Problem: 


The trajectory of a bullet is given by x = vq (cos a) t, y = v9 (sin a) t — sgt? where up = 500 m/s, 
g9=98 =9.8 m/. ie and a = 30 degrees. When will the bullet hit the ground? How far from the gun 
will the bullet hit the ground? 


Solution: 


22,092 meters at approximately 51 seconds. 


Exercise: 


Problem: [T] Use technology to sketch the curve represented by x = sin(4t), y = sin(3t),0 < t < 2r. 


Exercise: 


Problem: [T] Use technology to sketch z = 2 tan(t), y = 3sec(t),-17 <t< 7. 


Solution: 


x = 2tan(t), y = 3sec(t) 


y 
20 


-15-10 -5 4. 5 10 15* 


+ 


Exercise: 


Problem: 


Sketch the curve known as an epitrochoid, which gives the path of a point on a circle of radius b as it rolls 
on the outside of a circle of radius a. The equations are 


xz = (a+b)cost —c-cos | 


_ : : (a+b)t 
y = (a+ b)sint — c- sin fel 
Leta = 1,b=2,c=1. 
Exercise: 


Problem: 


[T] Use technology to sketch the spiral curve given by x = tcos(t), y = tsin(t) from —27 < t < 2n. 


Solution: 


Exercise: 


Problem: 


[T] Use technology to graph the curve given by the parametric equations 
x = 2cot(t), y = 1 — cos(2t), —1/2 < t < 1/2. This curve is known as the witch of Agnesi. 


Exercise: 


x = cosh(t) 


: where —2 <t <2. 
y = sinh(t), 


Problem: [T] Sketch the curve given by parametric equations 


Solution: 


x =cosht, y= sinht 


aS 
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Glossary 


cycloid 
the curve traced by a point on the rim of a circular wheel as the wheel rolls along a straight line without 
slippage 


cusp 
a pointed end or part where two curves meet 


orientation 
the direction that a point moves on a graph as the parameter increases 


parameter 
an independent variable that both x and y depend on in a parametric curve; usually represented by the 
variable t 


parametric curve 
the graph of the parametric equations x (t) and y (¢) over an interval a < t < b combined with the 
equations 


parametric equations 


the equations z = x (t) and y = y(t) that define a parametric curve 


parameterization of a curve 
rewriting the equation of a curve defined by a function y = f (x) as parametric equations 


Calculus of Parametric Curves 


¢ Determine derivatives and equations of tangents for parametric curves. 

e Find the area under a parametric curve. 

e Use the equation for arc length of a parametric curve. 

e Apply the formula for surface area to a volume generated by a parametric curve. 


Now that we have introduced the concept of a parameterized curve, our next step is to learn how to 
work with this concept in the context of calculus. For example, if we know a parameterization of a 
given curve, is it possible to calculate the slope of a tangent line to the curve? How about the arc 
length of the curve? Or the area under the curve? 


Another scenario: Suppose we would like to represent the location of a baseball after the ball leaves a 
pitcher’s hand. If the position of the baseball is represented by the plane curve (z (t), y (¢)), then we 

should be able to use calculus to find the speed of the ball at any given time. Furthermore, we should 

be able to calculate just how far that ball has traveled as a function of time. 


Derivatives of Parametric Equations 


We start by asking how to calculate the slope of a line tangent to a parametric curve at a point. 
Consider the plane curve defined by the parametric equations 
Equation: 


xz(t)=2t+3, y(t)=3t-—4, -2<t<3. 


The graph of this curve appears in [link]. It is a line segment starting at (—1, —10) and ending at 
(9, 5). 


x(t) = 2t+ 3 
y(t) = 3t- 4 
—-2sts3 


Graph of the line segment described by the given 
parametric equations. 


We can eliminate the parameter by first solving the equation z(t) = 2t + 3 for t: 
Equation: 


x (t) = 2t+3 
z—-3 = 2t 
t= xz—3 


2° 


Substituting this into y(t), we obtain 
Equation: 


=3 
y = 3(3*)-4 
3 9 
a i ae 
3 NG 
y= yoy 
The slope of this line is given by au = 3. Next we calculate x’ (t) and y/ (t). This gives x’ (t) = 2 
and y’ (t) = 3. Notice that dy = ee = 5 . This is no coincidence, as outlined in the following 
theorem. 
Note: 


Derivative of Parametric Equations 
Consider the plane curve defined by the parametric equations z = x (t) and y = y(t). Suppose that 


x’ (t) and y’ (t) exist, and assume that x’ (t) ~ 0. Then the derivative a. is given by 
Equation: 


dy _ dy/dt _ y(t) 
dz dz/dt  x'(t) 


Proof 


This theorem can be proven using the Chain Rule. In particular, assume that the parameter t can be 
eliminated, yielding a differentiable function y = F(x). Then y(t) = F(z (t)). Differentiating both 
sides of this equation using the Chain Rule yields 


Equation: 
y' (t) = F" (a (t))2' (t), 
Equation: 
! _ y' (t) 
F(a) = 5 


Bur F’ (e(t)) = a which proves the theorem. 


[link] can be used to calculate derivatives of plane curves, as well as critical points. Recall that a 
critical point of a differentiable function y = f (x) is any point z = zo such that either f’ (zo) = 0 


or f’ (xo) does not exist. [link] gives a formula for the slope of a tangent line to a curve defined 
parametrically regardless of whether the curve can be described by a function y = f (x) or not. 


Example: 
Exercise: 


Problem: 
Finding the Derivative of a Parametric Curve 


Calculate the derivative a for each of the following parametrically defined plane curves, and 
locate any critical points on their respective graphs. 


acQ= —3, ye)=2-1, —3<2424 
b.a(t)=2t+1, y(t)=t?-3t+4, -2<t<5 
G2} — cost, y(t) —ssmt,, Or = 27, 
Solution: 


a. To apply [link], first calculate x’ (¢) and y’(t): 


Equation: 
x(t) = 2k 
y(t) = 2 
Next substitute these into the equation: 
Equation: 
dy _ dy/dt 
dz ~— da/dt 
Gy _ # 
he DE 
ol 
Gh ~~ 4 


This derivative is undefined when t = 0. Calculating x (0) and y (0) gives 

a (0) = (0) — 3 = —3 and y(0) = 2(0) — 1 = —1, which corresponds to the point 
(—3, —1) on the graph. The graph of this curve is a parabola opening to the right, and the 
point (—3, —1) is its vertex as shown. 


6 8 10 12 14% 
x(t) = +3 
y(t) = 2t-1 
—-3=t=4 


Graph of the parabola described by parametric 
equations in part a. 


b. To apply [link], first calculate x’ (t) and y’(t): 
Equation: 


Next substitute these into the equation: 


Equation: 

Gy dy/dt 

dx ~—  dx/dt 

Gy _ Be=8 

a 2 
This derivative is zero when t = +1. When t = —1 we have 
Equation: 


a (—1) = 2(—1) +1 = —landy(-1) = (-1)? —3(—1)+4=-14+344=6, 


which corresponds to the point (—1,6) on the graph. When t = 1 we have 
Equation: 
a (1) =2(1) +1=3andy(1) = (1)? —3(1) +4=1-344=2, 


which corresponds to the point (3, 2) on the graph. The point (3, 2) is a relative minimum 
and the point (—1, 6) is a relative maximum, as seen in the following graph. 


x(t) = 2t+1 
y(t) = - 3t+4 
—2sts2 


Graph of the curve described by 
parametric equations in part b. 


c. To apply [link], first calculate x’ (t) and y’(t): 
Equation: 


Next substitute these into the equation: 


Equation: 
dy _ dy/dt 
dx ~— dax/dt 
dy _ 5cost 
dx —5sint 
ty — _cott 
dx . 


This derivative is zero when cos t = 0 and is undefined when sin t = 0. This gives 
0) a TT, 3 , and 27 as critical points for t. Substituting each of these into x (t) and 
y(t), we obtain 


: 
T =5 0 
3m 

: 0 5 
Daag 5 0 


These points correspond to the sides, top, and bottom of the circle that is represented by 
the parametric equations ([link]). On the left and right edges of the circle, the derivative is 
undefined, and on the top and bottom, the derivative equals zero. 


x(t) = 5cost 
y(t) = 5sint 
O0=t=27 


Graph of the curve described by parametric equations in 
part c. 


Note: 
Exercise: 


Problem: Calculate the derivative dy/dz for the plane curve defined by the equations 
Equation: 


a(t)=t?—4t, y(t)=2t?-6t, -2<t<3 


and locate any critical points on its graph. 


Solution: 


d 676 _ 37=3 
a’ (t) = 2t — 4 andy’ (t) = 6? —6,s0o # = BO = HS. 


This expression is undefined when ¢ = 2 and equal to zero when ¢t = +1. 


x(t) = t2— 4t 
y(t) = 2t3 — 6t 
—2=t=3 


Hint 


Calculate x’ (t) and y’ (t) and use [link]. 


Example: 
Exercise: 


Problem: 
Finding a Tangent Line 


Find the equation of the tangent line to the curve defined by the equations 
Equation: 


a(t) =t? — 3, g(t) = 2t—= 1,3 t = 4whent — 2. 


Solution: 


First find the slope of the tangent line using [link], which means calculating z’ (¢) and y’(t): 
Equation: 


(Cc) = 26 
'(t) = 2 
Next substitute these into the equation: 
Equation: 
dy _ dy/dt 
dx ~— dx/dt 
es 
dz 2t 
Signe s 
de t-° 


When t = 2, = = 7 so this is the slope of the tangent line. Calculating x (2) and y (2) gives 
Equation: 


x (2) = (2)? -3=1andy(2) = 2(2) -1=3, 
which corresponds to the point (1,3) on the graph ([link]). Now use the point-slope form of the 


equation of a line to find the equation of the tangent line: 
Equation: 


| 
| 
Nl wR wR 3 
acy 
a | 
lot |e A 
bl — 


Tangent line to the parabola described by 
the given parametric equations when 
Pp 


Note: 
Exercise: 


Problem: Find the equation of the tangent line to the curve defined by the equations 
Equation: 


7) Ay) 2 — 61 2 <5 <3 whent — 5, 


Solution: 
The equation of the tangent line is y = 242 + 100. 
Hint 


Calculate x’ (t) and y/ (t) and use [link]. 


Second-Order Derivatives 


Our next goal is to see how to take the second derivative of a function defined parametrically. The 
second derivative of a function y = f (z) is defined to be the derivative of the first derivative; that is, 


Equation: 


dy  d [dy 
dx? dx | dx |" 


F dy __ dy/dt : F : 1. dy gs 
Since 7 = = Tae» We can replace the y on both sides of this equation with 7”. This gives us 


Equation: 


dz 


da? dz 


yd (ae) _ ed aul 
dx /dt 


If we know dy/dz as a function of t, then this formula is straightforward to apply. 


Example: 
Exercise: 


Problem: 
Finding a Second Derivative 


Calculate the second derivative d”y/dx? for the plane curve defined by the parametric 
equations z (t) = t? — 3, y(t) =2t-—1,-3<t<4. 


Solution: 
From [link] we know that a = = = a Using [link], we obtain 
Equation: 
d?y _ (d/dt) (dy/dz) _ (d/dt) (1/t) - ia a 1 
dx? dx /dt ia 2t ee Tye 
Note: 
Exercise: 


Problem: Calculate the second derivative d7y/ dz” for the plane curve defined by the equations 
Equation: 


Pit = Atay (= 2t = 6h? <3 


and locate any critical points on its graph. 


Solution: 


= = Seats . Critical points (5, 4), (—3, —4), and (—4, 6). 


Hint 


Start with the solution from the previous checkpoint, and use [link]. 


Integrals Involving Parametric Equations 


Now that we have seen how to calculate the derivative of a plane curve, the next question is this: How 
do we find the area under a curve defined parametrically? Recall the cycloid defined by the equations 
z(t)=t—sint, y(t) = 1 -cost. Suppose we want to find the area of the shaded region in the 
following graph. 


y 

6 x(t) = t — sint 
y(t) = 1 — cost 

3 


Graph of a cycloid with the arch over [0, 271] 
highlighted. 


To derive a formula for the area under the curve defined by the functions 
Equation: 


g=2(t), yoy), a<t<b, 


we assume that x (¢) is differentiable and start with an equal partition of the intervala <t <b. 
Suppose tp = a < ty < tg <--- < t, = band consider the following graph. 


x(t, 


x(t) x(t) 


Approximating the area 
under a parametrically 
defined curve. 


We use rectangles to approximate the area under the curve. The height of a typical rectangle in this 
parametrization is y (« (z:)) for some value t, in the ith subinterval, and the width can be calculated 


as x (t;) — x (t;_1). Thus the area of the ith rectangle is given by 
Equation: 


Apa (« (z:) ) (x (t:) — 2 (t;1)). 


Then a Riemann sum for the area is 
Equation: 


Multiplying and dividing each area by t; — t;_1 gives 


Equation: 
An = Sou (2 (@)) (SE) e-ny = Du (ee) FG Jae 


Taking the limit as n approaches infinity gives 
Equation: 


b 
A= Jim An =f y(t)e"(t) at 


This leads to the following theorem. 


Note: 

Area under a Parametric Curve 

Consider the non-self-intersecting plane curve defined by the parametric equations 
Equation: 


z= x(t), y= y(t), a<t<b 


and assume that z (t) is differentiable. The area under this curve is given by 
Equation: 


b 
a / Oe Ok 


Example: 
Exercise: 


Problem: 
Finding the Area under a Parametric Curve 


Find the area under the curve of the cycloid defined by the equations 
Equation: 


ot) —t sin y(t 1 cost, 0 7 = Qe. 
Solution: 


Using [link], we have 
Equation: 


2a 
= i (1 — 2cost + cos7t)dt 
0 


Qn 
1 2t 

=| (1-2e0s¢ 4 FOS ) ae 

0 2 
20 

3 2t 

Ee Dearne dt 

2 2 


Bt og: sin 2t [27 
5 2sin t + I li 


Note: 
Exercise: 


Problem: Find the area under the curve of the hypocycloid defined by the equations 
Equation: 


z(t) =3cost+cos3t, y(t)=3snt—sin3t, O<t<r. 


Solution: 


A = 3n (Note that the integral formula actually yields a negative answer. This is due to the fact 
that x (t) is a decreasing function over the interval [0, 27]; that is, the curve is traced from right 
to left.) 


Hint 


Use [link], along with the identities sin a sin 8 = +[cos (a — 8) — cos (a + f)| and 


sin2t = 1—cos 2t . 


Arc Length of a Parametric Curve 


In addition to finding the area under a parametric curve, we sometimes need to find the arc length of a 
parametric curve. In the case of a line segment, arc length is the same as the distance between the 
endpoints. If a particle travels from point A to point B along a curve, then the distance that particle 
travels is the arc length. To develop a formula for arc length, we start with an approximation by line 
segments as shown in the following graph. 


Approximation of a curve by 
line segments. 


Given a plane curve defined by the functions z = z (t), y = y(t),a < t < b, we start by partitioning 
the interval [a, b] into n equal subintervals: tp) = a < ty < tz < +++ < t, = b. The width of each 
subinterval is given by At = (b — a)/n. We can calculate the length of each line segment: 
Equation: 


dy = y/(w (ti) — 2 (to))? + (y(tr) — y(to))” 
dy = y/ (a (ta) — 2 (ti)? + (y (ta) — y (tr)? ete. 


Then add these up. We let s denote the exact arc length and s,, denote the approximation by n line 
segments: 
Equation: 


ox San =o le (te) — 2 (te1))? + W(t) —(tea))?. 


If we assume that x (t) and y(t) are differentiable functions of t, then the Mean Value Theorem 
(Introduction to the Applications of Derivatives) applies, so in each subinterval [t,_1, t,] there exist 


ty and ¢;, such that 
Equation: 


Therefore [link] becomes 
Equation: 


This is a Riemann sum that approximates the arc length over a partition of the interval [a, b|. If we 
further assume that the derivatives are continuous and let the number of points in the partition 
increase without bound, the approximation approaches the exact arc length. This gives 


Equation: 


lI 
= 
Lm 
— 

ie 
— 

7 
— 
—S 

iw} 

+ 
— 
< 
— 

= 
— 
Ss 

iw} 
a 
pany 


When taking the limit, the values of é, and ¢, are both contained within the same ever-shrinking 
interval of width At, so they must converge to the same value. 


We can summarize this method in the following theorem. 


Note: 

Arc Length of a Parametric Curve 

Consider the plane curve defined by the parametric equations 
Equation: 


© Uy 0) ee 


and assume that x (t) and y(t) are differentiable functions of t. Then the arc length of this curve is 
given by 
Equation: 


At this point a side derivation leads to a previous formula for arc length. In particular, suppose the 
parameter can be eliminated, leading to a function y = F(x). Then y(t) = F (a (t)) and the Chain 
Rule gives y’ (t) = F’ (x (t))a’ (t). Substituting this into [link] gives 

Equation: 


Here we have assumed that zx’ (t) > 0, which is a reasonable assumption. The Chain Rule gives 
dx = zx’ (t) dt, and letting a = zx (t;) and b = z (t2) we obtain the formula 


Equation: 
$= [ p+ (2) ) a, 


which is the formula for arc length obtained in the Introduction to the Applications of Integration. 


Example: 
Exercise: 


Problem: 
Finding the Arc Length of a Parametric Curve 


Find the arc length of the semicircle defined by the equations 
Equation: 


a(iij= cost, yt)=Jsmt, Ost 7. 


Solution: 


The values t = 0 to t = a trace out the red curve in [link]. To determine its length, use [link]: 
Equation: 


te dx \* dy a 
= one Be gh 
a [ Ge) (27) 


= V3 sin t)” + (3 cos t)"dt 


0 
-[ V9 sin’t + 9 cos2t dt 


-[ 1/9 (sin?t + cost) 9 (sin*t + cost) dt 


= if 3dt = Oe = = oar. 
0 


Note that the formula for the arc length of a semicircle is zr and the radius of this circle is 3. 
This is a great example of using calculus to derive a known formula of a geometric quantity. 


%t 

51 x(t) = 3cost 
y(t) = 3sint 

47 Ost=7 


-“f.—3 =<f of 3 4 @ am 
-—1+ 


—2+ 


The arc length of the semicircle is 
equal to its radius times 7. 


Note: 
Exercise: 


Problem: Find the arc length of the curve defined by the equations 
Equation: 


ey Oho tt =e wealth 8s 


Solution: 


e209 (10°? = a2) e 57.589 
Hint 


Use [link]. 


We now return to the problem posed at the beginning of the section about a baseball leaving a 
pitcher’s hand. Ignoring the effect of air resistance (unless it is a curve ball!), the ball travels a 
parabolic path. Assuming the pitcher’s hand is at the origin and the ball travels left to right in the 
direction of the positive x-axis, the parametric equations for this curve can be written as 
Equation: 


a(t)=140t, y(t) = —16t? + 2¢ 
where t represents time. We first calculate the distance the ball travels as a function of time. This 
distance is represented by the arc length. We can modify the arc length formula slightly. First rewrite 
the functions z (t) and y(t) using v as an independent variable, so as to eliminate any confusion with 


the parameter t: 
Equation: 


a(v)=140v, y(v) = —16v + 2v. 


Then we write the arc length formula as follows: 


Equation: 
. dx \* dy : 
s(t) -[ \(£) +(#) du 
t 
=) 4/ 140? + (—32u + 2)?du. 
0 


The variable v acts as a dummy variable that disappears after integration, leaving the arc length as a 
function of time t. To integrate this expression we can use a formula from Appendix A, 
Equation: 


[Ver idu = SVR rw = in |us a? +w|+C. 


We set a = 140 and u = —32v + 2. This gives du = —32dv, so dv = — sy du. Therefore 
Equation: 


[yuc + (—320+2)’dv = -4 | Ve + u2du 


(282042) | 49? + (—320 + 2)? 


~ 32 140? 2 2 re 
+ 5 —-In |(—32v + 2) 4 (140 + (—32v + 2) 
and 
Equation: 
s (t) =~ | 2/140? | (—32t +2)? + 4° In (326-42) + y/140? + (32 +2)" 


ee |v/140? +224 Win |2+ v/140? + || 
= (} — gy) V1024¢? — 128¢ + 19604 — 4 In |(—32¢ + 2) + 10244? — 128¢ + 19604| 
+ VGH 4. 1225 In (2 + 19604). 


This function represents the distance traveled by the ball as a function of time. To calculate the speed, 
take the derivative of this function with respect to t. While this may seem like a daunting task, it is 
possible to obtain the answer directly from the Fundamental Theorem of Calculus: 

Equation: 


Therefore 
Equation: 


+ (—32v + 2)*du 


| 
&|a. 
| as | 
oO 
oo 
<a 
a 
1 
SoS 
iw] 


= \/140? (395 9)? 
— /1024t2 — 128¢ + 19604 
— 2\/256t2 — 32t + 4901. 


One third of a second after the ball leaves the pitcher’s hand, the distance it travels is equal to 
Equation: 


s (+) = (28 — 3) /1024(4)” 128 (4) + 19604 


1225 
7 In 


( 32 (1) +2) + 4/1024(4)? 128 (+) + 19604 


+ VIR + 12251 (2 + 19604) 
~ 46.69 feet. 


This value is just over three quarters of the way to home plate. The speed of the ball is 


Equation: 
pak -< peo 
(1) _5,/o56{ 2 16 ( — ) +4901 ~ 140.34 ft/s 
a er 3 a)" — 


This speed translates to approximately 95 mph—a major-league fastball. 


Surface Area Generated by a Parametric Curve 


Recall the problem of finding the surface area of a volume of revolution. In Curve Length and 
Surface Area, we derived a formula for finding the surface area of a volume generated by a function 
y = f (x) from z = ato z = B, revolved around the x-axis: 

Equation: 


saan f sit (2))?de. 


We now consider a volume of revolution generated by revolving a parametrically defined curve 
z= 2(t),y=y(t),a < t < b around the x-axis as shown in the following figure. 


A surface of revolution generated by 
a parametrically defined curve. 


The analogous formula for a parametrically defined curve is 
Equation: 


b 
s=2n fy (lee)? + @)Pae 


provided that y (t) is not negative on [a, 5]. 


Example: 
Exercise: 


Problem: 
Finding Surface Area 


Find the surface area of a sphere of radius r centered at the origin. 
Solution: 


We start with the curve defined by the equations 
Equation: 


o(t)}=7 cost, yit)=—wsmt, Wat 7 
This generates an upper semicircle of radius r centered at the origin as shown in the following 


graph. 
y 


x=rcost 
y=rsint 
r| Osts7 


A semicircle generated by 
parametric equations. 


When this curve is revolved around the x-axis, it generates a sphere of radius r. To calculate the 
surface area of the sphere, we use [link]: 
Equation: 


b 
§ =a f vow wr+u Oye 


= an f rsin Wie sin t)” + (rcos t)*dt 
0 


Tv 
= an f rsin bed Pans + r2cos2t dt 
0 


= an f r sin ty |? (sin7¢ + cos*t) dt 
0 


Tv 
= an f r’sin t dt 
0 


= 2nr?(—cos t|5) 
= 2nrr? (—cos 7 + cos 0) 


= Anr?. 


This is, in fact, the formula for the surface area of a sphere. 


Note: 
Exercise: 


Problem: Find the surface area generated when the plane curve defined by the equations 
Equation: 


ot) te te at a 


is revolved around the x-axis. 
Solution: 


m(494V13+128 ) 
SS is SS 


Hint 


Use [link]. When evaluating the integral, use a u-substitution. 


Key Concepts 


The derivative of the parametrically defined curve z = z (t) and y = y(t) can be calculated 
using the formula wu = oe. Using the derivative, we can find the equation of a tangent line to 


a parametric curve. 
The area between a parametric curve and the x-axis can be determined by using the formula 


A= fy(ee' (t) dt. 


The arc length of a parametric curve can be calculated by using the formula 


ty dx 2 dy 2 
= — — | dt. 
: [ (a) ty 


The surface area of a volume of revolution revolved around the x-axis is given by 


b 
S= an f y (1) (@’ (t))? + (y’ (t))dt. If the curve is revolved around the y-axis, then the 


b 
formula is S = an f £ (t)y/(@’ (t))? + (y! (t))?dt. 


Key Equations 


Derivative of parametric equations 

dy _ dy/dt _ y(t) 

dx ~— da/dt ~~ z'(t) 

Second-order derivative of parametric equations 


iy _ d (<) _ (d/dt)(dy/dz) 


dx? ~ dx \ dx dx /dt 
Area under a parametric curve 
b 


A= ii y (t)a' (t) dt 
Arc length of a parametric curve 
ode id 
f(a) (3 
ty dt dt 
Surface area generated by a parametric curve 


b 
S =2n i u (t)y/ (a! (t))? + (y (t))at 


For the following exercises, each set of parametric equations represents a line. Without eliminating 
the parameter, find the slope of each line. 
Exercise: 


Problem: x =3+t, y=1-t 


Exercise: 


Problem: « = 8+ 2t, y=1 


Solution: 


0 


Exercise: 


Problem: z = 4 — 3t, y= -—2+6t 


Exercise: 


Problem: z = —5t+7, y= 3t—-1 


Solution: 


—3 


5 


For the following exercises, determine the slope of the tangent line, then find the equation of the 
tangent line at the given value of the parameter. 
Exercise: 


Problem: x = 3sint, y=3cost, t=7 


Exercise: 
Problem: z = cost, y= 8sint,t = > 


Solution: 


Slope = 0; y = 8. 


Exercise: 


Problem: z = 2t, y=t®?, t=-—1 


Exercise: 
Problem: x = t + +, y=t— i, t=1 


Solution: 


Slope is undefined; xz = 2. 


Exercise: 
Problem: x = Vt, y=2t, t=4 


For the following exercises, find all points on the curve that have the given slope. 
Exercise: 


Problem: z = 4cost, y= 4sint, slope =0.5 


Solution: 


t = arctan(—2); (+ +). 
Exercise: 


Problem: x = 2cost, y= 8sint, slope = —1 


Exercise: 
Problem: x = ¢ + ;, y=t— + slope = 1 


Solution: 


No points possible; undefined expression. 


Exercise: 
Problem: 7 = 2+ Vt, y= 2-— 4t, slope = 0 


For the following exercises, write the equation of the tangent line in Cartesian coordinates for the 
given parameter ¢. 
Exercise: 


Problem: 7 =eY!, y=1—Int?, t=1 


Solution: 


aa 
Exercise: 


Problem: x =tInt, y=sin*t,t = > 


Exercise: 


Problem: z =e!, y=(t—1)*, at(1,1) 
Solution: 


y= 224+ 3 
Exercise: 
Problem: 
For x = sin(2t), y = 2 sin t where 0 < ¢ < 2z. Find all values of t at which a horizontal 
tangent line exists. 


Exercise: 


Problem: 


For z = sin(2t), y = 2 sin t where 0 < t < 2z7. Find all values of t at which a vertical tangent 
line exists. 


Solution: 


na 5a 3n Tr 


4?°4? 49 4 
Exercise: 


Problem: Find all points on the curve « = 4 cos(t), y = 4 sin(¢) that have the slope of >. 


Exercise: 


Problem: Find sa for z = sin(t), y = cos(t). 


Solution: 


d 
= = -tan(t) 


Exercise: 
Problem: Find the equation of the tangent line to z = sin(t), y = cos(t) att = 7. 
Exercise: 


Problem: For the curve z = 4t, y = 3¢ — 2, find the slope and concavity of the curve at t = 3. 


Solution: 


2 
t= 3 and a = 0, so the curve is neither concave up nor concave down at t = 3. Therefore 
the graph is linear and has a constant slope but no concavity. 


Exercise: 
Problem: 


For the parametric curve whose equation is z = 4 cos 0, y = 4 sin 9, find the slope and 


concavity of the curve at@ = 7. 
Exercise: 


Problem: 


Find the slope and concavity for the curve whose equation is z = 2 + sec 0™,y = 1+ 2tan@ at 
d=. 
6 


Solution: 
wy _4 a —6+/3; the curve is concave down at 6 = 2 
dx o@ 2: dx? = p) =a 6 * 


Exercise: 


Problem: 


Find all points on the curve x = t + 4, y = t? — 3¢ at which there are vertical and horizontal 
tangents. 


Exercise: 


Problem: 
Find all points on the curve x = sec 6, y = tan @ at which horizontal and vertical tangents exist. 
Solution: 


No horizontal tangents. Vertical tangents at (1,0), (—1, 0). 


For the following exercises, find d7y/dz?. 
Exercise: 


Problem: x = t4—1, y=t—t? 
Exercise: 

Problem: x = sin(zt), y = cos (zt) 

Solution: 


—sec? (zt) 


Exercise: 


t 


Problem: x = e*, y= te” 


For the following exercises, find points on the curve at which tangent line is horizontal or vertical. 
Exercise: 


Problem: x = t(t? — 3), y = 3(t? — 3) 


Solution: 


Horizontal (0, —9); vertical (+2, —6). 


Exercise: 


3t? 


eh et = 
Problem: z = 5 a aes: 


For the following exercises, find dy/dz at the value of the parameter. 
Exercise: 


Problem: x = cost, y=sint, t= 2 


Solution: 


1 


Exercise: 


Problem: z = /t, y=2t+4, t=9 


Exercise: 


lA 


Problem: x = 4cos (27s), y=3sin(2ms), s=— 


Solution: 


0 


For the following exercises, find d?y/dz? at the given point without eliminating the parameter. 
Exercise: 


Problem: z = =;t’, a a 


Exercise: 


Problem: x = Vt, y=2t4+4, t=1 
Solution: 


4 
Exercise: 


Problem: 
Find t intervals on which the curve z = 3t?, y = t® — t is concave up as well as concave down. 


Exercise: 


Problem: Determine the concavity of the curve z = 2t + Int, y = 2t¢ — Int. 


Solution: 


Concave up ont > 0. 
Exercise: 


Problem: 


Sketch and find the area under one arch of the cycloid z = r (0 — sin), y = r(1 — cos 9). 


Exercise: 


Problem: 


Find the area bounded by the curve x = cost, y= e',O <t< > and the lines y = 1 and 
x= 0. 


Solution: 


1 
ez-1 
2 


Exercise: 


Problem: Find the area enclosed by the ellipse x = a cos 0, y = bsin 8,0 < 6 < 27. 
Exercise: 


Problem: 
Find the area of the region bounded by x = 2 sin?0, y = 2sin?@tan 0, for0 <0 < oe 


Solution: 


3m 
2 


For the following exercises, find the area of the regions bounded by the parametric curves and the 


indicated values of the parameter. 
Exercise: 


Problem: x = 2 cot 0, y = 2sin?0,0<0<a7 

Exercise: 
Problem: [T] z = 2a cost — acos(2t), y = 2asint — asin(2t),0 <t < 2x 
Solution: 


67a? 


Exercise: 


Problem: [T] z = asin(2t), y = bsin(t),0 < t < 2m (the “hourglass”) 


Exercise: 


Problem: [T] x = 2a cost — asin(2t), y = bsint,0 < t < 2m (the “teardrop”) 


Solution: 


27ab 


For the following exercises, find the arc length of the curve on the indicated interval of the parameter. 
Exercise: 


Problem: z = 4+ 3, y=3t-—2, O<t<2 

Exercise: 
a —» 143 —. 172 

Problem: x = =t°, y= 3t', O<t<1 

Solution: 

1 (2v2 S 1) 
Exercise: 

Problem: x = cos(2t), y=sin(2t), O<t< F 
Exercise: 

Problem: x =1+2?, y=(1+t)*, 0<t<1 

Solution: 


7.075 
Exercise: 


Problem: 


x=e'cost, y=e'sint, 0<t< > (express answer as a decimal rounded to three places) 


Exercise: 


Problem: x = acos°6, y = asin°6 on the interval (0, 27r) (the hypocycloid) 


Solution: 
6a 


Exercise: 


Problem: Find the length of one arch of the cycloid x = 4(t — sint), y = 4(1—cost). 
Exercise: 


Problem: 


Find the distance traveled by a particle with position (2, y) as t varies in the given time interval: 
C= sin*t, y= cos7t, 0<t<3n. 


Solution: 


6/2 


Exercise: 


Problem: Find the length of one arch of the cycloid z = 8 — sin, y = 1 — cos 0. 
Exercise: 


Problem: 
Show that the total length of the ellipse z = 4 sin 0, y = 3 cos @ is 


n/2 eee: 
L=16 V1 — e?sin?6 dO, where e = = andc = Ja2 — b?. 
0 


Exercise: 
Problem: Find the length of the curve z = e' — t, y = Aet/? -8<t<3. 


For the following exercises, find the area of the surface obtained by rotating the given curve about the 
X-axis. 
Exercise: 


Problem: x = t°, go, 0<t<l 


Solution: 


Qn (247V13+64) 
oe 


Exercise: 


Problem: x = acos*6, y=asin?6, 0<0< = 
Exercise: 


Problem: 


[T] Use a CAS to find the area of the surface generated by rotating 
G2teP y= t= a) 1 <t < 2 about the x-axis. (Answer to three decimal places.) 


Solution: 


59.101 
Exercise: 


Problem: 


Find the surface area obtained by rotating 2 = 3t?, y = 2t°,0 < t < 5 about the y-axis. 


Exercise: 


Problem: 


Find the area of the surface generated by revolving x = t?, y = 2t,0 < t < 4 about the x-axis. 
Solution: 
8 (17VI7 - 1) 


Exercise: 


Problem: 


Find the surface area generated by revolving x = t?, y = 2t?,0 < t < 1 about the y-axis. 


Polar Coordinates 


e Locate points in a plane by using polar coordinates. 

e Convert points between rectangular and polar coordinates. 

e Sketch polar curves from given equations. 

e Convert equations between rectangular and polar coordinates. 
e Identify symmetry in polar curves and equations. 


The rectangular coordinate system (or Cartesian plane) provides a means of 
mapping points to ordered pairs and ordered pairs to points. This is called a 
one-to-one mapping from points in the plane to ordered pairs. The polar 
coordinate system provides an alternative method of mapping points to 
ordered pairs. In this section we see that in some circumstances, polar 
coordinates can be more useful than rectangular coordinates. 


Defining Polar Coordinates 


To find the coordinates of a point in the polar coordinate system, consider 
[link]. The point P has Cartesian coordinates (x, y). The line segment 
connecting the origin to the point P measures the distance from the origin to 
P and has length r. The angle between the positive x-axis and the line 
segment has measure @. This observation suggests a natural correspondence 
between the coordinate pair (a, y) and the values r and 0. This 
correspondence is the basis of the polar coordinate system. Note that every 
point in the Cartesian plane has two values (hence the term ordered pair) 
associated with it. In the polar coordinate system, each point also has two 
values associated with it: r and 0. 


An arbitrary point in the 
Cartesian plane. 


Using right-triangle trigonometry, the following equations are true for the 
point P: 


Equation: 
7 
cos? = — sox =rcos@ 
r 
Equation: 
7 Y oo . 
sind = —soy=rsin0. 
r 
Furthermore, 
Equation: 


r?—2?+y' andtané = Z 
x 


Each point (2, y) in the Cartesian coordinate system can therefore be 
represented as an ordered pair (r, 9) in the polar coordinate system. The first 
coordinate is called the radial coordinate and the second coordinate is 
called the angular coordinate. Every point in the plane can be represented 
in this form. 


Note that the equation tan 6 = y/z has an infinite number of solutions for 
any ordered pair (x, y). However, if we restrict the solutions to values 
between 0 and 27 then we can assign a unique solution to the quadrant in 
which the original point (a, y) is located. Then the corresponding value of r 
is positive, so r? = x7 4+ y?. 


Note: 

Converting Points between Coordinate Systems 

Given a point P in the plane with Cartesian coordinates (x, y) and polar 
coordinates (r, @), the following conversion formulas hold true: 
Equation: 


x =rcosdandy = rsin8, 
Equation: 


r—a2’+y andtané = = 


These formulas can be used to convert from rectangular to polar or from 
polar to rectangular coordinates. 


Example: 
Exercise: 


Problem: 
Converting between Rectangular and Polar Coordinates 


Convert each of the following points into polar coordinates. 


Convert each of the following points into rectangular coordinates. 


Ge 3707/3) 
e. (2, 37/2) 
f. (6, —57/6) 


Solution: 
a. Use x = 1 and y = 1 in [link]: 
Equation: 


= ae dee tang = 


1e25 4e and = 


ey 2 0 = 
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Therefore this point can be represented as (v2, +) in polar 


coordinates. 
b. Use « = —3 and y = 4 in [link]: 
Equation: 
tand = 4 

(ee ie _ 4 

a 3 
= (-3)+(4)? and 
; 5 @ = -—arctan = 

BS NIN. 


Therefore this point can be represented as (5, 2.21) in polar 
coordinates. 


c. Use x = O and y = 3 in [link]: 


Equation: 
P= ty 
: ("+ i a ; : 
cr = 3 


Direct application of the second equation leads to division by 
zero. Graphing the point (0, 3) on the rectangular coordinate 
system reveals that the point is located on the positive y-axis. The 
angle between the positive x-axis and the positive y-axis is 3. 
Therefore this point can be represented as (3, Zz) in polar 


coordinates. 
d. Use x = 5/3 and y = —5 in [link]: 


Equation: 

2 22 
= ai 

So tang = 2 
= (5v3) Hae and es 

= — ss 

= 75425 ae 

To — 10 


Therefore this point can be represented as (10, = ft) in polar 


coordinates. 
e. Use r = 3 and @ = = in [link]: 
Equation: 
Lt = 7 cos? y = rsind 


3 Cos (z) and 
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Therefore this point can be represented as (3. 5 | in 


rectangular coordinates. 
fi. User — 2 and 0 — = in [link]: 


Equation: 
f= 7cos? y = rsind 
= 2cos (32) and = 2sin (32) 
2 (0) —0 = 2(-1)=-2. 


Therefore this point can be represented as (0, —2) in rectangular 


coordinates. 
g. Use r = 6 and 6 = —* in [link!: 
Equation: 
. =) 1 cos y = rsin@ 
57 
= 600s (—¢) ; = fff) 
= 12 an 
- 6 (-+2) = 6(-3) 
= -373 ae 


Therefore this point can be represented as (—3v a -3] in 


rectangular coordinates. 


Note: 
Exercise: 


Problem: 


Convert (—8, —8) into polar coordinates and (4, r) into rectangular 
coordinates. 


Solution: 


(8v2, 5) and (-2,2v3) 
Hint 


Use [link] and [link]. Make sure to check the quadrant when calculating 0. 


The polar representation of a point is not unique. For example, the polar 
coordinates [2s 2) and (2, ) both represent the point e v3) in the 
rectangular system. Also, the value of r can be negative. Therefore, the 
point with polar coordinates (—2, a) also represents the point (1, J 3) in 


the rectangular system, as we can see by using [link]: 


Equation: 
x = rcosé y = rsin@ 
= —2 cos (+) and = —2 sin (3) 
= -2(-4)=1 - -2(-¥)-v3 


Every point in the plane has an infinite number of representations in polar 
coordinates. However, each point in the plane has only one representation in 
the rectangular coordinate system. 


Note that the polar representation of a point in the plane also has a visual 
interpretation. In particular, r is the directed distance that the point lies from 
the origin, and 6 measures the angle that the line segment from the origin to 
the point makes with the positive x-axis. Positive angles are measured in a 


counterclockwise direction and negative angles are measured in a clockwise 
direction. The polar coordinate system appears in the following figure. 


(Polar axis) 


The polar coordinate system. 


The line segment starting from the center of the graph going to the right 
(called the positive x-axis in the Cartesian system) is the polar axis. The 
center point is the pole, or origin, of the coordinate system, and corresponds 
to r = 0. The innermost circle shown in [link] contains all points a distance 
of 1 unit from the pole, and is represented by the equation r = 1. Then 

r = 2 is the set of points 2 units from the pole, and so on. The line segments 


emanating from the pole correspond to fixed angles. To plot a point in the 
polar coordinate system, start with the angle. If the angle is positive, then 
measure the angle from the polar axis in a counterclockwise direction. If it is 
negative, then measure it clockwise. If the value of r is positive, move that 
distance along the terminal ray of the angle. If it is negative, move along the 
ray that is opposite the terminal ray of the given angle. 


Example: 
Exercise: 


Problem: 
Plotting Points in the Polar Plane 


Plot each of the following points on the polar plane. 


Solution: 


The three points are plotted in the following figure. 


Three points plotted in the polar coordinate 
system. 


Note: 
Exercise: 


Problem: Plot (4, al and (—3, — a) on the polar plane. 


Solution: 


Hint 


Start with 0, then use r. 


Polar Curves 


Now that we know how to plot points in the polar coordinate system, we can 
discuss how to plot curves. In the rectangular coordinate system, we can 
graph a function y = f (x) and create a curve in the Cartesian plane. In a 
similar fashion, we can graph a curve that is generated by a function 


r= f(9). 


The general idea behind graphing a function in polar coordinates is the same 
as graphing a function in rectangular coordinates. Start with a list of values 
for the independent variable (6 in this case) and calculate the corresponding 
values of the dependent variable r. This process generates a list of ordered 


pairs, which can be plotted in the polar coordinate system. Finally, connect 
the points, and take advantage of any patterns that may appear. The function 
may be periodic, for example, which indicates that only a limited number of 
values for the independent variable are needed. 


Note: 
Problem-Solving Strategy: Plotting a Curve in Polar Coordinates 


1. Create a table with two columns. The first column is for 0, and the 
second column is for r. 

2. Create a list of values for 0. 

3. Calculate the corresponding r values for each @. 

4. Plot each ordered pair (7, 8) on the coordinate axes. 

5. Connect the points and look for a pattern. 


Note: 
Watch this video for more information on sketching polar curves. 


Example: 
Exercise: 


Problem: 
Graphing a Function in Polar Coordinates 


Graph the curve defined by the function r = 4 sin @. Identify the curve 
and rewrite the equation in rectangular coordinates. 


Solution: 


Because the function is a multiple of a sine function, it is periodic with 
period 27, so use values for 8 between 0 and 27. The result of steps 1— 


3 appear in the following table. [link] shows the graph based on this 
table. 


0 r=Asin0 0 r=Asin0 

0 0 1. 0 

- 2 a , 

i 2/2 = 2.8 on SID ah: 
= 21/3 = 3.4 a 2/3 = —3.4 
£ 4 om. 4 

ae 21/3 = 3.4 = ~2,/3 = -3.4 
ra 2/2 = 2.8 a —25/2 = —2.8 
Be 2 lla =) 


The graph of the function r = 4 sin @ is a 
circle. 


This is the graph of a circle. The equation r = 4 sin 8 can be 
converted into rectangular coordinates by first multiplying both sides 
by r. This gives the equation r? = 4r sin 0. Next use the facts that 
r?=27?+y' andy =rsin 0. This gives 2? + y? = 4y. To put this 
equation into standard form, subtract 4y from both sides of the 
equation and complete the square: 


Equation: 
z?+y%*—4y = 0 
a? + (4° — Ay) = 
a+ (y—4y+4) = 0+4 
iG =D° = 4 


This is the equation of a circle with radius 2 and center (0, 2) in the 
rectangular coordinate system. 


Note: 
Exercise: 


Problem: 


Create a graph of the curve defined by the function r = 4 + 4 cos 0. 


Solution: 


The name of this shape is a cardioid, which we will study further later 
in this section. 


Hint 


Follow the problem-solving strategy for creating a graph in polar 
coordinates. 


The graph in [link] was that of a circle. The equation of the circle can be 
transformed into rectangular coordinates using the coordinate transformation 


formulas in [link]. [link] gives some more examples of functions for 
transforming from polar to rectangular coordinates. 


Example: 
Exercise: 


Problem: 
Transforming Polar Equations to Rectangular Coordinates 


Rewrite each of the following equations in rectangular coordinates and 
identify the graph. 


ae a 
br=3 
c.r=6cos@— 8sin@ 


Solution: 


a. Take the tangent of both sides. This gives 
tan 6 = tan(x/3) = V3. Since tan 0 = y/a we can replace the 
left-hand side of this equation by y/z. This gives y/x = V3, 
which can be rewritten as y = xv 3. This is the equation of a 
straight line passing through the origin with slope V3. In general, 
any polar equation of the form 6 = K represents a straight line 
through the pole with slope equal to tan K. 

b. First, square both sides of the equation. This gives r? = 9. Next 
replace r? with x” + y’. This gives the equation x? + y? = 9, 
which is the equation of a circle centered at the origin with radius 
3. In general, any polar equation of the form r = k where k is a 
positive constant represents a circle of radius k centered at the 
origin. (Note: when squaring both sides of an equation it is 
possible to introduce new points unintentionally. This should 
always be taken into consideration. However, in this case we do 


not introduce new points. For example, (—3, a) is the same 


point as (3, =), ) 


= ese: 


(r sin 0) 


c. Multiply both sides of the equation by r. This leads to 
r? = 6r cos 6 — 8r sin 9. Next use the formulas 
Equation: 

r=2’+y’, «=rcos8, 
This gives 
Equation: 
r? = 6(rcosé)—8 
a+y = 6x — 8y. 


To put this equation into standard form, first move the variables 
from the right-hand side of the equation to the left-hand side, then 


complete the square. 


Equation: 
erty 
x? — 62 + y* + 8y 
(a? — 6x) + (y? + 8y) 
(a> = G09) (yr 8716) 
(2 — 3)" + (y+4)y 


= 67 — Sy 
ar) 

—() 

eo eG 
= iy, 


This is the equation of a circle with center at (3, —4) and radius 
5. Notice that the circle passes through the origin since the center 


is 5 units away. 


Note: 
Exercise: 


Problem: 


Rewrite the equation r = sec # tan @ in rectangular coordinates and 
identify its graph. 


Solution: 


y = x”, which is the equation of a parabola opening upward. 
Hint 


Convert to sine and cosine, then multiply both sides by cosine. 


We have now seen several examples of drawing graphs of curves defined by 
polar equations. A summary of some common curves is given in the tables 
below. In each equation, a and b are arbitrary constants. 


Line passing through the 
pole with slope tan K 


Circle r = acosé + bsiné 


r= 2cost ~ 3sint 
r 


Cardioid r= a(1 + cosé) 
r= a(1 — cos@) 
r=a(1 + sind) 
r=a(1 — siné) 


Limagon r=acosé + b 
r=asind + b r= 2+ 4sine 


l284567 


r = acos(bé) 
r = asin(bé) 


r= 3sin20 


A cardioid is a special case of a limacon (pronounced “lee-mah-son”), in 
which a = b ora = —b. The rose is a very interesting curve. Notice that the 
graph of r = 3 sin 26 has four petals. However, the graph of r = 3 sin 30 
has three petals as shown. 


r= 3sin30 


Graph of r = 3 sin 30. 


If the coefficient of 0 is even, the graph has twice as many petals as the 
coefficient. If the coefficient of 6 is odd, then the number of petals equals 
the coefficient. You are encouraged to explore why this happens. Even more 
interesting graphs emerge when the coefficient of @ is not an integer. For 
example, if it is rational, then the curve is closed; that is, it eventually ends 
where it started ([link](a)). However, if the coefficient is irrational, then the 
curve never closes ([link](b)). Although it may appear that the curve is 


closed, a closer examination reveals that the petals just above the positive x 
axis are slightly thicker. This is because the petal does not quite match up 
with the starting point. 


r= 3sin(=) 


Polar rose graphs of functions with (a) rational coefficient and (b) 
irrational coefficient. Note that the rose in part (b) would actually fill 
the entire circle if plotted in full. 


Since the curve defined by the graph of r = 3 sin (7) never closes, the 
curve depicted in [link](b) is only a partial depiction. In fact, this is an 
example of a space-filling curve. A space-filling curve is one that in fact 
occupies a two-dimensional subset of the real plane. In this case the curve 
occupies the circle of radius 3 centered at the origin. 


Example: 
Exercise: 


Problem: 
Chapter Opener: Describing a Spiral 


Recall the chambered nautilus introduced in the chapter opener. This 
creature displays a spiral when half the outer shell is cut away. It is 
possible to describe a spiral using rectangular coordinates. [link] 
shows a spiral in rectangular coordinates. How can we describe this 
curve mathematically? 


How can we describe a spiral graph 
mathematically? 


Solution: 


As the point P travels around the spiral in a counterclockwise 
direction, its distance d from the origin increases. Assume that the 
distance d is a constant multiple k of the angle @ that the line segment 


OP makes with the positive x-axis. Therefore d(P,O) = k@, where O 
is the origin. Now use the distance formula and some trigonometry: 
Equation: 


d(P,O) = k6 
(x —0)°+(y—0)° = karctan (+) 
Jx2+y? = k arctan (+) 
arctan(2) = saws 
y= tan (2) 


Although this equation describes the spiral, it is not possible to solve it 
directly for either x or y. However, if we use polar coordinates, the 
equation becomes much simpler. In particular, d(P, O) = r, and @ is 
the second coordinate. Therefore the equation for the spiral becomes 

r = k@. Note that when 0 = 0 we also have r = 0, so the spiral 
emanates from the origin. We can remove this restriction by adding a 
constant to the equation. Then the equation for the spiral becomes 

r = a-+ké for arbitrary constants a and k. This is referred to as an 
Archimedean spiral, after the Greek mathematician Archimedes. 


Another type of spiral is the logarithmic spiral, described by the 
function r = a- b’. A graph of the function r = 1.2 (leas) is given 
in [link]. This spiral describes the shell shape of the chambered 
nautilus. 


r/= 1,2(1.25% 


A logarithmic spiral is similar to the shape of the chambered 
nautilus shell. (credit: modification of work by Jitze Couperus, 
Flickr) 


Suppose a curve is described in the polar coordinate system via the function 
r = f (0). Since we have conversion formulas from polar to rectangular 
coordinates given by 

Equation: 


xz =rcos@ 
y=rsin8, 


it is possible to rewrite these formulas using the function 
Equation: 


xz = f (0) cos0 
y = f (0) sin @. 


This step gives a parameterization of the curve in rectangular coordinates 
using 6 as the parameter. For example, the spiral formula r = a + b@ from 
[link] becomes 

Equation: 


xz = (a+ b6) cos 6 
y = (a+ 09) sin 0. 


Letting # range from —oo to oo generates the entire spiral. 


Symmetry in Polar Coordinates 


When studying symmetry of functions in rectangular coordinates (i.e., in the 
form y = f (a)), we talk about symmetry with respect to the y-axis and 
symmetry with respect to the origin. In particular, if f (—x) = f (2) for all 
x in the domain of f, then f is an even function and its graph is symmetric 
with respect to the y-axis. If f (—x) = —f (a) for all x in the domain of f, 
then f is an odd function and its graph is symmetric with respect to the 
origin. By determining which types of symmetry a graph exhibits, we can 
learn more about the shape and appearance of the graph. Symmetry can also 
reveal other properties of the function that generates the graph. Symmetry in 
polar curves works in a similar fashion. 


Note: 
Symmetry in Polar Curves and Equations 
Consider a curve generated by the function r = f (0) in polar coordinates. 


i. The curve is symmetric about the polar axis if for every point (7,0) on 
the graph, the point (r, —9) is also on the graph. Similarly, the 
equation r = f (0) is unchanged by replacing 6 with —@. 

ii. The curve is symmetric about the pole if for every point (7,0) on the 
graph, the point (r, a + @) is also on the graph. Similarly, the equation 
r = f (0) is unchanged when replacing r with —r, or 0 with 7 + 0. 


iii. The curve is symmetric about the vertical line 6 = + if for every point 
(r, 0) on the graph, the point (r, 7 — 6) is also on the graph. Similarly, 
the equation r = f (@) is unchanged when @ is replaced by a — 0. 


The following table shows examples of each type of symmetry. 


Symmetry with respect to the polar axis: 
For every point (r, @) on the graph, there is 
also a point reflected directly across the 
horizontal (polar) axis. 


Symmetry with respect to the pole: 

For every point (r, @) on the graph, there is 
also a point on the graph that is reflected 
through the pole as well. 


re = 9¢os( 20 - 5| 


Symmetry with respect to the vertical 
line 6 = = For every point (r, #) on the 


graph, there is also a point reflected directly 
across the vertical axis. 
r= 2 ~ 2sino 
r 


Example: 


Exercise: 


Problem: 
Using Symmetry to Graph a Polar Equation 


Find the symmetry of the rose defined by the equation r = 3 sin (26) 
and create a graph. 


Solution: 


Suppose the point (r, @) is on the graph of r = 3 sin (26). 


i 


Ls 


=r 


To test for symmetry about the polar axis, first try replacing 0 
with —0. This gives r = 3 sin (2 (—0)) = —3 sin (26). Since 
this changes the original equation, this test is not satisfied. 
However, returning to the original equation and replacing r with 
—r and 6 with 7 — @ yields 

Equation: 


—r = 3sin (2 (x — 8)) 
—r = 3sin (2a — 26) 
—r = 3sin (—26) 
ee SI 


Multiplying both sides of this equation by —1 gives r = 3 sin 20, 
which is the original equation. This demonstrates that the graph is 
symmetric with respect to the polar axis. 


. To test for symmetry with respect to the pole, first replace r with 


—r, which yields —r = 3 sin (20). Multiplying both sides by —-1 
gives r = —3 sin (20), which does not agree with the original 
equation. Therefore the equation does not pass the test for this 
symmetry. However, returning to the original equation and 
replacing 6 with 0 + 7 gives 

Equation: 


r =3sin(2(6+7)) 
= 3 sin (20 + 27) 
= 3 (sin 26 cos 27 + cos 26 sin 277) 
— soil o0: 


Since this agrees with the original equation, the graph is 
symmetric about the pole. 

iii. To test for symmetry with respect to the vertical line 6 = +, first 
replace both r with —r and @ with —@. 
Equation: 


—r = 3sin (2 (—8@)) 
—r = 3sin (—26) 
SS Se) es 


Multiplying both sides of this equation by —1 gives r = 3 sin 20, 
which is the original equation. Therefore the graph is symmetric 
about the vertical line 0 = +. 
This graph has symmetry with respect to the polar axis, the origin, and 
the vertical line going through the pole. To graph the function, tabulate 


values of # between 0 and 7/2 and then reflect the resulting graph. 


6 r 
0 0 
4 3V3 ~~ 2.6 


a 3 
a STG 
a 0 


This gives one petal of the rose, as shown in the following graph. 


r= 3sin26 


0=0ds 


= 
2 


The graph of the equation between 6 = 0 and 
C= 


Reflecting this image into the other three quadrants gives the entire 
graph as shown. 


r= 3sin2e 


The entire graph of the equation is called a 
four-petaled rose. 


Note: 
Exercise: 


Problem: 


Determine the symmetry of the graph determined by the equation 
r = 2cos (39) and create a graph. 


Solution: 


Symmetric with respect to the polar axis. 


r= 2c0s30 


Hint 


Use [link]. 


Key Concepts 


e The polar coordinate system provides an alternative way to locate 
points in the plane. 

e Convert points between rectangular and polar coordinates using the 
formulas 
Equation: 


x =rcos@andy = rsin# 


and 
Equation: 


r= /2?+y*and tan 6 = Ze 
x 


e To sketch a polar curve from a given polar function, make a table of 
values and take advantage of periodic properties. 

e Use the conversion formulas to convert equations between rectangular 
and polar coordinates. 

e Identify symmetry in polar curves, which can occur through the pole, 
the horizontal axis, or the vertical axis. 


In the following exercises, plot the point whose polar coordinates are given 
by first constructing the angle @ and then marking off the distance r along 
the ray. 

Exercise: 


Problem: (3, *) 


Solution: 


o|3 


Exercise: 


Problem: (—2, ot ) 


Exercise: 


Problem: (0, i) 


Solution: 


Exercise: 


Problem: (—4, Sr) 


Exercise: 


Problem: (i, ft) 


Solution: 


Exercise: 


Problem: (2; ot ) 


Exercise: 


Problem: (1, Zz) 


Solution: 


Na 


For the following exercises, consider the polar graph below. Give two sets of 
polar coordinates for each point. 


Exercise: 


Problem: Coordinates of point A. 


Exercise: 


Problem: Coordinates of point B. 


Solution: 


B(3, 3") B(-3, ¥) 


Exercise: 


Problem: Coordinates of point C. 


Exercise: 


Problem: Coordinates of point D. 
Solution: 
D (5, F)D (-5, §) 


6. 


For the following exercises, the rectangular coordinates of a point are given. 
Find two sets of polar coordinates for the point in (0, 27]. Round to three 
decimal places. 

Exercise: 


Problem: (2, 2) 


Exercise: 
Problem: (3, —4) (3, —4) 


Solution: 


(5, 0.927) (—5,—0.927 + 1) 


Exercise: 


Problem: (8, 15) 


Exercise: 


Problem: (—6, 8) 
Solution: 


(10, 0.927) (—10, —0.927 + 7) 


Exercise: 


Problem: (4, 3) 


Exercise: 
Problem: (3, ay 3) 


Solution: 


(2v3, —0.524) (—2v3, 0.524 + r) 


For the following exercises, find rectangular coordinates for the given point 
in polar coordinates. 
Exercise: 


Problem: (2, ot) 


Exercise: 
Problem: (—2, 7 ) 


Solution: 


(v3, -1) 


Exercise: 


Problem: (5, z) 


Exercise: 
Problem: (1 in) 
Solution: 


2,2) 


Exercise: 


Problem: (—3, 3) 


Exercise: 


Problem: (0, z) 


Solution: 
(0, 0) 
Exercise: 


Problem: (—4.5, 6.5) 


For the following exercises, determine whether the graphs of the polar 
equation are symmetric with respect to the x-axis, the y-axis, or the origin. 
Exercise: 


Problem: 7 = 3 sin(26) 
Solution: 


Symmetry with respect to the x-axis, y-axis, and origin. 


Exercise: 


Problem: 7? = 9 cos 6 


Exercise: 
Problem: r = cos (=) 


Solution: 


Symmetric with respect to x-axis only. 


Exercise: 


Problem: 7 = 2 sec 0 


Exercise: 


Problem: r = 1 + cos @ 
Solution: 


Symmetry with respect to x-axis only. 


For the following exercises, describe the graph of each polar equation. 
Confirm each description by converting into a rectangular equation. 
Exercise: 


Problem: r = 3 


Exercise: 


Problem: @ = Zz 


Solution: 


Line y = & 


Exercise: 


Problem: r = sec 0 


Exercise: 


Problem: r = csc 0 
Solution: 


youd 


For the following exercises, convert the rectangular equation to polar form 
and sketch its graph. 
Exercise: 


Problem: x? + y? = 16 


Exercise: 


Problem: x” — y” = 16 
Solution: 


Hyperbola; polar form rcos(20) = 16 or r? = 16 sec 0. 


y 


Exercise: 
Problem: x = 8 


For the following exercises, convert the rectangular equation to polar form 
and sketch its graph. 


Exercise: 


Problem: 3z — y = 2 


Solution: 


2 


T= 3 cos O—sin 0 


y 
40 


30 
20 


10 


Exercise: 
Problem: y”? = 4x 


For the following exercises, convert the polar equation to rectangular form 
and sketch its graph. 
Exercise: 


Problem: 7 = 4 sin 0 


Solution: 


g? + y? = dy 


Exercise: 


Problem: r = 6 cos @ 


Exercise: 
Problem: r = @ 
Solution: 


gtany/2?2+y?=y 


Exercise: 

Problem: r = cot 6 csc 0 
For the following exercises, sketch a graph of the polar equation and 
identify any symmetry. 


Exercise: 


Problem: 7 = 1 + sin @ 


Solution: 


y-axis symmetry 


Exercise: 


Problem: 7 = 3 — 2 cos @ 


Exercise: 


Problem: 7 = 2 — 2sin@ 


Solution: 


y-axis symmetry 


Exercise: 


Problem: 7 = 5 — 4sin@ 


Exercise: 


Problem: r = 3 cos (26) 


Solution: 


x- and y-axis symmetry and symmetry about the pole 


Exercise: 


Problem: r = 3 sin (26) 


Exercise: 


Problem: r = 2 cos (30) 


Solution: 


x-axis symmetry 


Exercise: 


Problem: r = 3 cos (4) 


Exercise: 


Problem: r? = 4 cos (26) 


Solution: 


x- and y-axis symmetry and symmetry about the pole 


Exercise: 


Problem: r? = 4 sin @ 


Exercise: 


Problem: 7 = 20 


Solution: 


15 20 


no symmetry 
Exercise: 
Problem: 
[T] The graph of r = 2 cos(20)sec(@). is called a strophoid. Use a 


graphing utility to sketch the graph, and, from the graph, determine the 
asymptote. 


Exercise: 
Problem: 


6 


[T] Use a graphing utility and sketch the graph of r = >—p 355 - 


Solution: 


20 40 60 80 


a line 


Exercise: 


Problem: [T] Use a graphing utility to graph r = ay. 


Exercise: 


Problem: [T] Use technology to graph r = e*() — 2 cos (40). 


Solution: 


Exercise: 


Problem: 


[T] Use technology to plot r = sin (3) (use the interval 
0<0< 14z). 


Exercise: 


Problem: Without using technology, sketch the polar curve 6 = or 


Solution: 


120° 


Exercise: 


Problem: 


[T] Use a graphing utility to plot r = 0 sin 6 for —7 < 0< or. 


Exercise: 


Problem: [T] Use technology to plot r = e~°-!° for —10 < 6 < 10. 


Solution: 


Exercise: 


Problem: 


[T] There is a curve known as the “Black Hole.” Use technology to plot 
r =e °°? for —100 < 6 < 100. 


Exercise: 


Problem: 


[T] Use the results of the preceding two problems to explore the graphs 
ons ead ye 8M for [0] > 100. 


Solution: 


Answers vary. One possibility is the spiral lines become closer together 
and the total number of spirals increases. 


Glossary 


angular coordinate 
@ the angle formed by a line segment connecting the origin to a point in 
the polar coordinate system with the positive radial (x) axis, measured 
counterclockwise 


cardioid 
a plane curve traced by a point on the perimeter of a circle that is 
rolling around a fixed circle of the same radius; the equation of a 
cardioid is r = a (1+ sin@) orr = a(1+cos6) 


limacgon 
the graph of the equation r = a+ bsin#@ orr=a+bcos@.Ifa=b 
then the graph is a cardioid 


polar axis 
the horizontal axis in the polar coordinate system corresponding to 
r>0 


polar coordinate system 
a system for locating points in the plane. The coordinates are r, the 
radial coordinate, and 9, the angular coordinate 


polar equation 
an equation or function relating the radial coordinate to the angular 
coordinate in the polar coordinate system 


pole 
the central point of the polar coordinate system, equivalent to the origin 
of a Cartesian system 


radial coordinate 
r the coordinate in the polar coordinate system that measures the 
distance from a point in the plane to the pole 


rose 


graph of the polar equation r = a cos 20 or r = asin 26 for a positive 
constant a 


space-filling curve 
a curve that completely occupies a two-dimensional subset of the real 
plane 


Area and Arc Length in Polar Coordinates 


e Apply the formula for area of a region in polar coordinates. 
e Determine the arc length of a polar curve. 


In the rectangular coordinate system, the definite integral provides a way to 
calculate the area under a curve. In particular, if we have a function y = f(z) 
defined from x = a to x = b where f (x) > 0 on this interval, the area between 


b 
the curve and the x-axis is given by A = / f (x) dz. This fact, along with the 


formula for evaluating this integral, is summarized in the Fundamental Theorem 
of Calculus. Similarly, the arc length of this curve is given by 


b 
L= i V 1+ (f' (x))*dz. In this section, we study analogous formulas for 


area and arc length in the polar coordinate system. 


Areas of Regions Bounded by Polar Curves 


We have studied the formulas for area under a curve defined in rectangular 
coordinates and parametrically defined curves. Now we turn our attention to 
deriving a formula for the area of a region bounded by a polar curve. Recall that 
the proof of the Fundamental Theorem of Calculus used the concept of a 
Riemann sum to approximate the area under a curve by using rectangles. For 
polar curves we use the Riemann sum again, but the rectangles are replaced by 
sectors of a circle. 


Consider a curve defined by the function r = f (8), where a < 6 < #. Our first 
step is to partition the interval [a, 8] into n equal-width subintervals. The width 
of each subinterval is given by the formula AO = (G — a) /n, and the ith 
partition point 0; is given by the formula 0; = a + iA@. Each partition point 

0 = 6; defines a line with slope tan@; passing through the pole as shown in the 
following graph. 


A partition of a typical curve in polar coordinates. 


The line segments are connected by arcs of constant radius. This defines sectors 
whose areas can be calculated by using a geometric formula. The area of each 
sector is then used to approximate the area between successive line segments. 
We then sum the areas of the sectors to approximate the total area. This approach 
gives a Riemann sum approximation for the total area. The formula for the area 
of a sector of a circle is illustrated in the following figure. 


The area of a sector of a circle is 
given by A = 36r?. 


Recall that the area of a circle is A = mr*. When measuring angles in radians, 
360 degrees is equal to 27 radians. Therefore a fraction of a circle can be 
measured by the central angle 0. The fraction of the circle is given by fe so the 
area of the sector is this fraction multiplied by the total area: 

Equation: 


Since the radius of a typical sector in [link] is given by r; = f (6;), the area of 
the ith sector is given by 
Equation: 


Ai = 5 (A0)(F(6,))* 


Therefore a Riemann sum that approximates the area is given by 


Equation: 


We take the limit as n — oo to get the exact area: 
Equation: 


n—- oo 


_ 33 Le 2 
A= lima, == f (F (0))2a0. 


This gives the following theorem. 


Note: 

Area of a Region Bounded by a Polar Curve 

Suppose f is continuous and nonnegative on the interval a < @ < 6 with 

0 < B—a << 2n. The area of the region bounded by the graph of r = f (0) 
between the radial lines 0 = a and 0 = £ is 

Equation: 


Example: 
Exercise: 


Problem: 
Finding an Area of a Polar Region 


Find the area of one petal of the rose defined by the equation 
7 3-sin( 20). 


Solution: 


The graph of r = 3 sin (20) follows. 


r = 3sin20 


The graph of r = 3 sin (26). 


When 0 = 0 we have r = 3 sin (2(0)) = 0. The next value for which 

r = Ois 0 = 7/2. This can be seen by solving the equation 3 sin(20) = 0 
for 0. Therefore the values 8 = 0 to 0 = 7/2 trace out the first petal of the 
rose. To find the area inside this petal, use [link] with f (9) = 3 sin (26), 
@— and 6 7u2: 

Equation: 
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To evaluate this integral, use the formula sin?a = (1 — cos(2a)) /2 with 
Ci 20: 


Equation: 
A =f 9 sin? (20) dé 
0 
_ af (1 — cos ( See os 
0 
= (” 1 — cos (40) wo) 
0 
= sin sen m/2 
=H O= 
Tw sin 27 sin 4(0 
= $(5- 4) - $(0- 27) 
— a 8 
Note: 
Exercise: 
Problem: 


Find the area inside the cardioid defined by the equation r = 1 — cos 0. 


Solution: 
A SiG) 2 
Hint 


Use [link]. Be sure to determine the correct limits of integration before 
evaluating. 


[link] involved finding the area inside one curve. We can also use [link] to find 
the area between two polar curves. However, we often need to find the points of 
intersection of the curves and determine which function defines the outer curve 
or the inner curve between these two points. 


Example: 
Exercise: 


Problem: 
Finding the Area between Two Polar Curves 


Find the area outside the cardioid r = 2 + 2 sin @ and inside the circle 
r= 6sin 0. 


Solution: 


First draw a graph containing both curves as shown. 
r = 6siné 


The region between the curves 
r=2+2sin 0 andr = 6sin0. 


To determine the limits of integration, first find the points of intersection 
by setting the two functions equal to each other and solving for 0: 
Equation: 

6sind = 2+4+2sin0 

4 sin 0 2 


sind = 


tole 


This gives the solutions 6 = | and @ = Sr which are the limits of 
integration. The circle r = 3 sin @ is the red graph, which is the outer 
function, and the cardioid r = 2 + 2 sin @ is the blue graph, which is the 
inner function. To calculate the area between the curves, start with the area 
inside the circle between 06 = ¢ and 6 = ST then subtract the area inside 


the cardioid between 6 = ¢ and 6 = of 
Equation: 
A =circle — cardioid 
51/6 51/6 
= +/ [6 sin 6] do — | [2 + 2 sin 6]°d0 
1/6 7/6 


57/6 57/6 
+f 36sin’o ao — 3 | 4+ 8sin 6+ 4sin70 d0 
n/6 7/6 


/6 /6 2 
sin(26) 30 sin(20) ame 
=90- | 2|  — 2.cos 9 — =P] 


ne Sar sin 2(57/6) € sin 2(7/6) 
=9( Se — er0r)) g(a — eae) 


57/6 


7/6 


_ (3 (52) Bee az = 2th | i (3 eS = recente sin 2(7/6) 


2 6 2 


57/6 e) ) 51/6 [= 2 
is [ wa f eo einigseemconlee) ey, 
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Note: 
Exercise: 


Problem: 


Find the area inside the circle r = 4 cos 8 and outside the circle r = 2. 


Solution: 
A= 4 +43 
Hint 


Use [link] and take advantage of symmetry. 


In [link] we found the area inside the circle and outside the cardioid by first 
finding their intersection points. Notice that solving the equation directly for 6 
yielded two solutions: 6 = ¢ and 6 = Sr However, in the graph there are three 


intersection points. The third intersection point is the origin. The reason why this 
point did not show up as a solution is because the origin is on both graphs but 
for different values of 8. For example, for the cardioid we get 

Equation: 


2+2sind = 0 
sin? = —-1, 


so the values for @ that solve this equation are 0 = ~~ + 2nz, where n is any 


integer. For the circle we get 
Equation: 


6 sin 6 = 0. 


The solutions to this equation are of the form 8 = nz for any integer value of n. 
These two solution sets have no points in common. Regardless of this fact, the 
curves intersect at the origin. This case must always be taken into consideration. 


Arc Length in Polar Curves 


Here we derive a formula for the arc length of a curve defined in polar 
coordinates. 


In rectangular coordinates, the arc length of a parameterized curve (2 (t), y (t)) 


fora <t< bis given by 
(+ 


Equation: 

In polar coordinates we define the curve by the equation r = f (@), where 

a <6@< 8. In order to adapt the arc length formula for a polar curve, we use the 
equations 

Equation: 


x =rcos@ = f(0)cosOandy = rsin6 = f (6) sind, 


and we replace the parameter t by 0. Then 


Equation: 
a — f' (0) cos — f (8) sind 
% — f'(6)sin0 + f (0) cosd. 


We replace dt by dé, and the lower and upper limits of integration are a and £, 
respectively. Then the arc length formula becomes 
Equation: 


a 
= _ (f' (8) (cos?6 + sin?0) + (f (0))? (cos26 + sin?) dO 


This gives us the following theorem. 


Note: 

Arc Length of a Curve Defined by a Polar Function 

Let f be a function whose derivative is continuous on an interval a < 6 < £. 
The length of the graph of r = f (@) from 6 = a to 0 = Gis 


Equation: 
b= f Vrorrr ora f° jes (#) 


Example: 
Exercise: 


Problem: 
Finding the Arc Length of a Polar Curve 


Find the arc length of the cardioid r = 2 + 2cos0. 


Solution: 


When @ = 0,r = 2 + 2cos0 = 4. Furthermore, as 8 goes from 0 to 27, 
the cardioid is traced out exactly once. Therefore these are the limits of 
integration. Using f(@) = 2 + 2cos6, a = 0, and 8 = 2r, [link] becomes 
Equation: 


B 
wail J LF OL? + LF (1? 40 
=/° \/ [2 + 2cos6]? + [—2sin 6] do 
0 
Ly ieee eee 


0 


LO 
=| 1/4 + 8cos0 + 4 (cos?@ + sin?) do 
0 


2a 
= /8 + 8cos6 do 
0 


Px 
=2|/ /2+2cos6dé. 
0 


Next, using the identity cos (2a) = 2cos?a — 1, add 1 to both sides and 
multiply by 2. This gives 2 + 2cos (2a) = 4cos?a. Substituting a = 0/2 
gives 2 + 2cos@ = 4cos”(6/2), so the integral becomes 

Equation: 


21 
La —2 \/ 2 + 2 cos 0d0 
0 


21 rf) 
| Dale 
il 4 cos (5) 
21 
6 
| 2\cos (5) lao 


= 2 
2 


The absolute value is necessary because the cosine is negative for some 
values in its domain. To resolve this issue, change the limits from 0 to 7 
and double the answer. This strategy works because cosine is positive 
between 0 and +. Thus, 


Equation: 
Px 
L =4/ cos (5) ao 
0 2 
= 8 | cos (5) dg 
0 2 
= 8(2sin())5 
=F: 
Note: 
Exercise: 


Problem: Find the total arc length of r = 3 sin 0. 


Solution: 


Use [link]. To determine the correct limits, make a table of values. 


Key Concepts 


e The area of a region in polar coordinates defined by the equation r = f (0) 
2 


B 
with a < 0 < Bis given by the integral A = +/ [f (@)| dé. 


a 


¢ To find the area between two curves in the polar coordinate system, first 
find the points of intersection, then subtract the corresponding areas. 

e The arc length of a polar curve defined by the equation r = f (0) with 
a <6@< Bis given by the integral 


c= f Viror+ @td= [yrs (2) ao 


Key Equations 


e Area of a region bounded by a polar curve 


B B 
A=4f r@ta=3 [a9 


e Arc length of a polar curve 
B B 2 
b=f yir@r+ ora / r+ (3) ao 


For the following exercises, determine a definite integral that represents the area. 
Exercise: 


Problem: Region enclosed by r = 4 


Exercise: 


Problem: Region enclosed by r = 3 sin 0 


Solution: 
Tv 
- / sin*6 d0 
0 
Exercise: 


Problem: Region in the first quadrant within the cardioid r = 1 + sin 0 


Exercise: 


Problem: Region enclosed by one petal of r = 8 sin(26) 


Solution: 
m/2 
22 [ sin?(26)d6 
0 
Exercise: 


Problem: Region enclosed by one petal of r = cos(36) 


Exercise: 
Problem: Region below the polar axis and enclosed by r = 1 — sin 8 
Solution: 


Qn 
+f (1 — sin 6)?d6 


Exercise: 


Problem: Region in the first quadrant enclosed by r = 2 — cos 8 


Exercise: 


Problem: Region enclosed by the inner loop of r = 2 — 3 sin 8 


Solution: 


m/2 
i (2 — 3sin 6)7d0 
sin! (2/3) 


Exercise: 


Problem: Region enclosed by the inner loop of r = 3 — 4. cos 8 


Exercise: 


Problem: Region enclosed by r = 1 — 2 cos @ and outside the inner loop 


Solution: 


T w/3 
/ (1 — 2cos 0)?d0 — / (1 — 2cos 6)*d60 
0 0 


Exercise: 


Problem: Region common to r = 3sin@ andr = 2 — sin 


Exercise: 


Problem: Region common to r = 2andr = 4cos@ 


Solution: 
m/3 m/2 
| dé + 16 [ (cos?) dO 
0 1/3 
Exercise: 


Problem: Region common to r = 3cos #@andr = 3 sin 


For the following exercises, find the area of the described region. 
Exercise: 


Problem: Enclosed by r = 6 sin 0 


Solution: 


On 


Exercise: 


Problem: Above the polar axis enclosed by r = 2 + sin 8 


Exercise: 


Problem: Below the polar axis and enclosed by r = 2 — cos 8 


Solution: 


On 
4 


Exercise: 


Problem 


Exercise: 


Problem 


: Enclosed by one petal of r = 4 cos (30) 


: Enclosed by one petal of r = 3 cos (26) 


Solution: 


on 


8 
Exercise: 


Problem 


Exercise: 


Problem 


: Enclosed by r = 1+ sin 


: Enclosed by the inner loop of r = 3 + 6 cos 0 


Solution: 


187—27/3 


2 
Exercise: 


Problem 


Exercise: 


Problem 


: Enclosed by r = 2 + 4 cos @ and outside the inner loop 


: Common interior of r = 4 sin (20) andr = 2 


Solution: 


4 


Exercise: 


3v3) 


Problem: Common interior of r = 3 — 2sin@andr = —3+4+ 2sin9 


Exercise: 


Problem: Common interior of r = 6 sin #@ and r = 3 
Solution: 
3 (47 — 3/ 3) 

Exercise: 


Problem: Inside r = 1 + cos @ and outside r = cos 8 


Exercise: 


Problem: Common interior of r = 2+ 2cosdandr = 2sin@ 
Solution: 


27 —4 


For the following exercises, find a definite integral that represents the arc length. 
Exercise: 


Problem: r = 4 cos 8 on the interval0 <6 < a 


Exercise: 


Problem: 7 = 1 + sin @ on the interval 0 < 0 < 27 


Solution: 


Qn SS 
i Ja + sin 0)” + cos?6d6 
0 


Exercise: 


Problem: 7 = 2 sec 8 on the interval 0 < @< = 


Exercise: 


Problem: r = e’on the interval 0 < 6 <1 


Solution: 
1 
/2 / e' dd 
0 


For the following exercises, find the length of the curve over the given interval. 
Exercise: 


Problem: 7 = 6 on the interval 0 < @ < z 
Exercise: 

Problem: r = e°’on the interval 0 < 6 < 2 

Solution: 

Ber—1) 


Exercise: 


Problem: r = 6 cos 0 on the interval 0 < 0 < > 
Exercise: 
Problem: r = 8 + 8cos @ on the interval0 <@0<7 


Solution: 


32 


Exercise: 


Problem: 7 = 1 — sin 8 on the interval 0 < @ < 27 


For the following exercises, use the integration capabilities of a calculator to 
approximate the length of the curve. 
Exercise: 


Problem: [T] 7 = 36 on the interval 0 < 6 < 4 


Solution: 


6.238 


Exercise: 


Problem: [T] 7 = 2 on the interval 7 < 6 < 27 
r) 


Exercise: 
Problem: [T] r = sin” (4) on the interval0 <@0<7 


Solution: 


2 


Exercise: 


Problem: [T] 7 = 26? on the interval0 < 9<7 


Exercise: 


Problem: [T] 7 = sin (3 cos 0) on the interval0 <0 <7 
Solution: 


4.39 


For the following exercises, use the familiar formula from geometry to find the 
area of the region described and then confirm by using the definite integral. 


Exercise: 


Problem: 7 = 3 sin 6 on the interval0 <@0<7 


Exercise: 
Problem: 7 = sin 8+ cos @ on the interval0 <0<7 
Solution: 
A V2 2 T 1 = : 0 0 _ 
= m( 32) = fand > (1 + 2sin 0 cos 0)d@ = 4 
Exercise: 
Problem: 7 = 6 sin 0 + 8 cos 8 on the interval0 <0<7 


For the following exercises, use the familiar formula from geometry to find the 
length of the curve and then confirm using the definite integral. 
Exercise: 


Problem: 7 = 3 sin 8 on the interval0 <@0<7 
Solution: 
C = 2n (3) = 3rand [300 = 30 

Exercise: 


Problem: 7 = sin 8 + cos @ on the interval0 <0<7 


Exercise: 


Problem: r = 6 sin 0 + 8 cos 8 on the interval0 <@0<7 


Solution: 


C = 2n(5) = 10mand / 10 dO = 107 
0 


Exercise: 


Problem: 


Verify that if y= rsin #@ = f(6)sin 6 then a = f1(@)sin 0 + f(0)cos 0. 


For the following exercises, find the slope of a tangent line to a polar curve 
r= f (6). Let x = rcos0 = f(8)cos6@ and y = rsin 0 = f(0)sin @, so the 
polar equation r = f (0) is now written in parametric form. 

Exercise: 


Problem: 


er ae dy/d0 
Use the definition of the derivative a — S/@ and the product rule to 
x dx /d0 


derive the derivative of a polar equation. 


Solution: 
dy __ f'(@)sin0+f(@) cosé 
dz ~ f!(0) cos0—f(0)sin 0 


Exercise: 


Problem: r = 1 — sin 6; ($; z) 


Exercise: 
Problem: r = 4 cos 6; (2, ) 


Solution: 


me 


The slope is Ss 


Exercise: 


Problem: r = 8 sin 6; (4, on) 


Exercise: 


Problem: r = 4 + sin 6; (3; Sr) 
Solution: 


The slope is 0. 


Exercise: 


Problem: r = 6 + 3cos 9; (3, 7) 


Exercise: 


Problem: r = 4 cos (26); tips of the leaves 


Solution: 


At (4,0), the slope is undefined. At (—4, a), the slope is 0. 


Exercise: 


Problem: r = 2 sin (30); tips of the leaves 


Exercise: 
Problem: r = 20; (Z, #) 


Solution: 


The slope is undefined at 0 = 7. 
Exercise: 


Problem: 


Find the points on the interval —a < 6 < z at which the cardioid 
r = 1 —cos@ has a vertical or horizontal tangent line. 


Exercise: 


Problem: 


For the cardioid r = 1 + sin 9, find the slope of the tangent line when 
C= a8 
3 


Solution: 


Slope = -1. 


For the following exercises, find the slope of the tangent line to the given polar 
curve at the point given by the value of 0. 
Exercise: 


Problem: r = 3 cos 0,0 = + 


Exercise: 


Problem: r = 0, 0 = + 
Solution: 
Slope is a 

Exercise: 
Problem: r = In 0, 0 = e 


Exercise: 


Problem: [T] Use technology: r = 2 + 4cos@ at 0 = a 


Solution: 


Calculator answer: —0.836. 


For the following exercises, find the points at which the following polar curves 
have a horizontal or vertical tangent line. 
Exercise: 


Problem: 7 = 4 cos 0 


Exercise: 


Problem: 7? = 4 cos (26) 
Solution: 


Horizontal tangent at (+v2, x), (+v2, — a). 
Exercise: 

Problem: r = 2 sin(20) 
Exercise: 

Problem: The cardioid r = 1 + sin#@ 

Solution: 


Horizontal tangents at +, 
the pole (0,0). 


Exercise: 


Ur lla 
6’ 6 


. Vertical tangents at =, = and also at 
8 6? 6 
Problem: 


Show that the curve r = sin # tan @ (called a cissoid of Diocles) has the 
line x = 1 as a vertical asymptote. 


Conic Sections 


e Identify the equation of a parabola in standard form with given focus 
and directrix. 

e Identify the equation of an ellipse in standard form with given foci. 

e Identify the equation of a hyperbola in standard form with given foci. 

e Recognize a parabola, ellipse, or hyperbola from its eccentricity value. 

e Write the polar equation of a conic section with eccentricity e. 

e Identify when a general equation of degree two is a parabola, ellipse, or 
hyperbola. 


Conic sections have been studied since the time of the ancient Greeks, and 
were considered to be an important mathematical concept. As early as 320 
BCE, such Greek mathematicians as Menaechmus, Appollonius, and 
Archimedes were fascinated by these curves. Appollonius wrote an entire 
eight-volume treatise on conic sections in which he was, for example, able 
to derive a specific method for identifying a conic section through the use of 
geometry. Since then, important applications of conic sections have arisen 
(for example, in astronomy), and the properties of conic sections are used in 
radio telescopes, satellite dish receivers, and even architecture. In this 
section we discuss the three basic conic sections, some of their properties, 
and their equations. 


Conic sections get their name because they can be generated by intersecting 
a plane with a cone. A cone has two identically shaped parts called nappes. 
One nappe is what most people mean by “cone,” having the shape of a party 
hat. A right circular cone can be generated by revolving a line passing 
through the origin around the y-axis as shown. 


A cone generated by revolving the line y = 3x 
around the y-axis. 


Conic sections are generated by the intersection of a plane with a cone 
({link]). If the plane is parallel to the axis of revolution (the y-axis), then the 
conic section is a hyperbola. If the plane is parallel to the generating line, 
the conic section is a parabola. If the plane is perpendicular to the axis of 
revolution, the conic section is a circle. If the plane intersects one nappe at 
an angle to the axis (other than 90° ), then the conic section is an ellipse. 


( hyperbola 


The four conic sections. Each conic is determined by the angle the 
plane makes with the axis of the cone. 


Parabolas 


A parabola is generated when a plane intersects a cone parallel to the 
generating line. In this case, the plane intersects only one of the nappes. A 
parabola can also be defined in terms of distances. 


Note: 

Definition 

A parabola is the set of all points whose distance from a fixed point, called 
the focus, is equal to the distance from a fixed line, called the directrix. 
The point halfway between the focus and the directrix is called the vertex 
of the parabola. 


A graph of a typical parabola appears in [link]. Using this diagram in 
conjunction with the distance formula, we can derive an equation for a 
parabola. Recall the distance formula: Given point P with coordinates 

(1, yi) and point Q with coordinates (x2, y,), the distance between them is 
given by the formula 

Equation: 


d(P,Q) = yf (2 — 21)? + (ve — m1). 


Then from the definition of a parabola and [link], we get 
Equation: 
d(F,P) = d(P,Q) 


(0—2)"+(p—y)° 


| 
SS 
= 
S 
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Squaring both sides and simplifying yields 
Equation: 


2 2 

a*+(p—y) = 0?+(-p-y) 

+ p?—Apyty? = p*+2py+y 
ax? — 2py 2py 


zr? = Apy. 


2 


L 
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directrix 


A typical parabola in which the distance from 
the focus to the vertex is represented by the 
variable p. 


Now suppose we want to relocate the vertex. We use the variables (h, k) to 
denote the coordinates of the vertex. Then if the focus is directly above the 
vertex, it has coordinates (h, k + p) and the directrix has the equation 

y = k — p. Going through the same derivation yields the formula 

(2 — h)? = 4p (y — k). Solving this equation for y leads to the following 
theorem. 


Note: 
Equations for Parabolas 


Given a parabola opening upward with vertex located at (h, &) and focus 
located at (h, k + p), where p is a constant, the equation for the parabola is 
given by 

Equation: 


y= + (2—hy 


k. 
Ap a 


This is the standard form of a parabola. 


We can also study the cases when the parabola opens down or to the left or 
the right. The equation for each of these cases can also be written in 
standard form as shown in the following graphs. 


parabola 
opens up 


focus 
(h, k + p) 
€ 


vertex (h, k) 


directrix 
yek—p 


directrix 
x=h-p 


parabola 
opens right 


1 
x=a-kP +h 


parabola 
opens down 


directrix 


vertex (h, k) 


Y=—a5—hP +k 


directrix 
x=h+p 


parabola 
opens left 


1 
Salma a Be 


Four parabolas, opening in various directions, along with their 
equations in standard form. 


In addition, the equation of a parabola can be written in the general form, 
though in this form the values of h, k, and p are not immediately 
recognizable. The general form of a parabola is written as 

Equation: 


ax?+be+cy+d=0 or ay’?+bre+cy+d=0. 


The first equation represents a parabola that opens either up or down. The 
second equation represents a parabola that opens either to the left or to the 
right. To put the equation into standard form, use the method of completing 
the square. 


Example: 
Exercise: 


Problem: 
Converting the Equation of a Parabola from General into 
Standard Form 


Put the equation x? — 4x — 8y + 12 = 0 into standard form and 
graph the resulting parabola. 


Solution: 


Since y is not squared in this equation, we know that the parabola 
opens either upward or downward. Therefore we need to solve this 
equation for y, which will put the equation into standard form. To do 
that, first add 8y to both sides of the equation: 

Equation: 


8y = 2 — 4a + 12. 
The next step is to complete the square on the right-hand side. Start by 


grouping the first two terms on the right-hand side using parentheses: 
Equation: 


8y = (a = 4x) + 12. 


Next determine the constant that, when added inside the parentheses, 
makes the quantity inside the parentheses a perfect square trinomial. 
To do this, take half the coefficient of x and square it. This gives 
(E55 = 4. Add 4 inside the parentheses and subtract 4 outside the 
parentheses, so the value of the equation is not changed: 


Equation: 


Sy — (a — 42-4) 12 = 4. 


Now combine like terms and factor the quantity inside the 
parentheses: 
Equation: 


8y = (x — 2)°4+ 8. 


Finally, divide by 8: 
Equation: 


1 
y= q(e—2y +1. 


This equation is now in standard form. Comparing this to [link] gives 
h = 2, k = 1, and p = 2. The parabola opens up, with vertex at 
(2,1), focus at (2,3), and directrix y= —1. The graph of this 
parabola appears as follows. 


x? — 4x — BY + 12 =0 


focus 
e (2, 3) 


directrix 
yo = 


The parabola in [link]. 


Note: 
Exercise: 


Problem: 


Put the equation 2y” — x + 12y + 16 = 0 into standard form and 
graph the resulting parabola. 


Solution: 


a = 2(y+3)?-2 


x = y+ 32-2 


Hint 


Solve for x. Check which direction the parabola opens. 


The axis of symmetry of a vertical (opening up or down) parabola is a 
vertical line passing through the vertex. The parabola has an interesting 
reflective property. Suppose we have a satellite dish with a parabolic cross 
section. If a beam of electromagnetic waves, such as light or radio waves, 
comes into the dish in a straight line from a satellite (parallel to the axis of 
symmetry), then the waves reflect off the dish and collect at the focus of the 
parabola as shown. 


Consider a parabolic dish designed to collect signals from a satellite in 
space. The dish is aimed directly at the satellite, and a receiver is located at 
the focus of the parabola. Radio waves coming in from the satellite are 
reflected off the surface of the parabola to the receiver, which collects and 
decodes the digital signals. This allows a small receiver to gather signals 
from a wide angle of sky. Flashlights and headlights in a car work on the 
same principle, but in reverse: the source of the light (that is, the light bulb) 
is located at the focus and the reflecting surface on the parabolic mirror 
focuses the beam straight ahead. This allows a small light bulb to illuminate 
a wide angle of space in front of the flashlight or car. 


Ellipses 


An ellipse can also be defined in terms of distances. In the case of an ellipse, 
there are two foci (plural of focus), and two directrices (plural of directrix). 
We look at the directrices in more detail later in this section. 


Note: 

Definition 

An ellipse is the set of all points for which the sum of their distances from 
two fixed points (the foci) is constant. 


A typical ellipse in which the sum of the distances from any point 
on the ellipse to the foci is constant. 


A graph of a typical ellipse is shown in [link]. In this figure the foci are 
labeled as F' and F’. Both are the same fixed distance from the origin, and 
this distance is represented by the variable c. Therefore the coordinates of F’ 
are (c, 0) and the coordinates of F” are (—c, 0). The points P and P’ are 
located at the ends of the major axis of the ellipse, and have coordinates 

(a, 0) and (—a, 0), respectively. The major axis is always the longest 


distance across the ellipse, and can be horizontal or vertical. Thus, the 
length of the major axis in this ellipse is 2a. Furthermore, P and P’ are 
called the vertices of the ellipse. The points Q and Q’ are located at the ends 
of the minor axis of the ellipse, and have coordinates (0, 6) and (0, —b), 
respectively. The minor axis is the shortest distance across the ellipse. The 
minor axis is perpendicular to the major axis. 


According to the definition of the ellipse, we can choose any point on the 
ellipse and the sum of the distances from this point to the two foci is 
constant. Suppose we choose the point P. Since the coordinates of point P 
are (a, 0), the sum of the distances is 

Equation: 


d(P,F)+d(P,F’) =(a-c)+(a+c) =2a. 


Therefore the sum of the distances from an arbitrary point A with 
coordinates (x, y) is also equal to 2a. Using the distance formula, we get 
Equation: 


d(A,F)+d(A,F’) = 2a 


Je c)° ty? + (e+c)+y? = 0G. 


Subtract the second radical from both sides and square both sides: 
Equation: 


(a—c)’+y = 2a—4/(x+c)?+y¥ 
(a—c)+y? = 4a?—4ay/(x+c)+y¥+(a+c)+¥ 
x? —2ert+e+y = 4a?—4a/(et+e)+y¥ta?+ter+e+y 
—2cn = 4a? —4ay/(a +c)? 4+ 4? 4+ 2cx 


Now isolate the radical on the right-hand side and square again: 


Equation: 


—2cr = 4a*— 4ay/ (x4 c)” + y? + 2ca 


4ay/(a+e)>+y? = 402+ 4ex 


(x cy +y? =a+% 


(x+c)+y = a? + 2cx + <3 
et+Qcrte ty? = a+2%r+ <= 


2 a2 
eg =. Gps 


Isolate the variables on the left-hand side of the equation and the constants 
on the right-hand side: 


Equation: 
2 2a? : 2 2 
a—~++y = a—c 
a’—c?) x? 
( <) +y = ae. 


Divide both sides by a? — c?. This gives the equation 
Equation: 
ie y 
ae - a? — ¢? 


= 


If we refer back to [link], then the length of each of the two green line 
segments is equal to a. This is true because the sum of the distances from 
the point Q to the foci F and F” is equal to 2a, and the lengths of these two 
line segments are equal. This line segment forms a right triangle with 
hypotenuse length a and leg lengths b and c. From the Pythagorean theorem, 
a? + b? = c? and b? = a? — c?. Therefore the equation of the ellipse 
becomes 


Equation: 


i 2 
a2 


als 


Finally, if the center of the ellipse is moved from the origin to a point (h, k), 
we have the following standard form of an ellipse. 


Note: 

Equation of an Ellipse in Standard Form 

Consider the ellipse with center (h, k), a horizontal major axis with length 
2a, and a vertical minor axis with length 2b. Then the equation of this 
ellipse in standard form is 

Equation: 


(e- hw? 
2° fs 


and the foci are located at (h + c, k), where c? = a” — b*. The equations of 
the directrices arex =h+ =. 


If the major axis is vertical, then the equation of the ellipse becomes 
Equation: 


(c—h)’  (y—k)? a 
ee 


and the foci are located at (h, k + c), where c? = a” — b*. The equations of 
2 
the directrices in this case arey=—k+ =. 


If the major axis is horizontal, then the ellipse is called horizontal, and if the 
major axis is vertical, then the ellipse is called vertical. The equation of an 
ellipse is in general form if it is in the form 


Az’? + By? + Cz + Dy + E = 0, where A and B are either both positive 
or both negative. To convert the equation from general to standard form, use 
the method of completing the square. 


Example: 
Exercise: 


Problem: 
Finding the Standard Form of an Ellipse 


Put the equation 9x? + 4y”? — 36x + 24y + 36 = 0 into standard 
form and graph the resulting ellipse. 


Solution: 


First subtract 36 from both sides of the equation: 
Equation: 


Qa? + 4y* — 36x + 24y = —36. 


Next group the x terms together and the y terms together, and factor 
out the common factor: 
Equation: 


(9x” — 36x) + (4y?+24y) = 36 
9 (a*— 4x) +4(y°+6y) = —36. 


We need to determine the constant that, when added inside each set of 
parentheses, results in a perfect square. In the first set of parentheses, 
take half the coefficient of x and square it. This gives => = 4. In 
the second set of parentheses, take half the coefficient of y and square 
it. This gives (5) = 9. Add these inside each pair of parentheses. 


2 
Since the first set of parentheses has a 9 in front, we are actually 


adding 36 to the left-hand side. Similarly, we are adding 36 to the 
second set as well. Therefore the equation becomes 
Equation: 


9 (x? 4a + 4) + 4 (y+ 6y+ 9) = —36 + 36 + 36 


9 (x? —4e +4) +4 (y? + 6y+ 9) = 36. 


Now factor both sets of parentheses and divide by 36: 
Equation: 


O(a —2)?+4(y+3)? = 36 


O(a—2)" | 4(yt+3)? 
36 a5 36 = 
cals a8 (wt 3)" = 


The equation is now in standard form. Comparing this to [link] gives 
h = 2,k = —3, a = 3, and b = 2. This is a vertical ellipse with 
center at (2, —3), major axis 6, and minor axis 4. The graph of this 
ellipse appears as follows. 


The ellipse in [link]. 


Note: 
Exercise: 


Problem: 


Put the equation 9x? + 16y” + 182 — 64y — 71 = 0 into standard 
form and graph the resulting ellipse. 


Solution: 


Hint 


Move the constant over and complete the square. 


According to Kepler’s first law of planetary motion, the orbit of a planet 
around the Sun is an ellipse with the Sun at one of the foci as shown in 
[link](a). Because Earth’s orbit is an ellipse, the distance from the Sun varies 
throughout the year. A commonly held misconception is that Earth is closer 
to the Sun in the summer. In fact, in summer for the northern hemisphere, 
Earth is farther from the Sun than during winter. The difference in season is 
caused by the tilt of Earth’s axis in the orbital plane. Comets that orbit the 
Sun, such as Halley’s Comet, also have elliptical orbits, as do moons 
orbiting the planets and satellites orbiting Earth. 


Ellipses also have interesting reflective properties: A light ray emanating 
from one focus passes through the other focus after mirror reflection in the 
ellipse. The same thing occurs with a sound wave as well. The National 
Statuary Hall in the U.S. Capitol in Washington, DC, is a famous room in an 
elliptical shape as shown in [link](b). This hall served as the meeting place 
for the U.S. House of Representatives for almost fifty years. The location of 
the two foci of this semi-elliptical room are clearly identified by marks on 
the floor, and even if the room is full of visitors, when two people stand on 
these spots and speak to each other, they can hear each other much more 
clearly than they can hear someone standing close by. Legend has it that 
John Quincy Adams had his desk located on one of the foci and was able to 
eavesdrop on everyone else in the House without ever needing to stand. 
Although this makes a good story, it is unlikely to be true, because the 
original ceiling produced so many echoes that the entire room had to be 
hung with carpets to dampen the noise. The ceiling was rebuilt in 1902 and 
only then did the now-famous whispering effect emerge. Another famous 
whispering gallery—the site of many marriage proposals—is in Grand 
Central Station in New York City. 


-— 147 million km kan 152 million km- 


(a) Earth’s orbit around the Sun is an ellipse with the Sun at one focus. 
(b) Statuary Hall in the U.S. Capitol is a whispering gallery with an 
elliptical cross section. 


Hyperbolas 


A hyperbola can also be defined in terms of distances. In the case of a 


hyperbola, there are two foci and two directrices. Hyperbolas also have two 
asymptotes. 


Note: 

Definition 

A hyperbola is the set of all points where the difference between their 
distances from two fixed points (the foci) is constant. 


A graph of a typical hyperbola appears as follows. 


asymptote 


_-” conjugate axis 


¢ 


A typical hyperbola in which the difference of the distances from any 

point on the ellipse to the foci is constant. The transverse axis is also 

called the major axis, and the conjugate axis is also called the minor 
axis. 


The derivation of the equation of a hyperbola in standard form is virtually 
identical to that of an ellipse. One slight hitch lies in the definition: The 
difference between two numbers is always positive. Let P be a point on the 
hyperbola with coordinates (x, y). Then the definition of the hyperbola 
gives |d (P, F,) — d(P, F2)| = constant. To simplify the derivation, 
assume that P is on the right branch of the hyperbola, so the absolute value 
bars drop. If it is on the left branch, then the subtraction is reversed. The 
vertex of the right branch has coordinates (a, 0), so 

Equation: 


d(P, F\) — d(P, Fy) = (c+ a) — (c— a) = 2a. 


This equation is therefore true for any point on the hyperbola. Returning to 


the coordinates (a, y) for P: 
Equation: 


Add the second radical from both sides and square both sides: 
Equation: 


—2cn = 4a*+4ay/(x+ce)?+y 


Now isolate the radical on the right-hand side and square again: 
Equation: 


—2ca = 4a? + 4ay/(x +c)? + y? + 2cx 


day/(a+e)°+y2 = —4a? — 4ex 
Coy as 
(n2t+e+y = a? +2ce4 2% 

et+Qcr+ ety? = a®+22ca+ ca 
eP+ety = @+ oa" 


Isolate the variables on the left-hand side of the equation and the constants 
on the right-hand side: 
Equation: 


and 
SS +? = az — 2 


eae + oe 2. 


Finally, divide both sides by a? — c?. This gives the equation 
Equation: 


2 2 
— + ——~ = 1. 
aa a 


We now define b so that b” = c? — a?. This is possible because c > a. 


Therefore the equation of the ellipse becomes 
Equation: 


x2 2 


yy 
a2 b2 


Finally, if the center of the hyperbola is moved from the origin to the point 
(h, k), we have the following standard form of a hyperbola. 


Note: 

Equation of a Hyperbola in Standard Form 

Consider the hyperbola with center (h, &), a horizontal major axis, and a 
vertical minor axis. Then the equation of this ellipse is 

Equation: 


Cae ee 
a? b2 


and the foci are located at (h + c, k), where c? = a? + b?. The equations of 
the asymptotes are given by y= k+ L(x — h). The equations of the 


directrices are 
Equation: 


If the major axis is vertical, then the equation of the hyperbola becomes 
Equation: 


B= @ane 
ii 2 ee 

and the foci are located at (h, k + c), where c? = a? + b?. The equations of 

the asymptotes are given by y = k + +(x — h). The equations of the 

directrices are 

Equation: 


If the major axis (transverse axis) is horizontal, then the hyperbola is called 
horizontal, and if the major axis is vertical then the hyperbola is called 
vertical. The equation of a hyperbola is in general form if it is in the form 
Az? + By? + Cz + Dy + E = 0, where A and B have opposite signs. In 
order to convert the equation from general to standard form, use the method 
of completing the square. 


Example: 
Exercise: 


Problem: 


Finding the Standard Form of a Hyperbola 


Put the equation 9x? — 16y? + 36x + 32y — 124 = 0 into standard 
form and graph the resulting hyperbola. What are the equations of the 
asymptotes? 


Solution: 


First add 124 to both sides of the equation: 
Equation: 


9x? — 16y” + 36x + 32y = 124. 


Next group the x terms together and the y terms together, then factor 
out the common factors: 
Equation: 
(9x" + 36x) — (16y?— 32y) = 124 
9 (x? + 4x) — 16 (y? — 2y) 124. 


| 


We need to determine the constant that, when added inside each set of 
parentheses, results in a perfect square. In the first set of parentheses, 
take half the coefficient of x and square it. This gives (Ay = 4. In the 
second set of parentheses, take half the coefficient of y and square it. 
This gives (S2)5 = 1. Add these inside each pair of parentheses. 
Since the first set of parentheses has a 9 in front, we are actually 
adding 36 to the left-hand side. Similarly, we are subtracting 16 from 
the second set of parentheses. Therefore the equation becomes 
Equation: 


9 (x? + 4a + 4) — 16 (y? — 2y +1) = 1244 36 — 16 
9 (x? + 4a + 4) — 16 (y? — 2y +1) = 144. 


Next factor both sets of parentheses and divide by 144: 
Equation: 


O(a + 2)?-16(y—1)? = 144 
9(x+2)° 16(y—1)” 


144 144 


(e+2)” (yf? 
16 —_ ae 1. 


The equation is now in standard form. Comparing this to [link] gives 
h = —2,k = 1, a = 4, and b = 3. This is a horizontal hyperbola with 
center at (—2,1) and asymptotes given by the equations 
y= l= (9 + 2). The graph of this hyperbola appears in the 
following figure. 

hd 


6 
9x? — 16y* + 36x + 32y — 124 =0 
= 


Graph of the hyperbola in [link]. 


Note: 
Exercise: 


Problem: 


Put the equation 4y? — 9x? + 16y + 18x — 29 = 0 into standard 
form and graph the resulting hyperbola. What are the equations of the 
asymptotes? 


Solution: 
(y+2)° (x—1)° 


OO = 1. This is a vertical hyperbola. Asymptotes 
(2) 


> 3 4 5 6 7% 
4\e —'9x? + 16y + 18x — 29 =0 


Hint 


Move the constant over and complete the square. Check which direction the 
hyperbola opens. 


Hyperbolas also have interesting reflective properties. A ray directed toward 
one focus of a hyperbola is reflected by a hyperbolic mirror toward the other 
focus. This concept is illustrated in the following figure. 


Light from star 


* Mirror 
surface 


A hyperbolic mirror used to collect light from distant stars. 


This property of the hyperbola has important applications. It is used in radio 
direction finding (since the difference in signals from two towers is constant 
along hyperbolas), and in the construction of mirrors inside telescopes (to 
reflect light coming from the parabolic mirror to the eyepiece). Another 
interesting fact about hyperbolas is that for a comet entering the solar 
system, if the speed is great enough to escape the Sun’s gravitational pull, 
then the path that the comet takes as it passes through the solar system is 
hyperbolic. 


Eccentricity and Directrix 


An alternative way to describe a conic section involves the directrices, the 
foci, and a new property called eccentricity. We will see that the value of the 
eccentricity of a conic section can uniquely define that conic. 


Note: 

Definition 

The eccentricity e of a conic section is defined to be the distance from any 
point on the conic section to its focus, divided by the perpendicular distance 
from that point to the nearest directrix. This value is constant for any conic 
section, and can define the conic section as well: 


1. If e = 1, the conic is a parabola. 
2. If e < 1, it is an ellipse. 
3. If e > 1, it is a hyperbola. 


The eccentricity of a circle is zero. The directrix of a conic section is the 
line that, together with the point known as the focus, serves to define a 
conic section. Hyperbolas and noncircular ellipses have two foci and two 
associated directrices. Parabolas have one focus and one directrix. 


The three conic sections with their directrices appear in the following figure. 


Ellipse Parabola Hyperbola 
focus 
(a, 0) 
directrix directrix directrix 
x= a x=—a@ x= a 


c c 


The three conic sections with their foci and directrices. 


Recall from the definition of a parabola that the distance from any point on 
the parabola to the focus is equal to the distance from that same point to the 
directrix. Therefore, by definition, the eccentricity of a parabola must be 1. 


The equations of the directrices of a horizontal ellipse are x = +2. The 
right vertex of the ellipse is located at (a, 0) and the right focus is (c, 0). 
Therefore the distance from the vertex to the focus is a — c and the distance 
from the vertex to the right directrix is a — c. This gives the eccentricity as 
Equation: 


Since c < a, this step proves that the eccentricity of an ellipse is less than 1. 
. ‘ 2 

The directrices of a horizontal hyperbola are also located at x = +“, anda 

similar calculation shows that the eccentricity of a hyperbola is also e = ©. 


However in this case we have c > a, so the eccentricity of a hyperbola is 
greater than 1. 


Example: 
Exercise: 


Problem: 
Determining Eccentricity of a Conic Section 


Determine the eccentricity of the ellipse described by the equation 
Equation: 


2 2 
= 2 
(eee) Ce) ee 
16 25 


Solution: 


From the equation we see that a = 5 and b = 4. The value of c can be 
calculated using the equation a? = b? + c? for an ellipse. Substituting 
the values of a and b and solving for c gives c = 3. Therefore the 


eccentricity of the ellipse ise = = = = = 0.6; 


Note: 
Exercise: 


Problem: 
Determine the eccentricity of the hyperbola described by the equation 
Equation: 


(y—3) (+2) _, 
49 25 


Solution: 


Hint 


First find the values of a and b, then determine c using the equation 
C= a +b". 


Polar Equations of Conic Sections 


Sometimes it is useful to write or identify the equation of a conic section in 
polar form. To do this, we need the concept of the focal parameter. The focal 
parameter of a conic section p is defined as the distance from a focus to the 
nearest directrix. The following table gives the focal parameters for the 
different types of conics, where a is the length of the semi-major axis (i.e., 
half the length of the major axis), c is the distance from the origin to the 


focus, and e is the eccentricity. In the case of a parabola, a represents the 
distance from the vertex to the focus. 


Conic e p 

Ellipse 0<e<l a = aie) 
Parabola e=—1 2a 

Hyperbola e>l ce = Aa, 


Eccentricities and Focal Parameters of the Conic Sections 


Using the definitions of the focal parameter and eccentricity of the conic 
section, we can derive an equation for any conic section in polar 
coordinates. In particular, we assume that one of the foci of a given conic 
section lies at the pole. Then using the definition of the various conic 
sections in terms of distances, it is possible to prove the following theorem. 


Note: 
Polar Equation of Conic Sections 


The polar equation of a conic section with focal parameter p is given by 
Equation: 


ep ep 


a 1+ecos0 a cats 1tesin@’ 


In the equation on the left, the major axis of the conic section is horizontal, 
and in the equation on the right, the major axis is vertical. To work with a 
conic section written in polar form, first make the constant term in the 
denominator equal to 1. This can be done by dividing both the numerator 
and the denominator of the fraction by the constant that appears in front of 
the plus or minus in the denominator. Then the coefficient of the sine or 
cosine in the denominator is the eccentricity. This value identifies the conic. 
If cosine appears in the denominator, then the conic is horizontal. If sine 
appears, then the conic is vertical. If both appear then the axes are rotated. 
The center of the conic is not necessarily at the origin. The center is at the 
origin only if the conic is a circle (i.e., e = 0). 


Example: 
Exercise: 


Problem: 
Graphing a Conic Section in Polar Coordinates 


Identify and create a graph of the conic section described by the 


equation 
Equation: 
3 
— 
1+2cos0 
Solution: 


The constant term in the denominator is 1, so the eccentricity of the 
conic is 2. This is a hyperbola. The focal parameter p can be calculated 
by using the equation ep = 3. Since e = 2, this gives p = = The 
cosine function appears in the denominator, so the hyperbola is 
horizontal. Pick a few values for @ and create a table of values. Then 
we can graph the hyperbola ({link]). 


0 1 7 -3 

g ag © 1.2426 a ag © —7.2426 
$ 3 an 3 

an — ig © — 7.2426 aa sa ~ 1.2426 


~ 4+ 2cosé 


Graph of the hyperbola described in [link]. 


Note: 
Exercise: 


Problem: 


Identify and create a graph of the conic section described by the 
equation 
Equation: 


4 


Y= hen 


Solution: 


Here e = 0.8 and p = 5D. This conic section is an ellipse. 


7 4 
! = [—O8sina 


Hint 


First find the values of e and p, and then create a table of values. 


General Equations of Degree Two 


A general equation of degree two can be written in the form 
Equation: 


Az? + Bry+ Cy? + Dx + Ey+F=0. 


The graph of an equation of this form is a conic section. If B ~ 0 then the 
coordinate axes are rotated. To identify the conic section, we use the 
discriminant of the conic section 44C — B?. One of the following cases 
must be true: 


1.4AC — B? > 0. If so, the graph is an ellipse. 
2.4AC — B? = 0. If so, the graph is a parabola. 
3. 44C — B? < 0. If so, the graph is a hyperbola. 


The simplest example of a second-degree equation involving a cross term is 
xy = 1. This equation can be solved for y to obtain y = =. The graph of 
this function is called a rectangular hyperbola as shown. 


Graph of the equation zy = 1; The red lines 
indicate the rotated axes. 


The asymptotes of this hyperbola are the x and y coordinate axes. To 
determine the angle @ of rotation of the conic section, we use the formula 
cot 20 = A-f In this case A = C= (and B= 1.,'so 

cot 20 = (0 — 0)/1 = 0 and 6 = 45°. The method for graphing a conic 
section with rotated axes involves determining the coefficients of the conic 
in the rotated coordinate system. The new coefficients are labeled 

A’, B',C"", D’, E’, and F’, and are given by the formulas 

Equation: 


A’ = Acos?6+ Bcos@sin 6 + C sin?6 


B’ = 0 

C' = Asin?6 — Bsin 6 cos 6+ C cos20 
D' = Dcos@é+ Esiné 

E' = —Dsin@+ Ecos 

EY =~ Ff. 


The procedure for graphing a rotated conic is the following: 


1. Identify the conic section using the discriminant 44C — B?. 


2. Determine @ using the formula cot 20 = Ae 
3. Calculate A’, B’,C", D', E', and F’. 

4. Rewrite the original equation using A’, B’, C’, D’, E’, and F’. 
5. Draw a graph using the rotated equation. 


Example: 
Exercise: 


Problem: 
Identifying a Rotated Conic 


Identify the conic and calculate the angle of rotation of axes for the 
curve described by the equation 
Equation: 


13a? — 6V32y + Ty” — 256 = 0. 


Solution: 
In this equation, A = 13, B = —6/3,C = 7,D =0, E =0, and 
F = —256. The discriminant of this equation is 
2 
NAG =e ania (—6v3) — 364 — 108 = 256. 


Therefore this conic is an ellipse. To calculate the angle of rotation of 
the axes, use cot 20 = AS This gives 
Equation: 


cot 20 A=-C 


Therefore 20 = 120° and 8 = 60°, which is the angle of the rotation 
of the axes. 


To determine the rotated coefficients, use the formulas given above: 
Equation: 


A’ = Acos?6+ Bcos@sin 6 + C sin20 
= 13cos’60 + (—6v3) cos 60 sin 60 + 7sin760 
- z 2 
= 13(4)*-6v5(4) (8) +1(-$) 
= 
jf 
C' = Asin?@ — Bsin6cos 6 + C cos’0 
— 13sin260 + (—6v3) sin 60.cos 60 = 7cos?60 
2 ie = 
~ (8)' +6va(#) (4) +70) 
=-=16, 


D’ = Dcos@+ Esin#@ 
= (0) cos 60 + (0) sin 60 


= ( 

E' = —Dsin@+ Ecosé 
= —(0) sin 60 + (0) cos 60 
= ft 

B= 
=e 0) 


The equation of the conic in the rotated coordinate system becomes 
Equation: 


A(a!)” + 16(7/)? = 256 


Cee 
+ 16 1. 


A graph of this conic section appears as follows. 


Graph of the ellipse described by the equation 
i 6V3xy + Ty’ — 256 = 0. The axes 
are rotated 60°. The red dashed lines indicate 
the rotated axes. 


Note: 
Exercise: 


Problem: 
Identify the conic and calculate the angle of rotation of axes for the 


curve described by the equation 
Equation: 


3a? + bay — 2y? — 125 = 0. 


Solution: 


The conic is a hyperbola and the angle of rotation of the axes is 
C= 22 


Hint 


Follow steps 1 and 2 of the five-step method outlined above. 


Key Concepts 


The equation of a vertical parabola in standard form with given focus 
and directrix is y = Ts (a — h)* + k where p is the distance from the 


vertex to the focus and (h, k) are the coordinates of the vertex. 
The equation of a horizontal ellipse in standard form is 


ee + Ve = 1 where the center has coordinates (h, k), the 
major axis has length 2a, the minor axis has length 2b, and the 
coordinates of the foci are (h +c, k), where c? = a? — b?. 

The equation of a horizontal hyperbola in standard form is 


2 2 
ey — wy = 1 where the center has coordinates (h, k), the 
vertices are located at (h + a, k), and the coordinates of the foci are 
(h+c,k), where c? = a? + B?. 
The eccentricity of an ellipse is less than 1, the eccentricity of a 
parabola is equal to 1, and the eccentricity of a hyperbola is greater 
than 1. The eccentricity of a circle is 0. 
The polar equation of a conic section with eccentricity e is 
r= 52g orr = 7-47, where p represents the focal parameter. 
To identify a conic generated by the equation 
Az? + Bry + Cy? + Dx + Ey + F = 0, first calculate the 
discriminant D = 4AC' — B?. If D > 0 then the conic is an ellipse, if 
D = 0 then the conic is a parabola, and if D < 0 then the conic is a 


hyperbola. 


— 


For the following exercises, determine the equation of the parabola using the 
information given. 
Exercise: 


Problem: Focus (4, 0) and directrix = —4 


Solution: 
y’ = 16x 


Exercise: 


Problem: Focus (0, —3) and directrix y = 3 


Exercise: 


Problem: Focus (0, 0.5) and directrix y= —0.5 


Solution: 
g* = Qy 


Exercise: 


Problem: Focus (2, 3) and directrix « = —2 


Exercise: 


Problem: Focus (0, 2) and directrix y = 4 


Solution: 
x? = —4(y— 3) 


Exercise: 


Problem: Focus (—1, 4) and directrix = 5 


Exercise: 


Problem: Focus (—3, 5) and directrix y = 1 
Solution: 


(a + 3)* =8(y—3) 


Exercise: 


Problem: Focus (3, —4) and directrix « = L 


For the following exercises, determine the equation of the ellipse using the 
information given. 
Exercise: 


Problem: 


Endpoints of major axis at (4,0), (—4, 0) and foci located at 
(2,0), (—2, 0) 


Solution: 

[ae 

“ot D > 1 
Exercise: 


Problem: 


Endpoints of major axis at (0,5), (0, —5) and foci located at 
(0, 3), (0, —3) 


Exercise: 


Problem: 


Endpoints of minor axis at (0, 2), (0, —2) and foci located at 
(3, 0), (—3, 0) 


Solution: 


a a 
ee a 1 
Exercise: 


Problem: 


Endpoints of major axis at (—3, 3), (7,3) and foci located at 
(—2, 3), (6, 3) 


Exercise: 


Problem: 


Endpoints of major axis at (—3, 5), (—3, —3) and foci located at 
(—3, 3), (—3, -1) 


Solution: 


Exercise: 


Problem: 


Endpoints of major axis at (0, 0), (0, 4) and foci located at 
(5, 2), (—5, 2) 


Exercise: 
Problem: Foci located at (2,0), (—2,0) and eccentricity of + 
Solution: 
g+ get 

Exercise: 


Problem: Foci located at (0, —3), (0,3) and eccentricity of + 


For the following exercises, determine the equation of the hyperbola using 
the information given. 
Exercise: 


Problem: 
Vertices located at (5, 0), (—5, 0) and foci located at (6, 0), (—6, 0) 


Solution: 


x yo 
eek ae 
Exercise: 


Problem: 


Vertices located at (0, 2), (0, —2) and foci located at (0, 3), (0, —3) 
Exercise: 


Problem: 


Endpoints of the conjugate axis located at (0, 3), (0, —3) and foci 
located (4, 0), (—4, 0) 


Exercise: 


Problem: Vertices located at (0, 1), (6, 1) and focus located at (8, 1) 
Exercise: 


Problem: 
Vertices located at (—2, 0), (—2, —4) and focus located at (—2, —8) 


Solution: 


Exercise: 


Problem: 


Endpoints of the conjugate axis located at (3, 2), (3, 4) and focus 
located at (3, 7) 


Exercise: 


Problem: Foci located at (6, —0), (6,0) and eccentricity of 3 


Solution: 


x y __ 
a at 


Exercise: 
Problem: (0, 10), (0, —10) and eccentricity of 2.5 


For the following exercises, consider the following polar equations of 
conics. Determine the eccentricity and identify the conic. 
Exercise: 


Spit ee 
Problem: r = cose 
Solution: 
e = 1, parabola 
Exercise: 
iti 2-8 
Problem: r = 5—7 


Exercise: 


ar 5 
Problem: r = Dsin 8 


Solution: 


e= 5, ellipse 


Exercise: 


e —= omer Dae 
Problem: 7 = Tosind 
Exercise: 


eo ee 3 
Problem: r = 3337 


Solution: 


e = 3, hyperbola 
Exercise: 


e — 3 
Problem: 7 = —443sind 


For the following exercises, find a polar equation of the conic with focus at 
the origin and eccentricity and directrix as given. 
Exercise: 


Problem: Directrix: x = 4; e = - 


Solution: 


= 4 
= 5+cos 0 


Exercise: 


Problem: Directrix: = —4;e = 5 


Exercise: 


Problem: Directrix: y = 2;e = 2 
Solution: 


eee. aaee 
r= Taso 


Exercise: 


Problem: Directrix: y = —2;e = > 


For the following exercises, sketch the graph of each conic. 
Exercise: 


1 


Problem: r = ‘Taesin B. 


Solution: 


Exercise: 


Problem: r = A2es0 


Exercise: 


yen 4 
Problem: r = ean 


Solution: 


Exercise: 
eee 10 
Problem: r = Baden 
Exercise: 
eh 15 
Problem: r = 35-7 


Solution: 


2 4 6 8 10 12 14 


Exercise: 
ee es 32 
Problem: r = 3y5smd 
Exercise: 


Problem: r(2 + sin @) = 4 


Solution: 


Exercise: 


oe a: 
Problem: 7 = 6a 
Exercise: 
e =— — es 
Problem: r = — ene 


Solution: 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


o|8, 


Exercise: 


Problem: 4x? + 9y* = 36 


Exercise: 


Problem: 252” — 4y” = 100 


Solution: 


Exercise: 


Problem: —- — x =I 


Exercise: 


Problem: x” = 12y 


Solution: 


Exercise: 


Problem: 7? = 20x 


Exercise: 


Problem: 122 = 5y’ 


Solution: 


For the following equations, determine which of the conic sections is 
described. 
Exercise: 


Problem: xy = 4 


Exercise: 


Problem: x? + 4xy — 2y*—6 = 0 


Solution: 
Hyperbola 


Exercise: 


Problem: x? + 2\/3ay + 3y7-6=0 


Exercise: 


Problem: x 


Solution: 


Ellipse 


Exercise: 


Problem: 342”? — 24ry + 41y? — 25 = 0 


Exercise: 


Problem: 52x? — 72xy + 73y? + 40x + 30y — 75 = 0 
Solution: 


Ellipse 
Exercise: 
Problem: 
The mirror in an automobile headlight has a parabolic cross section, 
with the lightbulb at the focus. On a schematic, the equation of the 


parabola is given as x7 = 4y. At what coordinates should you place the 
lightbulb? 


Exercise: 


Problem: 


A satellite dish is shaped like a paraboloid of revolution. The receiver 
is to be located at the focus. If the dish is 12 feet across at its opening 
and 4 feet deep at its center, where should the receiver be placed? 


Solution: 


At the point 2.25 feet above the vertex. 


Exercise: 


Problem: 


Consider the satellite dish of the preceding problem. If the dish is 8 feet 
across at the opening and 2 feet deep, where should we place the 
receiver? 


Exercise: 
Problem: 
A searchlight is shaped like a paraboloid of revolution. A light source 


is located 1 foot from the base along the axis of symmetry. If the 
opening of the searchlight is 3 feet across, find the depth. 


Solution: 


0.5625 feet 

Exercise: 
Problem: 
Whispering galleries are rooms designed with elliptical ceilings. A 
person standing at one focus can whisper and be heard by a person 
standing at the other focus because all the sound waves that reach the 
ceiling are reflected to the other person. If a whispering gallery has a 


length of 120 feet and the foci are located 30 feet from the center, find 
the height of the ceiling at the center. 


Exercise: 
Problem: 
A person is standing 8 feet from the nearest wall in a whispering 
gallery. If that person is at one focus and the other focus is 80 feet 
away, what is the length and the height at the center of the gallery? 


Solution: 


Length is 96 feet and height is approximately 26.53 feet. 


For the following exercises, determine the polar equation form of the orbit 
given the length of the major axis and eccentricity for the orbits of the 
comets or planets. Distance is given in astronomical units (AU). 

Exercise: 


Problem: 


Halley’s Comet: length of major axis = 35.88, eccentricity = 0.967 
Exercise: 


Problem: 
Hale-Bopp Comet: length of major axis = 525.91, eccentricity = 0.995 


Solution: 


2.616 


ios 1+0.995 cos 0 


Exercise: 


Problem: Mars: length of major axis = 3.049, eccentricity = 0.0934 


Exercise: 


Problem: Jupiter: length of major axis = 10.408, eccentricity = 0.0484 


Solution: 


5.192 


are 1+0.0484 cos 0 


Chapter Review Exercises 


True or False? Justify your answer with a proof or a counterexample. 
Exercise: 


Problem: 


The rectangular coordinates of the point (4, ot ) are (2v3 ; -2). 


Exercise: 


Problem: 


The equations x = cosh(3t), y = 2 sinh(3t) represent a hyperbola. 


Solution: 


True. 
Exercise: 


Problem: 


The arc length of the spiral given by r = - for0 < 0 < 377is an, 
Exercise: 


Problem: 


Given x = f(t) andy = g(t), if $2 = <, then f(t) = g(t) + C, 
where C is a constant. 


Solution: 


False. Imagine y = ¢+ 1, 2 = —t+ 1. 


For the following exercises, sketch the parametric curve and eliminate the 
parameter to find the Cartesian equation of the curve. 
Exercise: 


Problem: « = 1+ t,y=t?—1,-1<t<1 


Exercise: 
Problem: x = e', y= 1—e*,0<t<1 


Solution: 


y=1-—7° 


Exercise: 


Problem: x = sin 0, y = 1— csc 0,0 <0< 27 


Exercise: 


Problem: x = 4cos ¢, y= 1-sing,0<¢@< 27 


Solution: 


x? 2 
16 = (y = 1) =a | 
For the following exercises, sketch the polar curve and determine what type 


of symmetry exists, if any. 
Exercise: 


Problem: 7 = 4 sin (4) 


Exercise: 


Problem: r = 5 cos (50) 


Solution: 


Symmetric about polar axis 


For the following exercises, find the polar equation for the curve given as a 
Cartesian equation. 
Exercise: 


Problem: z + y = 5 


Exercise: 


Problem: y” = 4 + x” 


Solution: 


7 4 
r= > _ 
sin?@—cos20 


For the following exercises, find the equation of the tangent line to the given 
curve. Graph both the function and its tangent line. 
Exercise: 


Problem: z = In(t), y= t?-—1,t=1 


Exercise: 


Problem: r = 3 + cos (20), 0 = 3m 


Solution: 


y= P+ tet 93) 


Exercise: 


Problem: Find . a and oe of y= (2+e), 2 =1-sin(t) 


For the following exercises, find the area of the region. 


Exercise: 


Problem: x = t”, y = In(t),0 <t<e 
Solution: 

e2 

Py 


Exercise: 


Problem: r = 1 — sin @ in the first quadrant 


For the following exercises, find the arc length of the curve over the given 
interval. 
Exercise: 


Problem: z = 3t + 4, y = 9t-2,0<t<3 
Solution: 


9/10 


Exercise: 
Problem: r = 6 cos 0, 0 < @ < 2a. Check your answer by geometry. 


For the following exercises, find the Cartesian equation describing the given 
shapes. 
Exercise: 


Problem: A parabola with focus (2, —5) and directrix x = 6 


Solution: 


(y+5)° = —8a + 32 
Exercise: 

Problem: 

An ellipse with a major axis length of 10 and foci at (—7, 2) and (1, 2) 
Exercise: 


Problem: 


A hyperbola with vertices at (3, —2) and (—5, —2) and foci at 
(—2, —6) and (—2, 4) 


Solution: 


For the following exercises, determine the eccentricity and identify the 
conic. Sketch the conic. 


Exercise: 
Problem: r — —~°—~ 
° 1+3 cos(6) 
Exercise: 
Problem: r — ~—*—; 
bs 3—2 cos 9 


Solution: 


e= — ellipse 


Exercise: 


ne 7 
Problem: r = === 
Exercise: 
Problem: 
Determine the Cartesian equation describing the orbit of Pluto, the 


most eccentric orbit around the Sun. The length of the major axis is 
39.26 AU and minor axis is 38.07 AU. What is the eccentricity? 


Solution: 


2 2 


y x = — 
19.03? = 19.632 1,e = 0.2447 


Exercise: 


Problem: 


The C/1980 E1 comet was observed in 1980. Given an eccentricity of 
1.057 and a perihelion (point of closest approach to the Sun) of 3.364 
AU, find the Cartesian equations describing the comet’s trajectory. Are 
we guaranteed to see this comet again? (Hint: Consider the Sun at point 


(0, 0). ) 


Glossary 


conic section 
a conic section is any curve formed by the intersection of a plane with a 
cone of two nappes 


directrix 
a directrix (plural: directrices) is a line used to construct and define a 
conic section; a parabola has one directrix; ellipses and hyperbolas 
have two 


discriminant 
the value 44C — B?, which is used to identify a conic when the 
equation contains a term involving xy, is called a discriminant 


focus 
a focus (plural: foci) is a point used to construct and define a conic 
section; a parabola has one focus; an ellipse and a hyperbola have two 


eccentricity 
the eccentricity is defined as the distance from any point on the conic 
section to its focus divided by the perpendicular distance from that 
point to the nearest directrix 


focal parameter 
the focal parameter is the distance from a focus of a conic section to the 
nearest directrix 


general form 
an equation of a conic section written as a general second-degree 
equation 


major axis 
the major axis of a conic section passes through the vertex in the case 
of a parabola or through the two vertices in the case of an ellipse or 
hyperbola; it is also an axis of symmetry of the conic; also called the 
transverse axis 


minor axis 
the minor axis is perpendicular to the major axis and intersects the 
major axis at the center of the conic, or at the vertex in the case of the 
parabola; also called the conjugate axis 


nappe 
a nappe is one half of a double cone 


standard form 
an equation of a conic section showing its properties, such as location 
of the vertex or lengths of major and minor axes 


vertex 
a vertex is an extreme point on a conic section; a parabola has one 
vertex at its turning point. An ellipse has two vertices, one at each end 
of the major axis; a hyperbola has two vertices, one at the turning point 
of each branch 


Introduction 
class="introduction" 


The Karl G. 
Jansky Very 
Large Array, 
located in 
Socorro, 
New 
Mexico, 
consists of a 
large 
number of 
radio 
telescopes 
that can 
collect radio 
waves and 
collate them 
as if they 
were 
gathering 
waves Over 
a huge area 
with no 
gaps in 
coverage. 
(credit: 
modificatio 
n of work 
by CGP 
Grey, 
Wikimedia 
Commons) 


Modern astronomical observatories often consist of a large number of 
parabolic reflectors, connected by computers, used to analyze radio waves. 
Each dish focuses the incoming parallel beams of radio waves to a precise 
focal point, where they can be synchronized by computer. If the surface of 
one of the parabolic reflectors is described by the equation 


eo + = = =, where is the focal point of the reflector? (See [link].) 
We are now about to begin a new part of the calculus course, when we 
study functions of two or three independent variables in multidimensional 
space. Many of the computations are similar to those in the study of single- 
variable functions, but there are also a lot of differences. In this first 
chapter, we examine coordinate systems for working in three-dimensional 
space, along with vectors, which are a key mathematical tool for dealing 
with quantities in more than one dimension. Let’s start here with the basic 
ideas and work our way up to the more general and powerful tools of 
mathematics in later chapters. 


Vectors in the Plane 


e Describe a plane vector, using correct notation. 

e Perform basic vector operations (scalar multiplication, addition, subtraction). 
e Express a vector in component form. 

e Explain the formula for the magnitude of a vector. 

e Express a vector in terms of unit vectors. 

e Give two examples of vector quantities. 


When describing the movement of an airplane in flight, it is important to communicate two 
pieces of information: the direction in which the plane is traveling and the plane’s speed. 
When measuring a force, such as the thrust of the plane’s engines, it is important to 
describe not only the strength of that force, but also the direction in which it is applied. 
Some quantities, such as or force, are defined in terms of both size (also called magnitude) 
and direction. A quantity that has magnitude and direction is called a vector. In this text, 
we denote vectors by boldface letters, such as v. 


Note: 
Definition 
A vector is a quantity that has both magnitude and direction. 


Vector Representation 


A vector in a plane is represented by a directed line segment (an arrow). The endpoints of 
the segment are called the initial point and the terminal point of the vector. An arrow 
from the initial point to the terminal point indicates the direction of the vector. The length 
of the line segment represents its magnitude. We use the notation || v || to denote the 
magnitude of the vector v. A vector with an initial point and terminal point that are the 
same is called the zero vector, denoted O. The zero vector is the only vector without a 
direction, and by convention can be considered to have any direction convenient to the 
problem at hand. 


Vectors with the same magnitude and direction are called equivalent vectors. We treat 
equivalent vectors as equal, even if they have different initial points. Thus, if v and w are 
equivalent, we write 

Equation: 


Note: 
Definition 
Vectors are said to be equivalent vectors if they have the same magnitude and direction. 


The arrows in [link](b) are equivalent. Each arrow has the same length and direction. A 
closely related concept is the idea of parallel vectors. Two vectors are said to be parallel if 
they have the same or opposite directions. We explore this idea in more detail later in the 
chapter. A vector is defined by its magnitude and direction, regardless of where its initial 
point is located. 


Vi 


v terminal point 


a initial point 
(a) (b) 


(a) A vector is represented by a directed line segment from its initial 
point to its terminal point. (b) Vectors v; through v5 are equivalent. 


The use of boldface, lowercase letters to name vectors is a common representation in print, 
but there are alternative notations. When writing the name of a vector by hand, for 
example, it is easier to sketch an arrow over the variable than to simulate boldface type: v. 


When a vector has initial point P and terminal point Q, the notation PQ is useful because 
it indicates the direction and location of the vector. 


Example: 
Exercise: 


Problem: 
Sketching Vectors 


Sketch a vector in the plane from initial point P(1, 1) to terminal point Q(8, 5). 


Solution: 


See [link]. Because the vector goes from point P to point Q, we name it PQ. 


The vector with initial point (1, 1) and 


terminal point (8, 5) is named PQ. 


Note: 
Exercise: 


Problem: Sketch the vector ST' where S is point (3, —1) and T is point (—2, 3). 


Solution: 


Hint 


The first point listed in the name of the vector is the initial point of the vector. 


Combining Vectors 


Vectors have many real-life applications, including situations involving force or velocity. 
For example, consider the forces acting on a boat crossing a river. The boat’s motor 
generates a force in one direction, and the current of the river generates a force in another 
direction. Both forces are vectors. We must take both the magnitude and direction of each 
force into account if we want to know where the boat will go. 


A second example that involves vectors is a quarterback throwing a football. The 
quarterback does not throw the ball parallel to the ground; instead, he aims up into the air. 
The velocity of his throw can be represented by a vector. If we know how hard he throws 
the ball (magnitude—in this case, speed), and the angle (direction), we can tell how far the 
ball will travel down the field. 


A real number is often called a scalar in mathematics and physics. Unlike vectors, scalars 
are generally considered to have a magnitude only, but no direction. Multiplying a vector 
by a scalar changes the vector’s magnitude. This is called scalar multiplication. Note that 
changing the magnitude of a vector does not indicate a change in its direction. For 
example, wind blowing from north to south might increase or decrease in speed while 
maintaining its direction from north to south. 


Note: 

Definition 

The product kv of a vector v and a scalar k is a vector with a magnitude that is |k| times 
the magnitude of v, and with a direction that is the same as the direction of v if k > 0, 
and opposite the direction of v if k < 0. This is called scalar multiplication. If k = 0 or 
v = 0, then kv = 0. 


As you might expect, if k = —1, we denote the product kv as 
Equation: 


kv = (—1)v = —-v. 


Note that —v has the same magnitude as v, but has the opposite direction ([link]). 


(a) (b) (c) (d) 


(a) The original vector v has length n units. (b) 
The length of 2v equals 2n units. (c) The length 
of v/2 is n/2 units. (d) The vectors v and —v 
have the same length but opposite directions. 


Another operation we can perform on vectors is to add them together in vector addition, 
but because each vector may have its own direction, the process is different from adding 
two numbers. The most common graphical method for adding two vectors is to place the 
initial point of the second vector at the terminal point of the first, as in [link](a). To see 
why this makes sense, suppose, for example, that both vectors represent displacement. If an 
object moves first from the initial point to the terminal point of vector v, then from the 
initial point to the terminal point of vector w, the overall displacement is the same as if the 
object had made just one movement from the initial point to the terminal point of the vector 
v + w. For obvious reasons, this approach is called the triangle method. Notice that if we 
had switched the order, so that w was our first vector and v was our second vector, we 
would have ended up in the same place. (Again, see [link](a).) Thus, v-+w = w-+v. 


A second method for adding vectors is called the parallelogram method. With this 
method, we place the two vectors so they have the same initial point, and then we draw a 
parallelogram with the vectors as two adjacent sides, as in [link](b). The length of the 
diagonal of the parallelogram is the sum. Comparing [link](b) and [link](a), we can see that 
we get the same answer using either method. The vector v + w is called the vector sum. 


Note: 

Definition 

The sum of two vectors v and w can be constructed graphically by placing the initial point 
of w at the terminal point of v. Then, the vector sum, v + w, is the vector with an initial 
point that coincides with the initial point of v and has a terminal point that coincides with 
the terminal point of w. This operation is known as vector addition. 


(b) 


(a) When adding vectors by the triangle 
method, the initial point of w is the terminal 
point of v. (b) When adding vectors by the 
parallelogram method, the vectors v and w 
have the same initial point. 


It is also appropriate here to discuss vector subtraction. We define v — w as 

v+ (—w) = v+(—1)w. The vector v — w is called the vector difference. Graphically, 
the vector v — w is depicted by drawing a vector from the terminal point of w to the 
terminal point of v ((link]). 


(a) 


(a) The vector difference v — w is depicted by drawing 
a vector from the terminal point of w to the terminal 
point of v. (b) The vector v — w is equivalent to the 

vector v + (—w). 


In [link](a), the initial point of v + w is the initial point of v. The terminal point of v + w 
is the terminal point of w. These three vectors form the sides of a triangle. It follows that 
the length of any one side is less than the sum of the lengths of the remaining sides. So we 
have 

Equation: 


Iv+wil < Ilvil + llwil. 


This is known more generally as the triangle inequality. There is one case, however, when 
the resultant vector u + v has the same magnitude as the sum of the magnitudes of u and 
v. This happens only when u and v have the same direction. 


Example: 
Exercise: 


Problem: 
Combining Vectors 


Given the vectors v and w shown in [link], sketch the vectors 


a. 3w 
b.v + w 
c.2v —w 


Vectors v and w lie in 
the same plane. 


Solution: 


a. The vector 3w has the same direction as w; it is three times as long as w. 


3w 


Vector 3w has the same direction as w and is three times as long. 
b. Use either addition method to find v + w. 


(b) 


To find v + w, align the vectors at their initial points 


or place the initial point of one vector at the terminal 
point of the other. (a) The vector v + w is the diagonal 
of the parallelogram with sides v and w (b) The vector 
v + wis the third side of a triangle formed with w 
placed at the terminal point of v. 


c. To find 2v — w, we can first rewrite the expression as 2v + (—w). Then we 
can draw the vector —w, then add it to the vector 2v. 


—Ww 


2vV-WwW 
2vV 


To find 2v — w, 
simply add 
2v + (—w). 


Note: 
Exercise: 


Problem: Using vectors v and w from [link], sketch the vector 2w — v. 


Solution: 


2w 


2w-Vv 


Hint 


First sketch vectors 2w and —v. 


Vector Components 


Working with vectors in a plane is easier when we are working in a coordinate system. 
When the initial points and terminal points of vectors are given in Cartesian coordinates, 
computations become straightforward. 


Example: 
Exercise: 


Problem: 
Comparing Vectors 


Are v and w equivalent vectors? 


i) 


, 2) and terminal point (7, 2) 

1, —4) and terminal point (1, 0) 

, 0) and terminal point (1, 1) 
—2,2) and terminal point (—1, 3) 


a. v has initial point ( 
w has initial point 

b. v has initial point ( 
w has initial point 


(Sn 


aa 


Solution: 


a. The vectors are each 4 units long, but they are oriented in different directions. 
So v and w are not equivalent ((link]). 


These vectors are not equivalent. 


b. Based on [link], and using a bit of geometry, it is clear these vectors have the 
same length and the same direction, so v and w are equivalent. 


These vectors are 
equivalent. 


Note: 
Exercise: 


Problem: Which of the following vectors are equivalent? 


Solution: 


Vectors a, b, and e are equivalent. 
Hint 


Equivalent vectors have both the same magnitude and the same direction. 


We have seen how to plot a vector when we are given an initial point and a terminal point. 
However, because a vector can be placed anywhere in a plane, it may be easier to perform 
calculations with a vector when its initial point coincides with the origin. We call a vector 
with its initial point at the origin a standard-position vector. Because the initial point of 
any vector in standard position is known to be (0, 0), we can describe the vector by 
looking at the coordinates of its terminal point. Thus, if vector v has its initial point at the 
origin and its terminal point at (x, y), we write the vector in component form as 


Equation: 


v= (2,Yy). 


When a vector is written in component form like this, the scalars x and y are called the 
components of v. 


Note: 

Definition 

The vector with initial point (0,0) and terminal point (2, y) can be written in component 
form as 

Equation: 


Se (Eno) 


The scalars x and y are called the components of v. 


Recall that vectors are named with lowercase letters in bold type or by drawing an arrow 
over their name. We have also learned that we can name a vector by its component form, 
with the coordinates of its terminal point in angle brackets. However, when writing the 
component form of a vector, it is important to distinguish between (x, y) and (a, y). The 
first ordered pair uses angle brackets to describe a vector, whereas the second uses 
parentheses to describe a point in a plane. The initial point of (, y) is (0, 0); the terminal 


point of (x, y) is (x, y). 


When we have a vector not already in standard position, we can determine its component 
form in one of two ways. We can use a geometric approach, in which we sketch the vector 
in the coordinate plane, and then sketch an equivalent standard-position vector. 
Alternatively, we can find it algebraically, using the coordinates of the initial point and the 
terminal point. To find it algebraically, we subtract the x-coordinate of the initial point from 
the x-coordinate of the terminal point to get the x component, and we subtract the y- 
coordinate of the initial point from the y-coordinate of the terminal point to get the y 
component. 


Note: 

Rule: Component Form of a Vector 

Let v be a vector with initial point (x;, y;) and terminal point (x;, yz). Then we can 
express v in component form as v = (x4 — 2i, Yt — Yi)- 


Example: 
Exercise: 


Problem: 
Expressing Vectors in Component Form 


Express vector v with initial point (—3, 4) and terminal point (1, 2) in component 
form. 


Solution: 
a. Geometric 


1. Sketch the vector in the coordinate plane (([link]). 

2. The terminal point is 4 units to the right and 2 units down from the initial 
point. 

3. Find the point that is 4 units to the right and 2 units down from the origin. 

4. In standard position, this vector has initial point (0, 0) and terminal point 
(4, —2): 
Equation: 


v = (4,2). 


These vectors are equivalent. 


b. Algebraic 
In the first solution, we used a sketch of the vector to see that the terminal point 


lies 4 units to the right. We can accomplish this algebraically by finding the 
difference of the x-coordinates: 
Equation: 


ge—- a, =1-—(-3)=4. 


Similarly, the difference of the y-coordinates shows the vertical length of the 
vector. 
Equation: 


Yi— Yi =2—-4=—-2. 


So, in component form, 


Equation: 
Ne (x4 = 8655 Ue — Yi) 
=(1—(=3),2—4) 
= (4, —2). 
Note: 
Exercise: 
Problem: 


Vector w has initial point (—4, —5) and terminal point (—1, 2). Express w in 
component form. 


Solution: 
(3, 7) 
Hint 


You may use either geometric or algebraic method. 


To find the magnitude of a vector, we calculate the distance between its initial point and its 
terminal point. The magnitude of vector v = (, y) is denoted || vl, or |v|, and can be 
computed using the formula 


Equation: 


IIvil = Va? +y?. 


Note that because this vector is written in component form, it is equivalent to a vector in 
standard position, with its initial point at the origin and terminal point (x, y). Thus, it 
suffices to calculate the magnitude of the vector in standard position. Using the distance 
formula to calculate the distance between initial point (0, 0) and terminal point (z, y), we 
have 


Equation: 
Iivil = 4/(#—0)? + (y—0)? 
= /2r?+y?. 
Based on this formula, it is clear that for any vector v, Il vl > 0, and Il v ll = O if and 
only ifv = 0. 


The magnitude of a vector can also be derived using the Pythagorean theorem, as in the 
following figure. 


x2 + y2 


Xx 


If you use the components of 
a vector to define a right 
triangle, the magnitude of the 
vector is the length of the 
triangle’s hypotenuse. 


We have defined scalar multiplication and vector addition geometrically. Expressing 
vectors in component form allows us to perform these same operations algebraically. 


Note: 


Definition 

Let v = (21, y1) and w = (x9, y2) be vectors, and let k be a scalar. 
Scalar multiplication:kv = (k2x,, ky;) 

Vector addition:v + w = (x1, y1) + (x2, yo) = (a1 + £2, y1 + Y2) 


Example: 
Exercise: 


Problem: 
Performing Operations in Component Form 


Let v be the vector with initial point (2, 5) and terminal point (8, 13), and let 
w = (-2,4). 


a. Express v in component form and find || v ||. Then, using algebra, find 
bev+w, 

c. 3v, and 

d.v — 2w. 


Solution: 


a. To place the initial point of v at the origin, we must translate the vector 2 units 
to the left and 5 units down ([link]). Using the algebraic method, we can express 
vas v = (8 — 2,13 — 5) = (6,8): 

Equation: 


lv ll = 62 + 82 = /36 + 64 = V/100 = 10. 


In component form, 
Vv = (6,8). 


b. To find v + w, add the x-components and the y-components separately: 
Equation: 


v t+ w= (6,8) + (2,4) = (4,12). 


c. To find 3v, multiply v by the scalar k = 3: 
Equation: 


3v = 3- (6,8) = (3-6,3-8) = (18, 24). 


d. To find v — 2w, find —2w and add it to v: 
Equation: 


Rew G0 no ond Ges eae er ne 


Note: 
Exercise: 


Problem: 


Let a = (7,1) and let b be the vector with initial point (3, 2) and terminal point 
(—1,-1). 


a. Find llall. 
b. Express b in component form. 
c. Find 3a — 4b. 

Solution: 


a. llall = 59/2, b. b = (—4, —3), c. 3a — 4b = (37, 15) 


Hint 


Use the Pythagorean Theorem to find || a!|. To find 3a — 4b, start by finding the scalar 
multiples 3a and —4b. 


Now that we have established the basic rules of vector arithmetic, we can state the 
properties of vector operations. We will prove two of these properties. The others can be 
proved in a similar manner. 


Note: 


Properties of Vector Operations 
Let u,v, and w be vectors in a plane. Let r and s be scalars. 


Equation: 


i. 


li. 


Vili. 


u+v 
(u+v)+w 
u+ 0 

u+ (—u) 

r (su) 
(r+s)u 
r(u+v) 
lu 


vtu 
u+(v+w) 


Commutative property 

Associative property 

Additive identity property 

Additive inverse property 
Associativity of scalar multiplication 
Distributive property 

Distributive property 

Identity and zero properties 


Proof of Commutative Property 


Let u = (21, yi) and v = (x2, y2). Apply the commutative property for real numbers: 
Equation: 


Uu+v= (21+ 22,91 + y2) = (224+ 21,92 +91) =Vtu. 


Proof of Distributive Property 


Apply the distributive property for real numbers: 


Equation: 
r(ut+v) =r: (#14 22,41 + y2) 

= (r (a1 + £2),7 (y1 + y2)) 
= (rz, +722, 7Ty1 + TYy2) 
= (ravi, 7ry1) + (rao, Ty2) 
=rTrut+rv. 

Note: 

Exercise: 


Problem: Prove the additive inverse property. 


Hint 


Use the component form of the vectors. 


We have found the components of a vector given its initial and terminal points. In some 
cases, we may only have the magnitude and direction of a vector, not the points. For these 
vectors, we can identify the horizontal and vertical components using trigonometry ((link]). 


Ilv|| 


|| v || sine 


[| 
|| v || cose 


The components of a 
vector form the legs of a 
right triangle, with the 
vector as the hypotenuse. 


Consider the angle 6 formed by the vector v and the positive x-axis. We can see from the 
triangle that the components of vector v are (II v || cos 9, || v ll sin 0). Therefore, given an 
angle and the magnitude of a vector, we can use the cosine and sine of the angle to find the 
components of the vector. 


Example: 
Exercise: 


Problem: 
Finding the Component Form of a Vector Using Trigonometry 


Find the component form of a vector with magnitude 4 that forms an angle of —45° 
with the x-axis. 


Solution: 


Let x and y represent the components of the vector ([link]). Then 
a = 4cos(—45°) = 2/2 and y = 4sin (—45°) = —2/2. The component form of 
the vector is (2v2, -2V2). 


Use trigonometric 


ratios, 
x= \|lvilcos@ 
and 
y= Ilvilsin 0, 


to identify the 
components of 
the vector. 


Note: 
Exercise: 


Problem: 


Find the component form of vector v with magnitude 10 that forms an angle of 120° 
with the positive x-axis. 


Solution: 
ae (-5, 5V3) 
Hint 


x = lIlvilcos @and y= Ilvilsin@ 


Unit Vectors 


A unit vector is a vector with magnitude 1. For any nonzero vector v, we can use scalar 
multiplication to find a unit vector u that has the same direction as v. To do this, we 
multiply the vector by the reciprocal of its magnitude: 


Equation: 


_ 1 

Iwill 
Recall that when we defined scalar multiplication, we noted that ||kv!| = |k| - ||v||. For 
u= hw it follows that ||u|| = qr illvll) = 1. We say that u is the unit vector in the 


direction ofv ([link]). The process of using scalar multiplication to find a unit vector with a 
given direction is called normalization. 


xy 
eat 
The vector v and associated 
unit vector u = WwW: In this 


case, ||v|| > 1. 


Example: 
Exercise: 


Problem: 
Finding a Unit Vector 


Let v= (1,2). 

a. Find a unit vector with the same direction as v. 

b. Find a vector w with the same direction as v such that ||w|| = 7. 
Solution: 

a. First, find the magnitude of v, then divide the components of v by the 


magnitude: 
Equation: 


vl] = V12 422 =/1+4=V5 


Equation: 


1 1 1 2 
PT) ve G7) 


b. The vector u is in the same direction as v and ||u|| = 1. Use scalar 
multiplication to increase the length of u without changing direction: 


Equation: 
1 2 7 14 
w=t=7( 4,4 )=(1, 4), 
ve v5/ \ V5’ V5 
Note: 
Exercise: 
Problem: 


Let v = (9, 2). Find a vector with magnitude 5 in the opposite direction as v. 
Solution: 
( Sie ee ) 
V85’ = 4/85 
Hint 


First, find a unit vector in the same direction as v. 


We have seen how convenient it can be to write a vector in component form. Sometimes, 
though, it is more convenient to write a vector as a sum of a horizontal vector and a vertical 
vector. To make this easier, let’s look at standard unit vectors. The standard unit vectors 
are the vectors i = (1,0) andj = (0, 1) ([link)). 


The standard unit vectors i and j. 


By applying the properties of vectors, it is possible to express any vector in terms of i and j 
in what we call a linear combination: 
Equation: 


v = (x,y) = (x, 0) + (0,y) = @ (1,0) + y (0,1) = vi + yj. 


Thus, v is the sum of a horizontal vector with magnitude z, and a vertical vector with 
magnitude y, as in the following figure. 


xi 


The vector v is 
the sum of zi 
and yj. 


Example: 
Exercise: 


Problem: 
Using Standard Unit Vectors 


a. Express the vector w = (3, —4) in terms of standard unit vectors. 
b. Vector u is a unit vector that forms an angle of 60° with the positive x-axis. Use 
standard unit vectors to describe u. 


Solution: 


a. Resolve vector w into a vector with a zero y-component and a vector with a zero 
x-component: 
Equation: 


w = (3, —4) = 31 - 4j. 


b. Because u is a unit vector, the terminal point lies on the unit circle when the 
vector is placed in standard position ((link]). 
Equation: 


u = (cos 60°, sin 60°) 


The terminal point of u lies on the 
unit circle (cos 0, sin 6). 


Note: 
Exercise: 


Problem: 


Let a = (16, —11) and let b be a unit vector that forms an angle of 225° with the 
positive x-axis. Express a and b in terms of the standard unit vectors. 


Solution: 


f= i= ily) = 2 = 22 
Hint 


Use sine and cosine to find the components of b. 


Applications of Vectors 


Because vectors have both direction and magnitude, they are valuable tools for solving 
problems involving such applications as motion and force. Recall the boat example and the 
quarterback example we described earlier. Here we look at two other examples in detail. 


Example: 
Exercise: 


Problem: 
Finding Resultant Force 


Jane’s car is stuck in the mud. Lisa and Jed come along in a truck to help pull her out. 
They attach one end of a tow strap to the front of the car and the other end to the 
truck’s trailer hitch, and the truck starts to pull. Meanwhile, Jane and Jed get behind 
the car and push. The truck generates a horizontal force of 300 Ib on the car. Jane and 
Jed are pushing at a slight upward angle and generate a force of 150 lb on the car. 
These forces can be represented by vectors, as shown in [link]. The angle between 
these vectors is 15°. Find the resultant force (the vector sum) and give its magnitude 
to the nearest tenth of a pound and its direction angle from the positive x-axis. 


Two forces acting on a car in different directions. 


Solution: 


To find the effect of combining the two forces, add their representative vectors. First, 
express each vector in component form or in terms of the standard unit vectors. For 
this purpose, it is easiest if we align one of the vectors with the positive x-axis. The 
horizontal vector, then, has initial point (0, 0) and terminal point (300, 0). It can be 
expressed as (300, 0) or 300i. 


The second vector has magnitude 150 and makes an angle of 15° with the first, so we 
can express it as (150 cos (15”), 150 sin (15°)), or 

150 cos (15° )i + 150 sin (15°)j. Then, the sum of the vectors, or resultant vector, is 
r = (300, 0) + (150 cos (15°), 150 sin (15°)), and we have 


Equation: 
|r| = \/ (300 + 150 cos (15°))” + (150 sin (15°))? 
~ 446.6. 
The angle 8 made by r and the positive x-axis has tan 0 = [300+ 150 cos 15°) O00: 


300+150 cos 15°) 
so 0 = tan‘ (0.09) ~ 5°, which means the resultant force r has an angle of 5° 
above the horizontal axis. 


Example: 
Exercise: 


Problem: 
Finding Resultant Velocity 


An airplane flies due west at an airspeed of 425 mph. The wind is blowing from the 
northeast at 40 mph. What is the ground speed of the airplane? What is the bearing of 
the airplane? 


Solution: 


Let’s start by sketching the situation described ([link]). 


Initially, the plane travels due west. The wind is from 
the northeast, so it is blowing to the southwest. The 
angle between the plane’s course and the wind is 45°. 
(Figure not drawn to scale.) 


Set up a sketch so that the initial points of the vectors lie at the origin. Then, the 


plane’s velocity vector is p = —425i. The vector describing the wind makes an angle 
of 225° with the positive x-axis: 
Equation: 
40 AO 40 40 
w = (40 cos (225”), 40 sin (225°)) = (-2, >) = SSS | = ==). 
V2 v2 V2 v2 


When the airspeed and the wind act together on the plane, we can add their vectors to 
find the resultant force: 
Equation: 


The magnitude of the resultant vector shows the effect of the wind on the ground 
speed of the airplane: 
Equation: 


40 \? 40 \? 
IIp+wll = i (-1 — =) + (-=) ~ 454.17 mph 
V2 V2 


As a result of the wind, the plane is traveling at approximately 454 mph relative to 
the ground. 


To determine the bearing of the airplane, we want to find the direction of the vector 
p+w: 
Equation: 


08 
t (4) — eV 2E Ess eS i 
an (—5- rn 0.06 


Boe eto 


The overall direction of the plane is 3.57° south of west. 


Note: 
Exercise: 


Problem: 


An airplane flies due north at an airspeed of 550 mph. The wind is blowing from the 
northwest at 50 mph. What is the ground speed of the airplane? 


Solution: 


Approximately 516 mph 
Hint 


Sketch the vectors with the same initial point and find their sum. 


Key Concepts 


e Vectors are used to represent quantities that have both magnitude and direction. 

e We can add vectors by using the parallelogram method or the triangle method to find 
the sum. We can multiply a vector by a scalar to change its length or give it the 
opposite direction. 

e Subtraction of vectors is defined in terms of adding the negative of the vector. 

¢ A vector is written in component form as v = (2, y). 


e The magnitude of a vector is a scalar: ||v|| = \/2? + y?. 
e A unit vector u has magnitude 1 and can be found by dividing a vector by its 
magnitude: u = hw: The standard unit vectors are i = (1,0) andj = (0,1).A 


vector v = (a, y) can be expressed in terms of the standard unit vectors as 
v= zi yj. 

e Vectors are often used in physics and engineering to represent forces and velocities, 
among other quantities. 


For the following exercises, consider points P (—1,3), Q (1,5), and R (—3, 7). 
Determine the requested vectors and express each of them a. in component form and b. by 


using the standard unit vectors. 
Exercise: 


Problem: PQ 
Solution: 
a. PQ = (2,2);b. PQ = 21 + 2j 


Exercise: 


Problem: PR 
Exercise: 
Problem: QP 
Solution: 
a. QP = (—2,=2):b. OP = —2i= 2} 


Exercise: 


Problem: RP 


Exercise: 


Problem: PQ + PR 
Solution: 
a. PQ + PR = (0,6);b. PQ + PR = 6j 


Exercise: 


Problem: PQ —PR 
Exercise: 
Problem: 2PQ —2PR 
Solution: 
a. 2PQ — 2PR = (8, —4); b. 2PQ — 2PR = 81 — 4j 


Exercise: 
Problem: 2PQ + 1PR 

Exercise: 
Problem: The unit vector in the direction of PQ 
Solution: 


1 i, ne ne: Gre ee 


Exercise: 


Problem: The unit vector in the direction of PR 
Exercise: 


Problem: 


A vector v has initial point (—1, —3) and terminal point (2, 1). Find the unit vector in 
the direction of v. Express the answer in component form. 


Solution: 


3 4 
(595) 
Exercise: 
Problem: 
A vector v has initial point (—2, 5) and terminal point (3, —1). Find the unit vector in 
the direction of v. Express the answer in component form. 
Exercise: 
Problem: 
The vector v has initial point P(1, 0) and terminal point Q that is on the y-axis and 


above the initial point. Find the coordinates of terminal point Q such that the 
magnitude of the vector v is V/5. 


Solution: 


Q(0, 2) 
Exercise: 


Problem: 


The vector v has initial point P(1, 1) and terminal point Q that is on the x-axis and 
left of the initial point. Find the coordinates of terminal point Q such that the 
magnitude of the vector v is / 10. 


For the following exercises, use the given vectors a and b. 


a. Determine the vector sum a + b and express it in both the component form and by 
using the standard unit vectors. 

b. Find the vector difference a — b and express it in both the component form and by 
using the standard unit vectors. 

c. Verify that the vectors a, b, and a + b, and, respectively, a, b, and a — b satisfy the 
triangle inequality. 

d. Determine the vectors 2a, —b, and 2a — b. Express the vectors in both the 
component form and by using standard unit vectors. 


Exercise: 
Problem: a = 21+ j, b = i+ 3j 


Solution: 


a.at+b= 3i+4j,a+b = (3,4);b.a—b =i-— 2j,a—b = (1, —2);c. 
Answers will vary; d. 2a = 4i + 2j, 2a = (4,2), —b = —i — 3j, —b = (—1, —3), 
2a — b = 3i — j, 2a— b = (3, -1) 


Exercise: 


Problem: a = 2i, b = —2i + 2j 
Exercise: 
Problem: 
Let a be a standard-position vector with terminal point (—2, —4). Let b be a vector 


with initial point (1, 2) and terminal point (—1, 4). Find the magnitude of vector 
—3a+b-—4i+j. 


Solution: 


15 
Exercise: 


Problem: 


Let a be a standard-position vector with terminal point at (2,5). Let b be a vector 
with initial point (—1, 3) and terminal point (1, 0). Find the magnitude of vector 
a— 3b + 141i — 14j. 


Exercise: 
Problem: 
Let u and v be two nonzero vectors that are nonequivalent. Consider the vectors 


a= 4u+ 5v andb = u + 2v defined in terms of u and v. Find the scalar such 
that vectors a + Ab and u — v are equivalent. 


Solution: 


A=-3 
Exercise: 
Problem: 
Let u and v be two nonzero vectors that are nonequivalent. Consider the vectors 


a = 2u — 4v and b = 3u — 7v defined in terms of u and v. Find the scalars a and 
8 such that vectors aa + Gb and u — v are equivalent. 


Exercise: 


Problem: 


Consider the vector a(¢) = (cos t, sin t) with components that depend on a real 
number t. As the number t varies, the components of a(t) change as well, depending 
on the functions that define them. 


a. Write the vectors a(0) and a(7) in component form. 

b. Show that the magnitude ||a(t)|| of vector a(¢) remains constant for any real 
number ¢. 

c. As t varies, show that the terminal point of vector a(t) describes a circle 
centered at the origin of radius 1. 


Solution: 


a. a(0) = (1,0), a(a) = (—1, 0); b. Answers may vary; c. Answers may vary 
Exercise: 


Problem: 


Consider vector a(x) = (2, v1— z) with components that depend on a real 
number z € [—1, 1]. As the number z varies, the components of a(x) change as well, 
depending on the functions that define them. 


a. Write the vectors a(0) and a(1) in component form. 

b. Show that the magnitude |la(x)|I of vector a(x) remains constant for any real 
number x 

c. As x varies, show that the terminal point of vector a(x) describes a circle 
centered at the origin of radius 1. 


Exercise: 


Problem: 


Show that vectors a(t) = (cost, sin t) and a(x) = G v1— 2) are equivalent for 
x = randt = 2kz, where k is an integer. 


Solution: 


Answers may vary 


Exercise: 


Problem: 


Show that vectors a(t) = (cos t, sin t) and a(x) = (2, v1—- a) are opposite for 


x =randt = 7+ 2kz, where k is an integer. 


For the following exercises, find vector v with the given magnitude and in the same 
direction as vector u. 
Exercise: 


Problem: ||v|| = 7, u = (3, 4) 


Solution: 
— (21 28 
eS ( 5 5 ) 
Exercise: 


Problem: ||v|| = 3, u = (—2,5) 


Exercise: 


Problem: ||v|| = 7, u = (3, —5) 


Solution: 
vy a ( 2iv34 _ 35V34 
= 34. 34 
Exercise: 


Problem: ||v|| = 10, u = (2, —1) 


For the following exercises, find the component form of vector u, given its magnitude and 
the angle the vector makes with the positive x-axis. Give exact answers when possible. 
Exercise: 


Problem: ||u|| = 2, 6 = 30° 
Solution: 
16 (v3, 1) 


Exercise: 


Problem: ||u|| = 6, 0 = 60° 


Exercise: 
Problem: ||u|| = 5,0 = + 


Solution: 


u = (0,5) 


Exercise: 


Problem: ||u|| = 8, 6 = 7 


Exercise: 
Problem: ||u|| = 10, 0 = == 


Solution: 


u= (-5v3,5) 


Exercise: 
Problem: ||u|| = 50, 0 = 3n 


For the following exercises, vector u is given. Find the angle 0 € [0, 27r) that vector u 
makes with the positive direction of the x-axis, in a counter-clockwise direction. 
Exercise: 


Problem: u = 5\/2i — 5V2j 
Solution: 

_ Ur 
ary 


Exercise: 


Problem: u = —V/3i — j 


Exercise: 


Problem: 


Let a = (a1, a2), b = (bj, bg), and ¢ = (cy, cg) be three nonzero vectors. If 
a,b. — a2b; # 0, then show there are two scalars, @ and 8, such that c = aa+ Gb. 


Solution: 


Answers may vary 
Exercise: 
Problem: 
Consider vectors a = (2, —4), b = (—1, 2), and c = 0 Determine the scalars a and 6 
such that c = aa+ 6b. 
Exercise: 
Problem: 


Let P (xo, f (ao)) be a fixed point on the graph of the differential function f with a 
domain that is the set of real numbers. 


a. Determine the real number 2 such that point Q (xo + 1, Zo) is situated on the 


line tangent to the graph of f at point P. 
b. Determine the unit vector u with initial point P and terminal point Q. 


Solution: 


a. Zo = f(xo) + f'(z0); b. u = aoe (1, f’(xo)) 


(zo)] 
Exercise: 
Problem: Consider the function f(x) = x*, where x € R. 
a. Determine the real number 2p such that point Q (2, zo) s situated on the line 


tangent to the graph of f at point P (1,1). 
b. Determine the unit vector u with initial point P and terminal point Q. 


Exercise: 


Problem: 


Consider f and g two functions defined on the same set of real numbers D. Let 
a = (a, f(x)) and b = (a, g(x)) be two vectors that describe the graphs of the 
functions, where 2 € D. Show that if the graphs of the functions f and g do not 
intersect, then the vectors a and b are not equivalent. 


Exercise: 


Problem: 


Find « € R such that vectors a = (x, sin z) and b = (a, cos x) are equivalent. 
Exercise: 
Problem: 


Calculate the coordinates of point D such that ABCD is a parallelogram, with 
A(1,1), B(2, 4), and C(7, 4). 


Solution: 
D(6, 1) 
Exercise: 
Problem: 
Consider the points A(2, 1), B(10, 6), C(13, 4), and D(16, —2). Determine the 
component form of vector AD. 


Exercise: 


Problem: 


The speed of an object is the magnitude of its related velocity vector. A football 
thrown by a quarterback has an initial speed of 70 mph and an angle of elevation of 
30°. Determine the velocity vector in mph and express it in component form. (Round 
to two decimal places.) 


\) 


Solution: 


(60.62, 35) 
Exercise: 
Problem: 
A baseball player throws a baseball at an angle of 30° with the horizontal. If the initial 


speed of the ball is 100 mph, find the horizontal and vertical components of the initial 
velocity vector of the baseball. (Round to two decimal places.) 


Exercise: 


Problem: 


A bullet is fired with an initial velocity of 1500 ft/sec at an angle of 60° with the 
horizontal. Find the horizontal and vertical components of the velocity vector of the 
bullet. (Round to two decimal places.) 


y Vo = 1500 ft/sec 


Solution: 


The horizontal and vertical components are 750 ft/sec and 1299.04 ft/sec, 
respectively. 


Exercise: 
Problem: 
[T] A 65-kg sprinter exerts a force of 798 N at a 19° angle with respect to the ground 


on the starting block at the instant a race begins. Find the horizontal component of the 
force. (Round to two decimal places.) 


Exercise: 


Problem: 


[T] Two forces, a horizontal force of 45 lb and another of 52 lb, act on the same 
object. The angle between these forces is 25°. Find the magnitude and direction angle 
from the positive x-axis of the resultant force that acts on the object. (Round to two 
decimal places.) 


Solution: 


The magnitude of resultant force is 94.71 lb; the direction angle is 13.42”. 
Exercise: 

Problem: 

[T] Two forces, a vertical force of 26 lb and another of 45 lb, act on the same object. 

The angle between these forces is 55°. Find the magnitude and direction angle from 


the positive x-axis of the resultant force that acts on the object. (Round to two decimal 
places.) 


Exercise: 
Problem: 
[T] Three forces act on object. Two of the forces have the magnitudes 58 N and 27 N, 
and make angles 53° and 152°, respectively, with the positive x-axis. Find the 


magnitude and the direction angle from the positive x-axis of the third force such that 
the resultant force acting on the object is zero. (Round to two decimal places.) 


Solution: 


The magnitude of the third vector is 60.03 N; the direction angle is 259.38". 
Exercise: 

Problem: 

Three forces with magnitudes 80 lb, 120 lb, and 60 lb act on an object at angles of 

45°, 60° and 30”, respectively, with the positive x-axis. Find the magnitude and 


direction angle from the positive x-axis of the resultant force. (Round to two decimal 
places.) 


Exercise: 
Problem: 
[T] An airplane is flying in the direction of 43° east of north (also abbreviated as 


N43E) at a speed of 550 mph. A wind with speed 25 mph comes from the southwest 
at a bearing of N15E. What are the ground speed and new direction of the airplane? 


Solution: 


The new ground speed of the airplane is 572.19 mph; the new direction is N41.82E. 
Exercise: 

Problem: 

[T] A boat is traveling in the water at 30 mph in a direction of N20E (that is, 20° east 


of north). A strong current is moving at 15 mph in a direction of N45E. What are the 
new speed and direction of the boat? 


Exercise: 


Problem: 


[T] A 50-lb weight is hung by a cable so that the two portions of the cable make 
angles of 40° and 53”, respectively, with the horizontal. Find the magnitudes of the 
forces of tension T; and T in the cables if the resultant force acting on the object is 
zero. (Round to two decimal places.) 


Solution: 


IT 411 = 30.13 1b, Toll = 38.35 lb 
Exercise: 
Problem: 
[T] A 62-lb weight hangs from a rope that makes the angles of 29° and 61°, 
respectively, with the horizontal. Find the magnitudes of the forces of tension T; and 


T» in the cables if the resultant force acting on the object is zero. (Round to two 
decimal places.) 


Exercise: 
Problem: 
[T] A 1500-Ib boat is parked on a ramp that makes an angle of 30° with the 
horizontal. The boat’s weight vector points downward and is a sum of two vectors: a 
horizontal vector v; that is parallel to the ramp and a vertical vector v2 that is 
perpendicular to the inclined surface. The magnitudes of vectors v; and v2 are the 


horizontal and vertical component, respectively, of the boat’s weight vector. Find the 
magnitudes of v, and v2. (Round to the nearest integer.) 


1500 Ib 
30° 


Solution: 


||v1|| = 750 lb, ||v2|| = 1299 Ib 
Exercise: 
Problem: 
[T] An 85-lb box is at rest on a 26° incline. Determine the magnitude of the force 


parallel to the incline necessary to keep the box from sliding. (Round to the nearest 
integer.) 


Exercise: 
Problem: 
A guy-wire supports a pole that is 75 ft high. One end of the wire is attached to the 
top of the pole and the other end is anchored to the ground 50 ft from the base of the 


pole. Determine the horizontal and vertical components of the force of tension in the 
wire if its magnitude is 50 lb. (Round to the nearest integer.) 


Solution: 


The two horizontal and vertical components of the force of tension are 28 lb and 42 
lb, respectively. 


Exercise: 
Problem: 
A telephone pole guy-wire has an angle of elevation of 35° with respect to the 


ground. The force of tension in the guy-wire is 120 lb. Find the horizontal and vertical 
components of the force of tension. (Round to the nearest integer.) 


Glossary 


component 
a scalar that describes either the vertical or horizontal direction of a vector 


equivalent vectors 
vectors that have the same magnitude and the same direction 


initial point 
the starting point of a vector 


magnitude 
the length of a vector 


normalization 
using scalar multiplication to find a unit vector with a given direction 


parallelogram method 
a method for finding the sum of two vectors; position the vectors so they share the 
same initial point; the vectors then form two adjacent sides of a parallelogram; the 
sum of the vectors is the diagonal of that parallelogram 


scalar 
a real number 


scalar multiplication 
a vector operation that defines the product of a scalar and a vector 


standard-position vector 
a vector with initial point (0, 0) 


standard unit vectors 
unit vectors along the coordinate axes: i = (1,0),j = (0,1) 


terminal point 
the endpoint of a vector 


triangle inequality 
the length of any side of a triangle is less than the sum of the lengths of the other two 
sides 


triangle method 


a method for finding the sum of two vectors; position the vectors so the terminal point 


of one vector is the initial point of the other; these vectors then form two sides of a 
triangle; the sum of the vectors is the vector that forms the third side; the initial point 
of the sum is the initial point of the first vector; the terminal point of the sum is the 
terminal point of the second vector 


unit vector 
a vector with margnitude 1 


vector 
a mathematical object that has both magnitude and direction 


vector addition 
a vector operation that defines the sum of two vectors 


vector difference 
the vector difference v — w is defined as v+ (—w) = v+(—1)w 


vector sum 
the sum of two vectors, v and w, can be constructed graphically by placing the initial 
point of w at the terminal point of v; then the vector sum v + w is the vector with an 
initial point that coincides with the initial point of v, and with a terminal point that 
coincides with the terminal point of w 


zero vector 
the vector with both initial point and terminal point (0, 0) 


Vectors in Three Dimensions for Doug Baldwin 


¢ Describe three-dimensional space mathematically. 
e Locate points in space using coordinates. 

e Write the distance formula in three dimensions. 

e Write the equations for simple planes and spheres. 
¢ Perform vector operations in R?. 


Vectors are useful tools for solving two-dimensional problems. Life, however, happens in 
three dimensions. To expand the use of vectors to more realistic applications, it is necessary 
to create a framework for describing three-dimensional space. For example, although a two- 
dimensional map is a useful tool for navigating from one place to another, in some cases the 
topography of the land is important. Does your planned route go through the mountains? Do 
you have to cross a river? To appreciate fully the impact of these geographic features, you 
must use three dimensions. This section presents a natural extension of the two-dimensional 
Cartesian coordinate plane into three dimensions. 


Three-Dimensional Coordinate Systems 


As we have learned, the two-dimensional rectangular coordinate system contains two 
perpendicular axes: the horizontal x-axis and the vertical y-axis. We can add a third 
dimension, the z-axis, which is perpendicular to both the x-axis and the y-axis. We call this 
system the three-dimensional rectangular coordinate system. It represents the three 
dimensions we encounter in real life. 


Note: 

Definition 

The three-dimensional rectangular coordinate system consists of three perpendicular 
axes: the x-axis, the y-axis, and the z-axis. Because each axis is a number line representing 
all real numbers in R, the three-dimensional system is often denoted by R?®. 


In [link](a), the positive z-axis is shown above the plane containing the x- and y-axes. The 
positive x-axis appears to the left and the positive y-axis is to the right. A natural question to 
ask is: How was this arrangement determined? The system displayed follows the right-hand 
rule. If we take our right hand and align the fingers with the positive x-axis, then curl the 
fingers so they point in the direction of the positive y-axis, our thumb points in the direction 
of the positive z-axis. In this text, we always work with coordinate systems set up in 
accordance with the right-hand rule. Some systems do follow a left-hand rule, but the right- 
hand rule is considered the standard representation. 


(a) (b) 


(a) We can extend the two-dimensional rectangular coordinate system by adding a 
third axis, the z-axis, that is perpendicular to both the x-axis and the y-axis. (b) The 
right-hand rule is used to determine the placement of the coordinate axes in the 
standard Cartesian plane. 


In two dimensions, we describe a point in the plane with the coordinates (, y). Each 
coordinate describes how the point aligns with the corresponding axis. In three dimensions, a 
new coordinate, z, is appended to indicate alignment with the z-axis: (2, y, z). A point in 
space is identified by all three coordinates ({link]). To plot the point (x, y, z), go x units 
along the x-axis, then y units in the direction of the y-axis, then z units in the direction of the 
z-axis. 
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To plot the point (2, y, z) go 


Z units 


x units along the x-axis, 
then y units in the direction 
of the y-axis, then z units in 

the direction of the z-axis. 


Example: 
Exercise: 


Problem: 
Locating Points in Space 


Sketch the point (1, —2, 3) in three-dimensional space. 


Solution: 


To sketch a point, start by sketching three sides of a rectangular prism along the 
coordinate axes: one unit in the positive zx direction, 2 units in the negative y direction, 
and 3 units in the positive z direction. Complete the prism to plot the point ([link]). 


Sketching the point (1, —2, 3). 


Note: 


Exercise: 


Problem: Sketch the point (—2, 3, —1) in three-dimensional space. 


Solution: 


Hint 


Start by sketching the coordinate axes. Then sketch a rectangular prism to help find the 
point in space. 


In two-dimensional space, the coordinate plane is defined by a pair of perpendicular axes. 
These axes allow us to name any location within the plane. In three dimensions, we define 
coordinate planes by the coordinate axes, just as in two dimensions. There are three axes 
now, so there are three intersecting pairs of axes. Each pair of axes forms a coordinate plane: 
the xy-plane, the xz-plane, and the yz-plane ([link]). We define the xy-plane formally as the 
following set: {(x, y, 0) : x, y € R}. Similarly, the xz-plane and the yz-plane are defined as 
{(x,0,z) : 2, z € R} and {(0, y, z) : y, z € R}, respectively. 


To visualize this, imagine you’re building a house and are standing in a room with only two 
of the four walls finished. (Assume the two finished walls are adjacent to each other.) If you 
stand with your back to the corner where the two finished walls meet, facing out into the 
room, the floor is the xy-plane, the wall to your right is the xz-plane, and the wall to your left 
is the yz-plane. 


The plane containing the x- 
and y-axes is called the xy- 
plane. The plane containing 
the x- and z-axes is called the 
xz-plane, and the y- and z-axes 
define the yz-plane. 


In two dimensions, the coordinate axes partition the plane into four quadrants. Similarly, the 
coordinate planes divide space between them into eight regions about the origin, called 
octants. The octants fill R? in the same way that quadrants fill R?, as shown in [link]. 


Points that lie in octants have three nonzero 
coordinates. 


Most work in three-dimensional space is a comfortable extension of the corresponding 
concepts in two dimensions. In this section, we use our knowledge of circles to describe 
spheres, then we expand our understanding of vectors to three dimensions. To accomplish 
these goals, we begin by adapting the distance formula to three-dimensional space. 


If two points lie in the same coordinate plane, then it is straightforward to calculate the 
distance between them. For example, we can see that the distance d between two points 
(x1, y1) and (a9, y2) in the xy-coordinate plane is given by the formula 

Equation: 


d = \/ (a2 — 21)? + (y2 — y1)”. 


The formula for the distance between two points in space is a natural extension of this 
formula. 


Note: 
The Distance between Two Points in Space 
The distance d between points (#1, y;, 21) and (9, Yo, Z2) is given by the formula 


Equation: 


d= (a2 —- 21)° +(y2-yi)? + (zo — z)°. 


The proof of this theorem is left as an exercise. (Hint: First find the distance d, between the 


points (x1, y1, 21) and (22, y2, 21) as shown in [link].) 


Py = (X1, V1, 21) 


(X2, Yo, 21) 


The distance between P; and Pz is the length of the 
diagonal of the rectangular prism having P; and P, as 
opposite corners. 


Example: 
Exercise: 


Problem: 
Distance in Space 


Find the distance between points P; = (3, —1,5) and P, = (2,1, 


= il), 


P, = (3, -1,5 


Find the distance between the two points. 


Solution: 


Substitute values directly into the distance formula: 


Equation: 
d(P1,P>) = /(a2— 21)? + (yo — m1)? + (22 — 1)” 
=| Qa gre = nai ae 
= iy 42 saa) 
— /41. 
Note: 


Exercise: 


Problem: Find the distance between points P,; = (1, —5,4) and P, = (4, —1, —1). 
Solution: 
5V2 


Hint 


= (22 = a1) +5 — yi)? ee za) 


Before moving on to the next section, let’s get a feel for how R? differs from R?. For 
example, in R?, lines that are not parallel must always intersect. This is not the case in R®. 
For example, consider the lines shown in [link]. These two lines are not parallel, nor do they 


intersect. 


These two lines are not parallel, but still do not 
intersect. 


You can also have circles that are interconnected but have no points in common, as in [link]. 


These circles are interconnected, but have no points in 
common. 


We have a lot more flexibility working in three dimensions than we do if we stick with only 
two dimensions. 


Writing Equations in R® 


Now that we can represent points in space and find the distance between them, we can learn 
how to write equations of geometric objects such as lines, planes, and curved surfaces in R?°. 
First, we start with a simple equation. Compare the graphs of the equation x = 0 in 

IR, R?, and R? ([link]). From these graphs, we can see the same equation can describe a 
point, a line, or a plane. 


+—_+_+—_-+_e— "++" 
-4-3-2-1 012 3 4 


(a) 


(c) 


(a) In R, the equation x = 0 describes a single point. (b) In R?, the equation x = 0 
describes a line, the y-axis. (c) In R*, the equation x = 0 describes a plane, the yz- 


In space, the equation z = 0 describes all points (0, y, z). This equation defines the yz-plane. 
Similarly, the xy-plane contains all points of the form (2, y,0). The equation z = 0 defines 
the xy-plane and the equation y = 0 describes the xz-plane ((link]). 


a: ; 


(b) 


(a) In space, the equation z = 0 describes the xy-plane. (b) All points in the xz-plane 


satisfy the equation y = 0. 


Understanding the equations of the coordinate planes allows us to write an equation for any 
plane that is parallel to one of the coordinate planes. When a plane is parallel to the xy-plane, 
for example, the z-coordinate of each point in the plane has the same constant value. Only the 
x- and y-coordinates of points in that plane vary from point to point. 


Note: 
Rule: Equations of Planes Parallel to Coordinate Planes 


1. The plane in space that is parallel to the xy-plane and contains point (a, b, c) can be 
represented by the equation z = c. 

2. The plane in space that is parallel to the xz-plane and contains point (a, b, c) can be 
represented by the equation y = b. 

3. The plane in space that is parallel to the yz-plane and contains point (a, b, c) can be 
represented by the equation x = a. 


Example: 
Exercise: 


Problem: 
Writing Equations of Planes Parallel to Coordinate Planes 


a. Write an equation of the plane passing through point (3, 11, 7) that is parallel to 
the yz-plane. 

b. Find an equation of the plane passing through points (6, —2, 9), (0, —2, 4), and 
Ge 5), 


Solution: 


a. When a plane is parallel to the yz-plane, only the y- and z-coordinates may vary. 
The x-coordinate has the same constant value for all points in this plane, so this 
plane can be represented by the equation x = 3. 

b. Each of the points (6, —2, 9), (0, —2,4), and (1, —2, —3) has the same y- 
coordinate. This plane can be represented by the equation y= —2. 


Note: 
Exercise: 


Problem: 


Write an equation of the plane passing through point (1, —6, —4) that is parallel to the 
xy-plane. 


Solution: 
Z——4 
Hint 


If a plane is parallel to the xy-plane, the z-coordinates of the points in that plane do not vary. 


As we have seen, in IR? the equation x = 5 describes the vertical line passing through point 
(5,0). This line is parallel to the y-axis. In a natural extension, the equation x = 5 in R? 
describes the plane passing through point (5, 0,0), which is parallel to the yz-plane. Another 
natural extension of a familiar equation is found in the equation of a sphere. 


Note: 

Definition 

A sphere is the set of all points in space equidistant from a fixed point, the center of the 
sphere ((link]), just as the set of all points in a plane that are equidistant from the center 
represents a circle. In a sphere, as in a circle, the distance from the center to a point on the 
sphere is called the radius. 


Each point (a, y, z) on the 


surface of a sphere is r units 
away from the center (a, b,c). 


The equation of a circle is derived using the distance formula in two dimensions. In the same 
way, the equation of a sphere is based on the three-dimensional formula for distance. 


Note: 
Rule: Equation of a Sphere 
The sphere with center (a, b,c) and radius r can be represented by the equation 


Equation: 
(a — a)? + (y—b)? + (z—c)? =r’. 


This equation is known as the standard equation of a sphere. 


Example: 
Exercise: 


Problem: 
Finding an Equation of a Sphere 


Find the standard equation of the sphere with center (10, 7, 4) and point (—1, 3, —2), 
as shown in [link]. 


The sphere centered at (10, 7, 4) containing point 
(—1, 3, —2). 


Solution: 


Use the distance formula to find the radius r of the sphere: 


Equation: 
py (1 MO\e (8 =) eee 4) 


= y(-11)? + (-4)? + (-6)? 
= im. 


The standard equation of the sphere is 
Equation: 


Ga) S@=0- ie a=c- = he 


Note: 
Exercise: 


Problem: 


Find the standard equation of the sphere with center (—2, 4, —5) containing point 
(4,4, —1). 


Solution: 
(a + 2)? + (y—4)? + (z+5)? =52 
Hint 


First use the distance formula to find the radius of the sphere. 


Example: 
Exercise: 


Problem: 
Finding the Equation of a Sphere 


Let P = (—5, 2, 3) and Q = (3, 4, —1), and suppose line segment PQ forms the 
diameter of a sphere ((link]). Find the equation of the sphere. 


P = (5, 2, 3) 


Line segment PQ. 


Solution: 


Since PQ is a diameter of the sphere, we know the center of the sphere is the midpoint 


of PQ. Then, 
Equation: 
(eerste!) 
c = (=, 44, 3) 
= (-1,3,1). 


Furthermore, we know the radius of the sphere is half the length of the diameter. This 
gives 
Equation: 
GE Sor a8 ier 
V64+4+ 16 
= Ti. 


a 
2 
i 
2 


Then, the equation of the sphere is (a + De +(y- Ne + (z- iO =o 


Note: 
Exercise: 


Problem: 


Find the equation of the sphere with diameter PQ, where P = (2, —1, —3) and 
Q = (-2,5,—1). 


Solution: 
Gp ao) (oe) el 
Hint 


Find the midpoint of the diameter first. 


Problem: 
Graphing Other Equations in Three Dimensions 


Describe the set of points that satisfies (2 — 4) (z — 2) = 0, and graph the set. 
Solution: 


We must have either z — 4 = 0 or z — 2 = 0, so the set of points forms the two planes 
2 = 4 and z = 2 (link). 


The set of points satisfying (« — 4) (z — 2) = 0 forms the two planes x = 4 
ana 2 — 2, 


ercise: 


Problem: 


Describe the set of points that satisfies (y + 2) (z — 3) = 0, and graph the set. 


Solution: 


The set of points forms the two planes y = —2 and z = 3. 


One of the factors must be zero. 


Problem: 


Graphing Other Equations in Three Dimensions 


Describe the set of points in three-dimensional space that satisfies 
(a — 2)? + (y—1)? = 4, and graph the set. 


Solution: 


The x- and y-coordinates form a circle in the xy-plane of radius 2, centered at (2, 1). 
Since there is no restriction on the z-coordinate, the three-dimensional result is a 
circular cylinder of radius 2 centered on the line with = 2 and y = 1. The cylinder 
extends indefinitely in the z-direction ((link]). 

z 


The set of points satisfying (2 — gee (y— i) an 
This is a cylinder of radius 2 centered on the line with 
2—2andy— i) 


Note: 
Exercise: 


Problem: 


Describe the set of points in three dimensional space that satisfies 2? + (z— aye — 1G; 
and graph the surface. 


Solution: 


A cylinder of radius 4 centered on the line with « = 0 and z = 2. 


Hint 


Think about what happens if you plot this equation in two dimensions in the xz-plane. 


Working with Vectors in R? 


Just like two-dimensional vectors, three-dimensional vectors are quantities with both 
magnitude and direction, and they are represented by directed line segments (arrows). With a 
three-dimensional vector, we use a three-dimensional arrow. 


Three-dimensional vectors can also be represented in component form. The notation 

v = (a, y, Z) is a natural extension of the two-dimensional case, representing a vector with 
the initial point at the origin, (0, 0,0), and terminal point (z, y, z). The zero vector is 

0 = (0,0, 0). So, for example, the three dimensional vector v = (2,4, 1) is represented by a 
directed line segment from point (0, 0,0) to point (2, 4, 1) ([link)). 


Vector v = (2,4, 1) is represented by a 
directed line segment from point (0, 0,0) to 
point (2,4, 1). 


Vector addition and scalar multiplication are defined analogously to the two-dimensional 
case. If v = (#1, yi, 21) and w = (29, yo, 22) are vectors, and k is a scalar, then 
Equation: 


vitw = (414+ 29, y1 + Yo, 21 + Z2) and kv = (kx, ky, kz). 


If k = —1, then kv = (—1)v is written as —v, and vector subtraction is defined by 
v—w=v+(-—w) = v+ (-1)w. 


The standard unit vectors extend easily into three dimensions as well—i = (1,0, 0), 

j = (0,1, 0), and k = (0, 0, 1)—and we use them in the same way we used the standard unit 
vectors in two dimensions. Thus, we can represent a vector in R? in the following ways: 
Equation: 


v = (2,y,2) = vi+ yj + zk. 


Example: 
Exercise: 


Problem: 
Vector Representations 


Let PQ be the vector with initial point P = (3, 12,6) and terminal point 


Q = (—4, —3, 2) as shown in [link]. Express PQ in both component form and using 
standard unit vectors. 


Q = (-4, —3, 2) 


P = (3, 12, 6) 


The vector with initial point P = ( 
terminal point Q = (—4, — 


Co Ww 


Solution: 


In component form, 
Equation: 


PQ = (x2 - 21, y2 —y1, 22 — 21) 
SPF) 210) 9S) Say is, 5. 


In standard unit form, 
Equation: 


PQ = —7i— 15j — 4k. 


Note: 
Exercise: 


Problem: 


Let S = (3,8, 2) and T = (2, —1, 3). Express ST in component form and in standard 
unit form. 


Solution: 


ST = (-1,-9,1) = -i-9j+k 
Hint 


Write ST in component form first. 7’ is the terminal point of ST. 
As described earlier, vectors in three dimensions behave in the same way as vectors in a 


plane. The geometric interpretation of vector addition, for example, is the same in both two- 
and three-dimensional space ({link]). 


—--------- 


¢ 7 = ae 


To add vectors in three 
dimensions, we follow the 
same procedures we 
learned for two 
dimensions. 


We have already seen how some of the algebraic properties of vectors, such as vector 
addition and scalar multiplication, can be extended to three dimensions. Other properties can 
be extended in similar fashion. They are summarized here for our reference. 


Note: 

Rule: Properties of Vectors in Space 

Let v = (21, y1, 21) and w = (9, yo, Z2) be vectors, and let & be a scalar. 

Scalar multiplication: kv = (kx, ky, kz1) 

Vector addition: v + w = (21, yi, 21) + (£2, y2, 22) = (41 + £2, yi + Yo, 21 + 22) 
Vector subtraction: v — w = (21, y1, 21) — (©2, y2, 22) = (@1 — £2, y1 — Y2, 21 — 22) 


Vector magnitude: || v || = \/x712 + y2 + 21? 


° : : ° eel a Sl = v1 Y1 21 E 
Unit vector in the direction of v: —7-v = 777 (#1, 91,21) = (qe Te Iw ), if 
v+40 


We have seen that vector addition in two dimensions satisfies the commutative, associative, 
and additive inverse properties. These properties of vector operations are valid for three- 
dimensional vectors as well. Scalar multiplication of vectors satisfies the distributive 
property, and the zero vector acts as an additive identity. The proofs to verify these properties 
in three dimensions are straightforward extensions of the proofs in two dimensions. 


Example: 
Exercise: 


Problem: 
Vector Operations in Three Dimensions 


Let v = (—2,9,5) and w = (1, —1, 0) ({link]). Find the following. 


a. 3v — 2w 

b. 5 Il will 

c. |[5wll 

d. A unit vector in the direction of v 
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The vectors v = (—2, 9,5) and w = (1, —1, 0). 


Solution: 


a. First, use scalar multiplication of each vector, then subtract: 
Equation: 


(005) = 1140) 
62715) — 2.2.0) 
6907 1 1 = 0) 
—8, 29, 15). 


3v — 2w 


3 
( 
( 
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b. Write the equation for the magnitude of the vector, then use scalar multiplication: 
Equation: 


5 || w|| = 54/12 + (-1)? +02 )? + 02 = 5v2. 
c. First, use scalar multiplication, then find the magnitude of the new vector. Note 


that the result is the same as for part b.: 
Equation: 


Swill = (1 (5,—B,0)l1 = 4/52 + ( —5)? + 02 = V50 = 5V2. 


d. Recall that to find a unit vector in two dimensions, we divide a vector by its 
magnitude. The procedure is the same in three dimensions: 


Equation: 
yO) ty) 
IIv|| IIv|| a 
= ee 2::9)5) 
(—2)?+92+52 
= F295) 
= nan oe =.) 
V110’ V110’ V110 /* 
Note: 
Exercise: 
Problem: 


Let v = (—1, —1,1) and w = (2, 0,1). Find a unit vector in the direction of 
ov + 3w. 


Solution: 
(sheath) 

BWA)” SWAT? SVAN) 
Hint 


Start by writing 5v + 3w in component form. 


Example: 
Exercise: 


Problem: 
Throwing a Forward Pass 


A quarterback is standing on the football field preparing to throw a pass. His receiver is 
standing 20 yd down the field and 15 yd to the quarterback’s left. The quarterback 
throws the ball at a velocity of 60 mph toward the receiver at an upward angle of 30° 
(see the following figure). Write the initial velocity vector of the ball, v, in component 
form. 


Solution: 


The first thing we want to do is find a vector in the same direction as the velocity 
vector of the ball. We then scale the vector appropriately so that it has the right 
magnitude. Consider the vector w extending from the quarterback’s arm to a point 
directly above the receiver’s head at an angle of 30° (see the following figure). This 
vector would have the same direction as v, but it may not have the right magnitude. 


{x 


The receiver is 20 yd down the field and 15 yd to the quarterback’s left. Therefore, the 


straight-line distance from the quarterback to the receiver is 
Equation: 


Dist from QB to receiver = V 15? + 20? = 225 + 400 = 625 = 25 yd. 


We have Te] = cos 30°. Then the magnitude of w is given by 


Equation: 
25 25-2 50 


cos 30° /3 eB” 


and the vertical distance from the receiver to the terminal point of w is 
Equation: 


Vert dist from receiver to terminal point of w = ||w||sin 30° = 


Then w = (20, 15, 2), and has the same direction as v. 


Recall, though, that we calculated the magnitude of w to be ||w|| = 22 


v3’ 
magnitude 60 mph. So, we need to multiply vector w by an appropriate constant, k. 


We want to find a value of k so that ||kw!| = 60 mph. We have 
Equation: 


/3- 


50 
l|kwll = k||w|| = :—— mph, 
V3 


sO We want 
Equation: 
polio ee 
k aot 60 
_ 60V3 
5p 
_ 6Vv3 
k Tes 
Then 
Equation: 


2 3 y = = 
v=kw=k (20, ieee ) DE (20, 15 =) = (24v3, 18V3, 30). 
v3 5 v3 


Let’s double-check that ||v|| = 60. We have 
Equation: 


2 = 4 ieee 
IIvl| = (24v3) + (18v3) + (30)? = V1728 + 972 + 900 = V3600 = 60 mph. 


So, we have found the correct components for v. 


Note: 
Exercise: 


Problem: 

Assume the quarterback and the receiver are in the same place as in the previous 
example. This time, however, the quarterback throws the ball at velocity of 40 mph and 
an angle of 45°. Write the initial velocity vector of the ball, v, in component form. 
Solution: 


v= (162, 122, 20V2) 


Hint 


Follow the process used in the previous example. 


Key Concepts 


e The three-dimensional coordinate system is built around a set of three axes that intersect 
at right angles at a single point, the origin. Ordered triples (, y, z) are used to describe 
the location of a point in space. 

e The distance d between points (x1, y1, 21) and (9, ye, 22) is given by the formula 
Equation: 


d= V (a2 — 21)" + (y2— yi)’ + (22-2). 


e In three dimensions, the equations x = a, y = b, and z = c describe planes that are 
parallel to the coordinate planes. 

e The standard equation of a sphere with center (a, b, c) and radius r is 
Equation: 


(x — a)? + (y—b)? + (z—c)? =r’. 


e In three dimensions, as in two, vectors are commonly expressed in component form, 
v = (2, y, Z), or in terms of the standard unit vectors, zi + yj + zk. 

¢ Properties of vectors in space are a natural extension of the properties for vectors in a 
plane. Let v = (x1, y1, 21) and w = (229, y2, 22) be vectors, and let & be a scalar. 


o Scalar multiplication: kv = (kx 1, ky, kz1) 
o Vector addition: 

v tw = (21,Y1, 21) + (2, yo, 22) = (41 + 22, y1 + Yo, 21 + 22) 
o Vector subtraction: 

VS wi (21, Hi 21) — es a5 20) = C1 = 005 1 = Yon zt — 2) 
o Vector magnitude: ||v|| = \/212 + y12 + 21? 


o Unit vector in the direction of v: ~_ = = (21, Y1,21) = (ar, Yi ar) 


Wi Iv? Iv | 
v#0 


z 


Key Equations 


¢ Distance between two points in space: 


d= v( (to — 21)" + (y2— 1)" + (a2 - 21)" 
e Sphere with center (a, b,c) and radius r: 
(x — a)’ + (y—b)? + (z-0¢)? =?’ 


Exercise: 


Problem: 


Consider a rectangular box with one of the vertices at the origin, as shown in the 
following figure. If point A(2, 3,5) is the opposite vertex to the origin, then find 


a. the coordinates of the other six vertices of the box and 
b. the length of the diagonal of the box determined by the vertices O and A. 


z 
3, 5) 
<a vaue 
x 
Solution: 


a. (2, 0,5), (2, 0, 0), (2, 3,0), (0, 3, 0), (0, 3,5), (0, 0,5); b. 38 


Exercise: 


Problem: Find the coordinates of point P and determine its distance to the origin. 


Zz 


For the following exercises, describe and graph the set of points that satisfies the given 
equation. 
Exercise: 


Problem: (y — 5) (z — 6) = 0 


Solution: 


A union of two planes: y = 5 (a plane parallel to the xz-plane) and z = 6 (a plane 
parallel to the xy-plane) 


Exercise: 


Problem: (z — 2) (z— 5) =0 


Exercise: 
Problem: (y— 1)” + (z—1)? =1 


Solution: 


A cylinder of radius 1 centered on the line y= 1,z = 1 


Exercise: 


Problem: (x — 2)’ + (z—5)? =4 
Exercise: 
Problem: 


Write the equation of the plane passing through point (1, 1, 1) that is parallel to the xy- 
plane. 


Solution: 


ge 1 
Exercise: 
Problem: 
Write the equation of the plane passing through point (1, —3, 2) that is parallel to the 
xz-plane. 
Exercise: 
Problem: 


Find an equation of the plane passing through points (1, —3, —2), (0,3, —2), and 
(1, 0, —2). 


Solution: 


z= -2 


Exercise: 


Problem: 
Find an equation of the plane passing through points (1, 9, 2), (1,3, 6), and (1, —7, 8). 
For the following exercises, find the equation of the sphere in standard form that satisfies the 


given conditions. 
Exercise: 


Problem: Center C' (—1, 7, 4) and radius 4 
Solution: 


(a +1)’ + (y— 7)’ + (z-4)” = 16 


Exercise: 


Problem: Center C' (—4, 7, 2) and radius 6 


Exercise: 
Problem: Diameter PQ, where P (—1, 5, 7) and Q (—5, 2,9) 


Solution: 


(e +3)? + (y—3.5)? + (2-8)? = 2 


Exercise: 
Problem: Diameter PQ, where P (—16, —3, 9) and Q (—2, 3, 5) 


For the following exercises, find the center and radius of the sphere with an equation in 
general form that is given. 
Exercise: 


Problem: P(1,2,3) 27 +y2+ 27 —4z+3=0 
Solution: 


Center C'(0, 0, 2) and radius 1 


Exercise: 


Problem: x? + y? + z” — 6a + 8y — 10z+ 25 =0 


For the following exercises, express vector PQ with the initial point at P and the terminal 
point at Q 


a. in component form and 
b. by using standard unit vectors. 


Exercise: 
Problem: P (3, 0,2) and Q (—1, —1, 4) 
Solution: 


a. PQ = (—4,—1,2);b. PQ = —4i-j + 2k 


Exercise: 


Problem: P (0, 10,5) and Q (1, 1, —3) 
Exercise: 


Problem: 
P(—2,5,—8) and M (1, —7,4), where / is the midpoint of the line segment PQ 
Solution: 


a. PQ = (6, —24, 24); b. PQ = 6i — 24j + 24k 
Exercise: 


Problem: 


Q (0,7, —6) and M (—1, 3,2), where M is the midpoint of the line segment PQ 
Exercise: 
Problem: 


Find terminal point Q of vector PQ = (7, —1, 3) with the initial point at P (—2, 3,5). 


Solution: 


(5, 2, 8) 
Exercise: 


Problem: 


Find initial point P of vector PQ = (—9, 1, 2) with the terminal point at Q (10,0, —1). 


For the following exercises, use the given vectors a and b to find and express the vectors 
a+b, 4a, and —5a + 3b in component form. 
Exercise: 


Problem: a = (—1, —2, 4), b = (—5,6, —7) 


Solution: 


a+b= (—6, 4, —3), 4a = (—4, =8, 16), —Sa + 3b = (=10, 28, —41) 


Exercise: 


Problem: a = (3, —2,4), b = (—5, 6, —9) 


Exercise: 


Problem: a = —k, b = —i 
Solution: 


a+b = (-1,0,—1), 4a = (0,0, —4), -5a + 3b = (—3, 0,5) 


Exercise: 
Problem: a = i+ j+k, b = 2i— 3j + 2k 


For the following exercises, vectors u and v are given. Find the magnitudes of vectors u — v 
and —2u. 
Exercise: 


Problem: u = 2i + 3j + 4k, v = —i+ 5j —k 


Solution: 
lu — v|] = V38, 1—2ull = 2/29 
Exercise: 


Problem: u = i+ j,v=j—k 


Exercise: 


Problem: u = (2 cost, —2 sin t, 3), v = (0,0, 3), where ¢ is a real number. 


Solution: 


lu — v|| = 2, li-2ull = 2/13 


Exercise: 
Problem: u = (0,1, sinht), v = (1,1, 0), where ¢ is a real number. 


For the following exercises, find the unit vector in the direction of the given vector a and 
express it using standard unit vectors. 
Exercise: 


Problem: a = 3i — 4j 
Solution: 


_ 3: 4s 
aS Sa 


Exercise: 
Problem: a = (4, —3, 6) 

Exercise: 
Problem: a = PQ, where P (—2, 3,1) and Q (0, —4, 4) 
Solution: 


(2 Pen 3.) 
Ven’ V2’ Vea 


Exercise: 


Problem: a = OP, where P (—1, —1, 1) 
Exercise: 


Problem: 
a=u-—v-+w, whereu =i—j—k,v = 2i-j+k, andw = —i+j+ 3k 
Solution: 


(-4 1 +) 
V6’ V6’ V6 


Exercise: 


Problem: a = 2u + v — w, where u = i — k, v = 2j, and w = i-j 


Exercise: 


Problem: 


Determine whether AB and PQ are equivalent vectors, where 
A{l,d1),.B (3,353).P (1.4.5); and Q (36,7): 


Solution: 


Equivalent vectors 
Exercise: 


Problem: 


Determine whether the vectors AB and PQ are equivalent, where A (1, 4,1), 
B(-2,2,0), P (2,5, 7), and Q (—3, 2,1). 


For the following exercises, find vector u with a magnitude that is given and satisfies the 
given conditions. 
Exercise: 


Problem: v = (7, —1, 3), ||u|| = 10, u and v have the same direction 


Solution: 


u=(2 10 a0 
v59’ 59-59 


Exercise: 
Problem: v = (2,4, 1), ||u|| = 15, u and v have the same direction 
Exercise: 
Problem: 
v = (2sint,2 cost, 1), ||u|| = 2, u and v have opposite directions for any t, where ¢ 


is a real number 


Solution: 


Exercise: 


Problem: 


v = (3sinh t, 0, 3), ||u|| = 5, u and v have opposite directions for any t, where ¢ is a 
real number 
Exercise: 


Problem: 


Determine a vector of magnitude 5 in the direction of vector AB, where A(2,1,5) and 
B(3, 4, —7). 


Solution: 


( 5 15 —_—60 ) 
V154’? 154’ 154 
Exercise: 


Problem: 


Find a vector of magnitude 2 that points in the opposite direction than vector AB, 
where A(—1,—1,1) and B(0, 1,1). Express the answer in component form. 


Exercise: 


Problem: 


Consider the points A (2,a,0), B(0,1, G), and C'(1,1, G), where a and 6 are negative 
real numbers. Find a and £ such that OA—OB+0OC = OB=4. 


Solution: 


a= —-V7,8=-—-vV15 
Exercise: 


Problem: 


Consider points A (a, 0,0), B (0, 6,0), and C' (a, 8, 8), where a and £ are positive 
real numbers. Find a and @ such thatOA + OB = V2and |IOC|| = V3. 


Exercise: 
Problem: 
Let P(x, y, z) bea point situated at an equal distance from points A (1, —1,0) and 
B(-1, 2,1). Show that point P lies on the plane of equation —2x% + 3y + z = 2. 


Exercise: 


Problem: 


Let P (x, y, z) bea point situated at an equal distance from the origin and point 
A (4, 1,2). Show that the coordinates of point P satisfy the equation 
8x + 2y+ 4z = 21. 


Exercise: 


Problem: 


The points A, B, and C are collinear (in this order) if the relation AB+ BC = ACis 
satisfied. Show that A(5, 3, —1), B(—5, —3, 1), and C(—15, —9, 3) are collinear 
points. 


Exercise: 


Problem: Show that points A(1, 0,1), B(0, 1,1), and C(1, 1, 1) are not collinear. 
Exercise: 


Problem: 


[T] A force F of 50 N acts on a particle in the direction of the vector OP, where 
P(3,A,0). 


a. Express the force as a vector in component form. 
b. Find the angle between force F and the positive direction of the x-axis. Express the 
answer in degrees rounded to the nearest integer. 


Solution: 


a. F = (30, 40, 0); b. 53° 
Exercise: 


Problem: 


[T] A force F of 40 N acts on a box in the direction of the vector OP, where 
PO 0,2); 


a. Express the force as a vector by using standard unit vectors. 
b. Find the angle between force F and the positive direction of the x-axis. 


Exercise: 


Problem: 


If F is a force that moves an object from point P; (x1, y1, 21) to another point 

P» (x2, y2, 22), then the displacement vector is defined as 

D = (x2 — 21)i+ (ye — yi)j + (22 — 21)k. A metal container is lifted 10 m 
vertically by a constant force F. Express the displacement vector D by using standard 
unit vectors. 


Solution: 


D = 10k 

Exercise: 
Problem: 
A box is pulled 4 yd horizontally in the x-direction by a constant force F. Find the 
displacement vector in component form. 

Exercise: 
Problem: 
The sum of the forces acting on an object is called the resultant or net force. An object 
is said to be in static equilibrium if the resultant force of the forces that act on it is zero. 
Let F; = (10, 6,3), F. = (0, 4,9), and F3 = (10, —3, —9) be three forces acting on a 


box. Find the force F'4 acting on the box such that the box is in static equilibrium. 
Express the answer in component form. 


Solution: 


F, = (—20, —7, —3) 
Exercise: 


Problem: 


[T] Let F, = ak k, ke); k = 1,...,n be n forces acting on a particle, withn > 2. 


n 
a. Find the net force F = >; F’,. Express the answer using standard unit vectors. 
k=1 
b. Use a computer algebra system (CAS) to find n such that ||/F'll < 100. 


Exercise: 


Problem: 


The force of gravity F acting on an object is given by F = mg, where m is the mass of 
the object (expressed in kilograms) and g is acceleration resulting from gravity, with 
\|g|| = 9.8 N/kg. A 2-kg disco ball hangs by a chain from the ceiling of a room. 


a. Find the force of gravity F acting on the disco ball and find its magnitude. 
b. Find the force of tension T in the chain and its magnitude. 
Express the answers using standard unit vectors. 


(credit: modification of work by 
Kenneth Lu, Flickr) 


Solution: 


a. F = —19.6k, |IF || = 19.6 N; b. T = 19.6k, |/TIl = 19.6 N 
Exercise: 


Problem: 


A 5-kg pendant chandelier is designed such that the alabaster bow] is held by four 
chains of equal length, as shown in the following figure. 


a. Find the magnitude of the force of gravity acting on the chandelier. 


b. Find the magnitudes of the forces of tension for each of the four chains (assume 
chains are essentially vertical). 


Exercise: 


Problem: 

[T] A 30-kg block of cement is suspended by three cables of equal length that are 
anchored at points P(—2, 0,0), Q (1, V3, 0) ,and R (1, nls. 0) . The load is located 
at $ (0, (oy, 3) , as Shown in the following figure. Let F;, F2, and F3 be the forces 


of tension resulting from the load in cables RS, QS, and PS, respectively. 


a. Find the gravitational force F acting on the block of cement that counterbalances 
the sum F, + F, + Fs3 of the forces of tension in the cables. 
b. Find forces F;, F2, and F3. Express the answer in component form. 


Solution: 


a. F = —294k N: b. F; = (4973 49, -98), F, = (- 293, _49, -98), and 
F3; = (#5, 0, —98 ) (each component is expressed in newtons) 


Exercise: 


Problem: 


Two soccer players are practicing for an upcoming game. One of them runs 10 m from 
point A to point B. She then turns left at 90° and runs 10 m until she reaches point C. 
Then she kicks the ball with a speed of 10 m/sec at an upward angle of 45° to her 
teammate, who is located at point A. Write the velocity of the ball in component form. 


- F Vv ; 
A é 
10m 10m 
B 


Exercise: 


Problem: 


Let r(t) = (x(t), y(t), z(t)) be the position vector of a particle at the time ¢ € [0,T], 
where zx, y, and z are smooth functions on [0, T]. The instantaneous velocity of the 
particle at time t is defined by vector v(t) = (a/(t), y(t), 2#(t)), with components that 
are the derivatives with respect to t, of the functions x, y, and z, respectively. The 
magnitude ||v(t) |! of the instantaneous velocity vector is called the speed of the particle 
at time t. Vector a(t) = (a(t), y(t), z(t)), with components that are the second 
derivatives with respect to t, of the functions x, y, and z, respectively, gives the 
acceleration of the particle at time t. Consider r(t) = (cos ¢, sin t, 2t) the position 
vector of a particle at time ¢ € [0, 30], where the components of r are expressed in 
centimeters and time is expressed in seconds. 


a. Find the instantaneous velocity, speed, and acceleration of the particle after the first 
second. Round your answer to two decimal places. 

b. Use a CAS to visualize the path of the particle—that is, the set of all points of 
coordinates (cos t, sin t, 2t), where t € [0, 30]. 


Solution: 


a. v(1) = (—0.84, 0.54, 2) (each component is expressed in centimeters per second); 
llv(1) || = 2.24 (expressed in centimeters per second); a(1) = (—0.54, —0.84, 0) (each 
component expressed in centimeters per second squared); 


Exercise: 


Problem: 


[T] Let r(t) = (t, eae At” be the position vector of a particle at time t (in seconds), 
where t € [0, 10] (here the components of r are expressed in centimeters). 


a. Find the instantaneous velocity, speed, and acceleration of the particle after the first 
two seconds. Round your answer to two decimal places. 
b. Use a CAS to visualize the path of the particle defined by the points (t, at. At”), 


where t € [0, 60]. 


Glossary 


coordinate plane 
a plane containing two of the three coordinate axes in the three-dimensional coordinate 
system, named by the axes it contains: the xy-plane, xz-plane, or the yz-plane 


right-hand rule 
a common way to define the orientation of the three-dimensional coordinate system; 
when the right hand is curved around the z-axis in such a way that the fingers curl from 
the positive x-axis to the positive y-axis, the thumb points in the direction of the positive 
Z-axis 


octants 
the eight regions of space created by the coordinate planes 


sphere 
the set of all points equidistant from a given point known as the center 


standard equation of a sphere 
(a — a)? + (y—b)? + (z—c)” =r’ describes a sphere with center (a, b,c) and 
radius r 


three-dimensional rectangular coordinate system 
a coordinate system defined by three lines that intersect at right angles; every point in 
space is described by an ordered triple (2, y, z) that plots its location relative to the 
defining axes 


The Dot Product for Doug Baldwin 


e Calculate the dot product of two given vectors. 

e Determine whether two given vectors are perpendicular. 

e Find the direction cosines of a given vector. 

e Explain what is meant by the vector projection of one vector onto another 
vector, and describe how to compute it. 

e Calculate the work done by a given force. 


If we apply a force to an object so that the object moves, we say that work is done 
by the force. In Introduction to Applications of Integration on integration 
applications, we looked at a constant force and we assumed the force was applied 
in the direction of motion of the object. Under those conditions, work can be 
expressed as the product of the force acting on an object and the distance the 
object moves. In this chapter, however, we have seen that both force and the 
motion of an object can be represented by vectors. 


In this section, we develop an operation called the dot product, which allows us to 
calculate work in the case when the force vector and the motion vector have 
different directions. The dot product essentially tells us how much of the force 
vector is applied in the direction of the motion vector. The dot product can also 
help us measure the angle formed by a pair of vectors and the position of a vector 
relative to the coordinate axes. It even provides a simple test to determine whether 
two vectors meet at a right angle. 


The Dot Product and Its Properties 


We have already learned how to add and subtract vectors. In this chapter, we 
investigate two types of vector multiplication. The first type of vector 
multiplication is called the dot product, based on the notation we use for it, and it 
is defined as follows: 


Note: 

Definition 

The dot product of vectors u = (uj, U2, ug) and v = (v4, V2, v3) is given by the 
sum of the products of the components 

Equation: 


U-V= U1 + U2QV2 + UZU3. 


Note that if u and v are two-dimensional vectors, we calculate the dot product in a 
similar fashion. Thus, if u = (wi, ue) and v = (v4, v2), then 
Equation: 


U-V=U1V1 + U2V2. 


When two vectors are combined under addition or subtraction, the result is a 
vector. When two vectors are combined using the dot product, the result is a scalar. 
For this reason, the dot product is often called the scalar product. It may also be 
called the inner product. 


Example: 
Exercise: 


Problem: 
Calculating Dot Products 


a. Find the dot product of u = (3,5, 2) and v = (—1,3,0). 
b. Find the scalar product of p = 10i — 4j + 7k and q = —2i+ j-+ 6k. 


Solution: 


a. Substitute the vector components into the formula for the dot product: 
Equation: 


UV = Uj + UgV2 + U3U3 
(1) Ee See 


b. The calculation is the same if the vectors are written using standard unit 
vectors. We still have three components for each vector to substitute 
into the formula for the dot product: 

Equation: 


U1V1 + UQU2 + UZU3 
10(—2) + (—4)(1) + (7)(6) = —20 — 44 42 = 18. 


p-q 


Note: 
Exercise: 


Problem: Find u - v, where u = (2,9, —1) and v = (—3, 1, —4). 


Solution: 


7 
Hint 


Multiply corresponding components and then add their products. 


Like vector addition and subtraction, the dot product has several algebraic 
properties. We prove three of these properties and leave the rest as exercises. 


Note: 
Properties of the Dot Product 
Let u, v, and w be vectors, and let c be a scalar. 


Equation: 
i. u-v = v-u Commutative property 
ii. u-(v+w) = u-v+u-w Distributive property 
iii. c(u-v) = (cu)-v=u-(cv) Associative property 
iv. vev = Iivil? Property of magnitude 
Proof 


Let u = (uz, U2, U3) and v = (v4, v2, v3). Then 
Equation: 


u:-Vv = (U1, U2, U3) . (v1, V2, V3) 


UjV1 + U2QV2 + UZU3 

= VjUy1 + V{QU2 + V3U3 
(v1, V2, U3) : (ui, U2, U3) 
=v-u. 


The associative property looks like the associative property for real-number 
multiplication, but pay close attention to the difference between scalar and vector 
objects: 

Equation: 


c(u-v) =c(ujzvz + Ugue + U3v3) 

= c(uyv1) + c(ugve) + c(ugvs) 

= (cu;)v1 + (cug)v2 + (cug)v3 

ee * (V1, U2, U3) 

C (Uy, Ug, U3) + (V1, Va, U3) 
= (cu) - v. 

The proof that c(u- v) = u-: (cv) is similar. 
The fourth property shows the relationship between the magnitude of a vector and 
its dot product with itself: 


Equation: 


vV:v = (v1, V2, V3) - (v1, V2, U3) 


= (v1)” + (v2)? + (v3)? 
= (v1)? + (v2) + (oa) 


= |Ilvll?. 


Note that the definition of the dot product yields O - v = 0. By property iv., if 
v-v=0, then v = 0. 


Example: 
Exercise: 


Problem: 
Using Properties of the Dot Product 


Let a = (1,2, —3), b = (0, 2,4), and c = (5, —1, 3). Find each of the 
following products. 


a. (a-b)c 
b. a- (2c) 
c. ||bIIl? 


Solution: 


a. Note that this expression asks for the scalar multiple of c by a - b: 
Equation: 


. (0,2,4)) (5, -1, 3) 
= (1(0) + 2(2) + (3) (4)) (5,13) 


= —8 (5, —1, 3) 
= (—40, 8, —24) 
b. This expression is a dot product of vector a and scalar multiple 2c: 
Equation: 
a-(2c) =2(a-c) 
= CO) e240) = 3) 3) 
= 2(-6) = —-12 
c. Simplifying this expression is a straightforward application of the dot 
product: 
Equation: 


Vell bs bi 0 2A 2A A 416 — 20, 


Note: 
Exercise: 


Problem: 


Find the following products for p = (7,0, 2), q = (—2,2, —2), and 
P= (0,29). 


ate P)a 
b. ||p|| 


Solution: 
a. (r-p)q = (12, —12, 12); b. ||p||? = 53 
Hint 


r-pisa scalar. 


Using the Dot Product to Find the Angle between Two Vectors 


When two nonzero vectors are placed in standard position, whether in two 
dimensions or three dimensions, they form an angle between them ((link]). The dot 
product provides a way to find the measure of this angle. This property is a result 
of the fact that we can express the dot product in terms of the cosine of the angle 
formed by two vectors. 


Let 6 be the angle between 
two nonzero vectors u and v 


such thatO < @0< 7m. 


Note: 

Evaluating a Dot Product 

The dot product of two vectors is the product of the magnitude of each vector and 
the cosine of the angle between them: 

Equation: 


u-v = |u| ||v||cos 0. 


Proof 


Place vectors u and v in standard position and consider the vector v — u ([(link)). 
These three vectors form a triangle with side lengths ||ull, ||v||, and ||v — ull. 


The lengths of the sides of 
the triangle are given by the 
magnitudes of the vectors 
that form the triangle. 


Recall from trigonometry that the law of cosines describes the relationship among 
the side lengths of the triangle and the angle @. Applying the law of cosines here 
gives 


Equation: 


Iv — ull? = |lull* + [Ivll? — 2 [lull [Ivl|cos 8. 


The dot product provides a way to rewrite the left side of this equation: 
Equation: 


=(v—u)-v—(v-—u)-u 


| 


V-v-u:-v-v-u+u-u 


V-v-u-v-u-vitu-u 


= ||v||° — 2u-v + lull’. 


Substituting into the law of cosines yields 


Equation: 
2 2 2 
lv—ull” = lull’ + [lvll° — 2|lul| |Iv||cos 8 
2 2 2 2 
Ivo — 2u-v + ful” = lull’ + [lvll" — 2|/ul] |Iv||cos 4 
—2u-v = —2||ul| ||v||cos 6 
u-v = ||ul| |/v||cos 0. 


We can use this form of the dot product to find the measure of the angle between 
two nonzero vectors. The following equation rearranges [link] to solve for the 
cosine of the angle: 
Equation: 

u-v 


cos) = ——_—_, 
|| a] |v 


Using this equation, we can find the cosine of the angle between two nonzero 
vectors. Since we are considering the smallest angle between the vectors, we 
assume 0° < @ < 180° (or 0 < 6 < wif we are working in radians). The inverse 


cosine is unique over this range, so we are then able to determine the measure of 
the angle @. 


Example: 
Exercise: 


Problem: 
Finding the Angle between Two Vectors 


Find the measure of the angle between each pair of vectors. 


a.i+j+kand 2i—j-—3k 
b. (2, 5, 6) and (—2, —4, 4) 


Solution: 


a. To find the cosine of the angle formed by the two vectors, substitute the 
components of the vectors into [link]: 
Equation: 


(i+j+k)-(2i—j—3k) 
li+j+kll 12i—j—3kll 
= 1(2)+()(-1)+()(-3) 
VP+P+2 eee ene aye 
=2 


—2 
Savi eA 


cos@ = 


Therefore, 9 = arccos —~ rad. 


V42 
b. Start by finding the value of the cosine of the angle between the vectors: 
Equation: 
cos Q = (2,5,6)-(—2,—4,4) 


11(2,5,6) Il 1l(—2,—4,4) I 
2(—2)+(5)(—4)+(6)(4) 
VPLB +E y/(—2)?+(—4)? +4? 


Ses — 
V65 36 


Now, cos @ = 0 and0 <0<7,so0=7/2. 


Note: 
Exercise: 


Problem: 


Find the measure of the angle, in radians, formed by vectors a = (1, 2, 0) 
and b = (2, 4,1). Round to the nearest hundredth. 


Solution: 
0 = 0.22 rad 
Hint 
AES 
Use the equation cos 8 = Tal eT: 


The angle between two vectors can be acute (0 < cos @ < 1), obtuse 

(—1 < cos < 0), or straight (cos 9 = —1). If cos 6 = 1, then both vectors have 
the same direction. If cos 9 = 0, then the vectors, when placed in standard 
position, form a right angle ([link]). We can formalize this result into a theorem 
regarding orthogonal (perpendicular) vectors. 


Vv Vv 
(a) (b) 
0 
u Vv u Vv 
(c) (d) 
u 
0 
v 
(e) 


(a) An acute angle has 0 < cos @ < 1. (b) An obtuse angle has 
—1 < cos@ < 0. (c) A straight line has cos 8 = —1. (d) If the vectors have 
the same direction, cos 9 = 1. (e) If the vectors are orthogonal 
(perpendicular), cos 8 = 0. 


Note: 
Orthogonal Vectors 
The nonzero vectors u and v are orthogonal vectors if and only if u- v = 0. 


Proof 


Let u and v be nonzero vectors, and let 8 denote the angle between them. First, 
assume u- v = 0. Then 
Equation: 


|| a]! || v|]|cos 8 = 0. 
However, ||u|| 4 0 and ||v|| 4 0, so we must have cos 6 = 0. Hence, 8 = 90°, 
and the vectors are orthogonal. 


Now assume u and v are orthogonal. Then 8 = 90° and we have 
Equation: 


u-v = lull ||v||cos @ = [lull ||v||cos 90° = ||ul] ||v|| (0) = 0. 


The terms orthogonal, perpendicular, and normal each indicate that mathematical 
objects are intersecting at right angles. The use of each term is determined mainly 
by its context. We say that vectors are orthogonal and lines are perpendicular. The 
term normal is used most often when measuring the angle made with a plane or 
other surface. 


Example: 
Exercise: 


Problem: 
Identifying Orthogonal Vectors 


Determine whether p = (1,0,5) and q = (10,3, —2) are orthogonal 
vectors. 


Solution: 


Using the definition, we need only check the dot product of the vectors: 
Equation: 


p-q=1(10) + (0)(3) + (5)(—2) = 10+ 0—-10=0. 


Because p - q = 0, the vectors are orthogonal ({link]). 
z 


Vectors p and q form a right angle when their initial 
points are aligned. 


Note: 
Exercise: 


Problem: 
For which value of x is p = (2, 8, —1) orthogonal to q = (x, —1, 2)? 
Solution: 


L—=) 
Hint 


Vectors p and q are orthogonal if and only if pp: q = 0. 


Example: 
Exercise: 


Problem: 
Measuring the Angle Formed by Two Vectors 


Let v = (2,3, 3). Find the measures of the angles formed by the following 
vectors. 


a. v andi 
b. v and j 
c. vandk 


Solution: 


a. Let a be the angle formed by v and i: 


Equation: 
= vei 
Oe acelin 
__ (2,3,3)-(1,0,0) 
J 22432432 J/1 
ea ee 
[DO 
Equation: 
@ = arccos Al etSO tad 


b. Let B represent the angle formed by v and j: 
Equation: 


mes 5 

~ |v] Ugill 
(2,3,3)-(0,1,0) 
J 22432432 J/1 


cos 3 


Se 
i) 


Equation: 


3 
B = arccos ~ 0.877 rad. 
2 


c. Let y represent the angle formed by v and k: 


Equation: 
‘k 
oe a Tey 
— _(2,3,3)-(0,0,1) 
22432432 V/1 
eee 
S22 
Equation: 
“y = arccos = 0.877 rad. 
Note: 
Exercise: 
Problem: 


Let v = (3, —5, 1). Find the measure of the angles formed by each pair of 
vectors. 


a. v andi 
b. v and j 
c. vandk 


Solution: 


a.a 1.04 rad; b. 8 © 2.58 rad; c. y © 1.40 rad 
Hint 


i = (1,0,0),j = (0,1,0), andk = (0,0,1) 


The angle a vector makes with each of the coordinate axes, called a direction 
angle, is very important in practical computations, especially in a field such as 
engineering. For example, in astronautical engineering, the angle at which a rocket 
is launched must be determined very precisely. A very small error in the angle can 
lead to the rocket going hundreds of miles off course. Direction angles are often 
calculated by using the dot product and the cosines of the angles, called the 
direction cosines. Therefore, we define both these angles and their cosines. 


Note: 
Definition 
The angles formed by a nonzero vector and the coordinate axes are called the 


direction angles for the vector ({link]). The cosines for these angles are called the 
direction cosines. 


Angle a is formed by vector v and unit 

vector i. Angle f is formed by vector v 

and unit vector j. Angle y is formed by 
vector v and unit vector k. 


; : : : _ ee an =. 
In [link], the direction cosines of v = (2, 3,3) are cosa = Tay? 608 p= iork 
and cos y = yo The direction angles of v area = 1.130 rad, 6 = 0.877 rad, 


and y = 0.877 rad. 


So far, we have focused mainly on vectors related to force, movement, and 
position in three-dimensional physical space. However, vectors are often used in 
more abstract ways. For example, suppose a fruit vendor sells apples, bananas, and 
oranges. On a given day, he sells 30 apples, 12 bananas, and 18 oranges. He might 
use a quantity vector, q = (30, 12, 18), to represent the quantity of fruit he sold 
that day. Similarly, he might want to use a price vector, p = (0.50, 0.25, 1), to 
indicate that he sells his apples for 50¢ each, bananas for 25¢ each, and oranges for 
$1 apiece. In this example, although we could still graph these vectors, we do not 
interpret them as literal representations of position in the physical world. We are 
simply using vectors to keep track of particular pieces of information about apples, 
bananas, and oranges. 


This idea might seem a little strange, but if we simply regard vectors as a way to 
order and store data, we find they can be quite a powerful tool. Going back to the 
fruit vendor, let’s think about the dot product, q - p. We compute it by multiplying 
the number of apples sold (30) by the price per apple (50¢), the number of bananas 
sold by the price per banana, and the number of oranges sold by the price per 
orange. We then add all these values together. So, in this example, the dot product 
tells us how much money the fruit vendor had in sales on that particular day. 


When we use vectors in this more general way, there is no reason to limit the 
number of components to three. What if the fruit vendor decides to start selling 
grapefruit? In that case, he would want to use four-dimensional quantity and price 
vectors to represent the number of apples, bananas, oranges, and grapefruit sold, 
and their unit prices. As you might expect, to calculate the dot product of four- 
dimensional vectors, we simply add the products of the components as before, but 
the sum has four terms instead of three. 


Example: 
Exercise: 


Problem: 
Using Vectors in an Economic Context 


AAA Party Supply Store sells invitations, party favors, decorations, and food 
service items such as paper plates and napkins. When AAA buys its 
inventory, it pays 25¢ per package for invitations and party favors. 
Decorations cost AAA 50¢ each, and food service items cost 20¢ per 
package. AAA sells invitations for $2.50 per package and party favors for 
$1.50 per package. Decorations sell for $4.50 each and food service items for 
$1.25 per package. 


During the month of May, AAA Party Supply Store sells 1258 invitations, 
342 party favors, 2426 decorations, and 1354 food service items. Use vectors 
and dot products to calculate how much money AAA made in sales during 
the month of May. How much did the store make in profit? 


Solution: 


The cost, price, and quantity vectors are 
Equation: 


c = (0.25, 0.25, 0.50, 0.20) 
p = (2.50, 1.50, 4.50, 1.25) 
q = (1258, 342, 2426, 1354). 


AAA sales for the month of May can be calculated using the dot product 
p-q. We have 
Equation: 


p-q = (2.50, 1.50, 4.50, 1.25) - (1258, 342, 2426, 1354) 


= 3145 + 513 + 10917 + 1692.5 
= 16267.5. 


So, AAA took in $16,267.50 during the month of May. 


To calculate the profit, we must first calculate how much AAA paid for the 
items sold. We use the dot product c - q to get 
Equation: 
c-q = (0.25, 0.25, 0.50, 0.20) - (1258, 342, 2426, 1354) 
= 314.5 + 85.5 + 1213 + 270.8 
= 1883.8. 


So, AAA paid $1,883.80 for the items they sold. Their profit, then, is given 
by 
Equation: 
P-q-—c:q =16267.5 — 1883.8 
= 14383.7. 


Therefore, AAA Party Supply Store made $14,383.70 in May. 


Note: 
Exercise: 


Problem: 


On June 1, AAA Party Supply Store decided to increase the price they charge 
for party favors to $2 per package. They also changed suppliers for their 
invitations, and are now able to purchase invitations for only 10¢ per 
package. All their other costs and prices remain the same. If AAA sells 1408 
invitations, 147 party favors, 2112 decorations, and 1894 food service items 
in the month of June, use vectors and dot products to calculate their total 
sales and profit for June. 


Solution: 


Sales = $15,685.50; profit = $14,073.15 
Hint 


Use four-dimensional vectors for cost, price, and quantity sold. 


Projections 


As we have seen, addition combines two vectors to create a resultant vector. But 
what if we are given a vector and we need to find its component parts? We use 
vector projections to perform the opposite process; they can break down a vector 
into its components. The magnitude of a vector projection is a scalar projection. 
For example, if a child is pulling the handle of a wagon at a 55° angle, we can use 
projections to determine how much of the force on the handle is actually moving 
the wagon forward ([link]). We return to this example and learn how to solve it 
after we see how to calculate projections. 


Force in the 
direction of 
motion 


When a child pulls a wagon, 
only the horizontal component 
of the force propels the wagon 

forward. 


Note: 

Definition 

The vector projection of v onto u is the vector labeled proj,v in [link]. It has the 
same initial point as u and v and the same direction as u, and represents the 
component of v that acts in the direction of u. If 9 represents the angle between u 
and v, then, by properties of triangles, we know the length of proj,,v is 


l|proj,,v!l = ||v||cos 6. When expressing cos 6 in terms of the dot product, this 
becomes 
Equation: 
Ilproj, vl! = ||v||cos 6 
= uv 
= Il (qatar) 
uv 


jul| ° 


We now multiply by a unit vector in the direction of u to get proj,,v: 


Equation: 
u-v ( 1 ) u:v 
proj, Vv = u) = —~u 
i ul) \ ull ju? 


The length of this vector is also known as the scalar projection of v onto u and is 
denoted by 
Equation: 


: u-v 
comp,,V = ||proj,,v!| = ——— 


ui 


The projection of v onto u 
shows the component of 
vector v in the direction of 


u. 


Example: 
Exercise: 


Problem: 
Finding Projections 


Find the projection of v onto u. 


a. v = (3,5, 1) and u = (—1, 4,3) 
b. v = 31 — 2j andu =1+ 6j 


Solution: 
a. Substitute the components of v and u into the formula for the 


projection: 
Equation: 


proj uv =—777U 


= (-1,4,3)-(3,5,1) i < 
> “Wer aa (1, 4,3) 


_— _=3+20+3 
7 Gye ee) 


= #9 (-1, 4,3) 
Sa es 
Tyg}? Tes} Abs) 


b. To find the two-dimensional projection, simply adapt the formula to the 
two-dimensional case: 
Equation: 


u:vV 


PIO} = 7a 
: /ul| 


= Sea +6) 
= ie) 
= — (i+ 6j) 
—3ri— ard. 


Sometimes it is useful to decompose vectors—that is, to break a vector apart into a 
sum. This process is called the resolution of a vector into components. Projections 
allow us to identify two orthogonal vectors having a desired sum. For example, let 
v = (6, —4) and let u = (3, 1). We want to decompose the vector v into 
orthogonal components such that one of the component vectors has the same 
direction as u. 


We first find the component that has the same direction as u by projecting v onto 
u. Let p = proj,,v. Then, we have 
Equation: 


Now consider the vector q = v — p. We have 
Equation: 


Clearly, by the way we defined q, we have v = q + p, and 
Equation: 


— 921), =27(7) 


25 25 
_ 189 189 _ 
= "95 35 — O. 


Therefore, q and p are orthogonal. 


Example: 
Exercise: 


Problem: 
Resolving Vectors into Components 


Express v = (8, —3, —3) as a sum of orthogonal vectors such that one of the 
vectors has the same direction as u = (2, 3, 2). 


Solution: 


Let p represent the projection of v onto u: 
Equation: 


Pp =Pprojyv 
tvs 

fall? 

(230) 83s) 
11(2,3,2) 11? 


= gergeqar (2, 3, 2) 


= +, (2, 3, 2) 


= (G7 in a7): 


(2,352) 


Then, 
Equation: 


ee pen ae 


Se ae ae ip be 
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To check our work, we can use the dot product to verify that p and q are 


orthogonal vectors: 
Equation: 


DAS SSS) oy 134 54 53 268 162 


ee ey ieete eis ie «aly 
Then, 
Equation: 
: 2 3 2 ke 134 54 53 
Vi = —. —— ;, ——— 2 
eS pe ne ie We? i 
Note: 


Exercise: 


Problem: 


Express v = 5i — j as asum of orthogonal vectors such that one of the 
vectors has the same direction as u = 41 + 2j. 


Solution: 


v=p+q, where p= Si+ 2jandq= fi- Fj 
Hint 


Start by finding the projection of v onto u. 


Example: 
Exercise: 


Problem: 
Scalar Projection of Velocity 


A container ship leaves port traveling 15° north of east. Its engine generates 
a speed of 20 knots along that path (see the following figure). In addition, the 
ocean current moves the ship northeast at a speed of 2 knots. Considering 
both the engine and the current, how fast is the ship moving in the direction 
15° north of east? Round the answer to two decimal places. 


Solution: 


Let v be the velocity vector generated by the engine, and let w be the 
velocity vector of the current. We already know ||v|| = 20 along the desired 
route. We just need to add in the scalar projection of w onto v. We get 
Equation: 

Vw 


comp,yw = Wh 


—_||v |||] w/|cos(30") 
IIv|| 


|| w||cos (30°) 
= pee — /3 = 1.73 knots. 


The ship is moving at 21.73 knots in the direction 15° north of east. 


Note: 
Exercise: 


Problem: 


Repeat the previous example, but assume the ocean current is moving 
southeast instead of northeast, as shown in the following figure. 


North 


Solution: 


21 knots 
Hint 


Compute the scalar projection of w onto v. 


Work 


Now that we understand dot products, we can see how to apply them to real-life 
situations. The most common application of the dot product of two vectors is in the 
calculation of work. 


From physics, we know that work is done when an object is moved by a force. 
When the force is constant and applied in the same direction the object moves, 
then we define the work done as the product of the force and the distance the 
object travels: W = Fd. We saw several examples of this type in earlier chapters. 
Now imagine the direction of the force is different from the direction of motion, as 
with the example of a child pulling a wagon. To find the work done, we need to 
multiply the component of the force that acts in the direction of the motion by the 
magnitude of the displacement. The dot product allows us to do just that. If we 
represent an applied force by a vector F and the displacement of an object by a 
vector s, then the work done by the force is the dot product of F and s. 


Note: 

Definition 

When a constant force is applied to an object so the object moves in a straight line 
from point P to point Q, the work W done by the force F, acting at an angle 0 
from the line of motion, is given by 

Equation: 


W =F- PQ = IF Il PQcos8. 


Let’s revisit the problem of the child’s wagon introduced earlier. Suppose a child is 
pulling a wagon with a force having a magnitude of 8 lb on the handle at an angle 
of 55°. If the child pulls the wagon 50 ft, find the work done by the force ((Link]). 


8 Ib 


55° 


50 ft 


The horizontal component of 
the force is the projection of F 
onto the positive x-axis. 


We have 
Equation: 


W = \IFli PQcos 6 = 8 (50) (cos (55°)) + 229 ft - Ib. 


In U.S. standard units, we measure the magnitude of force || F'|l in pounds. The 


magnitude of the displacement vector PQ tells us how far the object moved, and it 
is measured in feet. The customary unit of measure for work, then, is the foot- 
pound. One foot-pound is the amount of work required to move an object weighing 
1 lb a distance of 1 ft straight up. In the metric system, the unit of measure for 
force is the newton (N), and the unit of measure of magnitude for work is a 
newton-meter (N-m), or a joule (J). 


Example: 
Exercise: 


Problem: 
Calculating Work 


A conveyor belt generates a force F = 5i — 3j + k that moves a suitcase 
from point (1, 1, 1) to point (9, 4, 7) along a straight line. Find the work 
done by the conveyor belt. The distance is measured in meters and the force 
is measured in newtons. 


Solution: 


The displacement vector PQ has initial point (1, 1,1) and terminal point 
(9, 4, 7): 
Equation: 


PQ = (9—1,4—1,7—1) = (8,3,6) = 81+ 3j + 6k. 


Work is the dot product of force and displacement: 


Equation: 
W =F-PQ 
= (5i — 3j +k) - (81+ 3j + 6k) 
= 5(8) + (—3)(3) + 1(6) 
= 37N-m 
i Ge 
Note: 
Exercise: 
Problem: 


A constant force of 30 Ib is applied at an angle of 60° to pull a handcart 10 ft 
across the ground ({link]). What is the work done by this force? 


Solution: 


150 ft-lb 
Hint 


Use the definition of work as the dot product of force and distance. 


Key Concepts 


e The dot product, or scalar product, of two vectors u = (u1, U2, U3) and 
V = (v1, U2, U3) iS Us V = UV] + UgUe + U303. 
¢ The dot product satisfies the following properties: 


cou:-v=v-u 
cou-(v+w)=u-v+u-w 
c(u-v) = (cu)-v=u- (cv) 


ie) 


2 
v= |/¥ | 


e The dot product of two vectors can be expressed, alternatively, as 
u-v = ||ul| ||v||cos 0. This form of the dot product is useful for finding the 
measure of the angle formed by two vectors. 

e Vectors u and v are orthogonal if u- v = 0. 

e The angles formed by a nonzero vector and the coordinate axes are called the 
direction angles for the vector. The cosines of these angles are known as the 
direction cosines. 


e The vector projection of v onto u is the vector proj,,v = ial? u. The 
u 


magnitude of this vector is known as the scalar projection of v onto u, given 


ey SEV 
by comp,,v = Tall” 


e Work is done when a force is applied to an object, causing displacement. 
When the force is represented by the vector F and the displacement is 
represented by the vector s, then the work done W is given by the formula 
W =F .-s = |IF || ||s||cos 0. 


Key Equations 


¢ Dot product of u and v 
UV = UV, + UgQU2 + UZU3 
= ||ul] || v||cos 8 
¢ Cosine of the angle formed by u and v 


cos 6 = —B¥_ 
lulliivl 


e Vector projection of v onto u 


proj, Vv = jel? u 
u 


¢ Scalar projection of v onto u 
comp,,Vv = Tul 

¢ Work done by a force F to move an object through displacement vector 
PQ 
W =F. PQ = \IFIl PQcos 0 


For the following exercises, the vectors u and v are given. Calculate the dot 


product u- v. 
Exercise: 


Problem: u = (3,0), v = (2, 2) 


Solution: 


6 


Exercise: 


Problem: u = (3, —4), v = (4, 3) 
Exercise: 
Problem: u = (2,2,—1), v = (—1, 2, 2) 
Solution: 
0 
Exercise: 


Problem: u = (4,5, —6), v = (0, —2, —3) 


For the following exercises, the vectors a, b, and c are given. Determine the 
vectors (a- b)c and (a- c)b. Express the vectors in component form. 
Exercise: 


Problem: a = (2,0, —3), b = (—4, —7,1), e = (1,1, —-1) 


Solution: 


(a- b)c = (—11, —11, 11); (a- c)b = (—20, —35, 5) 


Exercise: 


Problem: a = (0,1,2), b = (—1,0,1), ¢ = (1,0, —1) 
Exercise: 

Problem: a = i+ j, b=i—k,c =i-— 2k 

Solution: 


(a- b)c = (1,0, —2); (a- c)b = (1,0, —1) 


Exercise: 


Problem: a = i—j+k,b=j+3k,c = —i-+ 2j — 4k 


For the following exercises, the two-dimensional vectors a and b are given. 
a. Find the measure of the angle 0 between a and b. Express the answer in 
radians rounded to two decimal places, if it is not possible to express it 
exactly. 
b. Is 8 an acute angle? 


Exercise: 
Problem: [T] a = (3, —1), b = (—4,0) 
Solution: 


a. 8 = 2.82 rad; b. 8 is not acute. 


Exercise: 


Problem: [T] a = (2,1), b = (—1, 3) 
Exercise: 
Problem: u = 3i, v = 4i + 4j 
Solution: 
a. = 7 rad; b. 0 is acute. 
Exercise: 


Problem: u = 5i, v = —6i + 6j 


For the following exercises, find the measure of the angle between the three- 
dimensional vectors a and b. Express the answer in radians rounded to two 
decimal places, if it is not possible to express it exactly. 

Exercise: 


Problem: a = (3, —1, 2), b = (1, —1, —2) 


Solution: 


g=2 


Exercise: 

Problem: a = (0, —1, —3), b = (2,3, —1) 
Exercise: 

Problem: a=i+j,b=j—k 

Solution: 

g=t 


3 


Exercise: 


Problem: a = i— 2}+-k,b=i+j-— 2k 
Exercise: 


Problem: 


[T] a = 3i —j — 2k, b = v+ w, where v = —2i — 3j + 2k and 
w=i+ 2k 


Solution: 


6 = 2rad 
Exercise: 


Problem: 


[T] a = 3i—j+ 2k, b = v — w, where v = 21+ j + 4k and 
w = 6i+j+ 2k 


For the following exercises determine whether the given vectors are orthogonal. 
Exercise: 


Problem: a = (x, y), b = (—y, 2), where x and y are nonzero real numbers 


Solution: 


Orthogonal 


Exercise: 


Problem: a = (z, x), b = (—y, y), where x and y are nonzero real numbers 


Exercise: 


Problem: a = 3i — j — 2k, b = —2i-— 3j +k 
Solution: 


Not orthogonal 


Exercise: 


Problem: a = i— j, b = 7i+ 2j —k 
Exercise: 
Problem: 
Find all two-dimensional vectors a orthogonal to vector b = (3, 4). Express 
the answer in component form. 
Solution: 


a= (—2,a), where @ ¥ 0 is a real number 


Exercise: 
Problem: 
Find all two-dimensional vectors a orthogonal to vector b = (5, —6). 
Express the answer by using standard unit vectors. 
Exercise: 
Problem: 


Determine all three-dimensional vectors u orthogonal to vector v = (1, 1,0). 
Express the answer by using standard unit vectors. 


Solution: 
u = —ai+ aj + (k, where a and £ are real numbers such that 
a’ + 6240 
Exercise: 
Problem: 
Determine all three-dimensional vectors u orthogonal to vector 
v =1i-—j-—k. Express the answer in component form. 
Exercise: 
Problem: 


Determine the real number a such that vectors a = 2i + 3j and b = 91+ aj 
are orthogonal. 


Solution: 


a=-—6 
Exercise: 
Problem: 
Determine the real number a such that vectors a = —3i + 2j and 
b = 21+ aj are orthogonal. 


Exercise: 
Problem: [T] Consider the points P(4, 5) and Q(5, —7). 


a. Determine vectors OP and OQ. Express the answer by using standard 
unit vectors. 

b. Determine the measure of angle O in triangle OPQ. Express the answer 
in degrees rounded to two decimal places. 


Solution: 


a. OP = 4i + 5j, OQ = 5i — 7j; b. 105.8° 


Exercise: 
Problem: [T] Consider points A(1, 1), B(2, —7), and C(6, 3). 


a. Determine vectors BA and BC’. Express the answer in component form. 
b. Determine the measure of angle B in triangle ABC. Express the answer 
in degrees rounded to two decimal places. 


Exercise: 


Problem: 


Determine the measure of angle A in triangle ABC, where A(1, 1,8), 
B(4, —3, —4), and C(—3, 1, 5). Express your answer in degrees rounded to 
two decimal places. 


Solution: 


68.33° 
Exercise: 


Problem: 


Consider points P(3, 7, —2) and Q(1, 1, —3). Determine the angle between 


vectors OP and OQ. Express the answer in degrees rounded to two decimal 
places. 


For the following exercises, determine which (if any) pairs of the following 
vectors are orthogonal. 
Exercise: 


Problem: u = (3,7, —2), v = (5, —3, —3), w = (0,1, —1) 
Solution: 


u and v are orthogonal; v and w are orthogonal. 


Exercise: 


Problem: u = i — k, v = 5j — 5k, w = 10j 


Exercise: 

Problem: 

Use vectors to show that a parallelogram with equal diagonals is a square. 
Exercise: 


Problem: 


Use vectors to show that the diagonals of a rhombus are perpendicular. 
Exercise: 


Problem: 


Show that u- (v + w) = u-v+u- wis true for any vectors u, v, and w. 
Exercise: 


Problem: 


Verify the identity u- (v + w) = u-v-+u-w for vectors u = (1,0, 4), 
v = (—2,3,5), and w = (4, —2,6). 


For the following problems, the vector u is given. 
a. Find the direction cosines for the vector u. 
b. Find the direction angles for the vector u expressed in degrees. (Round the 
answer to the nearest integer.) 


Exercise: 
Problem: u = (2, 2, 1) 
Solution: 


a. COS @ = 2 ,cos B = =, and cosy = =; b.a = 48°, 6 = 48°, and 
ra tl 


Exercise: 


Problem: u = i — 2j + 2k 


Exercise: 


Problem: u = (—1, 5, 2) 


Solution: 
a == = 2 P —_ ° = ° 
a. COSQ = Te os 6 = mand cosy = ag b= 101 A 5 
and y = 69° 
Exercise: 


Problem: u = (2, 3, 4) 
Exercise: 
Problem: 
Consider u = (a, b,c) a nonzero three-dimensional vector. Let cos a, cos (, 


and cos ¥y be the directions of the cosines of u. Show that 
cos?a + cos? + cos?y = 1. 


Exercise: 


Problem: 


Determine the direction cosines of vector u = i+ 2j + 2k and show they 
satisfy cos*a + cos*8 + cos?y = 1. 


For the following exercises, the vectors u and v are given. 


a. Find the vector projection w = proj,,v of vector v onto vector u. Express 
your answer in component form. 
b. Find the scalar projection comp,,v of vector v onto vector u. 


Exercise: 


Problem: u = 5i + 2j, v = 21+ 3j 


Solution: 


80 32 
29» 29 


16 


aw = (a aH 


) b. comp,,v = 


Exercise: 


Problem: u = (—4, 7), v = (3,5) 


Exercise: 


Problem: u = 3i-+ 2k, v = 2j + 4k 


Solution: 
24 16 \. _ 8 
a. W = (=, 0, =) b. comp,V = VB 
Exercise: 


Problem: u = (4, 4,0), v = (0, 4, 1) 


Exercise: 


Problem: Consider the vectors u = 4i — 3j and v = 31+ 2j. 


a. Find the component form of vector w = proj,,v that represents the 
projection of v onto u. 

b. Write the decomposition v = w + q of vector v into the orthogonal 
components w and q, where w is the projection of v onto u and q is a 
vector orthogonal to the direction of u. 


Solution: 


Exercise: 


Problem: Consider vectors u = 21 + 4j and v = 4j + 2k. 


a. Find the component form of vector w = proj,,v that represents the 
projection of v onto u. 

b. Write the decomposition v = w + q of vector v into the orthogonal 
components w and q, where w is the projection of v onto u and q is a 
vector orthogonal to the direction of u. 


Exercise: 


Problem: 


A methane molecule has a carbon atom situated at the origin and four 
hydrogen atoms located at points 
P(1,1,-1),Q (1, -1,1), R(—1,1,1), and S (—1, —1, —1) (see figure). 


a. Find the distance between the hydrogen atoms located at P and R. 


b. Find the angle between vectors OS and OR that connect the carbon 
atom with the hydrogen atoms located at S and R, which is also called 
the bond angle. Express the answer in degrees rounded to two decimal 
places. 


Oe =a) 


P(1, 1, -1) 
S(1,.-1,-0 


Solution: 


a. 2\/2: b. 109.47° 
Exercise: 
Problem: 
[T] Find the vectors that join the center of a clock to the hours 1:00, 2:00, and 
3:00. Assume the clock is circular with a radius of 1 unit. 


Exercise: 


Problem: 


Find the work done by force F = (5,6, —2) (measured in Newtons) that 
moves a particle from point P (3, —1,0) to point Q (2, 3, 1) along a straight 
line (the distance is measured in meters). 


Solution: 


17N-m 
Exercise: 
Problem: 
[T] A sled is pulled by exerting a force of 100 N on a rope that makes an 


angle of 25° with the horizontal. Find the work done in pulling the sled 40 m. 
(Round the answer to one decimal place.) 


Exercise: 


Problem: 


[T] A father is pulling his son on a sled at an angle of 20° with the horizontal 
with a force of 25 lb (see the following image). He pulls the sled in a straight 
path of 50 ft. How much work was done by the man pulling the sled? (Round 
the answer to the nearest integer.) 


Solution: 


1175 ft=lb 


Exercise: 


Problem: 


[T] A car is towed using a force of 1600 N. The rope used to pull the car 
makes an angle of 25° with the horizontal. Find the work done in towing the 
car 2 km. Express the answer in joules (1J = 1N - m) rounded to the nearest 
integer. 


Exercise: 
Problem: 
[T] A boat sails north aided by a wind blowing in a direction of N30°E with 


a magnitude of 500 lb. How much work is performed by the wind as the boat 
moves 100 ft? (Round the answer to two decimal places.) 


Solution: 


4330.13 ft-lb 
Exercise: 


Problem: 


Vector p = (150, 225, 375) represents the price of certain models of bicycles 
sold by a bicycle shop. Vector n = (10, 7, 9) represents the number of 
bicycles sold of each model, respectively. Compute the dot product p - n and 
state its meaning. 


Exercise: 


Problem: 


[T] Two forces F, and F2 are represented by vectors with initial points that 
are at the origin. The first force has a magnitude of 20 lb and the terminal 
point of the vector is point P(1, 1,0). The second force has a magnitude of 
40 lb and the terminal point of its vector is point Q(0, 1, 1). Let F be the 
resultant force of forces F; and Fo. 


a. Find the magnitude of F. (Round the answer to one decimal place.) 


b. Find the direction angles of F. (Express the answer in degrees rounded to 
one decimal place.) 


Solution: 


a. |IFy + F2I| = 52.9 lb; b. The direction angles are a = 74.5°, B = 36.7", 
and y = 57.7. 
Exercise: 


Problem: 


[T] Consider r(t) = (cos t, sin t, 2¢) the position vector of a particle at time 
t € |0, 30], where the components of r are expressed in centimeters and time 


in seconds. Let OP be the position vector of the particle after 1 sec. 


a. Show that all vectors PQ, where Q(z, y, z) is an arbitrary point, 
orthogonal to the instantaneous velocity vector v(1) of the particle after 


1 sec, can be expressed as PQ = (x — cos 1, y — sin 1, z — 2), where 
x sin 1 — ycos1—2z-+ 4 =0. The set of point Q describes a plane 
called the normal plane to the path of the particle at point P. 

b. Use a CAS to visualize the instantaneous velocity vector and the normal 
plane at point P along with the path of the particle. 


Glossary 


direction angles 
the angles formed by a nonzero vector and the coordinate axes 


direction cosines 
the cosines of the angles formed by a nonzero vector and the coordinate axes 


dot product or scalar product 
U-V = UyzV1 + UgUe + UZU3 Where U = (Uy, Ug, U3) and V = (Vj, U2, 3) 


scalar projection 
the magnitude of the vector projection of a vector 


orthogonal vectors 
vectors that form a right angle when placed in standard position 


vector projection 
the component of a vector that follows a given direction 


work done by a force 


work is generally thought of as the amount of energy it takes to move an 
object; if we represent an applied force by a vector F and the displacement of 


an object by a vector s, then the work done by the force is the dot product of 
F ands. 


The Cross Product 


Calculate the cross product of two given vectors. 

e Use determinants to calculate a cross product. 

e Find a vector orthogonal to two given vectors. 

e Determine areas and volumes by using the cross product. 
e Calculate the torque of a given force and position vector. 


Imagine a mechanic turning a wrench to tighten a bolt. The mechanic applies a force at the end of the 
wrench. This creates rotation, or torque, which tightens the bolt. We can use vectors to represent the force 
applied by the mechanic, and the distance (radius) from the bolt to the end of the wrench. Then, we can 
represent torque by a vector oriented along the axis of rotation. Note that the torque vector is orthogonal 
to both the force vector and the radius vector. 


In this section, we develop an operation called the cross product, which allows us to find a vector 
orthogonal to two given vectors. Calculating torque is an important application of cross products, and we 
examine torque in more detail later in the section. 


The Cross Product and Its Properties 


The dot product is a multiplication of two vectors that results in a scalar. In this section, we introduce a 
product of two vectors that generates a third vector orthogonal to the first two. Consider how we might 
find such a vector. Let u = (ui, U2, ug) and v = (v1, V2, v3) be nonzero vectors. We want to find a 
vector Ww = (Wj, W2, w3) orthogonal to both u and v—that is, we want to find w such that u- w = 0 
and v - w = 0. Therefore, wi, we, and w3 must satisfy 

Equation: 


uw + uzw2+u3w3 = 0 
VpW, + VgWo +v3w3 = 0. 


If we multiply the top equation by v3 and the bottom equation by w3 and subtract, we can eliminate the 
variable w3, which gives 
Equation: 


(u1v3 = V1U3)W1 + (u2v3 = uguU3) We = 0. 
If we select 
Equation: 


Wy, = U2U3 — U3U2 
W2 = — (uiv3 = U3v1), 


we get a possible solution vector. Substituting these values back into the original equations gives 
Equation: 


W3 = UjV2 — UU. 


That is, vector 
Equation: 


W = (U2U3 — U3V2, — (Uiv3 — U3v1), W1V2 — U2V1) 


is orthogonal to both u and v, which leads us to define the following operation, called the cross product. 


Note: 

Definition 

Let u = (uj, U2, U3) and v = (v1, V2, v3). Then, the cross product u x v is vector 
Equation: 


u X Vv = (ugv3 — u3zv2)i — (u1v3 — u3v1)j + (uiv2 — u2v1)k 
= (u2v3 U3V2, (uiv3 U3U1), U1V2 = U2U1). 


From the way we have developed u x v, it should be clear that the cross product is orthogonal to both u 
and v. However, it never hurts to check. To show that u x _ v is orthogonal to u, we calculate the dot 
product of uandu x v. 

Equation: 


u: (u x v) = (u1, U2, U3) : (u2v3 U3U2, —U1V3 t U3U1, U{V2 — u2U1) 
= uy (U2v3 — UgU2) + U2 (—U1U3 + U3U1) + Us (U1v2 — U2U1) 
= U1U2V3 — U1U3V2 — U1 U2QU3 + U2QU3ZV1 + U1U3ZV2 — U2U3U1 
= (u1U2v3 — UU2v3) + (—U1U3v2 + U1U3V2) + (UgU3U1 — U2QU301) 
=0 


In a similar manner, we can show that the cross product is also orthogonal to v. 


Example: 
Exercise: 


Problem: 
Finding a Cross Product 


Let p = (—1, 2,5) and q = (4,0, —3) ([link]). Find p x q. 


Finding a cross product to two given vectors. 


Solution: 


Substitute the components of the vectors into [link]: 


Equation: 
p xq = (-1,2,5) x (4,0, —3) 
= (p2q3 — P3942, P193 — P3491, P192 — p2q1) 
= (2(—3) — 5 (0), — (—1) (-8) + 5 (4), (-1) (0) — 2(4)) 
= (—6,17, —8). 
Note: 
Exercise: 
Problem: 


Find p x q for p = (5,1, 2) and q = (—2, 0,1). Express the answer using standard unit vectors. 


Solution: 


i— 9j + 2k 
Hint 


Use the formula u x v = (ugv3 — u3v2)i — (uiv3 — u3v1)j + (Uiv2 — U2v1)k. 


Although it may not be obvious from [link], the direction of u x v is given by the right-hand rule. If we 
hold the right hand out with the fingers pointing in the direction of u, then curl the fingers toward vector 
v, the thumb points in the direction of the cross product, as shown. 


uxv 


uxv 


The direction of u x v is determined by the right-hand rule. 


Notice what this means for the direction of v x u. If we apply the right-hand rule to v x u, we start 
with our fingers pointed in the direction of v, then curl our fingers toward the vector u. In this case, the 
thumb points in the opposite direction of u x v. (Try it!) 


Example: 
Exercise: 


Problem: 
Anticommutativity of the Cross Product 


Let u = (0, 2,1) and v = (3, —1,0). Calculate u x vandv x uand graph them. 


, u = (0, 2, 1) 


Are the cross products u x vandv x uinthesame 


direction? 
Solution: 
We have 
Equation: 
uxv = ((0+1),—(0—3),(0—-6)) = (1,3 a. 
v xu = ((-1—0),—(3—0), (6 —0)) = (-1, 3,6). 
We see that, in this case, u X v = —(v x w) ([link]). We prove this in general later in this 


section. 


u X v = (1, 3, —6) 


The cross products u x vandv x ware both 
orthogonal to u and v, but in opposite directions. 


Note: 
Exercise: 


Problem: 
Suppose vectors u and v lie in the xy-plane (the z-component of each vector is zero). Now suppose 
the x- and y-components of u and the y-component of v are all positive, whereas the x-component 


of v is negative. Assuming the coordinate axes are oriented in the usual positions, in which 
direction does u x v point? 


Solution: 


Up (the positive z-direction) 
Hint 


Remember the right-hand rule. 


The cross products of the standard unit vectors i, j, and k can be useful for simplifying some calculations, 
so let’s consider these cross products. A straightforward application of the definition shows that 
Equation: 


ixi=jxj=kx k=0. 


(The cross product of two vectors is a vector, so each of these products results in the zero vector, not the 
scalar 0. ) It’s up to you to verify the calculations on your own. 


Furthermore, because the cross product of two vectors is orthogonal to each of these vectors, we know 
that the cross product of i and j is parallel to k. Similarly, the vector product of i and k is parallel to j, 
and the vector product of j and k is parallel to i. We can use the right-hand rule to determine the direction 
of each product. Then we have 


Equation: 
ix j k jx i = —k 
je k=} i kxj = -i 
k xi = j ixk = -j 


These formulas come in handy later. 


Example: 
Exercise: 


Problem: 
Cross Product of Standard Unit Vectors 


Findi x (j x k). 
Solution: 


We know that j x k =i. Therefore,i x (j x k) =i x i=0O. 


Note: 
Exercise: 


Problem: Find (i x j) x (k x i). 
Solution: 


=i 


Hint 


Remember the right-hand rule. 


As we have seen, the dot product is often called the scalar product because it results in a scalar. The cross 
product results in a vector, so it is sometimes called the vector product. These operations are both 
versions of vector multiplication, but they have very different properties and applications. Let’s explore 
some properties of the cross product. We prove only a few of them. Proofs of the other properties are left 
as exercises. 


Note: 
Properties of the Cross Product 
Let u, v, and w be vectors in space, and let c be a scalar. 


Equation: 
ip uxv = -(v xu) Anticommutative property 
ii. ux (v+w) = uxv+uxw Distributive property 
iii. c(u x v) = (cu) x v=u x (cv) Multiplication by a constant 
iv. ux0O = 0x u=0 Cross product of the zero vector 
Vv. yxy = Cross product of a vector with itself 
vi. u-(v xX w) = (u x v)-w Scalar triple product 
Proof 
For property i ., we want to show u x v = —(v x u). Wehave 
Equation: 


uxv = (uz, U2, U3) x (v1, V2, V3) 


= (ugv3 — Ugv2, —U1U3 + W301, U1V2 — U2V1) 


(u3¥2 — U2V3, —UgV1 + U1U3, U2V1 — U1V2) 
— (V1, V2, U3) x (u1, U2, U3) 
=-—(v x u). 


Unlike most operations we’ve seen, the cross product is not commutative. This makes sense if we think 
about the right-hand rule. 


For property iv ., this follows directly from the definition of the cross product. We have 
Equation: 


u x O = (uz (0) — us (0), — (u2 (0) — us (0)), ui (0) — ua (0)) 
= (0,0,0) =0. 


Then, by property i.,0 x u = Oas well. Remember that the dot product of a vector and the zero vector 
is the scalar 0, whereas the cross product of a vector with the zero vector is the vector 0. 


Property vi. looks like the associative property, but note the change in operations: 
Equation: 


u-(v X w) =Uu- (vQW3 — V3W2, —V1W3 + U3W1, V1W2 — V2W1) 
= uy (v2w3 — v3W2) + U2 (—v1wW3 + V3W1) + Uz (VIW2 — V2W1) 
= U1V2W3 — ULVZW2 — U2V1W3 + UQUZW1 + UZV1W2 — UZU2W1 
= (u2v3 — U3v2)wW1 + (u3v1 — U1V3) We + (uU1v2 — U2Qv1)W3 
= (u2v3 — U3U2,U3U1 — U1U3, U1V2 — u2v1) ; (w1, W2, w3) 
=(u X v)-w. 


Example: 
Exercise: 


Problem: 
Using the Properties of the Cross Product 


Use the cross product properties to calculate (2i x 3j) x j. 


Solution: 
Equation: 
(21 3p) = 2 a 
= 2(3) (i x j) x j 
= (6k) x j 
=6(k x j) 
= 6(-i) = —6i. 
Note: 
Exercise: 


Problem: Use the properties of the cross product to calculate (i x k) x (k x j). 


Solution: 


So far in this section, we have been concerned with the direction of the vector u x v, but we have not 
discussed its magnitude. It turns out there is a simple expression for the magnitude of u x v involving 
the magnitudes of u and v, and the sine of the angle between them. 


Note: 
Magnitude of the Cross Product 
Let u and v be vectors, and let 8 be the angle between them. Then, |lu x vil = llull - Ilwll -sin @. 


Proof 


Let u = (uy, U2, us) and v = (v1, V2, V3) be vectors, and let 6 denote the angle between them. Then 
Equation: 

2 2 2 
lu x vil = (u2v3 _ U3U2) + (u301 = u1v3) 


9242 2,2 
= U5V3 — 2U2U3U2V3 + UZU5 


ws Bidaie kc gp eie Jeg plqiodeape 
= UV] T UV, T UV T UgU 


— (utv? use | usvr + 2uju2vyv2 + 2uj,U3V1V3 + 2u2u3v2v3) 


2 
+ (uiv2 — u2v1) 
2 242 2 22 
UZV{] — 2U,U3V1 03 + ULV3 + UZVZ — 2uzUgU1V2 + UZY{ 


| 
T 
24 ulud + uded + ude? + uded + ude? 


2 


2 
1 


— (ut + uz + uz) (vj + ve + v3) — (uyv1 + Ugug + ugv3)° 
= lull? ivi? —(u-v)? 

= lull? iivil? — llull? liv ll2cos?0 

= llull? lv ll? (1 — cos?) 


= lull livil? (sin?6). 


Taking square roots and noting that V sin?@ = sin 6 for 0 < 6 < 180°, we have the desired result: 
Equation: 


lu xX vil = llull llvilsin 6. 


This definition of the cross product allows us to visualize or interpret the product geometrically. It is 
clear, for example, that the cross product is defined only for vectors in three dimensions, not for vectors in 
two dimensions. In two dimensions, it is impossible to generate a vector simultaneously orthogonal to 
two nonparallel vectors. 


Example: 
Exercise: 


Problem: 
Calculating the Cross Product 


Use [link] to find the magnitude of the cross product of u = (0, 4,0) and v = (0,0, —3). 


Solution: 


We have 
Equation: 
lu x vil = llull- Ilwll - sind 
= V0? + 4? + 02. 1/0? + 0? + (—3)” - sin 3 
— 43) (1): 
Note: 
Exercise: 


Problem: Use [link] to find the magnitude of u x v, where u = (—8,0,0) and v = (0, 2,0). 


Solution: 
16 
Hint 


Vectors u and v are orthogonal. 


Determinants and the Cross Product 


Using [link] to find the cross product of two vectors is straightforward, and it presents the cross product 
in the useful component form. The formula, however, is complicated and difficult to remember. 
Fortunately, we have an alternative. We can calculate the cross product of two vectors using determinant 
notation. 


A2 x 2 determinant is defined by 
Equation: 


a1 a2 
= ayby _ bya. 
by be 


For example, 


Equation: 
3-2 
; i =3@) -5(-2) =3+10=18. 


A3 x 3 determinant is defined in terms of 2 x 2 determinants as follows: 
Equation: 


ai ag a3 
by by b3|=ay4 
C1 CQ C3 


[link] is referred to as the expansion of the determinant along the first row. Notice that the multipliers of 
each of the 2 x 2 determinants on the right side of this expression are the entries in the first row of the 

3 x 3 determinant. Furthermore, each of the 2 x 2 determinants contains the entries from the 3 x 3 
determinant that would remain if you crossed out the row and column containing the multiplier. Thus, for 
the first term on the right, a; is the multiplier, and the 2 x 2 determinant contains the entries that remain 
if you cross out the first row and first column of the 3 x 3 determinant. Similarly, for the second term, 
the multiplier is az, and the 2 x 2 determinant contains the entries that remain if you cross out the first 
row and second column of the 3 x 3 determinant. Notice, however, that the coefficient of the second 
term is negative. The third term can be calculated in similar fashion. 


Example: 
Exercise: 


Problem: 
Using Expansion Along the First Row to Compute a3 x 3 Determinant 


25 -l 
Evaluate the determinant |—1 1 Ble 
—2 3 4 
Solution: 
We have 
Equation: 
an ‘toes 13 11 
aad af eae ne 
—2 3 4 
= 2(4-—9) —5(-4+6) —1(-3+2) 
= 2(—5) —5(2) —1(-1) = -10-10+1 
= —19. 
Note: 
Exercise: 
1 —2 -1 


Problem: Evaluate the determinant |3 2 —3). 
1 5 4 


Solution: 
40 
Hint 


Expand along the first row. Don’t forget the second term is negative! 


Technically, determinants are defined only in terms of arrays of real numbers. However, the determinant 
notation provides a useful mnemonic device for the cross product formula. 


Note: 

Rule: Cross Product Calculated by a Determinant 

Let u = (u1, U2, uz) and v = (v1, V2, v3) be vectors. Then the cross product u x v is given by 
Equation: 


Example: 
Exercise: 


Problem: 
Using Determinant Notation to find p x q 


Let p = (—1, 2,5) and q = (4,0, —3). Find p x q. 
Solution: 
We set up our determinant by putting the standard unit vectors across the first row, the components 


of u in the second row, and the components of v in the third row. Then, we have 
Equation: 


ts) je 6 1 5 t 2 
pq =|-1 2 5| =| i- | hk 
Ons 4-3 4 0 

4a) =3 


= (6 —0)i-(@ — 20)j + 0 —8)k 
= —6i+17j — 8k. 


Notice that this answer confirms the calculation of the cross product in [link]. 


Note: 
Exercise: 


Problem: Use determinant notation to finda x b, where a = (8, 2,3) and b = (—1,0,4). 


Solution: 


8i — 35j + 2k 
Hint 


hwo, 


ie 
Calculate the determinant | 8 2 
—1 0 


Using the Cross Product 


The cross product is very useful for several types of calculations, including finding a vector orthogonal to 
two given vectors, computing areas of triangles and parallelograms, and even determining the volume of 
the three-dimensional geometric shape made of parallelograms known as a parallelepiped. The following 
examples illustrate these calculations. 


Example: 
Exercise: 


Problem: 
Finding a Unit Vector Orthogonal to Two Given Vectors 


Let a = (5,2, —1) and b = (0, —1, 4). Find a unit vector orthogonal to both a and b. 


Solution: 


The cross product a x b is orthogonal to both vectors a and b. We can calculate it with a 
determinant: 


Equation: 
| ek 
eee alle ‘||| 4 Sk ee ae ain 
a Soe s 0 ee one a 
0-1 4 
= (8 — 1)i— (20 — 0)j + (-5 — 0)k 
= 7i — 20j — 5k. 


Normalize this vector to find a unit vector in the same direction: 
Equation: 


lla x bil = V7 + (—20)? + (—5)? = V474. 


Thu ( ce =o isa nit vector orthogonal to a and b. 
S» \ Vara’ Jara’ Va74 Y Or orthogonal ad 


Note: 
Exercise: 


Problem: Find a unit vector orthogonal to both a and b, where a = (4,0, 3) and b = (1,1, 4). 


Solution: 


(3 =i9 4 ) 
J/194’ 194’ /194 
Hint 


Normalize the cross product. 
To use the cross product for calculating areas, we state and prove the following theorem. 


Note: 

Area of a Parallelogram 

If we locate vectors u and v such that they form adjacent sides of a parallelogram, then the area of the 
parallelogram is given by ||u x v|| ([link)). 


The parallelogram with adjacent sides u and v 
has base ||u|| and height ||v||sin 0. 


Proof 


We show that the magnitude of the cross product is equal to the base times height of the parallelogram. 


Equation: 
Area of a parallelogram = base x height 
= ||ull ({Iv||sin 4) 
= |lu x vl 
Example: 
Exercise: 
Problem: 


Finding the Area of a Triangle 


Let P = (1,0,0),Q = (0,1,0), and R = (0,0, 1) be the vertices of a triangle ([link]). Find its 
area. 
z 


R = (0, 0, 1) 


Q = (0, 1, 0) 


Finding the area of a triangle by using the cross product. 


Solution: 


We have PQ = (0 — 1,1 — 0,0 — 0) = (—1,1,0) and PR = (0 — 1,0 — 0,1 — 0) = (-1,0,1). 
The area of the parallelogram with adjacent sides PQ and PR is given by PQ x PR: 
Equation: 


ijk 


PQ x PR = |-1 1 0/=(1-0)i-(-1-0)j + (0-(-1))k=i+j+k 
=i up 
PQ x PR = 1(1,1,)l=V2+2P4P = v3. 


The area of APQR is half the area of the parallelogram, or V3 2 


Note: 
Exercise: 


Problem: 


Find the area of the parallelogram PQRS with vertices P (1, 1,0),Q (7, 1,0), R(9, 4,2), and 
S (3,4, 2). 


Solution: 


6/13 
Hint 


Sketch the parallelogram and identify two vectors that form adjacent sides of the parallelogram. 


The Triple Scalar Product 


Because the cross product of two vectors is a vector, it is possible to combine the dot product and the 
cross product. The dot product of a vector with the cross product of two other vectors is called the triple 
scalar product because the result is a scalar. 


Note: 
Definition 
The triple scalar product of vectors u, v, and wis u-(v x w). 


Note: 

Calculating a Triple Scalar Product 

The triple scalar product of vectors u = uzi + u2j + ugk, v = vii + voj + v3k, and 

Ww = w1i+ we2j + w3k is the determinant of the 3 x 3 matrix formed by the components of the 
vectors: 

Equation: 


U1 U2 U3 
u-(v xX w)= Uy V2 V3}. 
Wi, W2 W3 


Proof 


The calculation is straightforward. 


Equation: 
u-(v X w) = (U1, U2, U3) > (V2W3 — V3W2, —V1W3 + U3W1, V1W2 — V2W1) 
= uy (v2w3 — v3W2) + U2 (—v1wW3 + v3wW1) + U3 (V1W2 — V2W1) 
= ui (v2wW3 — v3w2) — U2 (v1w3 — V3wW1) + U3 (v1wW2 — V2W1) 
Ur U2 U3 
= |U1 U2 U3 
Wi W2 W3 
Example: 
Exercise: 
Problem: 


Calculating the Triple Scalar Product 


Let u = (1,3,5), v = (2, —1,0) and w = (—3, 0, —1). Calculate the triple scalar product 
u-(v xX w). 


Solution: 


Apply [link] directly: 


Equation: 
1 3 #5 
u-(v x w) =|] 2 -1 O 
oo! 
i =i 3 2 0 ie a =I 
= Gn! S68) SL —-3 0 
= (1-0) —3(—2—-0) + 5(0 — 3) 
= Ise = ils) = =e. 
Note: 


Exercise: 


Problem: 


Calculate the triple scalar product a- (b x c), where a = (2, —4,1), b = (0,3, —1), and 
Ca es, 


Solution: 


iL7/ 
Hint 


Place the vectors as the rows of a3 x 3 matrix, then calculate the determinant. 


When we create a matrix from three vectors, we must be careful about the order in which we list the 
vectors. If we list them in a matrix in one order and then rearrange the rows, the absolute value of the 
determinant remains unchanged. However, each time two rows switch places, the determinant changes 


sign: 

Equation: 
ai, a2 a3 bj bo bg by bp bg Ci CQ C3 
by by bs =d ay ag a3} = —d Cy Co C3} = d by by bs = —d. 
C1 CQ C3 Ci CQ C3 a1 a2 a3 a1 a2 a3 


Verifying this fact is straightforward, but rather messy. Let’s take a look at this with an example: 
Equation: 


a 0 3 2 3 20 
a 2 -|; |-2 4 1 | 4 1 
as 


= (0-3) -—2(2—12)+ (-2-0) =-3+ 20-2 =15. 


Switching the top two rows we have 
Equation: 


—2 0 38 
1 2 


4 1 


1 | +3 | = 2(-2-—1)+3(1-8) =6-21=-—15. 


Rearranging vectors in the triple products is equivalent to reordering the rows in the matrix of the 
determinant. Let u = wi + u2j + u3k, v = v1 + voj + v3k, and w = wii+ woj + w3k. Applying 
[link], we have 

Equation: 


Ut U2 U3 Uy, U2 U3 
u-(v xX w)=|v, ve v3} and u-(w x v)=/wr we ws}. 
W, W2 W3 Ui V2 V3 


We can obtain the determinant for calculating u- (w x v) by switching the bottom two rows of 
u-(v x w). Therefore, u-(v x w) = —u-(w x v). 


Following this reasoning and exploring the different ways we can interchange variables in the triple scalar 
product lead to the following identities: 
Equation: 


u-(v xX w) = —u-(w x v) 


u-(v xX w) = v-(w x u)=w-(u x v). 


Let u and v be two vectors in standard position. If u and v are not scalar multiples of each other, then 
these vectors form adjacent sides of a parallelogram. We saw in [link] that the area of this parallelogram 
is || x v||. Now suppose we add a third vector w that does not lie in the same plane as u and v but still 
shares the same initial point. Then these vectors form three edges of a parallelepiped, a three- 
dimensional prism with six faces that are each parallelograms, as shown in [link]. The volume of this 
prism is the product of the figure’s height and the area of its base. The triple scalar product of u,v, and w 
provides a simple method for calculating the volume of the parallelepiped defined by these vectors. 


Note: 

Volume of a Parallelepiped 

The volume of a parallelepiped with adjacent edges given by the vectors u, v, and w is the absolute 
value of the triple scalar product: 

Equation: 


V =|u-(v x w)|. 


See [link]. 


Note that, as the name indicates, the triple scalar product produces a scalar. The volume formula just 
presented uses the absolute value of a scalar quantity. 


PrOjywU 


Vv 


The height of the parallelepiped is given by 
Ilproj,.,Ull. 


Proof 


The area of the base of the parallelepiped is given by ||v x wl||. The height of the figure is given by 
Ilproj,.yull. The volume of the parallelepiped is the product of the height and the area of the base, so 
we have 


Equation: 

V = llproj,,yull |v x wl 
=|Fieeet|liv x wl 
| (lv wl 
=|u-(v x w)|. 

Example: 
Exercise: 
Problem: 


Calculating the Volume of a Parallelepiped 


Let u = (—1, —2,1), v = (4,3, 2), and w = (0, —5, —2). Find the volume of the parallelepiped 
with adjacent edges u, v, and w ((link)). 
z 


Solution: 


We have 


Equation: 
cae Saee2 a2) 43 
u-(vxw) =| 4 3 2 =D; +2) |e A 
0) = =2 
= (1) (26+ 10) 22(—8 — 0) + (20 0) 
= —4— 16 — 20 
= —40. 


Thus, the volume of the parallelepiped is |—40| = 40 units?. 


Note: 
Exercise: 


Problem: 


Find the volume of the parallelepiped formed by the vectors a = 3i+ 4j — k, b = 2i— j — k, and 
c= 3j+ k. 


Solution: 


8 units? 


Hint 


Calculate the triple scalar product by finding a determinant. 


Applications of the Cross Product 


The cross product appears in many practical applications in mathematics, physics, and engineering. Let’s 
examine some of these applications here, including the idea of torque, with which we began this section. 
Other applications show up in later chapters, particularly in our study of vector fields such as 
gravitational and electromagnetic fields (Introduction to Vector Calculus). 


Example: 
Exercise: 


Problem: 
Using the Triple Scalar Product 


Use the triple scalar product to show that vectors u = (2,0,5),v = (2,2,4), and w = (1, —1, 3) 
are coplanar—that is, show that these vectors lie in the same plane. 


Solution: 


Start by calculating the triple scalar product to find the volume of the parallelepiped defined by 
u, Vv, and w: 


Equation: 
2 05 
u-(v x w) =|2 2 4 
fie 
= [2 (2) (3) + (0) (4) (1) +5 (2) (—1)] — [5 (2) @) + (2) (4) (1) + (0) (2) (3)] 
=2—-2 
=), 


The volume of the parallelepiped is 0 units’, so one of the dimensions must be zero. Therefore, the 
three vectors all lie in the same plane. 


Note: 
Exercise: 


Problem: Are the vectors a= i+j—k,b=i—j+k, andc =i+j-+k coplanar? 
Solution: 


No, the triple scalar product is —4 # 0, so the three vectors form the adjacent edges of a 
parallelepiped. They are not coplanar. 


Hint 


Calculate the triple scalar product. 


Example: 
Exercise: 


Problem: 
Finding an Orthogonal Vector 


Only a single plane can pass through any set of three noncolinear points. Find a vector orthogonal to 
the plane containing points P = (9, —3, —2), Q = (1,3, 0), and R = (—2, 5,0). 


Solution: 


The plane must contain vectors PQ and QR: 
Equation: 


PQ = (1—9,3 — (3), 0 — (—2)) = (8,6, 2) 
QR = (—2 — 1,5 — 3,0 —0) = (—3,2, 0). 


The cross product PQ x QR produces a vector orthogonal to both PQ and QR. Therefore, the 
cross product is orthogonal to the plane that contains these two vectors: 


Equation: 
ijk 
PQ x QR =|-8 6 2 
=3 2:0 
= 0i — 6j — 16k — (—18k + 4i + 0f) 
= —4j — 6j + 2k. 


We have seen how to use the triple scalar product and how to find a vector orthogonal to a plane. Now we 
apply the cross product to real-world situations. 


Sometimes a force causes an object to rotate. For example, turning a screwdriver or a wrench creates this 
kind of rotational effect, called torque. 


Note: 

Definition 

Torque, 7 (the Greek letter tau), measures the tendency of a force to produce rotation about an axis of 
rotation. Let r be a vector with an initial point located on the axis of rotation and with a terminal point 
located at the point where the force is applied, and let vector F represent the force. Then torque is equal 
to the cross product of r and F: 

Equation: 


7 Sir x 1D, 


See [link]. 


Torque measures how a force causes an object to 
rotate. 


Think about using a wrench to tighten a bolt. The torque 7 applied to the bolt depends on how hard we 
push the wrench (force) and how far up the handle we apply the force (distance). The torque increases 
with a greater force on the wrench at a greater distance from the bolt. Common units of torque are the 


newton-meter or foot-pound. Although torque is dimensionally equivalent to work (it has the same units), 
the two concepts are distinct. Torque is used specifically in the context of rotation, whereas work 
typically involves motion along a line. 


Example: 
Exercise: 


Problem: 
Evaluating Torque 


A bolt is tightened by applying a force of 6 N to a 0.15-m wrench ([link]). The angle between the 
wrench and the force vector is 40°. Find the magnitude of the torque about the center of the bolt. 
Round the answer to two decimal places. 


6N 
0.15 m 


40° 


Torque describes the twisting 
action of the wrench. 


Solution: 


Substitute the given information into the equation defining torque: 
Equation: 


||7|| = llr x Fll = |r|] /Flisin @ = (0.15 m)(6N)sin 40° = 0.58 N- m. 


Note: 
Exercise: 


Problem: 
Calculate the force required to produce 15 N - m torque at an angle of 30° from a 150-cm rod. 


Solution: 


20 N 
Hint 


itll = 15N - mand |[r|| = 1.5m 


Key Concepts 


¢ The cross product u x v of two vectors u = (u1, U2, U3) and v = (v1, v2, v3) is a vector 
orthogonal to both u and v. Its length is given by ||u x v|| = ||ul| - ||v|| - sin 6, where 6 is the 
angle between u and v. Its direction is given by the right-hand rule. 

e The algebraic formula for calculating the cross product of two vectors, 
u = (U1, U2, U3) and Vv = (v1, V2, V3), is 
u X v= (ugu3 — Uzv2)i — (u1u3 — U3v1)j + (u1v2 — U2v1)k. 

¢ The cross product satisfies the following properties for vectors u, v, and w, and scalar c: 


ou xX v=-—(v x u) 

ou xX (v+w)=u xX v+u x w 
o c(u xX v) =(cu) x v=u x (cv) 
ou x 0O=0 x u=0 

oVXV= 

ou-(v xX w)=(u Xx v)-w 


¢ The cross product of vectors u = (uj, U2, ug) and v = (v1, V2, V3) is the determinant 
ij k 
Uy U2Q U3}. 
U1 V2 U3 
e If vectors u and v form adjacent sides of a parallelogram, then the area of the parallelogram is given 
by |lu x vil. 
¢ The triple scalar product of vectors u, v, and wis u-(v x w). 
e The volume of a parallelepiped with adjacent edges given by vectors u, v, and w is 
V=|u-(v x w)|. 
e If the triple scalar product of vectors u, v, and w is zero, then the vectors are coplanar. The 
converse is also true: If the vectors are coplanar, then their triple scalar product is zero. 
e The cross product can be used to identify a vector orthogonal to two given vectors or to a plane. 
e Torque 7 measures the tendency of a force to produce rotation about an axis of rotation. If force F is 
acting at a distance r from the axis, then torque is equal to the cross product of r and F: 
T=rxF. 


Key Equations 


e The cross product of two vectors in terms of the unit vectors 
u X v= (ugu3 — U3v2)i — (u1u3 — U3v1)j + (uve — U2v1)k 


For the following exercises, the vectors u and v are given. 


a. Find the cross product u x v of the vectors u and v. Express the answer in component form. 
b. Sketch the vectors u,v, andu x v. 


Exercise: 
Problem: u = (2,0,0), v = (2, 2,0) 


Solution: 


au x v = (0,0,4); 
b. 


Exercise: 


Problem: u = (3, 2,—1), v = (1, 1,0) 
Exercise: 

Problem: u = 2i + 3j, v = j + 2k 

Solution: 


au x v = (6, —4, 2); 
b. 


Exercise: 


Problem: u = 2j + 3k, v = 3i+k 


Exercise: 
Problem: Simplify (i x i—2i x j—4i x k+3j x k) x i. 


Solution: 


—2j — 4k 


Exercise: 
Problem: Simplifyj x (k x j+2j x i—3j x j+5i x k). 


In the following exercises, vectors u and v are given. Find unit vector w in the direction of the cross 
product vector u x v. Express your answer using standard unit vectors. 
Exercise: 


Problem: u = (3, —1, 2), v = (—2,0,1) 


Solution: 


1s 7s 2 
==1 == —~_k 
3V6 3V6 3V6 
Exercise: 


Problem: u = (2,6, 1), v = (3,0, 1) 


Exercise: 


Problem: u = AB, y= AC, where A(1,0, 1), B(1, —1,3), and C(0, 0, 5) 


Solution: 

ee ee 
* vai V21 vai & 
Exercise: 


Problem: u = OP, v = PQ, where P(-—1, 1,0) and Q(0, 2, 1) 
Exercise: 


Problem: 


Determine the real number @ such that u x v and iare orthogonal, where u = 3i + j — 5k and 
v = 4i — 2j + ak. 


Solution: 


a=10 
Exercise: 
Problem: 
Show that u x v and 2i — 14j + 2k cannot be orthogonal for any @ real number, where 
u=i+ 7j—kandv = ai+5j+k. 


Exercise: 


Problem: Show that u x v is orthogonal to u + v and u — v, where u and v are nonzero vectors. 
Exercise: 


Problem: 


Show that v x uw is orthogonal to (u- v) (u+ v) + u, where wu and v are nonzero vectors. 


Exercise: 
i j k 
Problem: Calculate the determinant |1 —1 7). 
2 0 3 
Solution: 
—3i+ 11j+ 2k 
Exercise: 
ij k 


Problem: Calculate the determinant |0 3 —A4|. 
1 6 -1 


For the following exercises, the vectors u and v are given. Use determinant notation to find vector w 
orthogonal to vectors u and v. 
Exercise: 


Problem: u = (—1,0, é”), v= Cige* 0), where ¢ is a real number 


Solution: 
w= (-1, et, —e*) 


Exercise: 


Problem: u = (1,0,z), v = (2, 1, 0), where z is a nonzero real number 


Exercise: 
Problem: 
ijk at a. ie 
Find vector (a — 2b) x c,wherea=|2 -1 5|,b=|0 1 = 1/,ande=i+j+k. 
0 1 8 2 -1 -2 


Solution: 
—26i + 17j + 9k 
Exercise: 
j k i j «k 
0 9|,b=/0 -1 = 1),andc=i-k. 
1 0 7 1 -1 


Problem: Find vectore x (a+ 3b), where a = 


So: OV 


Exercise: 


Problem: 


[T] Use the cross product u x v to find the acute angle between vectors u and v, where 
u =i+ 2j and v =i-+k. Express the answer in degrees rounded to the nearest integer. 


Solution: 
(ea 
Exercise: 


Problem: 


[T] Use the cross product u x v to find the obtuse angle between vectors u and v, where 
u = —i+ 3j+k and v = i — 2j. Express the answer in degrees rounded to the nearest integer. 


Exercise: 


Problem: 


Use the sine and cosine of the angle between two nonzero vectors u and v to prove Lagrange’s 


ar one 2 2p et2 2 
identity: ju x v{|~ = ||ul|“||v||° — (u-v)°. 


Exercise: 
Problem: 
Verify Lagrange’s identity ||u x v||? = ||ull?||v||? — (u- v)? for vectors u = —i+ j — 2k and 
v = 2i —j. 

Exercise: 
Problem: 
Nonzero vectors u and v are called collinear if there exists a nonzero scalar a such that v = au. 
Show that u and v are collinear if and only ifu x v = 0. 

Exercise: 


Problem: 


Nonzero vectors u and v are called collinear if there exists a nonzero scalar a such that v = au. 
Show that vectors AB and AC are collinear, where A (4, 1,0), B(6,5, —2), and C (5, 3, —1). 


Exercise: 
Problem: Find the area of the parallelogram with adjacent sides u = (3, 2,0) and v = (0, 2,1). 


Solution: 


7 


Exercise: 


Problem: Find the area of the parallelogram with adjacent sides u = i+jandv =i+k. 


Exercise: 
Problem: Consider points A (3, —1, 2), B (2,1, 5), and C (1, —2, —2). 


a. Find the area of parallelogram ABCD with adjacent sides AB and AC. 
b. Find the area of triangle ABC. 
c. Find the distance from point A to line BC. 


Solution: 
a.» bv6., 5v6 
a. 5/6; b. 73 Cc. “59 
Exercise: 


Problem: Consider points A (2, —3, 4), B (0,1, 2), and C(-—1, 2,0). 


a. Find the area of parallelogram ABCD with adjacent sides AB and AC. 
b. Find the area of triangle ABC. 
c. Find the distance from point B to line AC. 


In the following exercises, vectors u, v, and w are given. 


a. Find the triple scalar product u- (v x w). 
b. Find the volume of the parallelepiped with the adjacent edges u, v, and w. 


Exercise: 
Problem: u = i+ j,v=j+k,andw=i+k 


Solution: 


a. 2:b.2 


Exercise: 


Problem: u = (—3,5,—1), v = (0,2, —2), and w = (3, 1, 1) 
Exercise: 


Problem: 


Calculate the triple scalar products v- (u x w) andw-(u x v), where u = (1,1, 1), 
v = (7,6,9), and w = (4,2, 7). 


Solution: 


v-(u x w)=-l,w-(u x v)=1 
Exercise: 


Problem: 


Calculate the triple scalar products w-(v x u) andu-(w x v), where u = (4,2,—1), 
v = (2,5, —3), and w = (9,5, —10). 


Exercise: 


Problem: Find vectors a, b, and c with a triple scalar product given by the determinant 


. Determine their triple scalar product. 


dO Ot & 


1 2 
0 2 
8 9 


Solution: 


a = (1,2,3), b = (0,2,5),c = (8,9,2);a-(b x c) =-9 


Exercise: 


Problem: The triple scalar product of vectors a,b, and c is given by the determinant 


0 -2 1 
0 1 4]. Find vectora—b-+c. 
1 -3 7 


Exercise: 


Problem: 


Consider the parallelepiped with edges OA, OB, and OC, where A (2, 1,0), B(1, 2,0), and 
C (0,1, a). 


a. Find the real number a > 0 such that the volume of the parallelepiped is 3 units’. 

b. For a = 1, find the height h from vertex C of the parallelepiped. Sketch the parallelepiped. 
Solution: 
aa=1;bh=1, 


Zz 


C(0, 1, a) 


x A(2, 1, 0) 


Exercise: 


Problem: 


Consider points A (a, 0,0), B (0, 8,0), and C (0,0, y), with a, 8, and y positive real numbers. 


a. Determine the volume of the parallelepiped with adjacent sides OA, OB , and OC. 

b. Find the volume of the tetrahedron with vertices O, A, B, and C’. (Hint: The volume of the 
tetrahedron is 1/6 of the volume of the parallelepiped.) 

c. Find the distance from the origin to the plane determined by A, B, and C. Sketch the 
parallelepiped and tetrahedron. 


Exercise: 


Problem: 


Let u, v, and w be three-dimensional vectors and c be a real number. Prove the following 
properties of the cross product. 


au x u=0 

b.u x (v+w) =(u x v)+(u x w) 
c.c(u x v)=(cu) x v=u x (cv) 
d.u-(u x v)=0 


Exercise: 
Problem: 


Show that vectors u = (1,0, —8), v = (0,1,6), and w = (—1, 9,3) satisfy the following 
properties of the cross product. 


aux u=0 

b.u x (v+w) =(u x v)+(u x w) 
c.c(u x v)=(cu) x v=u x (cv) 
d.u-(u x v)=0 


Exercise: 
Problem: 
Nonzero vectors u, v, and w are said to be linearly dependent if one of the vectors is a linear 
combination of the other two. For instance, there exist two nonzero real numbers a and @ such that 


w = au + (Pv. Otherwise, the vectors are called linearly independent. Show that u, v, and w are 
coplanar if and only if they are linear dependent. 


Exercise: 


Problem: 
Consider vectors u = (1,4, —7), v = (2, —1,4), w = (0, —9, 18), and p = (0, —9,17). 


a. Show that u, v, and w are coplanar by using their triple scalar product 

b. Show that u, v, and w are coplanar, using the definition that there exist two nonzero real 
numbers @ and § such that w = au + Bv. 

c. Show that u,v, and p are linearly independent—that is, none of the vectors is a linear 
combination of the other two. 


Exercise: 


Problem: 


Consider points A(0, 0,2), B(1,0,2), C (1,1, 2), and D(0, 1, 2). Are vectors AB, AC, and AD 
linearly dependent (that is, one of the vectors is a linear combination of the other two)? 


Solution: 


Yes, AD = aAB+ BAC, where a = —1 and 6 = 1. 


Exercise: 


Problem: 


Show that vectors i+ j, i—j, andi+ j + k are linearly independent—that is, there exist two 
nonzero real numbers a and § such thati+ j +k = a(i+j)+8(i-—J). 


Exercise: 


Problem: 


Let u = (ui, ug) and v = (v1, v2) be two-dimensional vectors. The cross product of vectors u and 
v is not defined. However, if the vectors are regarded as the three-dimensional vectors 

U = (u1, U2, 0) and ¥ = (v1, v2, 0), respectively, then, in this case, we can define the cross product 
of @ and V. In particular, in determinant notation, the cross product of 1 and V is given by 
Equation: 


U1 vo 0 


Use this result to compute (icos 0 + jsin@) x (isin@ — jcosé), where @ is a real number. 
Solution: 
—k 
Exercise: 
Problem: Consider points P (2,1), Q (4,2), and R(1, 2). 


a. Find the area of triangle P,Q, and R. 
b. Determine the distance from point F to the line passing through P and Q. 


Exercise: 


Problem: 


Determine a vector of magnitude 10 perpendicular to the plane passing through the x-axis and point 
P24). 


Solution: 


(0, +4y/5, +2v5) 


Exercise: 


Problem: 


Determine a unit vector perpendicular to the plane passing through the z-axis and point A (3, 1, —2). 


Exercise: 


Problem: 


Consider u and v two three-dimensional vectors. If the magnitude of the cross product vector 
u x vis k times larger than the magnitude of vector u, show that the magnitude of v is greater 
than or equal to k, where k is a natural number. 


Exercise: 
Problem: 
[T] Assume that the magnitudes of two nonzero vectors u and v are known. The function 


f(@) = ||ul| ||v||sin @ defines the magnitude of the cross product vector u x v, where 6 € (0, 7] is 
the angle between u and v. 


a. Graph the function f. 

b. Find the absolute minimum and maximum of function f. Interpret the results. 

c. If |u|] = 5 and ||v|| = 2, find the angle between u and v if the magnitude of their cross 
product vector is equal to 9. 


Exercise: 


Problem: 
Find all vectors w = (w1, W2, ws) that satisfy the equation (1,1,1) x w = (—1,-1,2). 
Solution: 


w = (w3 — 1, w3 + 1, w3), where ws is any real number 
Exercise: 
Problem: 
Solve the equation w x (1,0,—1) = (3,0,3), where w = (wy, wa, ws) is a nonzero vector with a 
magnitude of 3. 
Exercise: 


Problem: 


[T] A mechanic uses a 12-in. wrench to turn a bolt. The wrench makes a 30° angle with the 
horizontal. If the mechanic applies a vertical force of 10 lb on the wrench handle, what is the 
magnitude of the torque at point P (see the following figure)? Express the answer in foot-pounds 
rounded to two decimal places. 


Solution: 


8.66 ft-lb 
Exercise: 
Problem: 
[T] A boy applies the brakes on a bicycle by applying a downward force of 20 lb on the pedal when 


the 6-in. crank makes a 40° angle with the horizontal (see the following figure). Find the torque at 
point P. Express your answer in foot-pounds rounded to two decimal places. 


Exercise: 
Problem: 
[T] Find the magnitude of the force that needs to be applied to the end of a 20-cm wrench located on 


the positive direction of the y-axis if the force is applied in the direction (0, 1, —2) and it produces a 
100 N-m torque to the bolt located at the origin. 


Solution: 


250 N 

Exercise: 
Problem: 
[T] What is the magnitude of the force required to be applied to the end of a 1-ft wrench at an angle 
of 35° to produce a torque of 20 N-m? 

Exercise: 
Problem: 
[T] The force vector F acting on a proton with an electric charge of 1.6 x 10°19C (in coulombs) 
moving in a magnetic field B where the velocity vector v is given by F = 1.6 x 10°'°(v x B) 
(here, v is expressed in meters per second, B is in tesla [T], and F is in newtons [N]). Find the force 


that acts on a proton that moves in the xy-plane at velocity v = 10°i + 10°j (in meters per second) 
in a magnetic field given by B = 0.3). 


Solution: 


F=4.8 x 10°>kN 


Exercise: 


Problem: 


[T] The force vector F acting on a proton with an electric charge of 1.6 x 10~1°C moving ina 
magnetic field B where the velocity vector v is given by F = 1.6 x 10°! (v x B) (here, vis 
expressed in meters per second, B in T, and F in N). If the magnitude of force F acting on a proton 
is 5.9 x 10-'” N and the proton is moving at the speed of 300 m/sec in magnetic field B of 
magnitude 2.4 T, find the angle between velocity vector v of the proton and magnetic field B. 
Express the answer in degrees rounded to the nearest integer. 


Exercise: 


Problem: 


[T] Consider r(¢) = (cos t, sin ¢, 2¢) the position vector of a particle at time ¢ € [0,30], where the 


components of r are expressed in centimeters and time in seconds. Let OP be the position vector of 
the particle after 1 sec. 


a. Determine unit vector B(¢) (called the binormal unit vector) that has the direction of cross 
product vector v(t) x a(t), where v(t) and a(t) are the instantaneous velocity vector and, 
respectively, the acceleration vector of the particle after t seconds. 

b. Use a CAS to visualize vectors v(1), a(1), and B(1) as vectors starting at point P along with 
the path of the particle. 


Solution: 

= 2sint _— 2cost 1 \. 
2. Bit) = ( ve? V5 Je) 
b. 


N 
OrFPFN WOW fF WO OD 


Exercise: 
Problem: 
A solar panel is mounted on the roof of a house. The panel may be regarded as positioned at the 


points of coordinates (in meters) A(8,0,0), B(8, 18,0), C(0, 18, 8), and D(0, 0, 8) (see the 
following figure). 


a. Find vectorn = AB x AD perpendicular to the surface of the solar panels. Express the 
answer using standard unit vectors. 

b. Assume unit vector s = ai 5 jc 4 k points toward the Sun at a particular time of the 
day and the flow of solar energy is F = 900s (in watts per square meter [W/ m’]). Find the 
predicted amount of electrical power the panel can produce, which is given by the dot product 
of vectors F and n (expressed in watts). 

c. Determine the angle of elevation of the Sun above the solar panel. Express the answer in 
degrees rounded to the nearest whole number. (Hint: The angle between vectors n and s and the 


angle of elevation are complementary.) 


Glossary 


cross product 
u X v= (ugv3 — U3V2)i — (u1v3 — U301)j + (uve — U2v1)k, where u = (uj, U2, u3) and 
v= (v1, V2, U3) 


determinant 
a real number associated with a square matrix 


parallelepiped 
a three-dimensional prism with six faces that are parallelograms 


torque 
the effect of a force that causes an object to rotate 


triple scalar product 
the dot product of a vector with the cross product of two other vectors: u- (v x w) 


vector product 
the cross product of two vectors 


Equations of Lines and Planes in Space 


e Write the vector, parametric, and symmetric of a line through a given point in 
a given direction, and a line through two given points. 

e Find the distance from a point to a given line. 

e Write the vector and scalar equations of a plane through a given point with a 
given normal. 

e Find the distance from a point to a given plane. 

e Find the angle between two planes. 


By now, we are familiar with writing equations that describe a line in two 
dimensions. To write an equation for a line, we must know two points on the line, 
or we must know the direction of the line and at least one point through which the 
line passes. In two dimensions, we use the concept of slope to describe the 
orientation, or direction, of a line. In three dimensions, we describe the direction 
of a line using a vector parallel to the line. In this section, we examine how to use 
equations to describe lines and planes in space. 


Equations for a Line in Space 


Let’s first explore what it means for two vectors to be parallel. Recall that parallel 
vectors must have the same or opposite directions. If two nonzero vectors, u and 
v, are parallel, we claim there must be a scalar, k, such that u = kv. If u and v 
have the same direction, simply choose k = a Pare If u and v have opposite 
directions, choose k = —-11 . Note that the converse holds as well. If u = kv 
for some scalar k, then either u and v have the same direction (k > 0) or 
opposite directions (k < 0), so u and v are parallel. Therefore, two nonzero 
vectors u and v are parallel if and only if u = kv for some scalar k. By 
convention, the zero vector O is considered to be parallel to all vectors. 


As in two dimensions, we can describe a line in space using a point on the line 
and the direction of the line, or a parallel vector, which we call the direction 
vector ((link]). Let Z be a line in space passing through point P (x9, yo, Zo). Let 
v = (a,b,c) bea vector parallel to L. Then, for any point on line Q (2, y, z), we 


know that PQ is parallel to v. Thus, as we just discussed, there is a scalar, t, such 


that PQ = tv, which gives 
Equation: 


> 


PQ = tv 


(z—20,Y¥— Yo,2— 20) = t{a,b,c) 
(t — £0,y— Yo,2— 20) = (ta,tb, tc). 
Zz 
Q= (xy; 2) 


v = (a,b) 
P = (Xo, Yo: Zo) 


Vector v is the direction vector for PQ. 


Using vector operations, we can rewrite [link] as 
Equation: 
(«© —2%9,Y—Yo,%—20) = (ta, tb, tc) 
(x, VE Zz) = (x0, Yo, Zo) = t (a, b, C) 
(2; Y, Zz) = (20; Yo; Zo) +t (a, b, c). 


Setting r = (x,y, z) andro = (20, Yo, 20), we now have the vector equation of 
a line: 


Equation: 


r=ry)+tv. 


Equating components, [link] shows that the following equations are 
simultaneously true: x — x9 = ta, y — yo = tb, and z — Zp = tc. If we solve 
each of these equations for the component variables x, y, and z, we get a set of 
equations in which each variable is defined in terms of the parameter t and that, 
together, describe the line. This set of three equations forms a set of parametric 
equations of a line: 

Equation: 


x=2tta y=yrtt z=2+ te. 
If we solve each of the equations for t assuming a, b, and c are nonzero, we get a 


different description of the same line: 
Equation: 


LLOQ ¥Y— Yo Z— 20 
a b Cc 


Because each expression equals t, they all have the same value. We can set them 
equal to each other to create symmetric equations of a line: 
Equation: 


t—%O YY 47 40 


a b Cc 


We summarize the results in the following theorem. 


Note: 

Parametric and Symmetric Equations of a Line 

A line L parallel to vector v = (a, b, c) and passing through point P (x9, yo, 29) 
can be described by the following parametric equations: 

Equation: 


xL=2)+ta,y=yot+tb, and z= z+ te. 


If the constants a, b, and c are all nonzero, then L can be described by the 
symmetric equation of the line: 
Equation: 


t—%o Y Yo 47 40 
a b Ca 


The parametric equations of a line are not unique. Using a different parallel vector 
or a different point on the line leads to a different, equivalent representation. Each 
set of parametric equations leads to a related set of symmetric equations, so it 
follows that a symmetric equation of a line is not unique either. 


Example: 
Exercise: 


Problem: 
Equations of a Line in Space 


Find parametric and symmetric equations of the line passing through points 
(1,4, —2) and (—3, 5,0). 


Solution: 


First, identify a vector parallel to the line: 
Equation: 


GSES Si Raney Sie Ly, 


Use either of the given points on the line to complete the parametric 
equations: 
Equation: 


x=1-4ty=4+1, andz= —2-+ 2t. 


Solve each equation for ¢ to create the symmetric equation of the line: 


Equation: 


Note: 
Exercise: 


Problem: 


Find parametric and symmetric equations of the line passing through points 
(1, —3, 2) and (5, —2, 8). 


Solution: 


Possible set of parametric equations: x = 1+ 4t,y= —3+ t,z=2+ 6; 


related set of symmetric equations: 2—! = y+ 3 = =% 
y: q i y 6 


Hint 


Start by finding a vector parallel to the line. 


Sometimes we don’t want the equation of a whole line, just a line segment. In this 
case, we limit the values of our parameter ¢. For example, let P (x, yo, Zo) and 
Q (21, Y1, 21) be points on a line, and let p = (x9, yo, Zo) and q = (24, yi, 21) 
be the associated position vectors. In addition, let r = (a, y, z). We want to find a 
vector equation for the line segment between P and Q. Using P as our known 
point on the line, and PQ = (£1 — £0, Y1 — Yo, 21 — 20) as the direction vector 
equation, [link] gives 

Equation: 


r=p+t(PQ). 


Using properties of vectors, then 


Equation: 


r =p+t(PQ) 
= (£0, Yo, 20) + t (#1 — Lo, Y1 — Yo: 21 — Zo) 
= (£0, Yo, Zo) +t ((21, 1, 21) — (£0, Yo: 20)) 
= (£0, Yo, 20) + (£1, y1, 21) — t (Xo, Yo, 20) 
= (1 —t) (20, yo, 20) + t (£1, yt, 21) 
= (1—t)p+ tq. 


Thus, the vector equation of the line passing through P and @ is 
Equation: 


r= (1—t)p+tq. 


Remember that we didn’t want the equation of the whole line, just the line 
segment between P and Q. Notice that when t = 0, we have r = p, and when 
t = 1, we have r = q. Therefore, the vector equation of the line segment 
between P and Q is 

Equation: 


r=(1—t)p+tg,0<t<1. 


Going back to [link], we can also find parametric equations for this line segment. 
We have 
Equation: 


r = p+t(PQ) 
(x, Y, 2) = (Lo, Yoo 20) +t (Xz — Lo, Y1 — Yo: 21 — Zo) 
(Zo +t (21 — 2), Yo + t (yi — Yo), Zo +t (Z1 — 2))- 


| 


Then, the parametric equations are 
Equation: 


T= 2%)+t(z1—2o),y=Yot+t(y — Yo), z= 2 +t (z1— 2),0<t<1. 


Example: 
Exercise: 


Problem: 
Parametric Equations of a Line Segment 


Find parametric equations of the line segment between the points P(2, 1, 4) 
and Q (3, —1, 3). 


Solution: 


By [link], we have 
Equation: 


x= 2o+t(r1 —20),y = yo tt (yi — yo), z= Zo +t (241 — 2),0 <t <1. 


Working with each component separately, we get 


Equation: 

xz =2%9+t(a — x) 
= 2+14(3 —2) 
=2+4, 

Equation: 

y =yott(y1 — yo) 
=1+t(-1-1) 
= 1 — 2t, 

and 
Equation: 


z =2+t(z1 — 2) 
Sey 
=4-—f. 


Therefore, the parametric equations for the line segment are 
Equation: 


2=24+7,9=1-21,2=4-£,0<7 <1. 


Note: 
Exercise: 


Problem: 


Find parametric equations of the line segment between points P(—1, 3, 6) 
and Q (—8, 2,4). 


Solution: 


P= —l— fy 3 —h2z — 6— 26,0454) 
Hint 


Use [link]. 


Distance between a Point and a Line 


We already know how to calculate the distance between two points in space. We 
now expand this definition to describe the distance between a point and a line in 
space. Several real-world contexts exist when it is important to be able to 
calculate these distances. When building a home, for example, builders must 
consider “setback” requirements, when structures or fixtures have to be a certain 
distance from the property line. Air travel offers another example. Airlines are 
concerned about the distances between populated areas and proposed flight paths. 


Let L be a line in the plane and let / be any point not on the line. Then, we 
define distance d from M to L as the length of line segment MP, where P is a 
point on L such that M P is perpendicular to L ({link]). 


The distance from point M to line L is the 
length of MP. 


When we’re looking for the distance between a line and a point in space, [link] 
still applies. We still define the distance as the length of the perpendicular line 
segment connecting the point to the line. In space, however, there is no clear way 
to know which point on the line creates such a perpendicular line segment, so we 
select an arbitrary point on the line and use properties of vectors to calculate the 
distance. Therefore, let P be an arbitrary point on line L and let v be a direction 
vector for L ({link]). 


Vectors PM and v form two sides of a 
parallelogram with base || v ll and height d, 
which is the distance between a line and a point 
in space. 


By [link], vectors PM and v form two sides of a parallelogram with area 
|| PM x vil. Using a formula from geometry, the area of this parallelogram can 


also be calculated as the product of its base and height: 
Equation: 


IPM x vil = ||v|ld. 


We can use this formula to find a general formula for the distance between a line 
in space and any point not on the line. 


Note: 

Distance from a Point to a Line 

Let L be a line in space passing through point P with direction vector v. If M is 
any point not on L, then the distance from M to L is 


Equation: 
PM x vil 
Le 
Iv 
Example: 
Exercise: 
Problem: 


Calculating the Distance from a Point to a Line 


Find the distance between t point M = (1, 1,3) and line 


P= Url 
T= =2-3. 


Solution: 


From the symmetric equations of the line, we know that vector v = (4, 2, 1) 
is a direction vector for the line. Setting the symmetric equations of the line 
equal to zero, we see that point P (3, —1, 3) lies on the line. Then, 
Equation: 


PM = (1-3,1—(-1),3—3) = (-2,2,0). 


To calculate the distance, we need to find PM x v: 
Equation: 


j k 
PMxv —|-2 2 0 
21 


= (2 — 0)i— (—2 — 0)j + (-4- 8)k 
= 2i + 2j — 12k. 


Therefore, the distance between the point and the line is ([link]) 
Equation: 


d — JPM xvi 
Iv 
_ yea 
VPI 12 
_ 2Vv38 


ae 


Point (1, 1,3) is approximately 2.7 
units from the line with symmetric 


7 1 
equations 2 = 4= =z -3. 


Note: 
Exercise: 


Problem: 


Find the distance between point (0, 3, 6) and the line with parametric 
eqaons i: — tt — le 2 eee 


Solution: 


10 
a 


Hint 


Find a vector with initial point (0,3, 6) and a terminal point on the line, and then 
find a direction vector for the line. 


Relationships between Lines 


Given two lines in the two-dimensional plane, the lines are equal, they are parallel 
but not equal, or they intersect in a single point. In three dimensions, a fourth case 
is possible. If two lines in space are not parallel, but do not intersect, then the lines 
are said to be skew lines ([link]). 


In three dimensions, it is possible that two 
lines do not cross, even when they have 
different directions. 


To classify lines as parallel but not equal, equal, intersecting, or skew, we need to 
know two things: whether the direction vectors are parallel and whether the lines 
share a point ([link]). 


Lines Share A Common Point? 
Yes No 


Yes Parallel but not equal 


Direction Vectors 
Are Parallel? 


No Intersecting 


Determine the relationship between two lines based on whether their 
direction vectors are parallel and whether they share a point. 


Example: 
Exercise: 


Problem: 
Classifying Lines in Space 


For each pair of lines, determine whether the lines are equal, parallel but not 
equal, skew, or intersecting. 


dig? 22s — Lys —1.2=s—4 
fg:2=t-—3,y=3t4+8,z=5-2t 
b. Leet = =y =e 
ie a =y=2—2 
c£,:2=6s—1,y=—2s,z=38s+4+1 
Ly: 24 = #8 Sed 


6 =2 3 


Solution: 


a. Line L has direction vector v1 = (2,1, 1); line Zz has direction 
vector V2 = (1,3, —2). Because the direction vectors are not parallel 
vectors, the lines are either intersecting or skew. To determine whether 
the lines intersect, we see if there is a point, (a, y, z), that lies on both 
lines. To find this point, we use the parametric equations to create a 
system of equalities: 

Equation: 


2e—1l=t—-3; s—-1=3t+8; s—4=5-2¢. 


By the first equation, t = 2s + 2. Substituting into the second equation 
yields 
Equation: 


s—1 = 3(2s+2)+8 


s—l1 = 68+6-+8 
5s = —-15 
s = —3. 


Substitution into the third equation, however, yields a contradiction: 
Equation: 


s—-4 = §-—2(2s+2) 
s—4 = 5-4As-4 
De a ae 
et eal i 


There is no single point that satisfies the parametric equations for 
L, and Lz simultaneously. These lines do not intersect, so they are 
skew (see the following figure). 


b. Line L, has direction vector vz = (1, —1, 1) and passes through the 
origin, (0,0, 0). Line Lz has a different direction vector, 
v2 = (2,1,1), so these lines are not parallel or equal. Let r represent 
the parameter for line L, and let s represent the parameter for Do: 
Equation: 


x =r t— 2s 0 
y = —7 = § 
z =f a 
Solve the system of equations to find r = 1 and s = —1. If we need to 


find the point of intersection, we can substitute these parameters into 
the original equations to get (1, —1, 1) (see the following figure). 


c. Lines LZ; and Lz have equivalent direction vectors: v = (6, —2, 3). 
These two lines are parallel (see the following figure). 


Note: 
Exercise: 


Problem: 


Describe the relationship between the lines with the following parametric 
equations: 


Equation: 

z=1-4t,y=3+t,z=8—-6t 
Equation: 

Co 2 set) — ose — le 
Solution: 


These lines are skew because their direction vectors are not parallel and 
there is no point (a, y, z) that lies on both lines. 


Hint 


Start by identifying direction vectors for each line. Is one a multiple of the other? 


Equations for a Plane 


We know that a line is determined by two points. In other words, for any two 
distinct points, there is exactly one line that passes through those points, whether 
in two dimensions or three. Similarly, given any three points that do not all lie on 
the same line, there is a unique plane that passes through these points. Just as a 
line is determined by two points, a plane is determined by three. 


This may be the simplest way to characterize a plane, but we can use other 
descriptions as well. For example, given two distinct, intersecting lines, there is 
exactly one plane containing both lines. A plane is also determined by a line and 
any point that does not lie on the line. These characterizations arise naturally from 
the idea that a plane is determined by three points. Perhaps the most surprising 
characterization of a plane is actually the most useful. 


Imagine a pair of orthogonal vectors that share an initial point. Visualize grabbing 
one of the vectors and twisting it. As you twist, the other vector spins around and 
sweeps out a plane. Here, we describe that concept mathematically. Let 

n = (a,b,c) bea vector and P = (29, yo, 20) be a point. Then the set of all 


points Q = (a, y, z) such that PQ is orthogonal to n forms a plane ({link]). We 
say that n is a normal vector, or perpendicular to the plane. Remember, the dot 
product of orthogonal vectors is zero. This fact generates the vector equation of a 


plane: n - PQ = Q. Rewriting this equation provides additional ways to describe 
the plane: 
Equation: 


n-PQ = 0 
(a, b,c) - (& — £0, Y — Yo, Z — 20) = 0 
a(x — 29) +b(y— yo) +e(z-— 2) = 0. 


Given a point P and vector n, the set of all points 
Q with PQ orthogonal to n forms a plane. 


Note: 

Definition 

Given a point P and vector n, the set of all points @ satisfying the equation 
n- PQ = 0 forms a plane. The equation 

Equation: 


n- PQ =0 


is known as the vector equation of a plane. 

The scalar equation of a plane containing point P = (9, yo, Zo) with normal 
vector n = (a, b,c) is 

Equation: 


Gio aay) tO ea) see = aq) == (0 


This equation can be expressed as az + by + cz + d = 0, where 
d = —axo — byo — cz. This form of the equation is sometimes called the 
general form of the equation of a plane. 


As described earlier in this section, any three points that do not all lie on the same 
line determine a plane. Given three such points, we can find an equation for the 
plane containing these points. 


Example: 
Exercise: 


Problem: 
Writing an Equation of a Plane Given Three Points in the Plane 


Write an equation for the plane containing points P = (1,1, —2), 
Q = (0, 2,1), and R = (—1, —1, 0) in both standard and general forms. 


Solution: 


To write an equation for a plane, we must find a normal vector for the plane. 
We start by identifying two vectors in the plane: 
Equation: 


| 


PQ (0 1,2 1,1 ( 2)) = (-1, 1,3) 
ORS (2 01 Ss 1, 


The cross product PQ x QR is orthogonal to both PQ and QR, so it is 
normal to the plane that contains these two vectors: 
Equation: 


n =PQ x QR 


ij k 
=|/-1 1 3 
=—1 =3 =—1 

= (-14+ 9)i- (14+ 3)j+ (3+1)k 
= 8i — 4j + 4k. 


Thus, n = (8, —4, 4), and we can choose any of the three given points to 
write an equation of the plane: 


Equation: 


8(2@ — 1) —4(y—1) + 4(z+ 2) 
82 —4y+4z+4 = 0. 


| 
oS 


The scalar equations of a plane vary depending on the normal vector and point 
chosen. 


Example: 
Exercise: 


Problem: 
Writing an Equation for a Plane Given a Point and a Line 


Find an equation of the plane that passes through point (1, 4, 3) and contains 


the line given by x = et =z+1. 


Solution: 


Symmetric equations describe the line that passes through point (0, 1, —1) 
parallel to vector v; = (1, 2,1) (see the following figure). Use this point 
and the given point, (1, 4, 3), to identify a second vector parallel to the 
plane: 

Equation: 


Vo O84 =e (I ee 


Use the cross product of these vectors to identify a normal vector for the 
plane: 
Equation: 


n =v X v2 

ij k 

is ll 

13 4 

= (8 — 3)i—- (4—1)j + (3 —2)k 
= 5i—-3j+k. 


The scalar equations for the plane are 5x — 3(y— 1) + (z+ 1) = Oand 
She = a0) ap 4 ap 2) Uh 


Exercise: 


Problem: Find an equation of the plane containing the lines LD; and Lo: 
Equation: 


Let ——j—2 
Tg 2 22 = y= 2-2. 


Solution: 


2(@—1)+(y+1)4+3(z-1) =0or—-22+y+3z=0 


Hint 


The cross product of the lines’ direction vectors gives a normal vector for the 
plane. 


Now that we can write an equation for a plane, we can use the equation to find the 
distance d between a point P and the plane. It is defined as the shortest possible 
distance from P to a point on the plane. 


We want to find the shortest distance from point P 
to the plane. Let point R be the point in the plane 


such that, for any other point in the plane Q, 
IRPU < OP. 


Just as we find the two-dimensional distance between a point and a line by 
calculating the length of a line segment perpendicular to the line, we find the 
three-dimensional distance between a point and a plane by calculating the length 
of a line segment perpendicular to the plane. Let R bet the point in the plane such 


that RP is orthogonal to the plane, and let Q be an arbitrary point in the plane. 


Then the projection of vector QP onto the normal vector describes vector RP, as 
shown in [link]. 


Note: 

The Distance between a Plane and a Point 

Suppose a plane with normal vector n passes through point @. The distance d 
from the plane to a point P not in the plane is given by 


Equation: 
[@P-af 
d= proj,QP = lcomp,QP| = ml) 
n 
Example: 
Exercise: 
Problem: 


Distance between a Point and a Plane 


Find the distance between point P = (3, 1, 2) and the plane given by 
x — 2y+ z= 5 (see the following figure). 


Solution: 


The coefficients of the plane’s equation provide a normal vector for the 
plane: n = (1, —2, 1). To find vector QP, we need a point in the plane. 
Any point will work, so set y = z = 0 to see that point Q = (5, 0, 0) lies in 
the plane. Find the component form of the vector from @ to P: 

Equation: 


> 


QP = (3 —5,1—0,2—0) = (-2,1,2). 


Apply the distance formula from [link]: 
Equation: 


QP-n 
||| 
|(—2,1,2)-(1,—2,1)| 
de) 4 le 
[ey 
V6 


a 


af 


Note: 
Exercise: 


Problem: 

Find the distance between point P = (5, —1, 0) and the plane given by 
Ae oy = 

Solution: 


15 
V21 


Hint 


Point (0, 0, —3) lies on the plane. 


Parallel and Intersecting Planes 


We have discussed the various possible relationships between two lines in two 
dimensions and three dimensions. When we describe the relationship between two 
planes in space, we have only two possibilities: the two distinct planes are parallel 
or they intersect. When two planes are parallel, their normal vectors are parallel. 
When two planes intersect, the intersection is a line ({link]). 


The intersection of two 
nonparallel planes is always a 
line. 


We can use the equations of the two planes to find parametric equations for the 
line of intersection. 


Example: 
Exercise: 


Problem: 
Finding the Line of Intersection for Two Planes 


Find parametric and symmetric equations for the line formed by the 


intersection of the planes given by z + y+ z = O and 2x —y+ z=0 (see 
the following figure). 


Solution: 


Note that the two planes have nonparallel normals, so the planes intersect. 
Further, the origin satisfies each equation, so we know the line of 
intersection passes through the origin. Add the plane equations so we can 
eliminate the one of the variables, in this case, y: 

Equation: 


Ete Yt ee — 
22 —-— y + z= 0 
3z see = lh, 


This gives usi¢ = — ae We substitute this value into the first equation to 


express y in terms of z: 
Equation: 


We now have the first two variables, x and y, in terms of the third variable, 
z. Now we define z in terms of t. To eliminate the need for fractions, we 
choose to define the parameter t as t = — Fz. Then, z = —3t. Substituting 
the parametric representation of z back into the other two equations, we see 
that the parametric equations for the line of intersection are 


x = 2t,y = t, z = —3t. The symmetric equations for the line are 
x z 
Die a ok 
Note: 
Exercise: 
Problem: 


Find parametric equations for the line formed by the intersection of planes 
L--y—2— 3 and 32 — y-- 3z— 5. 


Solution: 


Cy le OF 
Hint 


Add the two equations, then express z in terms of x. Then, express y in terms of 
a 


In addition to finding the equation of the line of intersection between two planes, 
we may need to find the angle formed by the intersection of two planes. For 
example, builders constructing a house need to know the angle where different 
sections of the roof meet to know whether the roof will look good and drain 
properly. We can use normal vectors to calculate the angle between the two 


planes. We can do this because the angle between the normal vectors is the same 
as the angle between the planes. [link] shows why this is true. 


The angle between two planes has the same 
measure as the angle between the normal 
vectors for the planes. 


We can find the measure of the angle 6 between two intersecting planes by first 
finding the cosine of the angle, using the following equation: 
Equation: 


|n1 -No| 
cos 0 = —————_.. 
||21|| [m2] 


We can then use the angle to determine whether two planes are parallel or 
orthogonal or if they intersect at some other angle. 


Example: 
Exercise: 


Problem: 
Finding the Angle between Two Planes 


Determine whether each pair of planes is parallel, orthogonal, or neither. If 
the planes are intersecting, but not orthogonal, find the measure of the angle 
between them. Give the answer in radians and round to two decimal places. 


a. 2+ 2y— z= 8 and 2x + 4y — 2z = 10 
b. 22 — 3y + 2z = 3and 6z + 2y — 3z=1 
Cet py 2=4ands —3y oe = 1 


Solution: 


a. The normal vectors for these planes are n; = (1,2, —1) and 
Ny = (2,4, —2). These two vectors are scalar multiples of each other. 
The normal vectors are parallel, so the planes are parallel. 

b. The normal vectors for these planes are ny; = (2, —3, 2) and 
nN» = (6,2, —3). Taking the dot product of these vectors, we have 
Equation: 


tpt SO, SEO Nh el SG I 


The normal vectors are orthogonal, so the corresponding planes are 
orthogonal as well. 
c. The normal vectors for these planes are n; = (1,1, 1) and 
n> = (1, —3,5): 
Equation: 


|ni-no| 
I! || ||129]| 


[ls eo) | 
VIPFT241? 4/124(—3)745? 
3 


V105 ° 


cos@ = 


The angle between the two planes is 1.27 rad, or approximately 73°. 


Note: 
Exercise: 


Problem: 


Find the measure of the angle between planes x + y — z = 3 and 
3x2 — y+ 3z = 5. Give the answer in radians and round to two decimal 
places. 


Solution: 
1.44 rad 
Hint 


Use the coefficients of the variables in each equation to find a normal vector for 
each plane. 


When we find that two planes are parallel, we may need to find the distance 
between them. To find this distance, we simply select a point in one of the planes. 
The distance from this point to the other plane is the distance between the planes. 


Previously, we introduced the formula for calculating this distance in [link]: 
Equation: 


QP-n 


|r| 


v] 


where Q is a point on the plane, P is a point not on the plane, and n is the normal 
vector that passes through point Q. Consider the distance from point (x9, yo, Zo) 
to plane az + by + cz + k = 0. Let (24, yx, 21) be any point in the plane. 
Substituting into the formula yields 

Equation: 


— |a(xo—21)+b(yo—y1) +e(Zo0—21)| 
Vata 

__ |axo+byo+cz0+h| 

— Va2+b? +e? 


We state this result formally in the following theorem. 


Note: 

Distance from a Point to a Plane 

Let P (x0, yo, Zo) be a point. The distance from P to plane 
ax + by + cz+ k = 0 is given by 


Equation: 
ae laxzq + byp + czp + k| 
Va? + b2 + c? 
Example: 
Exercise: 
Problem: 


Finding the Distance between Parallel Planes 


Find the distance between the two parallel planes given by 2x + y — z = 2 
and 20 ti — se — 6: 


Solution: 


Point (1, 0, 0) lies in the first plane. The desired distance, then, is 
Equation: 


kes |axo+byo+czo+k| 
Vaneviaest 
_ 120)+1(0)+(—-1)(0)+(-8)| 
/22+12-+(-1) 


Ey rs 


6_ 
V6 


Note: 


Exercise: 


Problem: 


Find the distance between parallel planes 5a — 2y+ z = 6 and 
52. — 2y + 2 = = 3. 


Solution: 


9 


30 
Hint 


Set x = y = Oto find a point on the first plane. 


Note: 
Distance between Two Skew Lines 
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Industrial pipe installations often feature pipes running in different 
directions. How can we find the distance between two skew pipes? 


Finding the distance from a point to a line or from a line to a plane seems like a 
pretty abstract procedure. But, if the lines represent pipes in a chemical plant or 
tubes in an oil refinery or roads at an intersection of highways, confirming that 


the distance between them meets specifications can be both important and 


awkward to measure. One way is to model the two pipes as lines, using the 
techniques in this chapter, and then calculate the distance between them. The 
calculation involves forming vectors along the directions of the lines and using 


both the cross product and the dot product. 
The symmetric forms of two lines, £; and Lg, are 
Equation: 


Ii: Oe — $a, ES 


ay bY 
Ly _ gb8ty, _.. WW B® 
"a2 2 CQ 


You are to develop a formula for the distance d between these two lines, in terms 
of the values ay, b1, C1; G2, b2, C23 X21, Y1, 21; and £2, Yo, Z2. The distance 
between two lines is usually taken to mean the minimum distance, so this is the 
length of a line segment or the length of a vector that is perpendicular to both 
lines and intersects both lines. 


il 
2: 


of 
. Use symmetric equations to find a convenient vector vj, that lies between 


First, write down two vectors, v; and va, that lie along ZL; and Lo, 
respectively. 

Find the cross product of these two vectors and call it N. This vector is 
perpendicular to vz and vg, and hence is perpendicular to both lines. 
From vector N, form a unit vector n in the same direction. 


any two points, one on each line. Again, this can be done directly from the 
symmetric equations. 


. The dot product of two vectors is the magnitude of the projection of one 


vector onto the other—that is, A - B = ||A|! |IBllcos 0, where @ is the 
angle between the vectors. Using the dot product, find the projection of 
vector Vj2 found in step 4 onto unit vector n found in step 3. This 
projection is perpendicular to both lines, and hence its length must be the 
perpendicular distance d between them. Note that the value of d may be 
negative, depending on your choice of vector v12 or the order of the cross 
product, so use absolute value signs around the numerator. 


. Check that your formula gives the correct distance of |—25|//198 ~ 1.78 


between the following two lines: 
Equation: 


2 
epebn a UE ee: 
[pe ea 


, #5 — Oo — gl 
Ly: : 


. Is your general expression valid when the lines are parallel? If not, why not? 


(Hint: What do you know about the value of the cross product of two 
parallel vectors? Where would that result show up in your expression for 


d?) 


8. Demonstrate that your expression for the distance is zero when the lines 
intersect. Recall that two lines intersect if they are not parallel and they are 
in the same plane. Hence, consider the direction of n and vj2. What is the 
result of their dot product? 

9. Consider the following application. Engineers at a refinery have determined 
they need to install support struts between many of the gas pipes to reduce 
damaging vibrations. To minimize cost, they plan to install these struts at the 
closest points between adjacent skewed pipes. Because they have detailed 
schematics of the structure, they are able to determine the correct lengths of 
the struts needed, and hence manufacture and distribute them to the 
installation crews without spending valuable time making measurements. 
The rectangular frame structure has the dimensions 4.0 x 15.0 x 10.0m 
(height, width, and depth). One sector has a pipe entering the lower corner 
of the standard frame unit and exiting at the diametrically opposed corner 
(the one farthest away at the top); call this 2;. A second pipe enters and 


exits at the two different opposite lower corners; call this L» ([link)). 
z 


Two pipes cross through a standard frame 
unit. 


Write down the vectors along the lines representing those pipes, find the 


cross product between them from which to create the unit vector n, define a 
vector that spans two points on each line, and finally determine the 
minimum distance between the lines. (Take the origin to be at the lower 
corner of the first pipe.) Similarly, you may also develop the symmetric 
equations for each line and substitute directly into your formula. 


Key Concepts 


e In three dimensions, the direction of a line is described by a direction vector. 
The vector equation of a line with direction vector v = (a, b, c) passing 
through point P = (9, yo, Zo) isr = ro + tv, where rp = (20, Yo, Zo) is 
the position vector of point P. This equation can be rewritten to form the 
parametric equations of the line: x = x) + ta, y = yo + tb, and 
Zz = 29 + tc. The line can also be described with the symmetric equations 


I—XZo _ Y-Yo _ 2%-Zo 


a b Cc 
e Let Z bea line in space passing through point P with direction vector v. If 
PQ xv 
IIvl| 
e In three dimensions, two lines may be parallel but not equal, equal, 
intersecting, or skew. 
¢ Given a point P and vector n, the set of all points Q satisfying equation 


Q is any point not on L, then the distance from Q to L is d = 


n- PQ = 0 forms a plane. Equation n - PQ = 0 is known as the vector 
equation of a plane. 

¢ The scalar equation of a plane containing point P = (9, yo, 20) with normal 
vector n = (a,b,c) isa(x — 29) + b(y — yo) + c(z— 2) = 0. This 
equation can be expressed as ax + by + cz + d = 0, where 
d = —axo — byo — czy. This form of the equation is sometimes called the 
general form of the equation of a plane. 

e Suppose a plane with normal vector n passes through point @. The distance 
D from the plane to point P not in the plane is given by 
Equation: 


Cal 


D= proj, QP = comp,,QP| = Ta] 
n 


e The normal vectors of parallel planes are parallel. When two planes intersect, 
they form a line. 
e The measure of the angle 0 between two intersecting planes can be found 


using the equation: cos 0 = er where n, and n» are normal vectors to 
the planes. 

¢ The distance D from point (29, yo, Zo) to plane az + by + cz + d = Ois 
given by 
Equation: 
ies la (xo — 21) + b(yo — yi) +e(20— 21)| _ lato + byo + cz + d| 

Va? +b +c? Va? + b2 + ec? 
Key Equations 


e Vector Equation of a Line 

r=ro+tv 
e Parametric Equations of a Line 

x=2)+ ta, y= yo + tb, and z= z + tc 
e Symmetric Equations of a Line 


L-X%o _ Y Yo _ 4 ~%0 
a BS eG 
¢ Vector Equation of a Plane 
n-PQ=0 


¢ Scalar Equation of a Plane 


a(x — 29) + b(y— yo) + e(z— 20) =0 
Distance between a Plane and a Point 


, oa ms QP-n 
d= proj,.QP = comp, QP = 


|| 


In the following exercises, points P and Q are given. Let L be the line passing 
through points P and Q. 


a. Find the vector equation of line L. 

b. Find parametric equations of line LD. 

c. Find symmetric equations of line L. 

d. Find parametric equations of the line segment determined by P and Q. 


Exercise: 


Problem: P (—3, 5,9), Q (4, —7, 2) 


Solution: 


a.r = (—3,5,9) +¢(7, -12, —7),¢ © R;b. 
x= —3+7t,y=5—12t,2=9-7t,te Rc S38 = 42 = 2804. 
x= —34+ 7t,y=5 —12t,z =9-— 7t,t € [0,1] 


Exercise: 


Problem: P (4, 0,5), Q (2,3, 1) 
Exercise: 

Problem: P (—1,0,5), Q (4,0, 3) 

Solution: 


a.r = (—1,0, p#t45, 0, —2),6e Ri be = =1- Sig =0,2=5 = 21, 
teR c= 42 ,y=0;d. 2 =-1+ 5t,y=0,2=5 —2t,t € [0,1] 


Exercise: 
Problem: P (7, —2,6), Q (—3, 0,6) 


For the following exercises, point P and vector v are given. Let L be the line 
passing through point P with direction v. 


a. Find parametric equations of line LD. 
b. Find symmetric equations of line L. 
c. Find the intersection of the line with the xy-plane. 


Exercise: 
Problem: P (1, —2,3), v = (1, 2,3) 


Solution: 


ac=1+ty=-24+2t,2=343t,teRb t=? = 2385¢ 
(0, —4, 0) 


Exercise: 


Problem: P(3, 1,5), v = (1, 1,1) 

Exercise: 
Problem: P(3, 1,5), v = QR, where Q(2, 2, 3) and R(3, 2,3) 
Solution: 


az=3+t,y=1,z=5,t € R;b.y=1,z=5;c. The line does not 
intersect the xy-plane. 


Exercise: 
Problem: P(2, 3,0), v = QR, where Q(0,4,5) and R(0, 4,6) 


For the following exercises, line L is given. 
a. Find point P that belongs to the line and direction vector v of the line. 
Express v in component form. 


b. Find the distance from the origin to line L. 


Exercise: 
Problem: c = 1+t,y=3+t,z=5+4t,tcER 


Solution: 


a. P(1,3,5), v = (1,1,4);b. V3 


Exercise: 


Problem: —z = y+ 1,z=2 


Exercise: 


Problem: 


Find the distance between point A (—3, 1,1) and the line of symmetric 
equations 


L=-y= —-zZ. 
Solution: 

2v2 

V3 


Exercise: 


Problem: 


Find the distance between point A (4, 2,5) and the line of parametric 
equations 


z£=-l-t,y=-t,z=2,teR. 


For the following exercises, lines L; and Lg are given. 


a. Verify whether lines L; and Lz are parallel. 
b. If the lines DL; and Lz are parallel, then find the distance between them. 


Exercise: 


Problem: 
Iy:2=1ls+ty=t,2=24+17,tER, fo:r-3=y-1=2z-3 
Solution: 


a. Parallel; b. 2 


S 


Exercise: 


Problem: £, : 2 =2,y=1,z=t,Lo:c2=1l,y=1,z=2-3t,tER 


Exercise: 


Problem: 


Show that the line passing through points P (3, 1,0) and Q (1, 4, —3) is 
perpendicular to the line with equation x = 3t, y= 3+ 8t,z = —7+ 6t, 
tER. 


Exercise: 


Problem: 


Are the lines of equations x = —2 + 2t, y = —6, z = 2+ 6¢ and 
x=-l1l+t,y=1+t,z=t,t € R, perpendicular to each other? 


Exercise: 


Problem: 


Find the point of intersection of the lines of equations x = —2y = 3z and 
zx=-5-t,y=-1l+t,z=t—-11,teER. 


Solution: 


(—12, 6, —4) 
Exercise: 


Problem: 
Find the intersection point of the x-axis with the line of parametric equations 


z=10+4+t,y=2—-2t,z=-3+43t,tER. 


For the following exercises, lines LZ, and L» are given. Determine whether the 
lines are equal, parallel but not equal, skew, or intersecting. 
Exercise: 


Problem: L, : 2 =y—1=-—zandLly:%—-—2=-—y= 


zB. 
2 
Solution: 


The lines are skew. 


Exercise: 


Problem: 
£,:x2=2t,y=0,z=3,t€ RandLlo:24=0,y=8+5,z=7+ 8, 
sER 
Exercise: 
Problem: 


Iy:2=-142t,y=1-4 3t,z= 7t,t € Rand 
Ly: 2-1= 4(y—4) = 42-2 


Solution: 


The lines are equal. 
Exercise: 
Problem: 
£,: 308 =yt+1=2zandLly:2=64 2t,y = 174+ 6t,z= 9+ 3t, 
teR 
Exercise: 
Problem: 


Consider line L of symmetric equations 2 — 2 = —y = 5 and point 
A(t Ts 1): 


a. Find parametric equations for a line parallel to L that passes through 
point A. 

b. Find symmetric equations of a line skew to LZ and that passes through 
point A. 

c. Find symmetric equations of a line that intersects Z and passes through 
point A. 


Solution: 


az=1+t,y=1—-—t,z=1-4 2t,t € R; b. For instance, the line passing 
through A with direction vector j : « = 1, z = 1; c. For instance, the line 


passing through A and point (2, 0, 0) that belongs to L is a line that 


intersects; L : =a =yola=z—1 


Exercise: 
Problem: 
Consider line L of parametric equations x = t, y = 2t,z = 3,tE R. 
a. Find parametric equations for a line parallel to Z that passes through the 
origin. 
b. Find parametric equations of a line skew to L that passes through the 
origin. 
c. Find symmetric equations of a line that intersects Z and passes through 
the origin. 


For the following exercises, point P and vector n are given. 


a. Find the scalar equation of the plane that passes through P and has normal 
vector n. 

b. Find the general form of the equation of the plane that passes through P and 
has normal vector n. 


Exercise: 
Problem: P(0,0,0), n = 3i — 2j + 4k 


Solution: 


a. 3a — 2y+ 4z = 0; b. 8a — 2y + 4z = 0 


Exercise: 


Problem: P (3, 2,2), n = 21+ 3j —k 


Exercise: 


Problem: P (1, 2,3), n = (1, 2,3) 


Solution: 


a. (x —1)+2(y—2)+3(z-—3) =0;b.24+ 2y+ 3z-14=0 


Exercise: 
Problem: P(0,0,0), n = (—3, 2, —1) 


For the following exercises, the equation of a plane is given. 


a. Find normal vector n to the plane. Express n using standard unit vectors. 
b. Find the intersections of the plane with the axes of coordinates. 
c. Sketch the plane. 


Exercise: 


Problem: [T] 4z + 5y + 10z — 20 = 0 


Solution: 


a.n = 4i+5j + 10k; b. (5,0,0), (0,4, 0), and (0, 0, 2); 
Cc. 


Exercise: 


Problem: 3z + 4y — 12 =0 


Exercise: 


Problem: 3x — 2y + 4z = 0 
Solution: 


a. n = 3i — 2j + 4k; b. (0,0, 0); 
c, 


Exercise: 


Problem: x + z = 0 
Exercise: 
Problem: 


Given point P (1, 2,3) and vector n = i + j, find point Q on the x-axis such 
that PQ and n are orthogonal. 


Solution: 


(3, 0,0) 
Exercise: 


Problem: 


Show there is no plane perpendicular to n = i+ j that passes through points 
P(1;2,3):and:Q (2,3,4). 


Exercise: 


Problem: 


Find parametric equations of the line passing through point P(—2, 1, 3) that 
is perpendicular to the plane of equation 2x — 3y+ z= 7. 


Solution: 


xe=—24+2t,y=1-3t,z=34+t,tER 
Exercise: 
Problem: 


Find symmetric equations of the line passing through point P(2, 5, 4) that is 
perpendicular to the plane of equation 2x + 3y — 5z = 0. 


Exercise: 

Problem: 

Show that line a = — = a is parallel to plane x — 2y+ z= 6. 
Exercise: 

Problem: 


Find the real number a such that the line of parametric equations 
x=t,y=2-—t,z=3+4+t,t © R is parallel to the plane of equation 
ax --by-+z—10 =0. 


For the following exercises, points P,Q, and R are given. 


a. Find the general equation of the plane passing through P, @, and R. 


b. Write the vector equation n - PS = 0 of the plane at a., where S (x, y, z) is 
an arbitrary point of the plane. 

c. Find parametric equations of the line passing through the origin that is 
perpendicular to the plane passing through P,Q, and R. 


Exercise: 
Problem: P(1, 1,1), Q(2, 4,3), and R(—1, —2, —1) 


Solution: 


a. —2y + 3z—1=0;b. (0, -2,3)- (a -—1l,y—1,z-—1) =0;c. 
e=0,9 = 21,2 =} 31,7 CIR 


Exercise: 


Problem: P (—2, 1,4), Q (3, 1,3), and R (—2, 1,0) 


Exercise: 


Problem: Consider the planes of equations x + y+ z= 1andr+z=0. 


a. Show that the planes intersect. 
b. Find symmetric equations of the line passing through point P(1, 4, 6) 
that is parallel to the line of intersection of the planes. 


Solution: 
: G1) Z=6 a 
a. Answers may vary; b. =— = —,y=4 
Exercise: 


Problem: Consider the planes of equations —y + z— 2 = 0 andx—y=0. 


a. Show that the planes intersect. 
b. Find parametric equations of the line passing through point P(—8, 0, 2) 
that is parallel to the line of intersection of the planes. 


Exercise: 
Problem: 
Find the scalar equation of the plane that passes through point P(—1, 2, 1) 
and is perpendicular to the line of intersection of planes x + y— z—2=0 
and 27 —y+3z—1= 0. 


Solution: 


20 Sy = 325-15 =0 
Exercise: 
Problem: 
Find the general equation of the plane that passes through the origin and is 


perpendicular to the line of intersection of planes —x + y+ 2 = 0 and 
Zoo SU, 


Exercise: 
Problem: 
Determine whether the line of parametric equations 


x=14 2t,y = —2t,z=2+t,t € R intersects the plane with equation 
3x2 + 4y + 6z — 7 = O. If it does intersect, find the point of intersection. 


Solution: 


The line intersects the plane at point P (—3, 4, 0). 
Exercise: 

Problem: 

Determine whether the line of parametric equations 


x=5,y=4-t,z = 2t,t © R intersects the plane with equation 
2x —y+z= 5. If it does intersect, find the point of intersection. 


Exercise: 


Problem: 


Find the distance from point P (1, 5, —4) to the plane of equation 
a2: y+ 2z2—6= 0. 


Solution: 


16 
v14 


Exercise: 
Problem: 


Find the distance from point P (1, —2, 3) to the plane of equation 
(2 —3)+2(y+1)—4z=0. 


For the following exercises, the equations of two planes are given. 
a. Determine whether the planes are parallel, orthogonal, or neither. 
b. If the planes are neither parallel nor orthogonal, then find the measure of the 
angle between the planes. Express the answer in degrees rounded to the 
nearest integer. 


Exercise: 
Problem: [T] z + y+ z= 0, 2x —-y+2z-7=0 


Solution: 


a. The planes are neither parallel nor orthogonal; b. 62° 


Exercise: 


Problem: 5z — 3y+z2=4,24+4y+7z=1 


Exercise: 


Problem: z — 5y — z = 1, 5a — 25y — 5z = —3 
Solution: 


a. The planes are parallel. 


Exercise: 


Problem: [T] x — 3y + 6z = 4,5xr+y—z=4 


Exercise: 


Problem: 


Show that the lines of equations x = t,y=1+t,z=2+t,t € R, and 


= = oe = zg — 3 are skew, and find the distance between them. 


Solution: 
= 
V6 
Exercise: 
Problem: 
Show that the lines of equations z = —1+t,y = —2+1%,z = 3t,t€ R, 


andz =5+s,y = —8+ 2s, z = 7s, s € Rare skew, and find the distance 
between them. 


Exercise: 


Problem: 
Consider point C' (—3, 2, 4) and the plane of equation 2x + 4y — 3z = 8. 


a. Find the radius of the sphere with center C’ tangent to the given plane. 
b. Find point P of tangency. 


Solution: 
18 BL 130 62 
a 5g ib. P( 39-39 20) 
Exercise: 


Problem: Consider the plane of equation x — y— z— 8 = 0. 


a. Find the equation of the sphere with center C at the origin that is 
tangent to the given plane. 

b. Find parametric equations of the line passing through the origin and the 
point of tangency. 


Exercise: 


Problem: 


Two children are playing with a ball. The girl throws the ball to the boy. The 
ball travels in 


the air, curves 3 ft to the right, and falls 5 ft away from the girl (see the 
following figure). If the plane that contains the trajectory of the ball is 
perpendicular to the ground, find its equation. 


Solution: 


Ar — 3y = 0 
Exercise: 


Problem: 


[T] John allocates d dollars to consume monthly three goods of prices 

a,b, and c. In this context, the budget equation is defined as 

ax + by + cz = d, where x > 0, y > 0, and z > 0 represent the number of 
items bought from each of the goods. The budget set is given by 

{(x,y, z)|ax + by + cz < d,x > 0,y > 0,z => O}, and the budget plane is 
the part of the plane of equation ax + by + cz = d for which x > 0,y > 0, 
and z > 0. Consider a = $8, b = $5, c = $10, and d = $500. 


a. Use a CAS to graph the budget set and budget plane. 
b. For z = 25, find the new budget equation and graph the budget set in 
the same system of coordinates. 


Exercise: 


Problem: 


[T] Consider r(t) = (sin t, cos t, 2t) the position vector of a particle at time 
t € [0,3], where the components of r are expressed in centimeters and time 


is measured in seconds. Let OP be the position vector of the particle after 1 
sec. 


a. Determine the velocity vector v(1) of the particle after 1 sec. 

b. Find the scalar equation of the plane that is perpendicular to v(1) and 
passes through point P. This plane is called the normal plane to the 
path of the particle at point P. 

c. Use a CAS to visualize the path of the particle along with the velocity 
vector and normal plane at point P. 


Solution: 


a. v(1) = (cos 1, —sin 1, 2); b. 
(cos 1)(a — sin 1) — (sin 1)(y — cos 1) + 2(z — 2) = 0; 


C. 


Exercise: 


Problem: 


[T] A solar panel is mounted on the roof of a house. The panel may be 
regarded as positioned at the points of coordinates (in meters) A(8, 0,0), 
B(8, 18,0), C(0, 18,8), and D(0, 0, 8) (see the following figure). 


a. Find the general form of the equation of the plane that contains the solar 
panel by using points A, B, and C,, and show that its normal vector is 


equivalent to AB x AD. 

b. Find parametric equations of line LD; that passes through the center of 
the solar panel and has direction vector s = ai + A jt ak, which 
points toward the position of the Sun at a particular time of day. 

c. Find symmetric equations of line LZ» that passes through the center of 
the solar panel and is perpendicular to it. 

d. Determine the angle of elevation of the Sun above the solar panel by 
using the angle between lines L; and Lg. 


Glossary 


direction vector 
a vector parallel to a line that is used to describe the direction, or orientation, 
of the line in space 


general form of the equation of a plane 
an equation in the form az + by + cz + d = 0, where n = (a,),c) isa 
normal vector of the plane, P = (0, yo, Zo) is a point on the plane, and 
d = —aZo — byo — CZ 


normal vector 
a vector perpendicular to a plane 


parametric equations of a line 
the set of equations x = x9 + ta, y = yo + tb, and z = zg + tc describing 
the line with direction vector v = (a, b,c) passing through point (9, yo, 20) 


scalar equation of a plane 
the equation a (a — zo) + b(y — yo) + ¢(z— 2) = 0 used to describe a 
plane containing point P = (20, yo, Zo) with normal vector n = (a, b,c) or 
its alternate form ax + by + cz + d = 0, where d = —azo — byo — cZo 


skew lines 
two lines that are not parallel but do not intersect 


symmetric equations of a line 
the equations “—** = +" — + describing the line with direction vector 


v = (a,b,c) passing through point (29, yo, 20) 


vector equation of a line 
the equation r = ro + tv used to describe a line with direction vector 
v = (a,b,c) passing through point P = (9, yo, 20), where 
ro = (0, yo, Zo), is the position vector of point P 


vector equation of a plane 


the equation n - PQ = 0, where P is a given point in the plane, Q is any 
point in the plane, and n is a normal vector of the plane 


Cylinders and Quadrics for Doug Baldwin 


¢ Identify a cylinder as a type of three-dimensional surface. 

e Recognize the main features of ellipsoids, paraboloids, and 
hyperboloids. 

e Use traces to draw the intersections of quadric surfaces with the 
coordinate planes. 


In this section, we use our knowledge of planes and spheres, which are 
examples of three-dimensional figures called surfaces, to explore a variety 
of other surfaces that can be graphed in a three-dimensional coordinate 
system. 


Identifying Cylinders 


The first surface we’ll examine is the cylinder. Although most people 
immediately think of a hollow pipe or a soda straw when they hear the word 
cylinder, here we use the broad mathematical meaning of the term. As we 
will see, cylindrical surfaces don’t have to be circular. A rectangular heating 
duct is a cylinder, as is a rolled-up yoga mat, the cross-section of which is a 
spiral shape. 


In the two-dimensional coordinate plane, the equation x? + y? = 9 describes 
a circle centered at the origin with radius 3. In three-dimensional space, this 
Same equation represents a surface. Imagine copies of a circle stacked on top 
of each other centered on the z-axis ([link]), forming a hollow tube. We can 
then construct a cylinder from the set of lines parallel to the z-axis passing 
through circle x? + y” = 9 in the xy-plane, as shown in the figure. In this 
way, any curve in one of the coordinate planes can be extended to become a 
surface. 


In three-dimensional space, the graph 
of equation x? + y? = 9 is a cylinder 
with radius 3 centered on the z-axis. It 
continues indefinitely in the positive 
and negative directions. 


Note: 

Definition 

A set of lines parallel to a given line and passing through a given curve is 
known as a cylindrical surface, or cylinder. The parallel lines are called 
rulings. 


From this definition, we can see that we still have a cylinder in three- 
dimensional space, even if the curve is not a circle. Any curve can form a 
cylinder, and the rulings that compose the cylinder may be parallel to any 
given line ([link]). 


In three-dimensional space, the graph of 


equation z = zx° is a cylinder, or a cylindrical 


surface with rulings parallel to the y-axis. 


Example: 
Exercise: 


Problem: 
Graphing Cylindrical Surfaces 


Sketch the graphs of the following cylindrical surfaces. 


a fe ae = 

2 = a a 

Cy — sins 
Solution: 


a. The variable y can take on any value without limit. Therefore, the 
lines ruling this surface are parallel to the y-axis. The intersection 
of this surface with the xz-plane forms a circle centered at the 


origin with radius 5 (see the following figure). 
z 


The graph of equation x” + z? = 25 isa 
cylinder with radius 5 centered on the y-axis. 


b. In this case, the equation contains all three variables — x, y, and 
z— so none of the variables can vary arbitrarily. The easiest way 
to visualize this surface is to use a computer graphing utility (see 
the following figure). 

z 


y 


c. In this equation, the variable z can take on any value without 
limit. Therefore, the lines composing this surface are parallel to 
the z-axis. The intersection of this surface with the xy-plane 
outlines curve y = sin z (see the following figure). 


The graph of equation y = sin z is formed by a set of lines 
parallel to the z-axis passing through curve y = sin z in the 
xy-plane. 


Note: 
Exercise: 


Problem: 


Sketch or use a graphing tool to view the graph of the cylindrical 
surface defined by equation z = y?. 


Solution: 


Hint 


The variable z can take on any value without limit. 


When sketching surfaces, we have seen that it is useful to sketch the 
intersection of the surface with a plane parallel to one of the coordinate 
planes. These curves are called traces. We can see them in the plot of the 
cylinder in [link]. 


Note: 


Definition 
The traces of a surface are the cross-sections created when the surface 
intersects a plane parallel to one of the coordinate planes. 


(a) This is one view of the graph of equation z = sin z. (b) To find the 
trace of the graph in the xz-plane, set y = 0. The trace is simply a two- 
dimensional sine wave. 


Traces are useful in sketching cylindrical surfaces. For a cylinder in three 
dimensions, though, only one set of traces is useful. Notice, in [link], that the 
trace of the graph of z = sin z in the xz-plane is useful in constructing the 
graph. The trace in the xy-plane, though, is just a series of parallel lines, and 
the trace in the yz-plane is simply one line. 


Cylindrical surfaces are formed by a set of parallel lines. Not all surfaces in 
three dimensions are constructed so simply, however. We now explore more 
complex surfaces, and traces are an important tool in this investigation. 


Quadric Surfaces 


Planes are surfaces in three dimensions described by first-order equations. 
Some other common types of surfaces can be described by second-order 
equations. We can view these surfaces as three-dimensional extensions of 
the conic sections we discussed earlier: the ellipse, the parabola, and the 
hyperbola. We call these graphs quadric surfaces. 


Note: 

Definition 

Quadric surfaces are the graphs of equations that can be expressed in the 
form 

Equation: 


Ax’® + By? + C2? + Day+ Exz+ Fyz+Gr+Hy+Jz+K =0. 


When a quadric surface intersects a coordinate plane, the trace is a conic 
section. 


An ellipsoid is a surface described by an equation of the form 

x a x = z = 1. Set x = 0 to see the trace of the ellipsoid in the yz- 
plane. To see the traces in the xy- and xz-planes, set z = 0 and y = 0, 
respectively. Notice that, if a = b, the trace in the xy-plane is a circle. 
Similarly, if a = c, the trace in the xz-plane is a circle and, if b = c, then the 
trace in the yz-plane is a circle. A sphere, then, is an ellipsoid with 

C=) =e, 


Example: 
Exercise: 


Problem: 
Sketching an Ellipsoid 


Sketch the ellipsoid {+442 =1. 


Solution: 


Start by sketching the traces. To find the trace in the xy-plane, set 


2=0: a + ie = ] (see [link]). To find the other traces, first set 
y = 0 and then set x = 0. 


(a) This graph represents the trace of equation — =F ¥ =p - =o 
in the xy-plane, when we set z = 0. (b) When we set y = 0, we 
get the trace of the ellipsoid in the xz-plane, which is an ellipse. 

(c) When we set « = 0, we get the trace of the ellipsoid in the yz- 

plane, which is also an ellipse. 


Now that we know what traces of this solid look like, we can sketch 
the surface in three dimensions ((link]). 


(a) (b) 


(a) The traces provide a framework for the 
surface. (b) The center of this ellipsoid is the 
origin. 


The trace of an ellipsoid is an ellipse in each of the coordinate planes. 
However, this does not have to be the case for all quadric surfaces. Many 
quadric surfaces have traces that are different kinds of conic sections, and 
this is usually indicated by the name of the surface. For example, if a surface 
can be described by an equation of the form 5 + x = =, then we call that 
surface an elliptic paraboloid. The trace in the xy-plane is an ellipse, but the 
traces in the xz-plane and yz-plane are parabolas ({link]). Other elliptic 
paraboloids can have other orientations simply by interchanging the 


variables to give us a different variable in the linear term of the equation: 


Of ee. 
ge 5 Oe eS : 


y 


This quadric surface is called 
an elliptic paraboloid. 


Example: 
Exercise: 


Problem: 
Identifying Traces of Quadric Surfaces 


Describe the traces of the elliptic paraboloid x? + a =<. 


Solution: 


To find the trace in the xy-plane, set z = 0: x? + & = (). The trace in 
the plane z = 0 is simply one point, the origin. Since a single point 
does not tell us what the shape is, we can move up the z-axis to an 
arbitrary plane to find the shape of other traces of the figure. 


The trace in plane z = 5 is the graph of equation x? + ze = 1, which 
is an ellipse. In the xz-plane, the equation becomes z = 5a”. The trace 
is a parabola in this plane and in any plane with the equation y = b. 


In planes parallel to the yz-plane, the traces are also parabolas, as we 
can see in the following figure. 


(c) (d) 


(a) The paraboloid x? + = = =e (b) The trace in plane z = 5. 
(c) The trace in the xz-plane. (d) The trace in the yz-plane. 


Note: 
Exercise: 


Problem: 


A hyperboloid of one sheet is any surface that can be described with an 


; 2 2 2 
equation of the form #5 + a — 4, = 1. Describe the traces of the 


hyperboloid of one sheet given by equation & Se a — & aly 
Solution: 


The traces parallel to the xy-plane are ellipses and the traces parallel to 
the xz- and yz-planes are hyperbolas. Specifically, the trace in the xy- 


plane is ellipse x = a = |, the trace in the xz-plane is hyperbola 
- — _ = 1, and the trace in the yz-plane is hyperbola a = — = ll 


(see the following figure). 


Hint 


To find the traces in the coordinate planes, set each variable to zero 
individually. 


Hyperboloids of one sheet have some fascinating properties. For example, 

they can be constructed using straight lines, such as in the sculpture in [link] 
(a). In fact, cooling towers for nuclear power plants are often constructed in 
the shape of a hyperboloid. The builders are able to use straight steel beams 


in the construction, which makes the towers very strong while using 
relatively little material ([link](b)). 


(a) (b) 


(a) A sculpture in the shape of a hyperboloid can be constructed of 
straight lines. (b) Cooling towers for nuclear power plants are often 
built in the shape of a hyperboloid. 


Example: 
Exercise: 


Problem: 
Chapter Opener: Finding the Focus of a Parabolic Reflector 


Energy hitting the surface of a parabolic reflector is concentrated at the 
focal point of the reflector ([link]). If the surface of a parabolic 


2 
reflector is described by equation — =p aaa = 7, with distances 


measured in meters, where is the focal point of the reflector? 


Energy reflects off of the parabolic reflector and is collected at 
the focal point. (credit: modification of CGP Grey, Wikimedia 
Commons) 


Solution: 


Since z is the first-power variable, the axis of the reflector corresponds 
to the z-axis. The coefficients of x? and y? are equal, so the cross- 
section of the paraboloid perpendicular to the z-axis is a circle. We can 
consider a trace in the xz-plane or the yz-plane; the result is the same. 
Setting y = 0, the trace is a parabola opening up along the z-axis, with 
standard equation x? = 4pz, where p is the focal length of the 
parabola. In this case, this equation becomes z” = 100 - = = 4Apz or 
25 = Ap. So p is 6.25 m, which tells us that the focus of the 
paraboloid is 6.25 m up the axis from the vertex. Because the vertex of 
this surface is the origin, the focal point is (0, 0, 6.25). 


Seventeen standard quadric surfaces can be derived from the general 
equation 
Equation: 


Aa’ + By’ + C2 4+ Day+ Exz+ Fyz+ Ge+ Hy+Jz+K=0. 


The following figures summarizes the most important ones. 


Characteristics of Common Quadric Surfaces 


Ellipsoid 


x2 y? Zz 
Pl See al 


Traces 

In plane z = p: an ellipse 
In plane y = g: an ellipse 
In plane x = r: an ellipse 


If a = b =c, then this surface is a sphere. 


Hyperboloid of One Sheet 


x2 2 2 
ate an 
Traces 

In plane z = p: an ellipse 

In plane y = q: a hyperbola 

In plane x = r: a hyperbola 


In the equation for this surface, two of the variables have 
positive coefficients and one has a negative coefficient. 
The axis of the surface corresponds to the variable with 
the negative coefficient. 


Hyperboloid of Two Sheets 


Traces 

In plane z = p: an ellipse or the empty set (no trace) 
In plane y = q: ahyperbola 

In plane x = r: a hyperbola 


In the equation for this surface, two of the variables have 
negative coefficients and one has a positive coefficient. 
The axis of the surface corresponds to the variable with a 
positive coefficient. The surface does not intersect the 
coordinate plane perpendicular to the axis. 


Characteristics of Common Quadratic Surfaces: Ellipsoid, 
Hyperboloid of One Sheet, Hyperboloid of Two Sheets. 


Characteristics of Common Quadric Surfaces 


Elliptic Cone 


x2 y? 2 
atp co? 


Traces 

In plane z = p: an ellipse 

In plane y = q: a hyperbola 

In plane x = r: a hyperbola 

In the xz - plane: a pair of lines that intersect at the origin 
In the yz - plane: a pair of lines that intersect at the origin 


The axis of the surface corresponds to the variable with a 
negative coefficient. The traces in the coordinate planes 
parallel to the axis are intersecting lines. 


Elliptic Paraboloid 


poe J 
at b* 


Traces 

In plane z = p: an ellipse 
In plane y = q: a parabola 
In plane x = r: a parabola 


The axis of the surface corresponds to the linear variable. 


Hyperbolic Paraboloid 


pee 
a be 


Traces 

In plane z = p: a hyperbola 
In plane y = q: a parabola 
In plane x = r: a parabola 


The axis of the surface corresponds to the linear variable. 


Characteristics of Common Quadratic Surfaces: Elliptic Cone, Elliptic 
Paraboloid, Hyperbolic Paraboloid. 


Example: 
Exercise: 


Problem: 
Identifying Equations of Quadric Surfaces 


Identify the surfaces represented by the given equations. 


a. 16x? + 9y? + 162? = 144 
b. 9x” — 18x + 44° + 16y — 36z + 25 =0 


Solution: 


a. The x, y, and z terms are all squared, and are all positive, so this 
is probably an ellipsoid. However, let’s put the equation into the 
standard form for an ellipsoid just to be sure. We have 
Equation: 


16x? + 9y? + 162” = 144. 


Dividing through by 144 gives 
Equation: 


2 y? 2 


—+——+—=1. 
9 16 9 
So, this is, in fact, an ellipsoid, centered at the origin. 


b. We first notice that the z term is raised only to the first power, so 
this is either an elliptic paraboloid or a hyperbolic paraboloid. We 


also note there are x terms and y terms that are not squared, so 


this quadric surface is not centered at the origin. We need to 


complete the square to put this equation in one of the standard 


forms. We have 
Equation: 


Ox? — 18x + 4y* + 16y — 36z 4 25 
9x? — 18x + 4y? + 16y + 25 
9 (re — 22) +4 (y° + 4y) + 25 
9 (x* Zao 1)+4(y°+4y+4 4) 20 
OG Dears 1G 25 
Q(z — 1)? + 4(y+ 2) 
Cae Ween 
4 9 


This is an elliptic paraboloid centered at (1, 2,0). 


Note: 
Exercise: 


Problem: 


Identify the surface represented by equation 
9a +4 — 2° + 2z—-10=0. 


Solution: 
Hyperboloid of one sheet, centered at (0, 0, 1) 
Hint 


Look at the signs and powers of the x, y, and z terms. 


Key Concepts 


A set of lines parallel to a given line passing through a given curve is 
called a cylinder, or a cylindrical surface. The parallel lines are called 
rulings. 

The intersection of a three-dimensional surface and a plane is called a 
trace. To find the trace in the xy-, yz-, or xz-planes, set 

z=0,z2 = 0, or y = 0, respectively. 

Quadric surfaces are three-dimensional surfaces with traces composed 
of conic sections. Every quadric surface can be expressed with an 
equation of the form 

Az* + By + C2*+ Dey + Exz+ Fyz+Gae+ Hy+Jz+K=0. 
To sketch the graph of a quadric surface, start by sketching the traces to 
understand the framework of the surface. 

Important quadric surfaces are summarized in [link] and [link]. 


For the following exercises, sketch and describe the cylindrical surface of 
the given equation. 
Exercise: 


Problem: [T] x? + 22 = 1 


Solution: 


The surface is a cylinder with the rulings parallel to the y-axis. 


—4 3 
0 
y 244 0.5 0 —0.5 


Exercise: 


Problem: [T] x? + y”? = 9 


Exercise: 
Problem: [T] z = cos (z + x) 


Solution: 


The surface is a cylinder with rulings parallel to the y-axis. 


Exercise: 


Problem: [T] z = e” 


Exercise: 


Problem: [T] z = 9 — y” 
Solution: 


The surface is a cylinder with rulings parallel to the x-axis. 


Exercise: 
Problem: [T] z = In (z) 


For the following exercises, the graph of a quadric surface is given. 


a. Specify the name of the quadric surface. 
b. Determine the axis of symmetry of the quadric surface. 


Exercise: 


Problem: 


Solution: 


a. Cylinder; b. The x-axis 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


a. Hyperboloid of two sheets; b. The x-axis 
Exercise: 


Problem: 


For the following exercises, match the given quadric surface with its 
corresponding equation in standard form. 


rab) 
8 (8, 
+ 
6 0|5, 
| 
[s 
| 
—_ 


12 
2 
Sa oe 
cgtPt+ Hal 
d. 27 = 4a? + 3y 
ez=4r7-y 
f. 427+ y°— 2° =0 
Exercise: 


Problem: Hyperboloid of two sheets 


Solution: 


Bs 


Exercise: 


Problem: Ellipsoid 


Exercise: 


Problem: Elliptic paraboloid 


Solution: 


d. 


Exercise: 


Problem: Hyperbolic paraboloid 


Exercise: 


Problem: Hyperboloid of one sheet 


Solution: 


a. 


Exercise: 
Problem: Elliptic cone 


For the following exercises, rewrite the given equation of the quadric surface 
in standard form. Identify the surface. 
Exercise: 


Problem: —x? + 36y? + 362? = 9 


Solution: 
2 2 2 . e e 
Z 4 ¥ 4 2 — 1], hyperboloid of one sheet with the x-axis as its 
9 ae 1 , HYP 


4 4 
axis of symmetry 


Exercise: 


Problem: —42x? + 25y? + z? = 100 


Exercise: 


Problem: —327? + 5y”? — z? = 10 


Solution: 
2 
= 7 — = 1, hyperboloid of two sheets with the y-axis as its 


3 
axis of symmetry 


Exercise: 


Problem: 3x7 — y? — 6z? = 18 


Exercise: 


Problem: 5y = x? — z? 


Solution: 


ee a + ae hyperbolic paraboloid with the y-axis as its axis of 
symmetry 


Exercise: 


Problem: 827 — 5y? — 10z = 0 


Exercise: 


Problem: x? + 5y? + 3z7— 15 = 0 
Solution: 

2.12 1 ellipsoid 

15 3 ieee Sa 


Exercise: 


Problem: 63x? + 7y’? + 92 — 63 = 0 
Exercise: 

Problem: x? + 5y” — 8z7 = 0 

Solution: 


2 2 2 : F : E : 
re — = =0, elliptic cone with the z-axis as its axis of symmetry 


Exercise: 


Problem: 5x? — 4y? + 2027 = 0 


Exercise: 


Problem: 6x = 3y7 + 22? 


Solution: 


2 
f= = + z elliptic paraboloid with the x-axis as its axis of symmetry 


Exercise: 
Problem: 49y = «2? + 727 


For the following exercises, find the trace of the given quadric surface in the 
specified plane of coordinates and sketch it. 
Exercise: 


Problem: [T] x? + z7 + 4y = 0,z = 0 


Solution: 


Parabola y = — - 


¥ 
0 


Exercise: 


Problem: [T] x? + 2? + 4y=0,2=0 


Exercise: 


Problem: [T] —42? + 25y? + z2 = 100,z = 0 


Solution: 


Ellipse ua i, OE 1, 


Exercise: 


Problem: [T] —42? + 25y? + z* = 100, y = 0 


Exercise: 


Problem: [T] x? + us + _ 0 


Solution: 


. 2 ye de 
Ellipse + + > = 1, 


Exercise: 


Problem: [T] x? — y — z2=1,y=0 
Exercise: 


Problem: 


Use the graph of the given quadric surface to answer the questions. 


a. Specify the name of the quadric surface. 
b. Which of the equations— 
16x? + 9y* + 362? = 3600, 92? + 36y” + 16z? = 3600, or 


36x? + 9y? + 162? = 3600—corresponds to the graph? 
c. Use b. to write the equation of the quadric surface in standard 
form. 


Solution: 


2 
a. Ellipsoid; b. The third equation; c. = + too + = aD 
Exercise: 


Problem: 


Use the graph of the given quadric surface to answer the questions. 


a. Specify the name of the quadric surface. 

b. Which of the equations— 
36z = 9x? + y?, 9x? + 4y” = 36z, or — 362 = —812? + 4y’°— 
corresponds to the graph above? 

c. Use b. to write the equation of the quadric surface in standard 
form. 


For the following exercises, the equation of a quadric surface is given. 


a. Use the method of completing the square to write the equation in 
standard form. 
b. Identify the surface. 


Exercise: 


Problem: x? + 227 + 6r — 8z+1=0 
Solution: 
2 2 
a. es) + e) = 1; b. Cylinder centered at (—3, 2) with rulings 
parallel to the y-axis 


Exercise: 


Problem: 42? — y? + 27 — 8x + 2y+2z+3=0 


Exercise: 


Problem: x” + 4y? — 427 — 6x — 1éy— 16z+5=0 


Solution: 


2 
a. oe + (y — 2)° — (z+ 2) = 1; b. Hyperboloid of one sheet 


centered at (3, 2, —2), with the z-axis as its axis of symmetry 


Exercise: 


Problem: x? + 27 — 4y+4=0 


Exercise: 


Problem: x? + = + 62 +9=0 


Solution: 


a. (a + 3)? 4 7 & = 0; b. Elliptic cone centered at (—3, 0, 0), 
with the z-axis as its axis of symmetry 


Exercise: 


Problem: x? — y”? + 27 — 12z+ 2x + 37 =0 
Exercise: 
Problem: 


Write the standard form of the equation of the ellipsoid centered at the 
origin that passes through points A (2,0,0), B(0,0,1), and 


c(4,vi, 4). 


Solution: 


ae y ae 
“a. oi ee ee an 


Exercise: 
Problem: 
Write the standard form of the equation of the ellipsoid centered at 


point P (1, 1,0) that passes through points A (6, 1,0), B(4, 2,0) and 
CG (1,2, 1). 


Exercise: 


Problem: 


Determine the intersection points of elliptic cone x? — y? — z* = 0 


. ; = 1 
with the line of symmetric equations +5 = fon = 


Solution: 


(1, —1,0) and (+3, 4, 3) 


Exercise: 


Problem: 


Determine the intersection points of parabolic hyperboloid 
z = 3x? — 27 with the line of parametric equations 
x = 3t,y = 2t, z= 19t, wheret € R. 


Exercise: 
Problem: 
Find the equation of the quadric surface with points P (, y, z) that are 


equidistant from point Q (0, —1, 0) and plane of equation y = 1. 
Identify the surface. 


Solution: 
x? + 2% + 4y = 0, elliptic paraboloid 


Exercise: 


Problem: 


Find the equation of the quadric surface with points P (, y, z) that are 
equidistant from point Q (0, 2, 0) and plane of equation y = —2. 
Identify the surface. 


Exercise: 


Problem: 


If the surface of a parabolic reflector is described by equation 
400z = x? + y’, find the focal point of the reflector. 


Solution: 


(0, 0, 100) 


Exercise: 


Problem: 
Consider the parabolic reflector described by equation 
z = 20x? + 20y?. Find its focal point. 

Exercise: 


Problem: 


Show that quadric surface 


a? ty? + 2474+ Qaey + Qaz+ 2yz+a+y+ z= 0 reduces to two 


parallel planes. 


Exercise: 
Problem: 


2 2 2 


Show that quadric surface x* + y* + 2° — 2xy — 2xz+ 2yz—-1=0 
reduces to two parallel planes passing. 


Exercise: 


Problem: 


[T] The intersection between cylinder (a — 1) + y? = land sphere 
a? + y* + 2? = 4 is called a Viviani curve. 


a. Solve the system consisting of the equations of the surfaces to find 
the equation of the intersection curve. (Hint: Find x and y in terms 
of z. ) 

b. Use a computer algebra system (CAS) to visualize the intersection 
curve on sphere x? + y? + 2” = 4. 


Solution: 


2 


ae=2—-4,y=t35v4— 2%, where z € [—2, 2]; 
Ds 


Exercise: 


Problem: 


Hyperboloid of one sheet 25x? + 25y? — z? = 25 and elliptic cone 
—25a? + 75y” + z? = Oare represented in the following figure along 
with their intersection curves. Identify the intersection curves and find 
their equations (Hint: Find y from the system consisting of the 
equations of the surfaces.) 


Exercise: 


Problem: 


[T] Use a CAS to create the intersection between cylinder 
9x? + 4y* = 18 and ellipsoid 36x? + 16y? + 9z? = 144, and find the 
equations of the intersection curves. 


Solution: 


. ‘ 2 
two ellipses of equations “+ 


= 1inplanes z = +22 


sjo[, 


Exercise: 


Problem: 


[T] A spheroid is an ellipsoid with two equal semiaxes. For instance, 
the equation of a spheroid with the z-axis as its axis of symmetry is 

2 
given by & + 5S + 5 = 1, where a and € are positive real numbers. 
The spheroid is called oblate if c < a, and prolate for c > a. 


a. The eye cormmea is approximated as a prolate spheroid with an axis 
that is the eye, where a = 8.7 mm and c = 9.6 mm. Write the 
equation of the spheroid that models the cornea and sketch the 
surface. 

b. Give two examples of objects with prolate spheroid shapes. 


Exercise: 


Problem: 


[T] In cartography, Earth is approximated by an oblate spheroid rather 
than a sphere. The radii at the equator and poles are approximately 
3963 mi and 3950 mi, respectively. 


a. Write the equation in standard form of the ellipsoid that represents 
the shape of Earth. Assume the center of Earth is at the origin and 
that the trace formed by plane z = 0 corresponds to the equator. 

b. Sketch the graph. 

c. Find the equation of the intersection curve of the surface with 
plane z = 1000 that is parallel to the xy-plane. The intersection 
curve is called a parallel. 

d. Find the equation of the intersection curve of the surface with 
plane x + y = O that passes through the z-axis. The intersection 
curve is called a meridian. 


Solution: 


sr + ao + ae =f; 


x 


c. The intersection curve is the ellipse of equation 


are a s = el and the intersection is an ellipse.; d. The 

intersection curve is the ellipse of equation wa + ie — 1, 
Exercise: 

Problem: 


[T] A set of buzzing stunt magnets (or “rattlesnake eggs”) includes two 
sparkling, polished, superstrong spheroid-shaped magnets well-known 
for children’s entertainment. Each magnet is 1.625 in. long and 0.5 in. 
wide at the middle. While tossing them into the air, they create a 
buzzing sound as they attract each other. 


a. Write the equation of the prolate spheroid centered at the origin 
that describes the shape of one of the magnets. 

b. Write the equations of the prolate spheroids that model the shape 
of the buzzing stunt magnets. Use a CAS to create the graphs. 


Exercise: 
Problem: 


[T] A heart-shaped surface is given by equation 
3 
(a? fe ay’ + 2” 1) gz? — aye =i" 


a. Use a CAS to graph the surface that models this shape. 
b. Determine and sketch the trace of the heart-shaped surface on the 
xz-plane. 


Solution: 


BL 


—1 
—0.5 
0.5 0 
1 x 


Exercise: 


Problem: 


[T] The ring torus symmetric about the z-axis is a special type of 
surface in topology and its equation is given by 


(a? gee oe ea r?)* = 4R? (a* + y*), where R > r > 0. The 


numbers F and r are called are the major and minor radii, respectively, 
of the surface. The following figure shows a ring torus for which 
A=Jandr = 1, 


a. Write the equation of the ring torus with R = 2 andr = 1, and 
use a CAS to graph the surface. Compare the graph with the figure 
given. 

b. Determine the equation and sketch the trace of the ring torus from 
a. on the xy-plane. 

c. Give two examples of objects with ring torus shapes. 


Glossary 


cylinder 
a set of lines parallel to a given line passing through a given curve 


ellipsoid 


a three-dimensional surface described by an equation of the form 
2 
= =f 7 +f z = 1; all traces of this surface are ellipses 


elliptic cone 


a three-dimensional surface described by an equation of the form 
2 2 2 

nok ra = i = 0; traces of this surface include ellipses and 

intersecting lines 


elliptic paraboloid 
a three-dimensional surface described by an equation of the form 


2 2 : 
z= 4+ or traces of this surface include ellipses and parabolas 


hyperboloid of one sheet 
a three-dimensional surface described by an equation of the form 


2 
= a — = = 1; traces of this surface include ellipses and 
hyperbolas 


hyperboloid of two sheets 
a three-dimensional surface described by an equation of the form 


2 
= — - — = = 1; traces of this surface include ellipses and 
hyperbolas 


quadric surfaces 
surfaces in three dimensions having the property that the traces of the 
surface are conic sections (ellipses, hyperbolas, and parabolas) 


rulings 
parallel lines that make up a cylindrical surface 


trace 
the intersection of a three-dimensional surface with a coordinate plane 


Cylindrical and Spherical Coordinates for Doug Baldwin 


e Convert from cylindrical to rectangular coordinates. 
¢ Convert from rectangular to cylindrical coordinates. 
¢ Convert from spherical to rectangular coordinates. 
¢ Convert from rectangular to spherical coordinates. 


The Cartesian coordinate system provides a straightforward way to describe the location of points in space. Some 
surfaces, however, can be difficult to model with equations based on the Cartesian system. This is a familiar 
problem; recall that in two dimensions, polar coordinates often provide a useful alternative system for describing 
the location of a point in the plane, particularly in cases involving circles. In this section, we look at two different 
ways of describing the location of points in space, both of them based on extensions of polar coordinates. As the 
name suggests, cylindrical coordinates are useful for dealing with problems involving cylinders, such as 
calculating the volume of a round water tank or the amount of oil flowing through a pipe. Similarly, spherical 
coordinates are useful for dealing with problems involving spheres, such as finding the volume of domed 
structures. 


Cylindrical Coordinates 


When we expanded the traditional Cartesian coordinate system from two dimensions to three, we simply added a 
new axis to model the third dimension. Starting with polar coordinates, we can follow this same process to create a 
new three-dimensional coordinate system, called the cylindrical coordinate system. In this way, cylindrical 
coordinates provide a natural extension of polar coordinates to three dimensions. 


Note: 
Definition 
In the cylindrical coordinate system, a point in space ([link]) is represented by the ordered triple (7, 0, z), where 


e (r, 8) are the polar coordinates of the point’s projection in the xy-plane 
e zis the usual z-coordinate in the Cartesian coordinate system 


y 


The right triangle lies in the xy-plane. The 


length of the hypotenuse is r and @ is the 
measure of the angle formed by the positive x- 
axis and the hypotenuse. The 
z-coordinate describes the location of the point 
above or below the xy-plane. 


In the xy-plane, the right triangle shown in [link] provides the key to transformation between cylindrical and 
Cartesian, or rectangular, coordinates. 


Note: 

Conversion between Cylindrical and Cartesian Coordinates 

The rectangular coordinates (, y, z) and the cylindrical coordinates (r, 9, z) of a point are related as follows: 
Equation: 


= rcosd These equations are used to convert from 
y = rsind cylindrical coordinates to rectangular 
EG = B coordinates. 
and 
7 ee ye These equations are used to convert from 
tan0d = 7 rectangular coordinates to cylindrical 
B = & coordinates. 


As when we discussed conversion from rectangular coordinates to polar coordinates in two dimensions, it should 
be noted that the equation tan 0 = = has an infinite number of solutions. However, if we restrict 6 to values 
between 0 and 27, then we can find a unique solution based on the quadrant of the xy-plane in which original point 
(x, y, Z) is located. Note that if x = 0, then the value of 0 is either +, ar or 0, depending on the value of y. 


Notice that these equations are derived from properties of right triangles. To make this easy to see, consider point 
P in the xy-plane with rectangular coordinates (x, y, 0) and with cylindrical coordinates (r, 9,0), as shown in the 
following figure. 


at P(x, y, 0) 
P(r, 0, 0) 
r 
y 
x x 


The Pythagorean theorem provides 
equation r? = x? + y?. Right- 


triangle relationships tell us that 
z=rcos6,y=rsin9@, and 
tan @ = y/a. 


Let’s consider the differences between rectangular and cylindrical coordinates by looking at the surfaces generated 
when each of the coordinates is held constant. If c is a constant, then in rectangular coordinates, surfaces of the 
form x = c, y = c, or z = care all planes. Planes of these forms are parallel to the yz-plane, the xz-plane, and the 
xy-plane, respectively. When we convert to cylindrical coordinates, the z-coordinate does not change. Therefore, in 
cylindrical coordinates, surfaces of the form z = c are planes parallel to the xy-plane. Now, let’s think about 
surfaces of the form r = c. The points on these surfaces are at a fixed distance from the z-axis. In other words, 
these surfaces are vertical circular cylinders. Last, what about 9 = c? The points on a surface of the form @ = c are 
at a fixed angle from the x-axis, which gives us a half-plane that starts at the z-axis ([link] and [link]). 


z z 
(b) 


(c) 


(a) 


In rectangular coordinates, (a) surfaces of the form x = c are planes parallel to the 
yz-plane, (b) surfaces of the form y = c are planes parallel to the xz-plane, and (c) 
surfaces of the form z = care planes parallel to the xy-plane. 


, 4 4 
(b) 


(c) 


= 


< 


(a) 


In cylindrical coordinates, (a) surfaces of the form r = c are vertical cylinders of 
radius c, (b) surfaces of the form 6 = c are half-planes at angle c from the x-axis, 
and (c) surfaces of the form z = c are planes parallel to the xy-plane. 


Example: 
Exercise: 


Problem: 
Converting from Cylindrical to Rectangular Coordinates 


Plot the point with cylindrical coordinates (4, ar —2) and express its location in rectangular coordinates. 
Solution: 


Conversion from cylindrical to rectangular coordinates requires a simple application of the equations listed in 
[ink]: 


Equation: 
xz = rcos#=4cos or — 
rsin@ = 4sin = 2/3 
—2. 


The point with cylindrical coordinates (4, a, —2) has rectangular coordinates (-2, DS -2) (see the 


following figure). 


4 


The projection of the point in the xy-plane is 4 units 
from the origin. The line from the origin to the point’s 
projection forms an angle of ok with the positive x- 
axis. The point lies 2 units below the xy-plane. 


Note: 
Exercise: 


Problem: 


Point & has cylindrical coordinates (5, ae 4). Plot R and describe its location in space using rectangular, or 
Cartesian, coordinates. 


Solution: 


The rectangular coordinates of the point are (38, 3, 4). 


Zz 


Hint 


The first two components match the polar coordinates of the point in the xy-plane. 


If this process seems familiar, it is with good reason. This is exactly the same process that we followed in 
Introduction to Parametric Equations and Polar Coordinates to convert from polar coordinates to two-dimensional 
rectangular coordinates. 


Example: 
Exercise: 


Problem: 
Converting from Rectangular to Cylindrical Coordinates 


Convert the rectangular coordinates (1, —3, 5) to cylindrical coordinates. 


Solution: 


Use the second set of equations from [link] to translate from rectangular to cylindrical coordinates: 
Equation: 


r= g+y? 


r = t+4/12+4(-3)? = +v10. 


We choose the positive square root, so r = V 10. Now, we apply the formula to find 0. In this case, y is 
negative and z is positive, which means we must select the value of 8 between 2 and 27: 


Equation: 


tan@d = 2= = 
6 = arctan (—3) © 5.03 rad. 


In this case, the z-coordinates are the same in both rectangular and cylindrical coordinates: 
Equation: 


=, 


The point with rectangular coordinates (1, —3, 5) has cylindrical coordinates approximately equal to 


(vi0, 5.03, 5) 


Note: 
Exercise: 


Problem: Convert point (—8, 8, —7) from Cartesian coordinates to cylindrical coordinates. 


Solution: 
(v3, .-1) 
Hint 


r? = x? + y* andtand = £ 


The use of cylindrical coordinates is common in fields such as physics. Physicists studying electrical charges and 
the capacitors used to store these charges have discovered that these systems sometimes have a cylindrical 
symmetry. These systems have complicated modeling equations in the Cartesian coordinate system, which make 
them difficult to describe and analyze. The equations can often be expressed in more simple terms using 
cylindrical coordinates. For example, the cylinder described by equation xz? + y? = 25 in the Cartesian system can 


be represented by cylindrical equation r = 5. 


Example: 
Exercise: 


Problem: 
Identifying Surfaces in the Cylindrical Coordinate System 


Describe the surfaces with the given cylindrical equations. 


Solution: 


a. When the angle 0 is held constant while r and z are allowed to vary, the result is a half-plane (see the 
following figure). 


bs 


In polar coordinates, the equation 
6 = 7/4 describes the ray 
extending diagonally through the 
first quadrant. In three 
dimensions, this same equation 
describes a half-plane. 


b. Substitute r? = x? + y? into equation r? + z? = 9 to express the rectangular form of the equation: 
x” + y? + z* = 9. This equation describes a sphere centered at the origin with radius 3 (see the 
following figure). 


The sphere centered at the origin with radius 3 can be 
described by the cylindrical equation r? + z? = 9. 


c. To describe the surface defined by equation z = 1, is it useful to examine traces parallel to the xy-plane. 
For example, the trace in plane z = 1 is circle r = 1, the trace in plane z = 3 is circle r = 3, and so on. 
Each trace is a circle. As the value of z increases, the radius of the circle also increases. The resulting 
surface is a cone (see the following figure). 

Zz 


The traces in planes parallel to the xy-plane are 
circles. The radius of the circles increases as z 
increases. 


Note: 
Exercise: 


Problem: Describe the surface with cylindrical equation r = 6. 
Solution: 


This surface is a cylinder with radius 6. 


Hint 


The @ and z components of points on the surface can take any value. 


Spherical Coordinates 


In the Cartesian coordinate system, the location of a point in space is described using an ordered triple in which 
each coordinate represents a distance. In the cylindrical coordinate system, location of a point in space is described 
using two distances (r and z) and an angle measure (6). In the spherical coordinate system, we again use an 
ordered triple to describe the location of a point in space. In this case, the triple describes one distance and two 
angles. Spherical coordinates make it simple to describe a sphere, just as cylindrical coordinates make it easy to 
describe a cylinder. Grid lines for spherical coordinates are based on angle measures, like those for polar 
coordinates. 


Note: 

Definition 

In the spherical coordinate system, a point P in space ([link]) is represented by the ordered triple (p, 9, y) 
where 


e p (the Greek letter rho) is the distance between P and the origin (p # 0); 

e @is the same angle used to describe the location in cylindrical coordinates; 

e y (the Greek letter phi) is the angle formed by the positive z-axis and line segment OP, where O is the 
originand0 < y< 7. 


P(x, y, Z) 
P(p, 9, ¢) 


The relationship among spherical, rectangular, 
and cylindrical coordinates. 


By convention, the origin is represented as (0, 0, 0) in spherical coordinates. 


Note: 

Converting among Spherical, Cylindrical, and Rectangular Coordinates 

Rectangular coordinates («, y, z) and spherical coordinates (p, 0, y) of a point are related as follows: 
Equation: 


psin y cos 0 These equations are used to convert from 
y = psingsin#d spherical coordinates to rectangular 
Zz = pcosy coordinates. 
and 
p= r4+y+2? These equations are used to convert from 
fan rectangular coordinates to spherical 
y =~ arccos ( se : coordinates. 


If a point has cylindrical coordinates (r, 0, z), then these equations define the relationship between cylindrical and 
spherical coordinates. 
Equation: 


r = psing These equations are used to convert from 
= ¢ spherical coordinates to cylindrical 
Zz = pcosy coordinates. 


These equations are used to convert from 


Sod 
I 
3 
iS) 
; 
xR 
tS) 


0 cylindrical coordinates to spherical 
y =~ arccos ( SS ) coordinates. 


The formulas to convert from spherical coordinates to rectangular coordinates may seem complex, but they are 
straightforward applications of trigonometry. Looking at [link], it is easy to see that r = p sin y. Then, looking at 
the triangle in the xy-plane with r as its hypotenuse, we have z = r cos # = psin y cos 6. The derivation of the 
formula for y is similar. [link] also shows that p? = r? + z* = x7 + y? + z? and z = pcos y. Solving this last 


equation for y and then substituting p = Vr? + z? (from the first equation) yields y = arccos ( a ) . Also, 


note that, as before, we must be careful when using the formula tan 6 = = to choose the correct value of 0. 


Tee P(x, y, Z) 
Sse * P(r, 0, Z) 
~ P(p, 0, ¢) 


The equations that convert from one system to 
another are derived from right-triangle 
relationships. 


As we did with cylindrical coordinates, let’s consider the surfaces that are generated when each of the coordinates 
is held constant. Let c be a constant, and consider surfaces of the form p = c. Points on these surfaces are at a 
fixed distance from the origin and form a sphere. The coordinate @ in the spherical coordinate system is the same 
as in the cylindrical coordinate system, so surfaces of the form 8 = c are half-planes, as before. Last, consider 
surfaces of the form y = c. The points on these surfaces are at a fixed angle from the z-axis and form a half-cone 


({link]). 


(a) (b) (c) 


In spherical coordinates, (a) surfaces of the form p = care spheres of 
radius c, (b) surfaces of the form @ = c are half-planes at an angle c 
from the x-axis, (c) and surfaces of the form ¢ = c are half-cones at an 
angle c from the z-axis. 


Example: 
Exercise: 


Problem: 
Converting from Spherical Coordinates 


Plot the point with spherical coordinates (8, a2 s) and express its location in both rectangular and 
cylindrical coordinates. 


Solution: 


Use the equations in [link] to translate between spherical and cylindrical coordinates ((link]): 
Equation: 


x = psin y cos @ = 8sin (2)cos (4) =8(5)5 = 
y = psin ysin 6 = 8 sin (4)sin (4) =8($) ae = 2/3 
z= pcos p = 8cos (7) =8 (+) = 47/3. 


The projection of the point in the xy-plane is 4 units from the origin. The line 
from the origin to the point’s projection forms an angle of 7/3 with the 


positive x-axis. The point lies 4/3 units above the xy-plane. 


The point with spherical coordinates (8, = az) has rectangular coordinates (2, 2/3, 4V3) : 


Finding the values in cylindrical coordinates is equally straightforward: 
Equation: 


| 


psiny = 8sin | =4 
¢6= 06 
pcos p = 8cos $ = 4/3. 


x 
I 


Thus, cylindrical coordinates for the point are (4, a 4v3). 


Note: 
Exercise: 


Problem: 


Plot the point with spherical coordinates ( += a ; al and describe its location in both rectangular and 
cylindrical coordinates. 


Solution: 


Cartesian: (- 3 at v3) , cylindrical: (1, = v3) 
Hint 


Converting the coordinates first may help to find the location of the point in space more easily. 


Example: 
Exercise: 


Problem: 
Converting from Rectangular Coordinates 


Convert the rectangular coordinates (-1, 1, Vv 6) to both spherical and cylindrical coordinates. 


Solution: 


Start by converting from rectangular to spherical coordinates: 


Equation: 
= 
= a? +4? +2? =(-1) +17 + (v6) = tan@ = + 
aS 3a 
a = OD @ = arctan(—1) = +. 
Because (x,y) = (—1, 1), then the correct choice for 6 is 37. 
There are actually two ways to identify ~. We can use the equation y = arccos =" A more 


simple approach, however, is to use equation z = pcos y. We know that z = v/ 6 and p= av 2, so 
Equation: 


6 3 
V6 = 2V2 cos y, socos y = <8 = a5 
2/22 


and therefore » = ¢. The spherical coordinates of the point are (2v Dy, Sr z). 


To find the cylindrical coordinates for the point, we need only find r: 
Equation: 


r=psiny = 2/2 sin (2) = 


The cylindrical coordinates for the point are (v oy , v6) : 


Example: 
Exercise: 


Problem: 
Identifying Surfaces in the Spherical Coordinate System 


Describe the surfaces with the given spherical equations. 


ad=F 
b.g= 
Zp= 


d. p = sin@ sin y 


Solution: 


a. The variable 0 represents the measure of the same angle in both the cylindrical and spherical coordinate 
systems. Points with coordinates (p, ae ¢) lie on the plane that forms angle @ = + with the positive x- 
axis. Because p > 0, the surface described by equation @ = + is the half-plane shown in [link]. 


“t 


The surface described by 
equation 0 = 3 is a half- 


Sie 


plane. 


b. Equation y = oe describes all points in the spherical coordinate system that lie on a line from the 
origin forming an angle measuring — rad with the positive z-axis. These points form a half-cone 
((link]). Because there is only one value for y that is measured from the positive z-axis, we do not get 
the full cone (with two pieces). 

z 


ge 


The equation ~ = % describes a cone. 
=F 


To find the equation in rectangular coordinates, use equation y = arccos — : 
BOA OP sia 
Equation: 
a arcead (=) 
6 We IP ae 
57 2 
cos = ——4+—_ 
6 Jar+y+2 
VS z 
2 a Vxrty+2 
sa 2 
4 a ty?+2? 
3a? 3y? oe  ®) 
caet eons z 
3x 3y? ee 
ap oa eee 


This is the equation of a cone centered on the z-axis. 
c. Equation p = 6 describes the set of all points 6 units away from the origin—a sphere with radius 6 
(Hink]). 


Equation p = 6 describes a sphere with radius 6. 


d. To identify this surface, convert the equation from spherical to rectangular coordinates, using equations 
y = psiny sin @ and p? = a? + y? + 2: 


Equation: 
p = sindsing 
p? = psinOdsiny Multiply both sides of the equation by p. 
et+yt+2 = y Substitute rectangular variables using the equations z 
e+y—yt+2? = 0 Subtract y from both sides of the equation. 
ety —yt 4 +27 = + Complete the square. 
get (y _ +) : Lg = +. Rewrite the middle terms as a perfect square. 


The equation describes a sphere centered at point (0, + 0) with radius 7 


Note: 
Exercise: 


Problem: Describe the surfaces defined by the following equations. 


nm oo 9 
6 DD 
I 
lel Ge 


Solution: 


a. This is the set of all points 13 units from the origin. This set forms a sphere with radius 13. b. This set of 
points forms a half plane. The angle between the half plane and the positive x-axis is 9 = ar c. Let Pbea 
point on this surface. The position vector of this point forms an angle of » = 7 with the positive z-axis, 
which means that points closer to the origin are closer to the axis. These points form a half-cone. 


Hint 


Think about what each component represents and what it means to hold that component constant. 


Spherical coordinates are useful in analyzing systems that have some degree of symmetry about a point, such as 
the volume of the space inside a domed stadium or wind speeds in a planet’s atmosphere. A sphere that has 
Cartesian equation x” + y” + z” = c” has the simple equation p = c in spherical coordinates. 


In geography, latitude and longitude are used to describe locations on Earth’s surface, as shown in [link]. Although 
the shape of Earth is not a perfect sphere, we use spherical coordinates to communicate the locations of points on 
Earth. Let’s assume Earth has the shape of a sphere with radius 4000 mi. We express angle measures in degrees 
rather than radians because latitude and longitude are measured in degrees. 


In the latitude—longitude system, angles describe the 
location of a point on Earth relative to the equator and 
the prime meridian. 


Let the center of Earth be the center of the sphere, with the ray from the center through the North Pole representing 
the positive z-axis. The prime meridian represents the trace of the surface as it intersects the xz-plane. The equator 
is the trace of the sphere intersecting the xy-plane. 


Example: 
Exercise: 


Problem: 


Converting Latitude and Longitude to Spherical Coordinates 


The latitude of Columbus, Ohio, is 40° N and the longitude is 83° W, which means that Columbus is 40° 
north of the equator. Imagine a ray from the center of Earth through Columbus and a ray from the center of 
Earth through the equator directly south of Columbus. The measure of the angle formed by the rays is 40°. 
In the same way, measuring from the prime meridian, Columbus lies 83° to the west. Express the location of 
Columbus in spherical coordinates. 


Solution: 


The radius of Earth is 4000 mi, so p = 4000. The intersection of the prime meridian and the equator lies on 
the positive x-axis. Movement to the west is then described with negative angle measures, which shows that 
0 = —83°, Because Columbus lies 40° north of the equator, it lies 50° south of the North Pole, so py = 50°. 
In spherical coordinates, Columbus lies at point (4000, —83°, 50°). 


Note: 
Exercise: 


Problem: Sydney, Australia is at 34°S and 151° E. Express Sydney’s location in spherical coordinates. 


Solution: 


(4000, 151°, 124°) 
Hint 


Because Sydney lies south of the equator, we need to add 90° to find the angle measured from the positive z-axis. 


Cylindrical and spherical coordinates give us the flexibility to select a coordinate system appropriate to the 
problem at hand. A thoughtful choice of coordinate system can make a problem much easier to solve, whereas a 
poor choice can lead to unnecessarily complex calculations. In the following example, we examine several 
different problems and discuss how to select the best coordinate system for each one. 


Example: 
Exercise: 


Problem: 
Choosing the Best Coordinate System 


In each of the following situations, we determine which coordinate system is most appropriate and describe 
how we would orient the coordinate axes. There could be more than one right answer for how the axes 

should be oriented, but we select an orientation that makes sense in the context of the problem. Note: There 
is not enough information to set up or solve these problems; we simply select the coordinate system ([link]). 


a. Find the center of gravity of a bowling ball. 

b. Determine the velocity of a submarine subjected to an ocean current. 
c. Calculate the pressure in a conical water tank. 

d. Find the volume of oil flowing through a pipeline. 

e. Determine the amount of leather required to make a football. 


(a) (b) (c) 


THEE EA 


(d) (e) 


(credit: (a) modification of work by scl hua, Wikimedia, (b) modification of work by 
DVIDSHUB, Flickr, (c) modification of work by Michael Malak, Wikimedia, (d) 
modification of work by Sean Mack, Wikimedia, (e) modification of work by Elvert 
Barnes, Flickr) 


Solution: 


a. Clearly, a bowling ball is a sphere, so spherical coordinates would probably work best here. The origin 
should be located at the physical center of the ball. There is no obvious choice for how the x-, y- and z- 
axes should be oriented. Bowling balls normally have a weight block in the center. One possible choice 
is to align the z-axis with the axis of symmetry of the weight block. 

b. A submarine generally moves in a straight line. There is no rotational or spherical symmetry that applies 
in this situation, so rectangular coordinates are a good choice. The z-axis should probably point upward. 
The x- and y-axes could be aligned to point east and north, respectively. The origin should be some 
convenient physical location, such as the starting position of the submarine or the location of a 
particular port. 

c. A cone has several kinds of symmetry. In cylindrical coordinates, a cone can be represented by equation 
z = kr, where k is a constant. In spherical coordinates, we have seen that surfaces of the form y = c 
are half-cones. Last, in rectangular coordinates, elliptic cones are quadric surfaces and can be 
represented by equations of the form 27 = a oF z In this case, we could choose any of the three. 
However, the equation for the surface is more complicated in rectangular coordinates than in the other 
two systems, so we might want to avoid that choice. In addition, we are talking about a water tank, and 
the depth of the water might come into play at some point in our calculations, so it might be nice to have 
a component that represents height and depth directly. Based on this reasoning, cylindrical coordinates 
might be the best choice. Choose the z-axis to align with the axis of the cone. The orientation of the 
other two axes is arbitrary. The origin should be the bottom point of the cone. 

d. A pipeline is a cylinder, so cylindrical coordinates would be best the best choice. In this case, however, 
we would likely choose to orient our z-axis with the center axis of the pipeline. The x-axis could be 
chosen to point straight downward or to some other logical direction. The origin should be chosen based 
on the problem statement. Note that this puts the z-axis in a horizontal orientation, which is a little 


different from what we usually do. It may make sense to choose an unusual orientation for the axes if it 
makes sense for the problem. 

e. A football has rotational symmetry about a central axis, so cylindrical coordinates would work best. The 
z-axis should align with the axis of the ball. The origin could be the center of the ball or perhaps one of 
the ends. The position of the x-axis is arbitrary. 


Note: 
Exercise: 


Problem: 


Which coordinate system is most appropriate for creating a star map, as viewed from Earth (see the 
following figure)? 


How should we orient the coordinate axes? 
Solution: 


Spherical coordinates with the origin located at the center of the earth, the z-axis aligned with the North Pole, 
and the x-axis aligned with the prime meridian 


Hint 


What kinds of symmetry are present in this situation? 


Key Concepts 


e In the cylindrical coordinate system, a point in space is represented by the ordered triple (r, 0, z), where (r, ) 
represents the polar coordinates of the point’s projection in the xy-plane and z represents the point’s 
projection onto the z-axis. 

e To convert a point from cylindrical coordinates to Cartesian coordinates, use equations x = r cos 6, 
y=rsin9@, and z = z. 

¢ To convert a point from Cartesian coordinates to cylindrical coordinates, use equations r? = x” + y?, 
tan@ = 4, and z=z. 

e In the spherical coordinate system, a point P in space is represented by the ordered triple (p, 0, ~), where p is 
the distance between P and the origin (p 4 0), 0 is the same angle used to describe the location in cylindrical 
coordinates, and y is the angle formed by the positive z-axis and line segment OP, where O is the origin and 
O< p<. 

e To convert a point from spherical coordinates to Cartesian coordinates, use equations x = psin y cos 0, 

y = psing sin @, and z = pcos ». 
¢ To convert a point from Cartesian coordinates to spherical coordinates, use equations p? = x? + y? + z?, 


z 
¢ To convert a point from spherical coordinates to cylindrical coordinates, use equations r = psin y, 0 = 0, 
and z = pcos y. 
e To convert a point from cylindrical coordinates to spherical coordinates, use equations p = Vr? + 27,0 = 9, 


tan @ = +, and y = arccos ( 


= z 
and y = arccos [—— ). 


Use the following figure as an aid in identifying the relationship between the rectangular, cylindrical, and spherical 
coordinate systems. 


y 


For the following exercises, the cylindrical coordinates (r, 6, z) of a point are given. Find the rectangular 
coordinates (a, y, z) of the point. 
Exercise: 


Problem: (4, re 3) 


Solution: 


(2v3,2,3) 


Exercise: 


Problem: (3, a5 5) 


Exercise: 
“ véi9 
Problem: (4, ae 3) 


Solution: 


(-2v3, —2, 3) 
Exercise: 
Problem: (2,7, —4) 
For the following exercises, the rectangular coordinates (, y, z) of a point are given. Find the cylindrical 


coordinates (r, 8, z) of the point. 
Exercise: 


Problem: ids V3, 2) 


Solution: 


(2, 3,2) 


Exercise: 


Problem: (1, 1,5) 


Exercise: 


Problem: (3, —3, 7) 
Solution: 


(3v2, - 4,7) 


Exercise: 
Problem: (-2v3, 2/2, 4) 


For the following exercises, the equation of a surface in cylindrical coordinates is given. 


Find the equation of the surface in rectangular coordinates. Identify and graph the surface. 
Exercise: 


Problem: [T] 7 = 4 


Solution: 


A cylinder of equation xz? + y* = 16, with its center at the origin and rulings parallel to the z-axis, 


3 a: 
° ee 
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Exercise: 


Problem: [T] z = r2cos26 


Exercise: 
Problem: [T] r?cos(20) + 27 +1=0 


Solution: 


Hyperboloid of two sheets of equation —x” + y” — z* = 1, with the y-axis as the axis of symmetry, 


Exercise: 


Problem: [T] 7 = 3 sin@ 
Exercise: 
Problem: [T] 7 = 2 cos 0 


Solution: 


Cylinder of equation x? — 2x + y? = 0, witha center at (1, 0,0) and radius 1, with rulings parallel to the z- 
axis, 


Exercise: 


Problem: [T] r? + 2? =5 


Exercise: 


Problem: [T] 7 = 2 sec 0 
Solution: 


Plane of equation x = 2, 


Exercise: 
Problem: [T] 7 = 3 csc 8 


For the following exercises, the equation of a surface in rectangular coordinates is given. Find the equation of the 
surface in cylindrical coordinates. 
Exercise: 


Problem: z = 3 


Solution: 


| 


Exercise: 


Problem: x = 6 
Exercise: 
Problem: x? + y? + 2? =9 
Solution: 
ret24#=9 


Exercise: 


Problem: y = 2x” 

Exercise: 
Problem: x” + y? — 16x = 0 
Solution: 


r= 16cos6,r =0 


Exercise: 


Problem: x? + y? — 3,/2? + y2 +2=0 
For the following exercises, the spherical coordinates (p, 0, y) of a point are given. Find the rectangular 


coordinates (a, y, z) of the point. 
Exercise: 


Problem: (3, 0, 7) 
Solution: 


(0;,0,;—3) 


Exercise: 


Problem: (1, re x) 


Exercise: 
Problem: (12, ae =) 


Solution: 


(6, =G. v2) 


Exercise: 


Problem: (3, zi +) 


For the following exercises, the rectangular coordinates (, y, z) of a point are given. Find the spherical 
coordinates (p, 9, y) of the point. Express the measure of the angles in degrees rounded to the nearest integer. 
Exercise: 


Problem: (4, 0, 0) 


Solution: 


(4, 0, 90°) 


Exercise: 


Problem: (—1, 2, 1) 
Exercise: 

Problem: (0, 3, 0) 

Solution: 


(3, 90°, 90°) 


Exercise: 
Problem: (-2, 2/3, 4) 


For the following exercises, the equation of a surface in spherical coordinates is given. Find the equation of the 
surface in rectangular coordinates. Identify and graph the surface. 
Exercise: 


Problem: [T] p = 3 
Solution: 


Sphere of equation x? + y? + z? = 9 centered at the origin with radius 3, 


Exercise: 


Problem: [T] y = = 


Exercise: 


Problem: [T] p = 2 cos y 
Solution: 


Sphere of equation x? + y? + (z — 1) = 1 centered at (0, 0, 1) with radius 1, 


Exercise: 


Problem: [T] p = 4 csc y 


Exercise: 
Problem: [T] gy = = 


Solution: 


The xy-plane of equation z = 0, 


Exercise: 
Problem: [T] p = 6 csc vy sec 0 


For the following exercises, the equation of a surface in rectangular coordinates is given. Find the equation of the 
surface in spherical coordinates. Identify the surface. 
Exercise: 


Problem: x? + y? — 327 = 0,z 40 


Solution: 
p= Fz orp= ar, Elliptic cone 


Exercise: 


Problem: x? + y? + 2? —4z=0 


Exercise: 


Problem: z = 6 
Solution: 


pcos y = 6; Plane at z = 6 


Exercise: 
Problem: x? + y? = 9 


For the following exercises, the cylindrical coordinates of a point are given. Find its associated spherical 
coordinates, with the measure of the angle vy in radians rounded to four decimal places. 
Exercise: 


Problem: [T] (id; a 3) 

Solution: 

(v0, 7, 0.3218) 
Exercise: 


Problem: [T] (5, 7, 12) 


Exercise: 
Problem: (3, an 3) 
Solution: 
(3v2, z, 2) 
Exercise: 


Problem: (3,-2 3) 


For the following exercises, the spherical coordinates of a point are given. Find its associated cylindrical 
coordinates. 
Exercise: 


Problem: (2, a 


AIA 
Da 
—* 


Solution: 


(2, 7, 0) 
Exercise: 


Problem: (4, ae a) 


Exercise: 
Problem: (8, a z) 


Solution: 


(8, 350) 


Exercise: 


Problem: (9, as 


) 


For the following exercises, find the most suitable system of coordinates to describe the solids. 
Exercise: 


wl 


Problem: 


The solid situated in the first octant with a vertex at the origin and enclosed by a cube of edge length a, where 
a>0O 


Solution: 


Cartesian system, {(z,y, z)|O<a2<a,0<y<a,0<z<a} 


Exercise: 


Problem: 


A spherical shell determined by the region between two concentric spheres centered at the origin, of radii of a 
and b, respectively, where b > a > 0 


Exercise: 


Problem: A solid inside sphere x? + y? + z? = 9 and outside cylinder (x — 2) — y= 4 


Solution: 
Cylindrical system, {(r, 0, z)|r? +27 <9,r>3cos0,0<0< Qn} 


Exercise: 


Problem: 


A cylindrical shell of height 10 determined by the region between two cylinders with the same center, parallel 
rulings, and radii of 2 and 5, respectively 

Exercise: 
Problem: 


[T] Use a CAS to graph in cylindrical coordinates the region between elliptic paraboloid z = x? + y? and 
cone z? + y? — z7=0. 


Solution: 


The region is described by the set of points {(r, 8, z)|0 <r <1,0<0< 2n,r?<z<r}. 


Exercise: 
Problem: 
[T] Use a CAS to graph in spherical coordinates the “ice cream-cone region” situated above the xy-plane 
between sphere x? + y* + z? = 4 and elliptical cone x? + y? — z? = 0. 
Exercise: 
Problem: 


Washington, DC, is located at 39° N and 77° W (see the following figure). Assume the radius of Earth is 
4000 mi. Express the location of Washington, DC, in spherical coordinates. 


Solution: 


(4000, —77°, 51°) 
Exercise: 
Problem: 
San Francisco is located at 37.78°N and 122.42° W. Assume the radius of Earth is 4000 mi. Express the 
location of San Francisco in spherical coordinates. 
Exercise: 


Problem: 


Find the latitude and longitude of Rio de Janeiro if its spherical coordinates are (4000, —43.17°, 102.91"). 


Solution: 
43.17° W, 22.91°S 


Exercise: 


Problem: Find the latitude and longitude of Berlin if its spherical coordinates are (4000, 13.38” , 37.48”). 
Exercise: 


Problem: 


A4y2+ 27+ R? r?)” = 4R? (x? + y?), where R>r > 0. 


[T] Consider the torus of equation (x 


a. Write the equation of the torus in spherical coordinates. 

b. If R = r, the surface is called a horn torus. Show that the equation of a horn torus in spherical 
coordinates is p = 2Rsin y. 

c. Use a CAS to graph the horn torus with R = r = 2 in spherical coordinates. 


Solution: 


a.p=0,p+ R?—-r?—- 2Rsing = 0; 
c. 


Exercise: 


Problem: 


[T] The “bumpy sphere” with an equation in spherical coordinates is p = a + bcos(m@)sin(nw), with 
6 € [0, 2x] and y € [0, z], where a and b are positive numbers and m and n are positive integers, may be 
used in applied mathematics to model tumor growth. 


a. Show that the “bumpy sphere” is contained inside a sphere of equation p = a + b. Find the values of 0 
and ¢ at which the two surfaces intersect. 

b. Use a CAS to graph the surface fora = 14, b = 2, m = 4, and n = 6 along with sphere p = a + b. 

c. Find the equation of the intersection curve of the surface at b. with the cone y = 5. Graph the 
intersection curve in the plane of intersection. 


Chapter Review Exercises 


For the following exercises, determine whether the statement is true or false. Justify the answer with a proof or a 
counterexample. 
Exercise: 


Problem: For vectors a and b and any given scalar c, c(a- b) = (ca) - b. 


Solution: 


True 


Exercise: 


Problem: For vectors a and b and any given scalar c, c(a x b) = (ca) x b. 
Exercise: 


Problem: 


The symmetric equation for the line of intersection between two planes x + y+ z= 2anda2+2y—4z=5 


Ae es = =i 
is given by 24+ = 4- =z, 


Solution: 
False 
Exercise: 


Problem: If a - b = 0, then a is perpendicular to b. 


For the following exercises, use the given vectors to find the quantities. 
Exercise: 


Problem: a = 9i — 2j,b = —3i+ j 
a. 3a+b 
b. |a| 
cax|bx la 
d.b x |a 
Solution: 
a. (24, —5); b. 85; c. Can’t dot a vector with a scalar; d. —29 
Exercise: 
Problem: a = 2i+ j — 9k, b = —i+ 2k,c = 4i—- 2) +k 
a.2a—b 
b. |b x e| 
cb x |b x ¢| 


d.c x |b x al 
e. proj,b 


Exercise: 


Problem: Find the values of a such that vectors (2, 4, a) and (0, —1, a) are orthogonal. 


Solution: 


a= +2 


For the following exercises, find the unit vectors. 
Exercise: 


Problem: 


Find the unit vector that has the same direction as vector v that begins at (0, —3) and ends at (4, 10). 
Exercise: 


Problem: 


Find the unit vector that has the same direction as vector v that begins at (1,4, 10) and ends at (3, 0, 4). 


Solution: 


(3 2 7) 
Ji4? 14’? V4 


For the following exercises, find the area or volume of the given shapes. 
Exercise: 


Problem: The parallelogram spanned by vectors a = (1, 13) and b = (3, 21) 


Exercise: 
Problem: The parallelepiped formed by a = (1,4, 1) and b = (3, 6,2), andce = (—2,1, —5) 


Solution: 


27 


For the following exercises, find the vector and parametric equations of the line with the given properties. 
Exercise: 


Problem: The line that passes through point (2, —3, 7) that is parallel to vector (1, 3, —2) 


Exercise: 


Problem: The line that passes through points (1, 3,5) and (—2, 6, —3) 


Solution: 


z=1-3t,y=34 3t,z2=5— 8t,r(t) = (1 — 3t)i+3(1+2¢)j+ (5 — 8t)k 


For the following exercises, find the equation of the plane with the given properties. 
Exercise: 


Problem: The plane that passes through point (4, 7, —1) and has normal vector n = (3, 4, 2) 


Exercise: 


Problem: The plane that passes through points (0, 1,5), (2, —1, 6), and (3, 2,5). 


Solution: 


—a“+ 3y+ 8z = 43 


For the following exercises, find the traces for the surfaces in planes 2 = k, y = k, and z = k. Then, describe and 
draw the surfaces. 
Exercise: 


Problem: 9x7 + 4y? — 16y + 36z? = 20 


Exercise: 
Problem: x? = y? + 2? 
Solution: 


a = ktrace: k? = y” + 2? isa circle, y = k trace: x? — z? = k? is a hyperbola (or a pair of lines if k = 0), 


z = ktrace: x? — y? = k? is a hyperbola (or a pair of lines if k = 0). The surface is a cone. 


For the following exercises, write the given equation in cylindrical coordinates and spherical coordinates. 
Exercise: 


Problem: x? + y” + 2? = 144 


Exercise: 


Problem: z = x” + y? —1 
Solution: 


Cylindrical: z = r? — 1, spherical: cos y = psin2y — . 


For the following exercises, convert the given equations from cylindrical or spherical coordinates to rectangular 
coordinates. Identify the given surface. 
Exercise: 


Problem: p” (sin? (y) — cos” (y)) =1 


Exercise: 


Problem: r? — 2r cos (8) + 27 =1 
Solution: 


a? — 22+ y? + z* = 1, sphere 


For the following exercises, consider a small boat crossing a river. 
Exercise: 


Problem: 


If the boat velocity is 5 km/h due north in still water and the water has a current of 2 km/h due west (see the 
following figure), what is the velocity of the boat relative to shore? What is the angle 6 that the boat is 
actually traveling? 


Exercise: 
Problem: 
When the boat reaches the shore, two ropes are thrown to people to help pull the boat ashore. One rope is at 


an angle of 25° and the other is at 35°. If the boat must be pulled straight and at a force of 500N, find the 
magnitude of force for each rope (see the following figure). 


Solution: 


331 N, and 244N 


Exercise: 
Problem: 
An airplane is flying in the direction of 52° east of north with a speed of 450 mph. A strong wind has a 


bearing 33° east of north with a speed of 50 mph. What is the resultant ground speed and bearing of the 
airplane? 


Exercise: 
Problem: 


Calculate the work done by moving a particle from position (1, 2,0) to (8, 4, 5) along a straight line with a 
force F = 2i+ 3j —k. 


Solution: 


15 J 


The following problems consider your unsuccessful attempt to take the tire off your car using a wrench to loosen 
the bolts. Assume the wrench is 0.3 m long and you are able to apply a 200-N force. 
Exercise: 


Problem: 
Because your tire is flat, you are only able to apply your force at a 60° angle. What is the torque at the center 
of the bolt? Assume this force is not enough to loosen the bolt. 
Exercise: 
Problem: 
Someone lends you a tire jack and you are now able to apply a 200-N force at an 80° angle. Is your resulting 


torque going to be more or less? What is the new resulting torque at the center of the bolt? Assume this force 
is not enough to loosen the bolt. 


Solution: 


More, 59.09 J 


Glossary 


cylindrical coordinate system 
a way to describe a location in space with an ordered triple (7, 9, z), where (r, #) represents the polar 
coordinates of the point’s projection in the xy-plane, and z represents the point’s projection onto the z-axis 


spherical coordinate system 
a way to describe a location in space with an ordered triple (p, 6, y), where p is the distance between P and 
the origin (¢ # 0), @ is the same angle used to describe the location in cylindrical coordinates, and y is the 


angle formed by the positive z-axis and line segment OP, where O is the originand0 < p<a 


Introduction 
class="introduction" 


Halley’s 
Comet 
appeare 
din 
view of 
Earth in 
1986 
and will 
appear 
again in 
2061. 


In 1705, using Sir Isaac Newton’s new laws of motion, the astronomer 
Edmond Halley made a prediction. He stated that comets that had appeared 
in 1531, 1607, and 1682 were actually the same comet and that it would 
reappear in 1758. Halley was proved to be correct, although he did not live 
to see it. However, the comet was later named in his honor. 


Halley’s Comet follows an elliptical path through the solar system, with the 
Sun appearing at one focus of the ellipse. This motion is predicted by 


Johannes Kepler’s first law of planetary motion, which we mentioned 
briefly in the Introduction to Parametric Equations and Polar Coordinates. 
In [link], we show how to use Kepler’s third law of planetary motion along 
with the calculus of vector-valued functions to find the average distance of 
Halley’s Comet from the Sun. 


Vector-valued functions provide a useful method for studying various 
curves both in the plane and in three-dimensional space. We can apply this 
concept to calculate the velocity, acceleration, arc length, and curvature of 
an object’s trajectory. In this chapter, we examine these methods and show 
how they are used. 


Vector-Valued Functions and Space Curves 


e Write the general equation of a vector-valued function in component form and unit-vector form. 
e Recognize parametric equations for a space curve. 

Describe the shape of a helix and write its equation. 

Define the limit of a vector-valued function. 


Our study of vector-valued functions combines ideas from our earlier examination of single-variable calculus with 
our description of vectors in three dimensions from the preceding chapter. In this section we extend concepts from 
earlier chapters and also examine new ideas concerning curves in three-dimensional space. These definitions and 
theorems support the presentation of material in the rest of this chapter and also in the remaining chapters of the 
text. 


Definition of a Vector-Valued Function 


Our first step in studying the calculus of vector-valued functions is to define what exactly a vector-valued function 
is. We can then look at graphs of vector-valued functions and see how they define curves in both two and three 
dimensions. 


Note: 

Definition 

A vector-valued function is a function of the form 
Equation: 


r(t)=f(it+g@i or r()=fWit+gWith(k, 


where the component functions f, g, and h, are real-valued functions of the parameter t. Vector-valued functions 
are also written in the form 
Equation: 


r(t) =(f(¢),9()) or r(t) = (F(t), 9(t),h(é)). 


In both cases, the first form of the function defines a two-dimensional vector-valued function; the second form 
describes a three-dimensional vector-valued function. 


The parameter t can lie between two real numbers: a < t < b. Another possibility is that the value of t might take 
on all real numbers. Last, the component functions themselves may have domain restrictions that enforce 
restrictions on the value of t. We often use t as a parameter because t can represent time. 


Example: 
Exercise: 


Problem: 
Evaluating Vector-Valued Functions and Determining Domains 


2a 


For each of the following vector-valued functions, evaluate r (0), r (z=) ,andr (27). Do any of these 


functions have domain restrictions? 


a. r(t) = 4costi-+ 3sintj 
b. x(t) = 3tanti+ 4sectj + 5tk 


Solution: 


a. To calculate each of the function values, substitute the appropriate value of t into the function: 
Equation: 


r(0) = 4cos(0)i-+ 3sin (0)j 


= 4i--0j—4i 
Tale) = Acos (4)i+ 3sin a 
= Osa 


r (22) = Acos (22) i+ 3sin (22) j 


= 4(-4)i+3 (2)j = 21+ 43). 


To determine whether this function has any domain restrictions, consider the component functions 
separately. The first component function is f (t) = 4cost and the second component function is 
g(t) = 3sint. Neither of these functions has a domain restriction, so the domain of 
r(t) = 4costi-+ 3sintj is all real numbers. 

. To calculate each of the function values, substitute the appropriate value of t into the function: 
Equation: 


(oP 


r(0) = 3tan(0)i+ 4sec (0)j+5(0)k 
= 01+4j+0k=4j 

=) = 3tan (4)i Asec (4) j 5(2 

mes) = 3tan (27) i+ 4sec (27) j+ 5 ( 

k 


3 
= 3 ( v3)i 4(—2)j-+ i 
= -3V3i—8j+ Mk. 


To determine whether this function has any domain restrictions, consider the component functions 
separately. The first component function is f (t) = 3tant, the second component function is 

g(t) = 4sect, and the third component function is h (t) = 5t. The first two functions are not defined 
for odd multiples of 7/2, so the function is not defined for odd multiples of 7/2. Therefore, 


dom (r (t)) = {t it z vane i: where n is any integer. 


Note: 
Exercise: 


Problem: 


For the vector-valued function r (t) = (t? — 3t)i+ (4t + 1)j, evaluate r (0), r (1), and r (—4). Does this 
function have any domain restrictions? 


Solution: 
r(0) =j,r(1) = —2i+ 5j, r(—4) = 281 — 15j 


The domain of r (t) = (¢? — 3¢)i+ (4¢ + 1)jis all real numbers. 


Hint 


Substitute the appropriate values of t into the function. 


[link] illustrates an important concept. The domain of a vector-valued function consists of real numbers. The 
domain can be all real numbers or a subset of the real numbers. The range of a vector-valued function consists of 
vectors. Each real number in the domain of a vector-valued function is mapped to either a two- or a three- 
dimensional vector. 


Graphing Vector-Valued Functions 


Recall that a plane vector consists of two quantities: direction and magnitude. Given any point in the plane (the 
initial point), if we move in a specific direction for a specific distance, we arrive at a second point. This represents 
the terminal point of the vector. We calculate the components of the vector by subtracting the coordinates of the 
initial point from the coordinates of the terminal point. 


A vector is considered to be in standard position if the initial point is located at the origin. When graphing a 
vector-valued function, we typically graph the vectors in the domain of the function in standard position, because 
doing so guarantees the uniqueness of the graph. This convention applies to the graphs of three-dimensional 
vector-valued functions as well. The graph of a vector-valued function of the form r (t) = f (t)i+ g ()j consists 
of the set of all (t, r (t)), and the path it traces is called a plane curve. The graph of a vector-valued function of 
the form r (t) = f (t)i+ g (t)j + h (t)k consists of the set of all (t, r (¢)), and the path it traces is called a space 
curve. Any representation of a plane curve or space curve using a vector-valued function is called a vector 
parameterization of the curve. 


Example: 
Exercise: 


Problem: 
Graphing a Vector-Valued Function 


Create a graph of each of the following vector-valued functions: 


a. The plane curve represented by r (t) = 4costi+ 3sintj,0 <t < 2a 
b. The plane curve represented by r (t) = 4cost?i + 3sint?j, 0 <t < 20 
c. The space curve represented by r (t) = costi+ sintj +tk,0<t< 47 


Solution: 


a. As with any graph, we start with a table of values. We then graph each of the vectors in the second 
column of the table in standard position and connect the terminal points of each vector to form a curve 
({link]). This curve turns out to be an ellipse centered at the origin. 


27 


2V2i+ 32; 
3j 
= 


Ai 


j I 


Table of Values for r (t) = 4costi+ 3sintj,0 <t < 2a 
y 
6 


51 r(t) = 4costi + 3sintj 
O=t=2r 


The graph of the first vector-valued function is 


an ellipse. 


fii S25 


DD = Be 


b. The table of values for r (t) = 4costi+ 3sintj, 0 < t < 27 is as follows: 


27 


r (¢) 

Ai 

aV2i+ yj 
3j 

2/21 + 332 j 


Ai 


Table of Values for r (t) = 4costi+ 3sintj,0 <t < 2a 


The graph of this curve is also an ellipse centered at the origin. 


The graph of the second vector-valued function 
is also an ellipse. 


c. We go through the same procedure for a three-dimensional vector function. 


t r (¢) t r (t) 

0 Ai 1 —4j+7k 

4 2/2i + 2/2j+ tk a 2/2i —2/2j+ #k 
2 lar ays z ik 

oa 2V/2i+ 2/2j+ 2k a Oh Prt xO te ta 
2a 4i+ 27k 


Table of Values for r (t) = costi+ sintj+tk,0<t< 4a 


The values then repeat themselves, except for the fact that the coefficient of k is always increasing 
((link]). This curve is called a helix. Notice that if the k component is eliminated, then the function 
becomes r (t) = costi + sintj, which is a unit circle centered at the origin. 


z, ‘'(t)=costi-+ sintj +tk 


The graph of the third vector-valued 
function is a helix. 


You may notice that the graphs in parts a. and b. are identical. This happens because the function describing curve 
b is a so-called reparameterization of the function describing curve a. In fact, any curve has an infinite number of 
reparameterizations; for example, we can replace t with 2¢ in any of the three previous curves without changing the 
shape of the curve. The interval over which t is defined may change, but that is all. We return to this idea later in 
this chapter when we study arc-length parameterization. 


As mentioned, the name of the shape of the curve of the graph in [link]c. is a helix ([link]). The curve resembles a 
spring, with a circular cross-section looking down along the z-axis. It is possible for a helix to be elliptical in cross- 
section as well. For example, the vector-valued function r (¢) = 4costi + 3sintj + tk describes an elliptical 


helix. The projection of this helix into the x, y-plane is an ellipse. Last, the arrows in the graph of this helix 
indicate the orientation of the curve as t progresses from 0 to 47. 


Note: 
Exercise: 


Problem: Create a graph of the vector-valued function r (t) = (¢? — 1)i+ (2t — 3)j,0 <t <3. 


Solution: 


at () = (2 — Di+ (2t- 3)j, 0=t<=3 


Hint 


Start by making a table of values, then graph the vectors for each value of t. 


At this point, you may notice a similarity between vector-valued functions and parameterized curves. Indeed, given 
a vector-valued function r (t) = f (t)i+ g(t)j, we can define x = f (t) and y = g(t). Ifa restriction exists on 
the values of t (for example, t is restricted to the interval [a, b] for some constants a < b), then this restriction is 
enforced on the parameter. The graph of the parameterized function would then agree with the graph of the vector- 
valued function, except that the vector-valued graph would represent vectors rather than points. Since we can 
parameterize a curve defined by a function y = f (x), it is also possible to represent an arbitrary plane curve by a 
vector-valued function. 


Limits and Continuity of a Vector-Valued Function 


We now take a look at the limit of a vector-valued function. This is important to understand to study the calculus 
of vector-valued functions. 


Note: 
Definition 
A vector-valued function r approaches the limit L as t approaches a, written 
Equation: 
limr (t) = L, 
provided 
Equation: 


lim |[r (t) — L|| = 0. 


This is a rigorous definition of the limit of a vector-valued function. In practice, we use the following theorem: 


Note: 

Limit of a Vector-Valued Function 

Let f, g, and h be functions of t. Then the limit of the vector-valued function r (t) = f (t)i+ g(t)jast 
approaches a is given by 

Equation: 


limr (#) = [limf (t)] i+ [limo (t)] 


provided the limits lim f (t) and limg (t) exist. Similarly, the limit of the vector-valued function 


r(t) = f (t)i+ g(t)j +A (t)k as t approaches a is given by 
Equation: 


lime (¢) = [lim (t)] i+ [limg (t)] 5 + [lima (t)], 


provided the limits lim HG) limg (t)and limh () exist. 


In the following example, we show how to calculate the limit of a vector-valued function. 


Example: 
Exercise: 


Problem: 
Evaluating the Limit of a Vector-Valued Function 


For each of the following vector-valued functions, calculate limr (t) for 
=> 


a.r(t) = (t? —3t+4)i+ (4¢+3)j 
b 


r(() = 2 i+ 7 J+ 4b —3)k 


Solution: 


a. Use [link] and substitute the value t = 3 into the two component expressions: 
Equation: 


limr (¢) = lim [(¢? — 3¢+ 4)i+ (4¢ + 3)j] 


t33 


— . 2 a ite. e . 2 
= him (t? — 3¢ 4) i him (4t + 3) j 
= 4i+ 15j. 


b. Use [link] and substitute the value ¢ = 3 into the three component expressions: 
Equation: 


limr (t) = lim (25H Eee ee 3)k) 


t3 
— Ie =i lo 5 9 sy , 
= [lng C25) |i [tim (mix) 3+ [tim es 


= 5i1+3j+9k. 


Note: 
Exercise: 


Problem: Calculate jim, r (t) for the function r (t) = Vt? — 3t — 1i+ (4¢+3)j+sin tana 


Solution: 
jim, (¢) = Sl Hi] ls 
Hint 


Use [link] from the preceding theorem. 


Now that we know how to calculate the limit of a vector-valued function, we can define continuity at a point for 
such a function. 


Note: 

Definition 

Let f, g, and h be functions of t. Then, the vector-valued function r (¢) = f (t)i+ g (¢)j is continuous at point 
t = a if the following three conditions hold: 


1. r (a) exists 
2. limr (€) exists 
ta 


33 limr (t) =r(a) 


Similarly, the vector-valued function r (t) = f (t)i+ g(t)j + h (t)k is continuous at point t = a if the 
following three conditions hold: 


1. r (a) exists 
2. limr (t) exists 
tra 


3 limr (¢) =7 (a) 


Key Concepts 


¢ A vector-valued function is a function of the form r(t) = f (t)i+ g(t)jorr(t) = f (t)i+g(t)j+h(t)k, 
where the component functions f, g, and h are real-valued functions of the parameter ¢. 

¢ The graph of a vector-valued function of the form r (t) = f (t)i+ g (t)j is called a plane curve. The graph 

of a vector-valued function of the form r (t) = f (t)i + g(t)j + h (t)k is called a space curve. 

It is possible to represent an arbitrary plane curve by a vector-valued function. 

To calculate the limit of a vector-valued function, calculate the limits of the component functions separately. 


Key Equations 


e Vector-valued function 


r(t) = f(t)i+g(t)j or v(t) = f(t)i+g(t)j+h(t)k, or v(t) = (f(t), g(t) or v(t) 
e Limit of a vector-valued function 


Hans (2) = [Lens ()]i-+ [Fimo ©] ortime (2) = [Heme ()]3+ [Hime )]3+ [lim (0) ke 
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Exercise: 


Problem: 


Give the component functions z = f(t) and y = g(t) for the vector-valued function 
r(t) = 3secti+ 2tantj. 


Solution: 
f(t) = 3sect, g(t) = 2tant 
Exercise: 


Problem:Given r(t) = 3secti + 2tantj, find the following values (if possible). 


ar (7) 


Exercise: 


Problem: 


Sketch the curve of the vector-valued function r(t) = 3secti+ 2tantj and give the orientation of the curve. 
Sketch asymptotes as a guide to the graph. 


Solution: 


10 15 20 25* 


Exercise: 


Problem: Evaluate lim (ei + 24 j +e ‘'k). 
t0 é 


Exercise: 


Problem:Given the vector-valued function r(t) = (cost, sint), find the following values: 


a. lim r(t) 
toqt 


br (4) 
c. Is r(t) continuous at t = 
d. Graph r(t). 


9 


x 
3° 


Solution: 


a. ( va, SP } b. ( 7 us 3 c. Yes, the limit as t approaches 7/3 is equal to r (7/3), d. 


y 


=e NE, x 
Exercise: 


Problem:Given the vector-valued function r(t) = (t, e+ 1), find the following values: 


a. lim r(t) 


t>-3 
b. r(—3) 
c. Is r(¢) continuous at ¢ = —3? 
drt 42)—2) 


Exercise: 


Problem:Let r(¢) = e’i+ sintj + Intk. Find the following values: 


ar (4) 
b. lim r(t) 
ton/4 


c. Is r(t) continuous att = t = 7? 


Solution: 
a. (er, LEN (4) ); b. (er, WB tn (3) c. Yes 


Find the limit of the following vector-valued functions at the indicated value of t. 
Exercise: 


Problem:lim (vi 35 vi , tan ( 7 )) 


Exercise: 


Problem: lim r(t) for r(¢) = e‘i+ sintj + Intk 


ton/2 


Solution: 


(evs Tins )) 
Exercise: 


Problem: lim (e~%, 23. arctan(2t)) 


Exercise: 
«]s Int 
Problem: lim, (tin(é), @oVvin ()) 


Solution: 
2e7i+ Fj+2k 
Exercise: 
Problem: lim (cost, sin”t, 1) 
tor/6 
Exercise: 
Problem: lim r(¢) for r(¢) = 2etit+e'j+In(t—1)k 


Solution: 


The limit does not exist because the limit of In(t — 1) as t approaches infinity does not exist. 
Exercise: 


Problem: 


Describe the curve defined by the vector-valued function r(t) = (1 + t)i+ (2 + 5t)j + (-1 


Find the domain of the vector-valued functions. 
Exercise: 


Problem:Domain: r(t) = (¢”, tant, Int) 


Solution: 


t > 0,t A (2k +1) 4, where k is an integer 


Exercise: 


Problem:Domain: r(t) = (?, t— 3, at) 


Exercise: 
Problem:Domain: r(t) = (cse(t), ae In(t — 2)) 
Solution: 
t > 3,t # nz, where nis an integer 


Let r(t) = (cost, t, sint) and use it to answer the following questions. 
Exercise: 


Problem:For what values of t is r(t) continuous? 


Exercise: 


Problem:Sketch the graph of r(t). 


Solution: 


Cross Section 


y 
ie Ney, x 


(a) 
Side View 
15 
10 
5 
0 
1.0 
0.5 
0.0 
-0.5 
—1.0 
-1.0 
0.0 10 
(b) 


Exercise: 


Problem:Find the domain of r(t) = 2e ‘i+ e*j+In(t — 1)k. 
Exercise: 
Problem:For what values of t is r(t) = 2e~*i + e~*j + In(t — 1)k continuous? 


Solution: 


All t such that t € (1, 00) 


Eliminate the parameter t, write the equation in Cartesian coordinates, then sketch the graphs of the vector-valued 
functions. 
Exercise: 


Problem: 


r(t) = 2ti+ t?j (Hint: Let x = 2t and y = t?. Solve the first equation for x in terms of t and substitute this 
result into the second equation.) 


Exercise: 
Problem:r(t) = ¢?i + 2tj 
Solution: 


y = 24/z, a variation of the cube-root function 


Exercise: 


Problem:r(t) = 2 (sinht)i+ 2 (cosht)j,t > 0 


Exercise: 
Problem:r(t) = 3 (cost)i+ 3 (sint)j 
Solution: 


x? + y? = 9, a circle centered at (0, 0) with radius 3, and a counterclockwise orientation 


x+y = 


Exercise: 
Problem:r(t) = (3sint, 3cost) 


Use a graphing utility to sketch each of the following vector-valued functions: 
Exercise: 


Problem:[T] r(t) = 2cost?i + (2 — v't)j 


Solution: 


Exercise: 


Problem:[T] r(t) = Cerne. ema) 


Exercise: 
Problem:[T] r(t) = (2 — sin(2t),3 + 2cost) 


Solution: 


View in the yt-plane 


(b) 


Find a vector-valued function that traces out the given curve in the indicated direction. 


Exercise: 


Problem:4x? + 9y? = 36; clockwise and counterclockwise 


Exercise: 
Problem:r(t) = (¢, ¢”); from left to right 


Solution: 


For left to right, y = x”, where t increases 


Exercise: 


Problem: The line through P and Q where P is (1, 4, —2) and Q is (3, 9, 6) 


Consider the curve described by the vector-valued function 
r(t) = (50e ‘cost) i+ (50e‘sint) j + (5 — 5e‘)k. 
Exercise: 


Problem: What is the initial point of the path corresponding to r(0)? 


Solution: 


(50, 0, 0) 


Exercise: 


Problem: What is jim r(t)? 


Exercise: 


Problem:[T] Use technology to sketch the curve. 


Solution: 


Exercise: 


Problem:Eliminate the parameter t to show that z = 5 — 75 where r? = x? + y. 


Exercise: 


Problem: 


[T] Let r(t) = costi+ sintj + 0.3sin(2t)k. Use technology to graph the curve (called the roller-coaster 
curve) over the interval [0, 277). Choose at least two views to determine the peaks and valleys. 


Solution: 


(b) 


Exercise: 
Problem: 
[T] Use the result of the preceding problem to construct an equation of a roller coaster with a steep drop from 
the peak and steep incline from the “valley.” Then, use technology to graph the equation. 
Exercise: 
Problem: 


Use the results of the preceding two problems to construct an equation of a path of a roller coaster with more 
than two turning points (peaks and valleys). 


Solution: 


One possibility is r(t) = costi + sintj + sin(4t)k. By increasing the coefficient of t in the third 
component, the number of turning points will increase. 


Exercise: 


Problem: 


a. Graph the curve r(t) = (4 + cos(18t))cos(t)i+ (4 + cos(18t)sin(t))j + 0.3sin(18¢) k using two 
viewing angles of your choice to see the overall shape of the curve. 

b. Does the curve resemble a “slinky”? 

c. What changes to the equation should be made to increase the number of coils of the slinky? 


Glossary 


component functions 
the component functions of the vector-valued function r (t) = f (t)i+ g (t)jare f (t) and g(t), and the 
component functions of the vector-valued function r (t) = f (t)i+ g(t)j+ h(t)kare f (t), g(t) andh(t) 


helix 
a three-dimensional curve in the shape of a spiral 


limit of a vector-valued function 
a vector-valued function r(t) has a limit L as t approaches a if lim |r(t)-—L| =0 
a 


plane curve 
the set of ordered pairs (f (t), g (¢)) together with their defining parametric equations x = f (t) and y = g(t) 


reparameterization 
an alternative parameterization of a given vector-valued function 


space curve 
the set of ordered triples (f (t), g (t), h (t)) together with their defining parametric equations x = f (t), 
y = g(t) andz= h(t) 


vector parameterization 
any representation of a plane or space curve using a vector-valued function 


vector-valued function 
a function of the form r(t) = f (t)i+ g(t)j orr (t) = f (t)i+ g(t)j+ A (t)k, where the component 
functions f, g, and h are real-valued functions of the parameter t 


Calculus of Vector-Valued Functions 


Write an expression for the derivative of a vector-valued function. 

Find the tangent vector at a point for a given position vector. 

Find the unit tangent vector at a point for a given position vector and explain its significance. 
Calculate the definite integral of a vector-valued function. 


To study the calculus of vector-valued functions, we follow a similar path to the one we took in 
studying real-valued functions. First, we define the derivative, then we examine applications of 
the derivative, then we move on to defining integrals. However, we will find some interesting new 
ideas along the way as a result of the vector nature of these functions and the properties of space 
curves. 


Derivatives of Vector-Valued Functions 


Now that we have seen what a vector-valued function is and how to take its limit, the next step is 
to learn how to differentiate a vector-valued function. The definition of the derivative of a vector- 
valued function is nearly identical to the definition of a real-valued function of one variable. 
However, because the range of a vector-valued function consists of vectors, the same is true for 
the range of the derivative of a vector-valued function. 


Note: 
Definition 
The derivative of a vector-valued function r (t) is 
Equation: 
FG) ae r(t+ At) —r(t) | 
At—0 At 


provided the limit exists. If r’ (t) exists, then r is differentiable at t. If r’ (t) exists for all t in an 
open interval (a, b), then r is differentiable over the interval (a, b). For the function to be 
differentiable over the closed interval |a, 6], the following two limits must exist as well: 
Equation: 


Many of the rules for calculating derivatives of real-valued functions can be applied to calculating 
the derivatives of vector-valued functions as well. Recall that the derivative of a real-valued 
function can be interpreted as the slope of a tangent line or the instantaneous rate of change of the 
function. The derivative of a vector-valued function can be understood to be an instantaneous rate 
of change as well; for example, when the function represents the position of an object at a given 
point in time, the derivative represents its velocity at that same point in time. 


We now demonstrate taking the derivative of a vector-valued function. 


Example: 
Exercise: 


Problem: 
Finding the Derivative of a Vector-Valued Function 


Use the definition to calculate the derivative of the function 
Equation: 


r (t) = (3¢+ 4)i+ (t? — 4¢ + 3)j. 


Solution: 


Let’s use [link]: 
Equation: 


‘ r(t+At)—-r 
r'(t) = te 
[(3(t+At)+4)i+ (440)? 4(t+At)+3) j| [(3t-+4) i+ (t?—4+3) j| 
At 


(3t+3At+4)i (3t+4)i+(P+20At+ (At)? At 4At+3); (t?—4t+3) j 


= lim = 
(3At) i+ (2tAt+(At)’—4At) j 

At 
= iim, (3i+ (2t+ At — 4)j) 


= 3i+ (2t — 4)j. 


Note: 
Exercise: 


Problem: 


Use the definition to calculate the derivative of the function 
v(t) = (2¢7 + 3)i+ (bt —6)j. 
Solution: 
r’ (t) = 4ti+ 5j 
Hint 


Use [link]. 


Notice that in the calculations in [link], we could also obtain the answer by first calculating the 
derivative of each component function, then putting these derivatives back into the vector-valued 
function. This is always true for calculating the derivative of a vector-valued function, whether it 
is in two or three dimensions. We state this in the following theorem. The proof of this theorem 
follows directly from the definitions of the limit of a vector-valued function and the derivative of 
a vector-valued function. 


Note: 
Differentiation of Vector- Valued Functions 
Let f, g, and h be differentiable functions of t. 


i. Ifr (t) = f (t)i+ g (t)j, thenr’ (t) = f’ (t)it+ g’ (t)j. 
ii Ifr (t) = f (t)i+ g (t)j +h(t)k, thenr’ (t) = f! (t)it+g' (t)j +h’ (t)k. 


Example: 
Exercise: 


Problem: 
Calculating the Derivative of Vector-Valued Functions 


Use [link] to calculate the derivative of each of the following functions. 
a. v(t) = (6¢ + 8)i+ (4¢? + 2¢ - 3)j 
b.r(¢) = 3costi+ 4sintj 
c.r(t) =e'sinti+ e’costj — ek 
Solution: 
We use [link] and what we know about differentiating functions of one variable. 


a. The first component of r (t) = (6¢ + 8)i+ (4t? + 2t — 3)jis f (t) = 6t + 8. The 
second component is g (t) = 4¢? + 2t — 3. We have f’ (t) = 6 and g’ (t) = 8t + 2, 


so the theorem gives r’ (t) = 6i+ (8t + 2)j. 
b. The first component is f (t) = 3cost and the second component is g (t) = 4sint. We 
have f’ (t) = —3sint and g’ (t) = 4cost, so we obtain r’ (t) = —3sinti+ 4costj. 
c. The first component of r (t) = é ‘sinti+ e'costj — e”'k is f (t) = e’sint, the 
second component is g(t) = e’co a and the third component is h (t) = —e?*. We 


have f’ (t) = e! (sint + ae ‘(t) =e (cost — sint), and h’ (t) = —2e”#, so the 
theorem gives r’ (t) = e’ (sint + cost)i+ e! (cost — sint) j — 2e"’k. 


Note: 
Exercise: 


Problem: Calculate the derivative of the function 
Equation: 


r (t) = (tInt)i+ (5e’) j + (cost — sint)k. 


Solution: 


r’ (t) = (1+ Int)i+ 5e’j — (sint + cost)k 
Hint 


Identify the component functions and use [link]. 


We can extend to vector-valued functions the properties of the derivative that we presented in the 
Introduction to Derivatives. In particular, the constant multiple rule, the sum and difference rules, 
the product rule, and the chain rule all extend to vector-valued functions. However, in the case of 
the product rule, there are actually three extensions: (1) for a real-valued function multiplied by a 
vector-valued function, (2) for the dot product of two vector-valued functions, and (3) for the 
cross product of two vector-valued functions. 


Note: 

Properties of the Derivative of Vector- Valued Functions 

Let r and u be differentiable vector-valued functions of t, let f be a differentiable real-valued 
function of t, and let c be a scalar. 


Equation: 
is “ler(t)] = cr’ (t) Scalar multiple 
ii. fir(t)tu(t)] = r’(t)tu'(t) Sum and difference 
iii 4(f(t)u(t)) = f’(@t)u(t)+f()u'(t) Scalar product 
iv “[r(t)-u(t)] = r’(t)-u(t)+r(t)-u'(¢ Dot product 
v. 4ir(t) x u(t)]) = r’(t) x u(t)+r(t) x u(t) Cross product 
vi 4ir(F@)) = Uf) FO) Chain rule 
vii Ifr(t)-r(t) = c, thenr(t)-r’(t) =0. 


Proof 


The proofs of the first two properties follow directly from the definition of the derivative of a 
vector-valued function. The third property can be derived from the first two properties, along with 
the product rule from the Introduction to Derivatives. Let u(t) = g(t)i+ Ah (¢)j. Then 
Equation: 


“lf (t)u(t)| 
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To prove property iv. let r (t) = f; (€)i+ gi (t)j and u(t) = fo (t)i+ go (t)j. Then 
Equation: 


4ir(t)-u(t)] = 4[fi fe) +91 (t)g2 (t) 


( 
= fi’ (t) fo (t) + fi (t) fo’ (t) 
= fi’ (t) fe (t) + 91 (€)g2 (t) 

2J) 


(= 4 


+ gi’ (t)go (t) + gr (t)g2' (t) 
+ fi (t) fe’ (é) + 91 (t)g’ (4) 
= (fv i+ gi’j) - (foit g2j) + (frit gi5) - (foi + 925) 
=r'(t)-u(t)+r(t)- u' (Z). 


The proof of property v. is similar to that of property iv. Property vi. can be proved using the 
chain rule. Last, property vii. follows from property iv: 


Equation: 
#ir@-r@®] = ele 
r’(t)-r(é)+r(t)-r’(t) = 0 
ariijer (tf) = 0 
r(t)-r’ (t) 0. 


Now for some examples using these properties. 


Example: 
Exercise: 


Problem: 
Using the Properties of Derivatives of Vector-Valued Functions 


Given the vector-valued functions 
Equation: 


r (¢) = (6¢ + 8)i+ (4¢? + 2¢ —3)j+5tk 


and 
Equation: 


u(t) = (t? — 3)i+ (2¢+ 4)j+ (¢° — 3t)k, 


calculate each of the following derivatives using the properties of the derivative of vector- 
valued functions. 


[r (¢) - u(¢)] 


a. its r 
ole 
b. {[u(t) x wu’ (t)| 


Solution: 


a. We have r’ (t) = 6i+ (8¢ + 2)j+ 5k and w’ (t) = 2ti + 2j + (3t? — 3)k. 
Therefore, according to property iv.: 
Equation: 
4[r(t)- u(t] =r'(t)- u(t) + r(t)- u(t) 
= (61+ (8t + 2)j+ 5k) - ((t? — 3)i+ (2¢+ 4)j+ (¢° — 3t)k) 
+ ((6¢ + 8)i+ (4¢? + 2¢ — 3)j + 5tk) - (Q¢i+ 2j + (3t? — 3)k) 
= 6 (t? — 3) + (8t + 2) (2¢ + 4) +5 (¢? — 3¢) 
+2 (6t + 8) + 2 (44? + 2t — 3) + Bt (3t — 3) 
= 20t? + 42¢? + 26¢ — 16. 


b. First, we need to adapt property v. for this problem: 
Equation: 


Tutt) x w'] =u'(t) x w+ ult) x wre) 


Recall that the cross product of any vector with itself is zero. Furthermore, u// (t) 
represents the second derivative of u (t): 


Equation: 


w(t) = <u ol = pti + 2j + (3t? — 3)k] = 21+ 6tk. 


Therefore, 
Equation: 


“[u(t) x u/(t)]) =0+ ((t? —3)i+ (2t+4)j+ (¢8 — 3t)k) x (21+ 6tk) 


i j k 
te ee ee ae 
2 0 6t 


= 6¢ (2¢ + 4)i— (6¢ (¢? — 3) — 2 (€ — 3t))j 2 (284+ 4)k 
= (122? + 24t)i+ (12¢ — 423) j — (4¢ + 8)k. 


Note: 
Exercise: 


Problem: 


Given the vector-valued functions r (t) = costi + sintj — e?“k and 
u(t) = ti+sintj + costk, calculate “[r (t) - r’ (t)] and [u(t) x r(t)]. 


Solution: 
Pee (el Sea 


d 

alu(t) x r(¢)] 

= — (e” (cost + 2sint) + cos2t)i+ (e” (2¢ + 1) — sin2t)j + (tcost + sint — cos2t)k 
Hint 


Follow the same steps as in [link]. 


Tangent Vectors and Unit Tangent Vectors 


Recall from the Introduction to Derivatives that the derivative at a point can be interpreted as the 
slope of the tangent line to the graph at that point. In the case of a vector-valued function, the 
derivative provides a tangent vector to the curve represented by the function. Consider the vector- 


valued function r (t) = costi + sintj. The derivative of this function is 
r’ (t) = —sinti + costj. If we substitute the value ¢ = 7/6 into both functions we get 
Equation: 


m\ V3 N - lee V3. 
r(z) ) 2 


i) 
ae 4 el 
i 54 and r F 


2 


r(t) = cost i + sintj 
—2 


The tangent line at a point is 
calculated from the derivative of the 
vector-valued function r(t). 


Notice that the vector r’ (4) is tangent to the circle at the point corresponding to t = 7/6. This is 
an example of a tangent vector to the plane curve defined by r (t) = costi+ sintj. 


Note: 

Definition 

Let C be a curve defined by a vector-valued function r, and assume that r’ (t) exists when t = fo. 
A tangent vector v at t = to is any vector such that, when the tail of the vector is placed at point 
r (to) on the graph, vector v is tangent to curve C. Vector r’ (to) is an example of a tangent 
vector at point t = to. Furthermore, assume that r’ (t) 4 0. The principal unit tangent vector 
at t is defined to be 

Equation: 


provided ||r’ (t)|| A 0. 


The unit tangent vector is exactly what it sounds like: a unit vector that is tangent to the curve. To 
calculate a unit tangent vector, first find the derivative r’ (t). Second, calculate the magnitude of 
the derivative. The third step is to divide the derivative by its magnitude. 


Example: 
Exercise: 


Problem: 
Finding a Unit Tangent Vector 


Find the unit tangent vector for each of the following vector-valued functions: 


a. r(t) =costi+ sintj 
b. u(t) = (3? + 2¢)i+ (2 — 4¢3)j + (6+ 5)k 


Solution: 
a. 
First step: r'(t) = —sinti+costj 
Second step: ||r’(t)|| = \/(-sint)? + (cost)* =1 
Third step: La = a = aaintit costh = —sinti+ costj 
bs 
First step: u(t) = (6t+2)i—12#?j7+6k 
Second step: |lu'(é)|| = /(6t +2)? + (—12#2)? +62 
= 144t* + 36¢? + 24t + 40 
= 2,/36t4 + 9t? + 6t + 10 
; : — w(t) _  (6t+2)i—12t?j+6k 
paste: B= |u'(t)|| 2364+ 942+-64-+10 
= 3t+1 coe 6t? : 3 


ape G0 Pee che ee et ee 
/36t* +98? +6+10 Jarromerrio ) | /aertro err 10 


Note: 


Exercise: 


Problem: Find the unit tangent vector for the vector-valued function 
Equation: 


r(¢) = (t? — 3)i+ (264+ 1)j+ (¢ — 2)k. 


Solution: 


=. Os Ro 1 
T (¢) 425 i Vis 3 a J42+5 


Hint 


Follow the same steps as in [link]. 


Integrals of Vector-Valued Functions 


We introduced antiderivatives of real-valued functions in Antiderivatives and definite integrals of 
real-valued functions in The Definite Integral. Each of these concepts can be extended to vector- 
valued functions. Also, just as we can calculate the derivative of a vector-valued function by 
differentiating the component functions separately, we can calculate the antiderivative in the same 
manner. Furthermore, the Fundamental Theorem of Calculus applies to vector-valued functions as 
well. 


The antiderivative of a vector-valued function appears in applications. For example, if a vector- 
valued function represents the velocity of an object at time t, then its antiderivative represents 
position. Or, if the function represents the acceleration of the object at a given time, then the 
antiderivative represents its velocity. 


Note: 
Definition 
Let f, g, and h be integrable real-valued functions over the closed interval {a, 6]. 


1. The indefinite integral of a vector-valued function r (t) = f (t)i+ g(t)j is 


anattore 
[if @i+o maar = | [soars | [a teae| i 


The definite integral of a vector-valued function is 
Equation: 


[is@irowaa=[f seoa]ir| [owas 


2. The indefinite integral of a vector-valued function r (t) = f ()i+ g(t)j+h(t)kis 
Equation: 


[irwi+oto + h(t a=| fre yaelix | fotae]i+ | [near] x 


The definite integral of the vector-valued function is 
Equation: 


[sorrows + h(t w=(f re yar] ff aoatli+| f node) 


Since the indefinite integral of a vector-valued function involves indefinite integrals of the 
component functions, each of these component integrals contains an integration constant. They 
can all be different. For example, in the two-dimensional case, we can have 

Equation: 


[tea =F()+Cyand fg (t)dt = G(t)+Cr, 


where F and G are antiderivatives of f and g, respectively. Then 


Equation: 
f(t ati + | [ o(eae| 


(F(t) + Ci)it (G(t) + C2)j 
ean +G(t)j +Cyi+ Coj 
F(t)i+G(t)j+C, 


[iris oie 


where C = C,i+ Cj. Therefore, the integration constant becomes a constant vector. 


Example: 
Exercise: 


Problem: 
Integrating Vector- Valued Functions 


Calculate each of the following integrals: 
a. / [(3¢? + 2) i+ (3t — 6)j + (62° + 5¢t? — 4) k| dé 
b. ‘| baste ee ater wae 


1/3 
es i [sin 2ti + tantj + ek] dt 
0 


Solution: 


a. We use the first part of the definition of the integral of a space curve: 
Equation: 


[ice + 2t) i+ (3¢ — 6)j+ (6t° + 5t? — 4) k] dé 
= | [32 + 2eae] i+ | [3+ — oat] i+ | [688 + 50? — sat k 
= (4+2)i+ ($0 — 6t)j+ ($t*+ 30 —4t)k+C. 


b. First calculate (t,t?,t°) x (t°,t?,t): 


Equation: 
es Es 
Ca x ERED —|¢ #2 23 
se ce 


(¢? (t) — ¢3 (¢?))i- (2 — 3 (e)) 5+ (€(@) — #2 ())k 
= (8 —t)i+ (6 —#?)j+ (A-t)k. 


Next, substitute this back into the integral and integrate: 
Equation: 


[lee.2°) Kt tae dt =f @-#)i+ (t° —¢?)j+ (t° —t°) kde 
=(4-#)i+(2-#)j+(€-f)k+0. 


c. Use the second part of the definition of the integral of a space curve: 
Equation: 


1/3 
[ [sin 2ti + tantj+ é'k| dt 
0 


1/3 1/3 1/3 
= / sin 2tdt i: tantdt i e dt|k 
0 0 0 


(— cos 2t) i — (In (cost))|7/3j — ($e) ek 
= (—$cos % + $c0s0)i— (In (cos 7) — In(cos0))j — ($e 27/7 — $e 2) k 
( 


Wee Aas 


2 
s)i—(-In2)j— (Fe "2 — $)k 


(In2)j+ (5 — se °"8)k. 


Note: 
Exercise: 


Problem: Calculate the following integral: 
Equation: 


i [(2¢ + 4)i + (37 — 4t) j] at. 


Solution: 


3 
/ [(2t + 4)i + (3t? — 4t) j] dt = 16i + 10j 
il 
Hint 


Use the definition of the definite integral of a plane curve. 


Key Concepts 


e To calculate the derivative of a vector-valued function, calculate the derivatives of the 
component functions, then put them back into a new vector-valued function. 

e Many of the properties of differentiation from the Introduction to Derivatives also apply to 
vector-valued functions. 

¢ The derivative of a vector-valued function r (¢) is also a tangent vector to the curve. The unit 
tangent vector T (t) is calculated by dividing the derivative of a vector-valued function by 
its magnitude. 


e The antiderivative of a vector-valued function is found by finding the antiderivatives of the 
component functions, then putting them back together in a vector-valued function. 

e The definite integral of a vector-valued function is found by finding the definite integrals of 
the component functions, then putting them back together in a vector-valued function. 


Key Equations 


e Derivative of a vector-valued function 
; t+At)—r(t 
r’ (t) = lim else leet) ) (8) 
At>0 
¢ Principal unit tangent vector 


_— _r() 
T() = Tra 
¢ Indefinite integral of a vector-valued function 


[if iro i+ neuer = | # a i+ | [ ateae] i+ | [neat] 


¢ Definite integral of a vector-valued function 


[roiso@i+ nome = [ [reais | 


Compute the derivatives of the vector-valued functions. 
Exercise: 


b 


a(that| " [[ h (tae k 


Problem:r(t) = ¢?i + 3¢7j + = k 
Solution: 
(3t?, 6t, $t?) 
Exercise: 
Problem:r(t) = sin(t) i+ cos(t)j + e’k 


Exercise: 


Problem: 


r(t) =e i+ sin(3t)j + 10\/tk. A sketch of the graph is shown here. Notice the varying 
periodic nature of the graph. 


Solution: 


(-e7, 3cos(3t), =) 


Exercise: 
Problem:r(t) = e’i + 2e’j+ k 
Exercise: 
Problem:r(¢) =i+ j+k 
Solution: 


(0, 0, 0) 


Exercise: 


Problem:r(t) = te’i + tln(t)j + sin(3t)k 


Exercise: 


Problem:r(t) = =}, i+ arctan(t)j + Int?k 
Solution: 


i 1 3 
Gay 14+t?? t 


Exercise: 
Problem:r(¢) = tan(2t)i + sec(2t)j + sin?(t)k 
Exercise: 
Problem:r(¢) = 3i + 4sin(3t)j + tcos(t)k 
Solution: 
(0, 12cos(3t), cost — tsint) 
Exercise: 


Problem:r(t) = t?i + te“ j —5e-"k 


For the following problems, find a tangent vector at the indicated value of t. 
Exercise: 


Problem:r(t) = ti + sin(2t)j + cos(3t)k;t = 3 
Solution: 
q (1, -1, 0) 
Exercise: 

Problem:r(t) = 3¢°i+ 2t?j+ ¢k;t=1 
Exercise: 


Problem:r(t) = 3e’i + 2e~j + 4e”’k; t = In(2) 


Solution: 


1 3 
V1060.5625 (6, 4) 32) 


Exercise: 


Problem:r(t) = cos(2t)i+ 2sintj + t?k;t = 4 


Find the unit tangent vector for the following parameterized curves. 
Exercise: 


Problem:r(¢) = 6i + cos(3t)j + 3sin(4t)k, 0 <t < 2m 


Solution: 


——__—____— (0, —3sin(3t), 12cos(4t)) 
J 9sin*(3t)+144 cos? (4t) 


Exercise: 


Problem: 


r(t) = costi+ sintj + sintk, 0 < t < 2m. Two views of this curve are presented here: 


Exercise: 
Problem:r(¢) = 3cos(4t)i+ 3sin(4t)j+5tk,l1<t<2 
Solution: 


T(t) = =sin(4t)i+ j2cos(4t)j + 2k 


Exercise: 


Problem:r(t) = ti + 3tj + t?k 


Let r(t) = ti+ t?j — t*k and s(t) = sin(t)i + e’j + cos(t)k. Here is the graph of the 
function: 


Find the following. 
Exercise: 


Problem: - [r (t”)] 


Solution: 
(2t, 4t3, —827) 


Exercise: 


Problem: £ [e? - s(t)] 


Exercise: 


Problem: & [r(t) - s(t)| 


Solution: 
sin(t) + 2te’ — 4t3cos(t) + tcos(t) + t7e’ + t*sin(t) 
Exercise: 


Problem: 

Compute the first, second, and third derivatives of r(t) = 3ti + 6In(t)j + 5e~*k. 
Exercise: 

Problem:Find r/(t) - r//(t) for r(¢) = —3t°i+ 5tj + 2t7k. 

Solution: 

9007 + 16¢ 


Exercise: 


The acceleration function, initial velocity, and initial position of a particle are 
a(t) = —5costi— 5sintj, v(0) = 9i+ 2j, andr(0) = 5i. 
Problem:Find v(t) and r(¢). 


Exercise: 
Problem:The position vector of a particle is r(t) = 5sec(2t)i — 4tan(t)j + 7t?k. 
a. Graph the position function and display a view of the graph that illustrates the 
asymptotic behavior of the function. 
b. Find the velocity as t approaches but is not equal to 7/4 (if it exists). 
Solution: 


a. 


b. Undefined or infinite 


Exercise: 
Problem: 


Find the velocity and the speed of a particle with the position function 


ri) = (35) i+ In(1 — 4t?)j. The speed of a particle is the magnitude of the velocity and 


is represented by ||r’(t)]||. 


A particle moves on a circular path of radius b according to the function 
r(t) = bcos(wt)i+ bsin(wt)j, where w is the angular velocity, d0/dt. 


Exercise: 


Problem:Find the velocity function and show that v(t) is always orthogonal to r(t). 


Solution: 


r/(t) = —bwsin(wt)i + bwcos(wt)j. To show orthogonality, note that r/(t) - r(t) = 0. 


Exercise: 


Problem: Show that the speed of the particle is proportional to the angular velocity. 


Exercise: 
Problem:Evaluate £|u(t) x u/(t)] given u(t) = 71 — 2tj + k. 


Solution: 


Oi +25 +4tj 
Exercise: 
Problem: 
Find the antiderivative of r/(t) = cos(2t)i — 2sintj + aE k that satisfies the initial 
condition r(0) = 3i— 2j+k. 


Exercise: 


3 
Problem:Evaluate / ||ti + t?jl|dt. 
0 


Solution: 


4 (10% = 1) 


Exercise: 
Problem: 
An object starts from rest at point P (1, 2,0) and moves with an acceleration of 


a(t) = j + 2k, where || a(¢)|| is measured in feet per second per second. Find the location 
of the object after ¢ = 2 sec. 


Exercise: 
Problem: 
Show that if the speed of a particle traveling along a curve represented by a vector-valued 


function is constant, then the velocity function is always perpendicular to the acceleration 
function. 


Solution: 


t 
4 (v(t) - v(t) 
2v(t)- v(t 


The last statement implies that the velocity and acceleration are perpendicular or orthogonal. 
Exercise: 


Problem: 
Given r(t) = ti+ 3tj + t?k and u(t) = 4ti+ t?j+¢°k, find S(r(t) x u(t). 


Exercise: 


Problem:Given r (¢) = (t + cost, t — sint), find the velocity and the speed at any time. 
Solution: 


v(t) = (1 — sint, 1 — cost), speed = —v(¢)|| = /4 — 2(sint + cost) 


Exercise: 


Problem:Find the velocity vector for the function r(t) = (e’,e *, 0). 


Exercise: 


Problem:Find the equation of the tangent line to the curve r(t) = Ces, e 0) att; 


Solution: 


zx-l=t,y—1l1=-t,z—0=0 
Exercise: 


Problem: 


Describe and sketch the curve represented by the vector-valued function 
r(t) = (6t, 6t — t”). 


Exercise: 


Problem: 


Locate the highest point on the curve r(t) = (6t, 6t — t?) and give the value of the function 
at this point. 


Solution: 


r(t) = (18,9) att =3 


The position vector for a particle is r(t) = ti + t?j + t®k. The graph is shown here: 


Exercise: 


Problem:Find the velocity vector at any time. 


Exercise: 


Problem:Find the speed of the particle at time t = 2 sec. 


Solution: 


V 593 


Exercise: 
Problem:Find the acceleration at time t = 2 sec. 


A particle travels along the path of a helix with the equation r(t) = cos(t)i + sin(t)j + tk. See 
the graph presented here: 


Find the following: 
Exercise: 


Problem: Velocity of the particle at any time 
Solution: 
v(t) = (—sint, cost, 1) 


Exercise: 


Problem:Speed of the particle at any time 


Exercise: 


Problem: Acceleration of the particle at any time 
Solution: 


a(t) = —costi— sintj + 0j 


Exercise: 
Problem:Find the unit tangent vector for the helix. 


A particle travels along the path of an ellipse with the equation r(t) = costi + 2sintj + Ok. 
Find the following: 
Exercise: 


Problem: Velocity of the particle 


Solution: 


v(t) = (—sint, 2cost, 0) 


Exercise: 


Problem:Speed of the particle att = 7 


Exercise: 


Problem: Acceleration of the particle at t = 7 


Solution: 


Given the vector-valued function r(¢) = (tant, sect, 0) (graph is shown here), find the 
following: 


Exercise: 


Problem: Velocity 


Exercise: 


Problem:Speed 


Solution: 


|| v(t)|| = V/sectt + sec2ttan2t = \/sec?t(sec2t + tan2t) 


Exercise: 


Problem: Acceleration 
Exercise: 


Problem: 


Find the minimum speed of a particle traveling along the curve r(t) = (t + cost, t — sint) 
t € [0, 27). 


Solution: 
2 


Given r(t) = ti+ 2sintj + 2costk and u(t) = +i + 2sintj + 2costk, find the following: 
Exercise: 


Problem:r(¢) x u(t) 


Exercise: 


Problem: £ (r(t) x u(t)) 


Solution: 
(0, 2sint (t — +) — 2cost (1+ 4), 2sint (1+ +) + 2cost (t — ?)) 


Exercise: 


Problem: 


Now, use the product rule for the derivative of the cross product of two vectors and show this 
result is the same as the answer for the preceding problem. 


Find the unit tangent vector T(t) for the following vector-valued functions. 
Exercise: 


Problem:r(t) = (¢, +). The graph is shown here: 


Solution: 
_ t? —1 
Ti) = ( Ves? VFI ) 
Exercise: 


Problem:r(t) = (¢cost, tsint) 


Exercise: 


Problem:r(¢) = (¢+ 1, 2t + 1, 2¢ + 2) 
Solution: 


T(t) = 3 (1,2, 2) 


Evaluate the following integrals: 
Exercise: 


1 
Problem: ‘i 4+ sint] + —— k | di 
[le CN Oped ) 


Exercise: 


1 
Problem: / r(t)dt, where r(t) = (Vi, ire) 
0 


Solution: 


2i+n(2)j+ (—-+4)j 


Glossary 


definite integral of a vector-valued function 
the vector obtained by calculating the definite integral of each of the component functions of 
a given vector-valued function, then using the results as the components of the resulting 
function 


derivative of a vector-valued function 


the derivative of a vector-valued function r (t) is r’ (¢) = lim ea) 


, provided the 
At0 


limit exists 


indefinite integral of a vector-valued function 
a vector-valued function with a derivative that is equal to a given vector-valued function 


principal unit tangent vector 
a unit vector tangent to a curve C 


tangent vector 
to r (t) at t = to any vector v such that, when the tail of the vector is placed at point r (to) 
on the graph, vector v is tangent to curve C 


Arc Length and Curvature 


e Determine the length of a particle’s path in space by using the arc-length function. 
e Explain the meaning of the curvature of a curve in space and state its formula. 
e Describe the meaning of the normal and binormal vectors of a curve in space. 


In this section, we study formulas related to curves in both two and three dimensions, and see how 
they are related to various properties of the same curve. For example, suppose a vector-valued 
function describes the motion of a particle in space. We would like to determine how far the 
particle has traveled over a given time interval, which can be described by the arc length of the 
path it follows. Or, suppose that the vector-valued function describes a road we are building and 
we want to determine how sharply the road curves at a given point. This is described by the 
curvature of the function at that point. We explore each of these concepts in this section. 


Arc Length for Vector Functions 


We have seen how a vector-valued function describes a curve in either two or three dimensions. 
Recall [link], which states that the formula for the arc length of a curve defined by the parametric 
functions x = x(t), y = y(t), ti < t < te is given by 

Equation: 


= [Vie w+ wv wyae 


In a similar fashion, if we define a smooth curve using a vector-valued function 
r (t) = f (t)i+ g(t) j, where a < t < b, the arc length is given by the formula 
Equation: 


= i Vir (t))” + (9/ ())* at. 


In three dimensions, if the vector-valued function is described by 
r (t) = f (t)i+ g(t) j+h(t)k over the same interval a < t < 5, the arc length is given by 
Equation: 


b 
s= [| Vir oy +)? + O)rat 


Note: 
Arc-Length Formulas 


i. Plane curve: Given a smooth curve C defined by the function r (¢) = f (t)i+ g(t) j, 
where t lies within the interval |a, b], the arc length of C over the interval is 


Equation: 


s= f Vir ors oda fie one 


ii. Space curve: Given a smooth curve C defined by the function 
r (t) = f ()i+ 9(t)j +h (t) k, where ¢ lies within the interval [a, b], the arc length of C 
over the interval is 
Equation: 


b b 
v= VI OP +9 OP +m Ola =f lr! ()II de. 


The two formulas are very similar; they differ only in the fact that a space curve has three 
component functions instead of two. Note that the formulas are defined for smooth curves: curves 
where the vector-valued function r(t) is differentiable with a non-zero derivative. The 
smoothness condition guarantees that the curve has no cusps (or comers) that could make the 
formula problematic. 


Example: 
Exercise: 


Problem: 
Finding the Arc Length 


Calculate the arc length for each of the following vector-valued functions: 


a, v(t) = (8t —2)i+ (4¢4+5)j,1<t<5 
ber @) =<tcose tsint, 25) 034 = 27 


Solution: 


a. Using [link], r’(t) = 3i + 4j, so 


Equation: 
b 
8 =| lir’ (€) || dt 
n5 
=| \/32 + 42dt 


5 
=| 5idt = 5t)) = 20. 
1 


b. Using [link], r’ (t) = (cost — tsint, sint + tcost, 2), so 
Equation: 


b 
s =/ lir’ (t)Il dt 


20 
= i (cost — tsint)” + (sint + tcost)* + 2?dt 
0 


27 
= i 1/ (cost — 2tsintcost + t?sin*t) ale (sin?¢ + 2tsintcost + t?cos*t) +4dt 
0 


20 
= / cos? + sin*¢ + #2 (cos?t aL sin”t) +4 dt 
0 


an 
=| Vt? + 5 dt. 
0 


Here we can use a table integration formula 
Equation: 


aes ae 2 a 
[Vere du =F Vere + Sin lu+ Vu? +0?|+C, 


so we obtain 
Equation: 


20 20 
JP+5dt = 5 (tVP +5 +5In t+ VP +5|) 
0 


Note: 
Exercise: 


Problem: Calculate the arc length of the parameterized curve 
Equation: 


Be) = (222 ae Oat 8 


Solution: 
r’ (t) = (4t, 4¢, 3t7), sos = 4 (1139? = 32°/?) ~ 37.785 
Hint 


Use [link]. 


We now return to the helix introduced earlier in this chapter. A vector-valued function that 
describes a helix can be written in the form 
Equation: 


onNt nN 
v(t) = Roos ( ==") i+ Rsin (As )ittkosesn, 


where R represents the radius of the helix, h represents the height (distance between two 
consecutive turns), and the helix completes N turns. Let’s derive a formula for the arc length of 
this helix using [link]. First of all, 


Equation: 
vOe= 2rNR ae 2nNt i+ 2rNR nae 2nNt \, iege 
kh h h n jit * 
Therefore, 
Equation: 


b 
s =) lir’ (t)\l dt 
7 [ _QnNR, ( 2nNt oe 2nNR___ (2nNt an ini 
= ; ra sin h h cos r 
_ f® [4n®N?2R? (_, » (2nNt , ( 2nNt 
=H a sin h + cos 5 + 1dt 
h 2N2 P2 
- | (ae 
0 he 
A 
= 4n2N?R2 
7 + / ee Hl 


_ 4n?N?2R2+h? 
= hy/ = 


= V4? N?R? + h?, 


0 


This gives a formula for the length of a wire needed to form a helix with N turns that has radius R 
and height h. 


Arc-Length Parameterization 


We now have a formula for the arc length of a curve defined by a vector-valued function. Let’s 
take this one step further and examine what an arc-length function is. 


If a vector-valued function represents the position of a particle in space as a function of time, then 
the arc-length function measures how far that particle travels as a function of time. The formula 
for the arc-length function follows directly from the formula for arc length: 

Equation: 


s()= f V(r w)? +)? + wa 


If the curve is in two dimensions, then only two terms appear under the square root inside the 
integral. The reason for using the independent variable u is to distinguish between time and the 
variable of integration. Since s (¢) measures distance traveled as a function of time, s’ (t) 
measures the speed of the particle at any given time. Since we have a formula for s (€) in [link], 
we can differentiate both sides of the equation: 

Equation: 


s'(t) 


I 


a if V(Fi (u))? + (g' (u))? + (R! (u))?du 


4|/ lr’ (w)Il au| 


= llr’ (t)Il. 


I 


If we assume that r (t) defines a smooth curve, then the arc length is always increasing, so 
s'(t) > 0 fort > a. Last, if r (t) is a curve on which llr’ (¢)|| = 1 for all t, then 
Equation: 


s(t)= fi (widu= [1du=t~a, 


which means that t represents the arc length as long as a = 0. 


Note: 

Arc-Length Function 

Let r (t) describe a smooth curve for ¢ > a. Then the arc-length function is given by 
Equation: 


s(t) = fiw (u) Il du. 


Furthermore, 4 = |ir’ (¢)I| > 0. If llr’ (¢)Il = 1 for all ¢ > a, then the parameter t represents 


the arc length from the starting point at t = a. 


A useful application of this theorem is to find an alternative parameterization of a given curve, 
called an arc-length parameterization. Recall that any vector-valued function can be 
reparameterized via a change of variables. For example, if we have a function 

r (t) = (3cost, 3sint),0 < t < 27 that parameterizes a circle of radius 3, we can change the 
parameter from t to 4t, obtaining a new parameterization r (t) = (3cos4t, 3sin4t). The new 
parameterization still defines a circle of radius 3, but now we need only use the values 

0 <t < 7/2 to traverse the circle once. 


Suppose that we find the arc-length function s (t) and are able to solve this function for t as a 
function of s. We can then reparameterize the original function r (t) by substituting the expression 
for t back into r (t). The vector-valued function is now written in terms of the parameter s. Since 
the variable s represents the arc length, we call this an arc-length parameterization of the original 
function r (¢). One advantage of finding the arc-length parameterization is that the distance 
traveled along the curve starting from s = 0 is now equal to the parameter s. The arc-length 
parameterization also appears in the context of curvature (which we examine later in this section) 
and line integrals, which we study in the Introduction to Vector Calculus. 


Example: 
Exercise: 


Problem: 
Finding an Arc-Length Parameterization 


Find the arc-length parameterization for each of the following curves: 
a.r(t) = 4costi+ 4sintj,t > 0 
b.r(¢) = (+3, 2t — 4, 2t),t > 3 

Solution: 


a. First we find the arc-length function using [link]: 
Equation: 


lir’ (u) Il du 


4 (—4sine)? + (4cosu)” du 


Us 
=| Il (—4sin u, 4cosu) || du 

0 

i 


ib 
= | IG + 16cos2u du 
0 


t 
=| 4du = 4t, 
0 


which gives the relationship between the arc length s and the parameter t as s = 4¢; so, 
t = s/4. Next we replace the variable t in the original function 

r (t) = 4costi+ 4sintj with the expression s/4 to obtain 

Equation: 


r(s) = 4cos i i+ 4sin ea 


This is the arc-length parameterization of r (¢). Since the original restriction on t was 
given by t > 0, the restriction on s becomes s/4 > 0, or s > 0. 

. The arc-length function is given by [link]: 
Equation: 


s(t) = fw (u) II du 
= f100,2,2)01du 
3 


iG = 
=| V1? + 22 + 2? du 
3 
iG 


=f 3du 
3 


— ob: 


Therefore, the relationship between the arc length s and the parameter t is s = 3t — 9, 
sot = 3 + 3. Substituting this into the original function r (t) = (¢ + 3, 2t — 4, 2t) 
yields 

Equation: 


(s) (2 +3) +3 2(=+3) 4,2(=+3)) AG ae Lae 
r(s)=( (= = = = =( = = = . 
3 ! 3 2X8 3 ioe! 3 


This is an arc-length parameterization of r (¢). The original restriction on the parameter 
t was t > 3, so the restriction ons is (s/3) +3 > 3, ors > 0. 


Note: 
Exercise: 


Problem: Find the arc-length function for the helix 
Equation: 


r (t) = (3cost, 3sint, 4t),t > 0. 


Then, use the relationship between the arc length and the parameter t to find an arc-length 
parameterization of r (t). 


Solution: 
s = 5t, ort = s/5. Substituting this into r (¢) = (3cost, 3sint, 4t) gives 


r(s) = (3cos (<), 3sin (4), S) 8 = 0: 
Hint 


Start by finding the arc-length function. 


Curvature 


An important topic related to arc length is curvature. The concept of curvature provides a way to 
measure how sharply a smooth curve turns. A circle has constant curvature. The smaller the 
radius of the circle, the greater the curvature. 


Think of driving down a road. Suppose the road lies on an arc of a large circle. In this case you 
would barely have to turn the wheel to stay on the road. Now suppose the radius is smaller. In this 
case you would need to turn more sharply to stay on the road. In the case of a curve other than a 
circle, it is often useful first to inscribe a circle to the curve at a given point so that it is tangent to 
the curve at that point and “hugs” the curve as closely as possible in a neighborhood of the point 
([link]). The curvature of the graph at that point is then defined to be the same as the curvature of 
the inscribed circle. 


The graph represents the curvature of a 
function y = f (x). The sharper the turn 
in the graph, the greater the curvature, 
and the smaller the radius of the inscribed 
circle. 


Note: 

Definition 

Let C be a smooth curve in the plane or in space given by r (s), where s is the arc-length 
parameter. The curvature « at s is 

Equation: 


Note: 
Visit this website for more information about the curvature of a space curve. 


The formula in the definition of curvature is not very useful in terms of calculation. In particular, 
recall that T (¢) represents the unit tangent vector to a given vector-valued function r (t), and the 
formula for T (t) is T (t) = aoe To use the formula for curvature, it is first necessary to 
express r (¢) in terms of the arc-length parameter s, then find the unit tangent vector T (s) for the 
function r (s), then take the derivative of T (s) with respect to s. This is a tedious process. 


Fortunately, there are equivalent formulas for curvature. 


Note: 
Alternative Formulas for Curvature 


If C is a smooth curve given by r (¢), then the curvature « of C at t is given by 
Equation: 


— UTI 
ir (t) IN 
If Cis a three-dimensional curve, then the curvature can be given by the formula 
Equation: 
ir’ (t) x rer(t)| 
llr’ (£) 11° 


If Cis the graph of a function y = f (x) and both y’ and y/ exist, then the curvature « at point 
(x, y) is given by 


Equation: 
ly 
a aoe 
[1 + (v')?] 

Proof 
The first formula follows directly from the chain rule: 
Equation: 

dT dT ds 

dt ds dt’ 


where s is the arc length along the curve C. Dividing both sides by ds/dt, and taking the 
magnitude of both sides gives 


Equation: 

dT T'(t) 

ds as 

dt 
Since ds/dt = \Ir’ (t)|I, this gives the formula for the curvature « of a curve C in terms of any 
parameterization of C: 
Equation: 
IT’ (t)I 


In the case of a three-dimensional curve, we start with the formulas T (t) = (r’ (¢))/ llr’ (€)II and 
ds/dt = |\r’ (t)||. Therefore, r’ (t) = (ds/dt) T (t). We can take the derivative of this function 
using the scalar product formula: 

Equation: 


d?s ds 
—— Pit) + —T @). 
Gat (t) (t) 


ri(t) = ai 


Using these last two equations we get 
Equation: 


r(t) x rv(t) = “=T(t) x (G7) + ST’ (t)) 


2 
= & eT (t) x T(t) + (4) Te) x TQ. 
Since T (t) x T(t) = 0, this reduces to 

Equation: 


ds 


r’(t) x ra(t) = ($) T(t) x T’(t). 


Since T’ is parallel to N, and T is orthogonal to N, it follows that T and T’ are orthogonal. This 
means that ||T x T’ll = ITI IT’ lsin (7/2) = II'T’ll, so 
Equation: 


r'(t) x rv (t) = (2) ve ()Il. 


Now we solve this equation for ||'T’ (¢)|I and use the fact that ds/dt = llr’ (¢)|I: 
Equation: 


lin’ (¢) x ra (t)ll 


IT’ (tl = 
Ilr’ (t) 117 
Then, we divide both sides by llr’ (t)||. This gives 
Equation: 
T(t) tr! (t) x rer (t)i 
IIx’ (t)I in’ (t)e 


This proves [link]. To prove [link], we start with the assumption that curve C is defined by the 
function y = f (x). Then, we can define r (t) = i+ f (x) j + 0k. Using the previous formula 


for curvature: 


Equation: 
r(t) =i+ f'(2)j 
rv(t) = fn (a)j 
i j k 
r'(t) x rwm(t) =|1 f’(x) 0| = fr(a)k. 
0 f(z) 0 
Therefore, 
Equation: 
a lin’ (t) x rer (t)ll _ | fu (x)| 
mr (4 fray) 
Example: 
Exercise: 
Problem: 


Finding Curvature 
Find the curvature for each of the following curves at the given point: 


a.r(t) = 4costi+ 4sintj + 3tk,t = an 
b. f (a) = V4a — 2?,2 = 2 


Solution: 


a. This function describes a helix. 


The curvature of the helix at t = (47) /3 can be found by using [link]. First, calculate 
T (t): 
Equation: 
r'(t 
T@) = an 
(—Asint,4cost,3) 
V( 4sint)’+(4cost)?+3? 


(- poll, < cost, = 


Next, calculate T’ (t): 
Equation: 


4 4 
1 (@)= (—Zeost, —Zsint,0). 


Last, apply [link]: 
Equation: 


_ ur(t)l _ (—Feost,— sint,0) 


~ Iir’(é)il ~~ (—4sint,4cost,3) II 
_ v( 4 cost)” +( 4 int) ”+0? 
V( 4sint)’+(4cost)?+3? 


eae 
Ri © 


The curvature of this helix is constant at all points on the helix. 
b. This function describes a semicircle. 


f(x) = \4x - x2 


To find the curvature of this graph, we must use [link]. First, we calculate y’ and y/’: 
Equation: 


y= V4x — 2? =(4e — 22)? 
v= SiGe _ ce) te (4— 22) = (2-2) (4x — ae) mae 
yl! = —(4¢ — 22)? + (2-2) (—1) (42 — 2?) *” (4 — 22) 
4n—a? (2-2)? 


(4c—22)3/? (4c—22)3/ 
= z*—4z¢—(4—42+27) 
a (4e—22)3/ 

4 
- (4c—22)3/? ° 


Then, we apply [link]: 
Equation: 


i 4 
(42-22) 3/2 


f+ ((@-2ytte-20)™”)'] fre] 


—a 
(42-2?) ge 


4a—a2+n2—Ax+4 
2 


Te = 


4a—x 


: 


The curvature of this circle is equal to the reciprocal of its radius. There is a minor 
issue with the absolute value in [link]; however, a closer look at the calculation reveals 
that the denominator is positive for any value of x. 


Note: 
Exercise: 


Problem: Find the curvature of the curve defined by the function 
Equation: 


y = 307-2244 


at the point x = 2. 


Solution: 


K = par © 0.0059 


Hint 


Use [link]. 


The Normal and Binormal Vectors 


We have seen that the derivative r’ (t) of a vector-valued function is a tangent vector to the curve 
defined by r (t), and the unit tangent vector T (¢) can be calculated by dividing r’ (t) by its 
magnitude. When studying motion in three dimensions, two other vectors are useful in describing 
the motion of a particle along a path in space: the principal unit normal vector and the 
binormal vector. 


Note: 

Definition 

Let C be a three-dimensional smooth curve represented by r over an open interval I. If 
T’ (t) # 0, then the principal unit normal vector at t is defined to be 

Equation: 


The binormal vector at t is defined as 
Equation: 


where T (¢) is the unit tangent vector. 


Note that, by definition, the binormal vector is orthogonal to both the unit tangent vector and the 
normal vector. Furthermore, B (t) is always a unit vector. This can be shown using the formula 
for the magnitude of a cross product 

Equation: 


IB (t)ll = IT (t) x N(E)il = IT (EDI IN (2) llsind, 


where @ is the angle between T (t) and N (t). Since N (¢) is the derivative of a unit vector, 
property (vii) of the derivative of a vector-valued function tells us that T (t) and N (t) are 
orthogonal to each other, so 9 = 7/2. Furthermore, they are both unit vectors, so their magnitude 
is 1. Therefore, ||'T (¢)|I IlIN (€)|lsin@ = (1) (1)sin (7/2) = 1 and B (£) is a unit vector. 


The principal unit normal vector can be challenging to calculate because the unit tangent vector 
involves a quotient, and this quotient often has a square root in the denominator. In the three- 
dimensional case, finding the cross product of the unit tangent vector and the unit normal vector 
can be even more cumbersome. Fortunately, we have alternative formulas for finding these two 
vectors, and they are presented in Motion in Space. 


Example: 
Exercise: 


Problem: 
Finding the Principal Unit Normal Vector and Binormal Vector 


For each of the following vector-valued functions, find the principal unit normal vector. 
Then, if possible, find the binormal vector. 


a.r(t) = 4costi —4sint j 


b.r(t) = (6¢ + 2)i+ 5t?j —8tk 


Solution: 
a. This function describes a circle. 


y 


‘ 


r(t)} = 4costi — 4sintj 


To find the principal unit normal vector, we first must find the unit tangent vector 
Te): 
Equation: 
_— tt) 
T (t) ~— Iir’(€)II 


—Asint i—4costj 


(—4sint)?+(—4cost)? 
—Asint i—4costj 
s/16sin2t+16cos?t 
—Asint i—4costj 
1/16 (sin?t+-cos?t) 
_ —Asint i—4cost j 
4 
= —sinti —costj. 


Next, we use [link]: 
Equation: 


_— _T') 
N (t) (T(E) 


—cost i+sint j 
\/ (cost)?+(sint)? 
__ —costi+sint j 
- v/cos?t-+sin*t 


= —costi-+ sintj. 


Notice that the unit tangent vector and the principal unit normal vector are orthogonal 
to each other for all values of t: 
Equation: 


T(¢)-N(¢) = (-sint, —cost) - (—cost, sint) 
= sintcost — costsint 
0: 


Furthermore, the principal unit normal vector points toward the center of the circle 
from every point on the circle. Since r (t) defines a curve in two dimensions, we 
cannot calculate the binormal vector. 


hd 


Principal unit 


r(t) = 4cost — 4sint normal vector 


b. This function looks like this: 


r(t) = (6t|+ 2) i + 5tj — 8tk 


To find the principal unit normal vector, we first find the unit tangent vector T (t): 
Equation: 


T(t) == 


lix’(¢) iI 
6i+10t j-8k 


v/62+(108)?+(—8)? 
6i+10t j-8k 

/36+100¢?+64 

6i+10t j—-8k 

v/100(¢?+1) 

3i—5t j—4k 
5VR+1 


= Pe ae ey Ae 


oe 


Next, we calculate T’ (¢) and ||T’ (t)|I: 
Equation: 


=379 -1/2 _ =D ; 
T(t) = 8(-4)(@ +1) api - (2 +1)? - 4 (4) (8 +1)? (28))5 
23) 
Sale nes (2t)k 
= 3t =I i t k 
5(t2-+1)°/ CRE 5(t2+1)*/? 
ey (-— ) bes i i 
5(t2+1)*? (t241)°? 5(t2-+1)°? 
= ot? 4 —_16# 
25(¢2+1)° aa 25(t2+1)° 
_ f 25t24+25 
25(t2+1)° 
= 1 
5) Cay 
pani 
~ 241 
Therefore, according to [link]: 
Equation: 
— 
N (¢t) ~— IT(E) II 
a 3t_ es At 2 
- ( 5(P-+1)? eapes + 5(t2-+1)*? k) (t +1) 
3t i At 
5(@41)? eae . aa? 
_ _ 3titdj—4tk 
a 5Vt4+1 


Once again, the unit tangent vector and the principal unit normal vector are orthogonal 
to each other for all values of t: 


Equation: 
_ ({ 3i-5tj—4k 3ti+5j—4t k 
TON =(Uae) (“sae ) 
__ 3(—3t)—5t(—5)—4(4t) 
ia 5V2+1 
_ =9t+25t—16t 
5/41 


= 0), 


Last, since r (t) represents a three-dimensional curve, we can calculate the binormal 
vector using [link]: 
Equation: 


n j k 
3 __ __ 4 
= | 5V2+1 5Ve+1 


___3t 5 At 
5/241 5Vt2+1 5Ve+1 


((-wis) (wer) - (ate 


\= (- Wl 


~ (Css) (wie 


)( 


ad ed es 


_ ( =207=20\- , ( =15~152 
~ ( 25(t-+1) )i = ( 25(@+1) )k 
+41 : 41 
—20 ( 25(@-+1) ) p= le ( 25(P-+1) ) k 


= =F oe 


Note: 
Exercise: 


Problem: 


Find the unit normal vector for the vector-valued function r (t) 
and evaluate it at t = 2. 


Solution: 
N (2) = 2(i-j) 
Hint 


First, find T (¢), then use [link]. 


(¢? — 3¢)i+ (4¢4+1)j 


For any smooth curve in three dimensions that is defined by a vector-valued function, we now 


have formulas for the unit tangent vector T, the unit normal vector N, and the binormal vector B. 
The unit normal vector and the binormal vector form a plane that is perpendicular to the curve at 
any point on the curve, called the normal plane. In addition, these three vectors form a frame of 
reference in three-dimensional space called the Frenet frame of reference (also called the TNB 
frame) ([link]). Lat, the plane determined by the vectors T and N forms the osculating plane of C 


at any point P on the curve. 


This figure depicts a Frenet frame of reference. At every point P on a three- 
dimensional curve, the unit tangent, unit normal, and binormal vectors form a 
three-dimensional frame of reference. 


Suppose we form a circle in the osculating plane of C at point P on the curve. Assume that the 
circle has the same curvature as the curve does at point P and let the circle have radius r. Then, the 
curvature of the circle is given by 1/r. We call r the radius of curvature of the curve, and it is 
equal to the reciprocal of the curvature. If this circle lies on the concave side of the curve and is 
tangent to the curve at point P, then this circle is called the osculating circle of C at P, as shown 
in the following figure. 


p 


In this osculating circle, the circle is tangent to curve C at point P and shares the 
same curvature. 


Note: 
For more information on osculating circles, see this demonstration on curvature and torsion, this 
article on osculating circles, and this discussion of Serret formulas. 


To find the equation of an osculating circle in two dimensions, we need find only the center and 
radius of the circle. 


Example: 
Exercise: 


Problem: 
Finding the Equation of an Osculating Circle 


Find the equation of the osculating circle of the helix defined by the function 
y= 2° —32+1atz =1. 


Solution: 


[link] shows the graph of y = «* — 32+ 1. 


We want to find the osculating circle 
of this graph at the point where 
ioe 


First, let’s calculate the curvature at x = 1: 


Equation: 


fu (x)| [6zr| 


K= —! 


(1+te(@)?)” (1+ 180? -3)”) 


3/2” 


This gives « = 6. Therefore, the radius of the osculating circle is given by R = + = = 
Next, we then calculate the coordinates of the center of the circle. When z = 1, the slope of 
the tangent line is zero. Therefore, the center of the osculating circle is directly above the 


point on the graph with coordinates (1, —1). The center is located at (ae — 5). The formula 
for a circle with radius r and center (h, k) is given by (a — h)? + (y— k)? =r”. 
Therefore, the equation of the osculating circle is (x — 1)” + (y+ 3) _ 3g. The graph 
and its osculating circle appears in the following graph. 


The osculating circle has radius 
yt 


Note: 
Exercise: 


Problem: 


Find the equation of the osculating circle of the curve defined by the vector-valued function 
y = 227 —42+5atr=1. 


Solution: 


4 


c= [1+(42-4)?| ie 


At the point x = 1, the curvature is equal to 4. Therefore, the radius of the osculating circle 
1 


is Te 
A graph of this function appears next: 


y 


y = 2x*- 4x+5 


The vertex of this parabola is located at the point (1,3). Furthermore, the center of the 
osculating circle is directly above the vertex. Therefore, the coordinates of the center are 
(1, 48). The equation of the osculating circle is 


D, 
=P aaa = ae 
Hint 


Use [link] to find the curvature of the graph, then draw a graph of the function around z = 1 to 
help visualize the circle in relation to the graph. 


Key Concepts 


e The arc-length function for a vector-valued function is calculated using the integral formula 
t 
at) = i lir’ (u) || dw. This formula is valid in both two and three dimensions. 
a 


e The curvature of a curve at a point in either two or three dimensions is defined to be the 
curvature of the inscribed circle at that point. The arc-length parameterization is used in the 
definition of curvature. 

e There are several different formulas for curvature. The curvature of a circle is equal to the 
reciprocal of its radius. 

e The principal unit normal vector at t is defined to be 


Equation: 


¢ The binormal vector at t is defined as B (t) = T(t) x N/(t), where T (¢) is the unit 
tangent vector. 

e The Frenet frame of reference is formed by the unit tangent vector, the principal unit normal 
vector, and the binormal vector. 

e The osculating circle is tangent to a curve at a point and has the same curvature as the 
tangent curve at that point. 


Key Equations 


e Arc length of space curve 


b ——_—_——_——_J£_ —_————_ b 
>| ViFOr+i/ OP +i Or ae= f ir’ (t)llde 


° Arc-length function ; 
s(t) = / VF! (w)? + (9! (w))? + (h! (u))2du or s(t) = if ir! (u) ll du 


e Curvature 
T(t) = (t) x ra(é)ll pen ly 
llr! (t) I 


lir’(t) 1° [i+w] 


Principal unit normal vector 
_ _T(t) 

N (¢) = tra 

¢ Binormal vector 

B(t) = T(t) x N(é) 


Find the arc length of the curve on the given interval. 
Exercise: 


Problem:r(t) = t?i + 14tj, 0 < t < 7. This portion of the graph is shown here: 


10 20 30 40 50* 


Exercise: 


Problem:r(t) = t7i + (2t?+1)j,1<t<3 


Solution: 


8V/5 


Exercise: 


Problem:r(t) = (2sint, 5t, 2cost),0 < t < a. This portion of the graph is shown here 


10 


1.0 
20 0 


Exercise: 


Problem:r(t) = (a + 1,46? 4+ 3) —-1<t<0 


Solution: 


4, (37°? -1) 


Exercise: 


Problem: 


rt) = (e~*cos Le e ‘sint) over the interval [0, ¥| . Here is the portion of the graph on the 
indicated interval: 


Exercise: 


Problem: 
Find the length of one turn of the helix given by r(t) = }costi + }sintj + / 3 tk. 


Solution: 


Length = 27 
Exercise: 

Problem: 

Find the arc length of the vector-valued function r(¢) = —ti + 4tj + 3tk over (0, 1]. 
Exercise: 


Problem: 


A particle travels in a circle with the equation of motion r(t) = 3costi+ 3sintj + Ok. Find 
the distance traveled around the circle by the particle. 


Solution: 


67 


Exercise: 


Problem: 


Set up an integral to find the circumference of the ellipse with the equation 
r(t) = costi+ 2sintj + 0k. 
Exercise: 


Problem: 
Find the length of the curve r(t) = (Vv 2t, et, = over the interval 0 < t < 1. The graph is 
shown here: 


20 2.5 


15 
1.0 


0.8 
0.6 


0.4 
0.0 


Solution: 
1 
 e 


Exercise: 
Problem:Find the length of the curve r(t) = (2sint, 5t, 2cost) for ¢ € [—10, 10]. 


Exercise: 


Problem: 


The position function for a particle is r(t) = acos(wt)i + bsin(wt)j. Find the unit tangent 
vector and the unit normal vector at t = 0. 


Solution: 


T(0) =j, N(0) = —i 


Exercise: 


Problem:Given r(t) = acos(wt)i + bsin(wt)j, find the binormal vector B(0). 


Exercise: 


Problem:Given r(t) = (2e’, e’cost, e’sint), determine the tangent vector T(t). 


Solution: 

— 2 cost—sint cost+sint 
Te) = (5, 7 ae ) 
Exercise: 
Problem: 


Given r(t) = (2e‘, e‘cost, e’sint), determine the unit tangent vector T(t) evaluated at 
f= 0. 
Exercise: 


Problem: 


Given r(t) = (2e°, e'cost, e‘sint), find the unit normal vector N(¢) evaluated at t = 0, 


N(0). 


Solution: 

N(0) = (32,0, 2) 
Exercise: 

Problem: 


Given r(t) = (2e¢, e‘cost, e'sint), find the unit normal vector evaluated at t = 0. 


Exercise: 


Problem: 


Given r(t) = ti + t?j + tk, find the unit tangent vector T(t). The graph is shown here: 


20 


10 


Solution: 


PG) = a <1,2t,1> 


Exercise: 
Problem: 


Find the unit tangent vector T(t) and unit normal vector N(t) at t = 0 for the plane curve 
r(t) = (t® — 4t, 5t? — 2). The graph is shown here: 


Exercise: 


Problem:Find the unit tangent vector T(t) for r(t) = 3ti + 5¢?j + 2tk 


Solution: 


T(é) 


Exercise: 


_ 1 : : 
= ae (3i + 10¢j + 2k) 


Problem: 


Find the principal normal vector to the curve r(t) = (6cost, 6sint) at the point determined 
byé= 1/3. 


Exercise: 


Problem:Find T(¢) for the curve r(t) = (¢? — 4t)i+ (5¢? — 2)j. 


Solution: 
_ 1 2 4is . 
T(t) = aS (([8#” — Ji + 1088) 
Exercise: 


Problem:Find N(¢) for the curve r(t) = (t — 4t)i+ (5t? — 2)j. 


Exercise: 


Problem:Find the unit normal vector N(¢) for r(¢) = (2sint, 5t, 2cos¢). 


Solution: 


N(t) = (—sint, 0, —cost) 


Exercise: 


Problem:Find the unit tangent vector T(t) for r(¢) = (2sint, 5t, 2cost). 


Exercise: 


Problem: 


Find the arc-length function s(t) for the line segment given by r(t) = (3 — 3t, 4t). Write r 
as a parameter of s. 


Solution: 


Arc-length function: s(t) = 5¢; ras a parameter of s: r(s) = (3 — 3s) i+ sj 


Exercise: 


Problem: 


Parameterize the helix r(¢) = costi + sintj + tk using the arc-length parameter s, from 
t=. 


Exercise: 


Problem: 


Parameterize the curve using the arc-length parameter s, at the point at which t = 0 for 
r(t) = e’sinti+ e’costj. 


Solution: 


r(s) = (1+ 4) sin (In(1+ 4))i+ (1+ 4) cos fin (1+ +) ]3 


Exercise: 


Problem: 


Find the curvature of the curve r(t) = 5costi+ 4sintj at t = 7/3. (Note: The graph is an 
ellipse.) 


Exercise: 


Problem: 


Find the x-coordinate at which the curvature of the curve y = 1/z is a maximum value. 


Solution: 


The maximum value of the curvature occurs at x = </ 5. 


Exercise: 
Problem: 
Find the curvature of the curve r(t) = 5costi + 5sintj. Does the curvature depend upon 
the parameter t? 

Exercise: 


Problem:Find the curvature « for the curve y = x — 52? at the point x = 2. 


Solution: 


1 


2 
Exercise: 


Problem:Find the curvature « for the curve y = ae" at the point z = 1. 


Exercise: 


Problem: 


Find the curvature « of the curve r(t) = ti + 6t?j + 4tk. The graph is shown here: 


20 


10 


= 
ae 


Solution: 


~ 49.477 
(174144t2)3/ 


Exercise: 


Problem:Find the curvature of r(t) = (2sint, 5t, 2cost). 
Exercise: 
Problem:Find the curvature of r(t) = V/2ti + e’j + e~*k at point P (0,1, 1). 


Solution: 


1 
2/2 


Exercise: 


Problem: At what point does the curve y = e” have maximum curvature? 


Exercise: 


Problem: What happens to the curvature as x — oo for the curve y = e*? 


Solution: 


The curvature approaches zero. 


Exercise: 


Problem:Find the point of maximum curvature on the curve y = Inz. 
Exercise: 
Problem: 


Find the equations of the normal plane and the osculating plane of the curve 
r(t) = (2sin(3¢), t, 2cos(3t)) at point (0,7, —2). 


Solution: 


y=6x+7andz+6=67 
Exercise: 
Problem: 
Find equations of the osculating circles of the ellipse 4y” + 9x7 = 36 at the points (2, 0) 
and (0, 3). 
Exercise: 
Problem: 


Find the equation for the osculating plane at point t = 7/4 on the curve 
r(t) = cos(2t)i + sin(2t)j + t. 


Solution: 


e+2z=7 


Exercise: 


Problem:Find the radius of curvature of 6y = x° at the point (2, +). 
Exercise: 


Problem: 


Find the curvature at each point (x, y) on the hyperbola r(t) = (acosh(t), bsinh(¢)). 


Solution: 


a‘b4 


(b4x2+a4y2)°/? 


Exercise: 


Problem:Calculate the curvature of the circular helix r(t) = rsin(t)i + rcos(t)j + tk. 


Exercise: 


Problem:Find the radius of curvature of y = In(z + 1) at point (2, In3). 


Solution: 
10/10 
3 


Exercise: 
Problem:Find the radius of curvature of the hyperbola xy = 1 at point (1, 1). 


A particle moves along the plane curve C described by r(t) = ti+ t?j. Solve the following 
problems. 
Exercise: 


Problem:Find the length of the curve over the interval [0, 2]. 


Solution: 


38 
3 


Exercise: 


Problem:Find the curvature of the plane curve at t = 0,1, 2. 


Exercise: 


Problem:Describe the curvature as t increases from t = 0 tot = 2. 
Solution: 


The curvature is decreasing over this interval. 


The surface of a large cup is formed by revolving the graph of the function y = 0.2521° from 
x = Oto x = 5 about the y-axis (measured in centimeters). 
Exercise: 


Problem:[T] Use technology to graph the surface. 


Exercise: 


Problem: Find the curvature « of the generating curve as a function of x. 


Solution: 


6 


K = 35054400) 


Exercise: 


Problem:[T] Use technology to graph the curvature function. 


Glossary 


arc-length function 
a function s (¢) that describes the arc length of curve C as a function of t 


arc-length parameterization 
a reparameterization of a vector-valued function in which the parameter is equal to the arc 
length 


binormal vector 
a unit vector orthogonal to the unit tangent vector and the unit normal vector 


curvature 
the derivative of the unit tangent vector with respect to the arc-length parameter 


Frenet frame of reference 
(TNB frame) a frame of reference in three-dimensional space formed by the unit tangent 
vector, the unit normal vector, and the binormal vector 


normal plane 
a plane that is perpendicular to a curve at any point on the curve 


osculating circle 
a circle that is tangent to a curve C at a point P and that shares the same curvature 


osculating plane 
the plane determined by the unit tangent and the unit normal vector 


principal unit normal vector 
T(t) 
a vector orthogonal to the unit tangent vector, given by the formula Tr 
radius of curvature 
the reciprocal of the curvature 


smooth 
curves where the vector-valued function r(¢) is differentiable with a non-zero derivative 


Motion in Space 


e Describe the velocity and acceleration vectors of a particle moving in space. 
e Explain the tangential and normal components of acceleration. 
e State Kepler’s laws of planetary motion. 


We have now seen how to describe curves in the plane and in space, and how to determine their 
properties, such as arc length and curvature. All of this leads to the main goal of this chapter, which is 
the description of motion along plane curves and space curves. We now have all the tools we need; in 
this section, we put these ideas together and look at how to use them. 


Motion Vectors in the Plane and in Space 


Our starting point is using vector-valued functions to represent the position of an object as a function of 
time. All of the following material can be applied either to curves in the plane or to space curves. For 
example, when we look at the orbit of the planets, the curves defining these orbits all lie in a plane 
because they are elliptical. However, a particle traveling along a helix moves on a curve in three 
dimensions. 


Note: 

Definition 

Let r (t) be a twice-differentiable vector-valued function of the parameter ¢ that represents the position 
of an object as a function of time. The velocity vector v (¢) of the object is given by 

Equation: 


Velocity = v(t) =r’ (t). 


The acceleration vector a (t) is defined to be 
Equation: 


Acceleration = a(t) = v’ (t) = rr(t). 


The speed is defined to be 
Equation: 


; ds 
Speed = v(t) = ||v(¢)Il = Ilr’ (¢) Il = ae 


Since r (t) can be in either two or three dimensions, these vector-valued functions can have either two or 
three components. In two dimensions, we define r (t) = x (t)i+ y(t)j and in three dimensions 

r(t) = x2 (t)i+ y(¢)j + z(t)k. Then the velocity, acceleration, and speed can be written as shown in 
the following table. 


Quantity Two Dimensions Three Dimensions 


Position r(t)=a(t)i+y()j r(t)=a2(t)i+y()j+z(t)k 

Velocity v(t)=a2' (t)i+ y' (6)j v(t)=2' (t)i+ y @)j+2' (t)k 
Acceleration a(t) =a (t)i+ yi (t)j a(t) =a (t)it+ yr (t)j+2(t)k 
Sere v(t) = V@ (@))'+y' Oy’ v= Ve! @®)+y Oy +e OY 


Formulas for Position, Velocity, Acceleration, and Speed 


Example: 
Exercise: 


Problem: 
Studying Motion Along a Parabola 


A particle moves in a parabolic path defined by the vector-valued function 
r (t) = t?i + V5 — tj, where t measures time in seconds. 


a. Find the velocity, acceleration, and speed as functions of time. 
b. Sketch the curve along with the velocity vector at time ¢t = 1. 
Solution: 


a. We use [link], [link], and [link]: 


Equation: 
EN AiG ea py oe tine 
Vit) =P (et aed 
a(t) = v(t) =21-5(5- #2)" ?j 
oe) lie (ey il 


2 
2 t 
eo 7 (= or 
t2 
/ 4t? + a 
= J 212—4t4 
a ao 
b. The graph of r (t) = ?i + v/5 — t2j is a portion of a parabola ((link]). The velocity vector at 


t= lis 
Equation: 


1 if 
j= 2-53 


ae 2 


v(1) =r’ (1) =2(1)i 


and the acceleration vector at t = 1 is 
Equation: 


Eval ean (Gao 5(5 = ay?) = =i 


Notice that the velocity vector is tangent to the path, as is always the case. 
St 
6 


4+ rj =0i+ 5 —- ej 


v(1) 


This graph depicts the velocity vector 
at time ¢ = 1 for a particle moving in 
a parabolic path. 


Note: 
Exercise: 


Problem: 


A particle moves in a path defined by the vector-valued function 
r (t) = (t? — 3t)i+ (2t — 4)j + (t + 2)k, where t measures time in seconds and where distance 
is measured in feet. Find the velocity, acceleration, and speed as functions of time. 


Solution: 


v(t) =r’ (t) = (2¢- 3)i+ 2j+-k 
a(ij=v ()— 21 


v(t) = Ir’ Zl = (at — 3)? +224 12 = V/4e? —12¢ +14 


The units for velocity and speed are feet per second, and the units for acceleration are feet per 
second squared. 


Hint 


Use [link], [link], and [link]. 


To gain a better understanding of the velocity and acceleration vectors, imagine you are driving along a 
curvy road. If you do not turn the steering wheel, you would continue in a straight line and run off the 
road. The speed at which you are traveling when you run off the road, coupled with the direction, gives a 
vector representing your velocity, as illustrated in the following figure. 


Velocity vectors 


At each point along a road traveled by a car, the velocity vector of the car is tangent to 
the path traveled by the car. 


However, the fact that you must turn the steering wheel to stay on the road indicates that your velocity is 
always changing (even if your speed is not) because your direction is constantly changing to keep you 
on the road. As you turn to the right, your acceleration vector also points to the right. As you turn to the 
left, your acceleration vector points to the left. This indicates that your velocity and acceleration vectors 
are constantly changing, regardless of whether your actual speed varies ((link]). 


Trajectory 


a ad 
maaan 


The dashed line represents the trajectory of an object (a car, for 
example). The acceleration vector points toward the inside of the 
turn at all times. 


Components of the Acceleration Vector 


We can combine some of the concepts discussed in Arc Length and Curvature with the acceleration 
vector to gain a deeper understanding of how this vector relates to motion in the plane and in space. 
Recall that the unit tangent vector T and the unit normal vector N form an osculating plane at any point 
P on the curve defined by a vector-valued function r (t). The following theorem shows that the 


acceleration vector a (t) lies in the osculating plane and can be written as a linear combination of the 
unit tangent and the unit normal vectors. 


Note: 

The Plane of the Acceleration Vector 

The acceleration vector a (t) of an object moving along a curve traced out by a twice-differentiable 
function r (¢) lies in the plane formed by the unit tangent vector T (¢) and the principal unit normal 


vector N (¢) to C. Furthermore, 
Equation: 
a(t) =v! (t) T(t) + [v()]’«N(). 


Here, v (t) is the speed of the object and « is the curvature of C traced out by r (t). 


Proof 


Because v (t) = r’ (t) and T(t) = 75 a , we have v (t) = llr’ (¢) IIT (¢) = v (t) T (¢). Now we 


differentiate this equation: 


Equation: 
d 
a(t) =vit) =  (v()T()) =v OTE) +07 (e). 
Since N (t) = [piprs we know T’ (#) = IIT’ (€)IIN (2), s 
Equation: 
a(t) = v' (t)T (¢) + v(t) IIT’ (IN (£). 
A formula for curvature is K = ae , so IIT’ (¢)ll = « llr’ (£)Il = Ku (t). This gives 


a(t) = v' (t)T (t) + 6(u(t))7N (t). 


The coefficients of T (t) and N (¢) are referred to as the tangential component of acceleration and the 
normal component of acceleration, respectively. We write a to denote the tangential component and 
an to denote the normal component. 


Note: 

Tangential and Normal Components of Acceleration 

Let r (t) be a vector-valued function that denotes the position of an object as a function of time. Then 
a(t) = r//(t) is the acceleration vector. The tangential and normal components of acceleration ay and 
an are given by the formulas 


Equation: 
ap=a-T= verte 
IIvl| 
and 
Equation: 
Iv x all _ 
EN Lh lla |? — ar. 
IIvl| 2 


These components are related by the formula 
Equation: 


a(t) = arT (t) + anN (t). 


Here T (¢) is the unit tangent vector to the curve defined by r (¢), and N (¢) is the unit normal vector to 
the curve defined by r (t). 


The normal component of acceleration is also called the centripetal component of acceleration or 
sometimes the radial component of acceleration. To understand centripetal acceleration, suppose you 
are traveling in a car on a circular track at a constant speed. Then, as we saw earlier, the acceleration 
vector points toward the center of the track at all times. As a rider in the car, you feel a pull toward the 
outside of the track because you are constantly turning. This sensation acts in the opposite direction of 
centripetal acceleration. The same holds true for noncircular paths. The reason is that your body tends to 
travel in a straight line and resists the force resulting from acceleration that push it toward the side. Note 
that at point B in [link] the acceleration vector is pointing backward. This is because the car is 
decelerating as it goes into the curve. 


Path of car 


The tangential and normal components of acceleration can be used to 
describe the acceleration vector. 


The tangential and normal unit vectors at any given point on the curve provide a frame of reference at 
that point. The tangential and normal components of acceleration are the projections of the acceleration 
vector onto T and N, respectively. 


Example: 
Exercise: 


Problem: 
Finding Components of Acceleration 


A particle moves in a path defined by the vector-valued function 
r (t) = t7i + (2t — 3)j + (3t? — 3t) k, where t measures time in seconds and distance is 
measured in feet. 


a. Find ap and ay as functions of t. 
b. Find ap and ay at time t = 2. 
Solution: 


a. Let’s start with [link]: 


Equation: 


v(t) = r’(t) = 2ti+ 2j + (6t — 3)k 
a(t) = v’(t) = 2i+6k 


va 
IIvl| 


(2ti-+2j+(6t—3) k)-(2i+6k) 
|2¢1+-2j+ (6t—3) kl 
4t+6(6t—3) 

v/ (2t)?+22+(6t-3)" 
40t—18 

/40t2—36t+13 


ay 


Then we apply [link]: 
Equation: 


an = \/ al? — msup 
O 2 40t—18 z 
= [24 + 6 (=) 
2 
us ye a) 
om A0t? —36t+13 


=) 
~ VV 40¢?—36t+13 


14 
/40t2—36t+13 


b. We must evaluate each of the answers from part a. at t = 2: 


Equation: 
Oe (2) set ae 
\/40(2)?—36(2) +13 
- =13 _ & 
V160—72+13  VI01 
an (2) = = 


\/40(2)?—36(2) +13 
14 — 2 
V160—72+13 V101 * 


The units of acceleration are feet per second squared, as are the units of the normal and 
tangential components of acceleration. 


Note: 
Exercise: 


Problem: 


An object moves in a path defined by the vector-valued function r (t) = 4ti + t?j, where t 
measures time in seconds. 


a. Find ap and ay as functions of t. 
b. Find ap and ay at time t = —3. 


Solution: 
v(t) = r’(t) = 41+ 2tj 


a a(t) = v’(t) = 2j 
DY ae eee 
Vea VeP+4 


b. ay (—3) = — 878 ay (-3) = 248 


ay 


Hint 


Use [link] and [link]. 


Projectile Motion 


Now let’s look at an application of vector functions. In particular, let’s consider the effect of gravity on 
the motion of an object as it travels through the air, and how it determines the resulting trajectory of that 
object. In the following, we ignore the effect of air resistance. This situation, with an object moving with 
an initial velocity but with no forces acting on it other than gravity, is known as projectile motion. It 
describes the motion of objects from golf balls to baseballs, and from arrows to cannonballs. 


First we need to choose a coordinate system. If we are standing at the origin of this coordinate system, 
then we choose the positive y-axis to be up, the negative y-axis to be down, and the positive x-axis to be 
forward (i.e., away from the thrower of the object). The effect of gravity is ina downward direction, so 
Newton’s second law tells us that the force on the object resulting from gravity is equal to the mass of 
the object times the acceleration resulting from to gravity, or Fy = mg, where F’, represents the force 
from gravity and g represents the acceleration resulting from gravity at Earth’s surface. The value of g in 
the English system of measurement is approximately 32 ft/sec? and it is approximately 9.8 m/sec? in the 
metric system. This is the only force acting on the object. Since gravity acts in a downward direction, we 
can write the force resulting from gravity in the form F, = —mgj, as shown in the following figure. 


Initial position oO 


Acceleration (gravity) 


Distance (height) 


An object is falling under the influence of 
gravity. 


Note: 
Visit this website for a video showing projectile motion. 


Newton’s second law also tells us that Ff’ = ma, where a represents the acceleration vector of the 
object. This force must be equal to the force of gravity at all times, so we therefore know that 
Equation: 


f= Ff, 
ma = —mgj 
a = —gj. 


Now we use the fact that the acceleration vector is the first derivative of the velocity vector. Therefore, 
we can rewrite the last equation in the form 
Equation: 


v' (t) = —gi. 


By taking the antiderivative of each side of this equation we obtain 
Equation: 


v(t) = [ -aiae 


—gtj+ Ci 


I 


for some constant vector C;. To determine the value of this vector, we can use the velocity of the object 
at a fixed time, say at time t = 0. We call this velocity the initial velocity: v (0) = vo. Therefore, 
v (0) = —g(0)j + Ci = vo and Cj = vo. This gives the velocity vector as v (t) = —gtj + vo. 


Next we use the fact that velocity v (t) is the derivative of position s (t). This gives the equation 
Equation: 


s' (t) = —gtj+vo. 


Taking the antiderivative of both sides of this equation leads to 
Equation: 


s(t) = [ ati + vode 


—zgt?j + vot + Co, 


I 


with another unknown constant vector Cy. To determine the value of C2, we can use the position of the 
object at a given time, say at time t = 0. We call this position the initial position: s (0) = so. Therefore, 
s (0) = — (1/2)g(0)*j + vo (0) + Cy = so and Cz = so. This gives the position of the object at any 
time as 

Equation: 


1 
Ss (t) = -595 + vot + So. 


Let’s take a closer look at the initial velocity and initial position. In particular, suppose the object is 
thrown upward from the origin at an angle @ to the horizontal, with initial speed vg. How can we modify 
the previous result to reflect this scenario? First, we can assume it is thrown from the origin. If not, then 
we can move the origin to the point from where it is thrown. Therefore, sy = 0, as shown in the 
following figure. 


7 Constant horizontal velocity; 
y Constant vertical acceleration 


Projectile motion when the object is thrown upward at an angle @. The 
horizontal motion is at constant velocity and the vertical motion is at 
constant acceleration. 


We can rewrite the initial velocity vector in the form vp = vgcos#i + vpsin Aj. Then the equation for 
the position function s (¢) becomes 
Equation: 


s(t) = -F9tj + uot cosi + vot sin dj 
= uotcosAi + votsindj — sgt? j 
= uotcos 8i + (votsind — sgt") j. 


The coefficient of i represents the horizontal component of s (¢) and is the horizontal distance of the 
object from the origin at time ¢. The maximum value of the horizontal distance (measured at the same 
initial and final altitude) is called the range R. The coefficient of j represents the vertical component of 
s (t) and is the altitude of the object at time t. The maximum value of the vertical distance is the height 
Fl. 


Example: 
Exercise: 


Problem: 
Motion of a Cannonball 


During an Independence Day celebration, a cannonball is fired from a cannon on a cliff toward the 
water. The cannon is aimed at an angle of 30° above horizontal and the initial speed of the 
cannonball is 600 ft/sec. The cliff is 100 ft above the water ({link]). 


a. Find the maximum height of the cannonball. 
b. How long will it take for the cannonball to splash into the sea? 


- ~ 


‘ 


a \. Total time = ? 


, v = 600 ft/sec By 


x=? 


The flight of a cannonball (ignoring air resistance) is projectile motion. 


Solution: 


We use the equation 
Equation: 


1 
s(t) = uotcosbi+ (votsing — pit) 


withhG — 0) .g — 32 ity sec”, and vp = 600 ft/sec. Then the position equation becomes 
Equation: 
s(t) = 600¢(cos30)i+ (600tsin30 — +(32)t) j 
= 300¢V3i + (300t — 16¢”) j. 


a. The cannonball reaches its maximum height when the vertical component of its velocity is 
zero, because the cannonball is neither rising nor falling at that point. The velocity vector is 
Equation: 


I 


v(t) =s'(t) 


= 300V3i + (300 — 32t)j. 


Therefore, the vertical component of velocity is given by the expression 300 — 32¢. Setting 


9 


Note: 


this expression equal to zero and solving for t gives t = 9.375 sec. The height of the 
cannonball at this time is given by the vertical component of the position vector, evaluated at 
t= 0 315: 

Equation: 


s (9.375) = 300 (9.375) V/3i+ (300 (9.375) — 16(9.375)”) j 


= 4871.391 + 1406.25j 


Therefore, the maximum height of the cannonball is 1406.39 ft above the cannon, or 1506.39 
ft above sea level. 


. When the cannonball lands in the water, it is 100 ft below the cannon. Therefore, the vertical 


component of the position vector is equal to —100. Setting the vertical component of s (t) 
equal to —100 and solving, we obtain 
Equation: 


300t — 16t2 = —100 
16t? — 300t 100 = 0 
At? — 75t—25 = 0 


The positive value of t that solves this equation is approximately 19.08. Therefore, the 
cannonball hits the water after approximately 19.08 sec. 

To find the distance out to sea, we simply substitute the answer from part (b) into s (t): 
Equation: 


s (19.08) = 300 (19.08) /3i+ (300 (19.08) — 16(19.08)”) j 
= 9914.26i — 100.7424). 


Therefore, the ball hits the water about 9914.26 ft away from the base of the cliff. Notice that 
the vertical component of the position vector is very close to —100, which tells us that the 
ball just hit the water. Note that 9914.26 feet is not the true range of the cannon since the 
cannonball lands in the ocean at a location below the cannon. The range of the cannon would 
be determined by finding how far out the cannonball is when its height is 100 ft above the 
water (the same as the altitude of the cannon). 


Exercise: 


Problem: 


An archer fires an arrow at an angle of 40° above the horizontal with an initial speed of 98 m/sec. 
The height of the archer is 171.5 cm. Find the horizontal distance the arrow travels before it hits 
the ground. 


Solution: 


967.15 m 
Hint 


The equation for the position vector needs to account for the height of the archer in meters. 


One final question remains: In general, what is the maximum distance a projectile can travel, given its 
initial speed? To determine this distance, we assume the projectile is fired from ground level and we 
wish it to return to ground level. In other words, we want to determine an equation for the range. In this 
case, the equation of projectile motion is 

Equation: 


1 
s(t) = uotcosbi + (votsing = pot) a 


Setting the second component equal to zero and solving for t yields 
Equation: 


votsind — sgt? 
t (vosin@ = sgt) = 


2upsind 


Therefore, either t = 0 ort = . We are interested in the second value of t, so we substitute this 


into s (t), which gives 


Equation: 
‘ e F F 2 
2upsind _ 2upsind * 2vosind \_. 1 2upsind . 
s ( 7 ) = vo ( 3 ) cos 8% + (vo ( 7 sin 9( - ) )j 


= ( ene) ; 
> g 


=~ vesin 20. 
g 


Thus, the expression for the range of a projectile fired at an angle 0 is 
Equation: 


vpsin 20 | 
= —— i. 


g 


The only variable in this expression is 8. To maximize the distance traveled, take the derivative of the 
coefficient of i with respect to @ and set it equal to zero: 
Equation: 


d [ vasin26 
a =" 
2uzcos 26 si 
g 
6 = 45°. 


This value of @ is the smallest positive value that makes the derivative equal to zero. Therefore, in the 
absence of air resistance, the best angle to fire a projectile (to maximize the range) is ata 45° angle. The 
distance it travels is given by 

Equation: 


: (em) _ vpsin90 | ve 
g g g 


Therefore, the range for an angle of 45° is v2/g. 


Kepler’s Laws 


During the early 1600s, Johannes Kepler was able to use the amazingly accurate data from his mentor 
Tycho Brahe to formulate his three laws of planetary motion, now known as Kepler’s laws of planetary 
motion. These laws also apply to other objects in the solar system in orbit around the Sun, such as 
comets (e.g., Halley’s comet) and asteroids. Variations of these laws apply to satellites in orbit around 
Earth. 


Note: 
Kepler’s Laws of Planetary Motion 


i. The path of any planet about the Sun is elliptical in shape, with the center of the Sun located at one 
focus of the ellipse (the law of ellipses). 
ii. A line drawn from the center of the Sun to the center of a planet sweeps out equal areas in equal 
time intervals (the law of equal areas) ([link]). 
iii. The ratio of the squares of the periods of any two planets is equal to the ratio of the cubes of the 
lengths of their semimajor orbital axes (the law of harmonies). 


Planet's Orbit 


_ 


Center of 
Ellipse 


Kepler’s first and second laws are pictured 
here. The Sun is located at a focus of the 
elliptical orbit of any planet. Furthermore, the 
shaded areas are all equal, assuming that the 
amount of time measured as the planet moves 
is the same for each region. 


Kepler’s third law is especially useful when using appropriate units. In particular, 1 astronomical unit is 
defined to be the average distance from Earth to the Sun, and is now recognized to be 149,597,870,700 
m or, approximately 93,000,000 mi. We therefore write 1 A.U. = 93,000,000 mi. Since the time it takes 
for Earth to orbit the Sun is 1 year, we use Earth years for units of time. Then, substituting 1 year for the 
period of Earth and 1 A.U. for the average distance to the Sun, Kepler’s third law can be written as 
Equation: 


2_ ps 
T, = Dz 


for any planet in the solar system, where T’p is the period of that planet measured in Earth years and Dp 
is the average distance from that planet to the Sun measured in astronomical units. Therefore, if we 
know the average distance from a planet to the Sun (in astronomical units), we can then calculate the 
length of its year (in Earth years), and vice versa. 


Kepler’s laws were formulated based on observations from Brahe; however, they were not proved 
formally until Sir Isaac Newton was able to apply calculus. Furthermore, Newton was able to generalize 
Kepler’s third law to other orbital systems, such as a moon orbiting around a planet. Kepler’s original 
third law only applies to objects orbiting the Sun. 


Proof 


Let’s now prove Kepler’s first law using the calculus of vector-valued functions. First we need a 
coordinate system. Let’s place the Sun at the origin of the coordinate system and let the vector-valued 
function r (¢) represent the location of a planet as a function of time. Newton proved Kepler’s law using 


his second law of motion and his law of universal gravitation. Newton’s second law of motion can be 
written as F = ma, where F represents the net force acting on the planet. His law of universal 


gravitation can be written in the form F = —@@™¥ . | which indicates that the force resulting from 


Ir? Mell? 


the gravitational attraction of the Sun points back toward the Sun, and has magnitude Le (Llink]). 
r 


Gravitational 


force 


The gravitational force between Earth and 
the Sun is equal to the mass of the earth 
times its acceleration. 


Setting these two forces equal to each other, and using the fact that a (t) = v’ (t), we obtain 
Equation: 


GmM 
Ce ee 
irl? lll 
which can be rewritten as 
Equation: 
dv _ GM |. 
dt |r|? 


This equation shows that the vectors dv/dt and r are parallel to each other, sodv/dt x r = 0. Next, 
let’s differentiate r x v with respect to time: 
Equation: 


—(r xX v) = — x ver x —=vxv+0=0. 


This proves that r x visa constant vector, which we call C. Since r and v are both perpendicular to C 
for all values of t, they must lie in a plane perpendicular to C. Therefore, the motion of the planet lies in 


a plane. 


Next we calculate the expression dv/dt x C: 
Equation: 


((r-v)r—(r-r)v}. 


dv GM 
— « C=— rx (rx v)=-— 
a ell" lel" 


The last equality in [link] is from the triple cross product formula (Introduction to Vectors in Space). We 
need an expression for r - v. To calculate this, we differentiate r - r with respect to time: 
Equation: 


d d d d 
(fst) = Sorter sor. = ory. 
dt dt dt dt 
Since r -r = ||r||”, we also have 
Equation: 
d 
Prt ell? = 2 llr 


Combining [link] and [link], we get 


Equation: 
2r-v = 2\[r||4llxl| 
rev = |r| Zllril- 
Substituting this into [link] gives us 
Equation: 
wx C = vt 3 GM \(r-v)r—(r-r)v] 
= — AE lie (Slll)e — le ?] 
d 1 
GM | par (delle) ® — Gar] 
=GM | - aacaae 
However, 
Equation: 
dor — #\iri-r$ilell 
dt |r) IIr||? 
dr 
_ & r d 
= Trl _ ig #l | 
Vv r 


= Ir Ill? dt £ ||r|. 


Therefore, [link] becomes 
Equation: 


dv der 
— x C=GM(— —}. 
dt ~ (5; a) 


Since C is a constant vector, we can integrate both sides and obtain 
Equation: 


r 


vx C=GM + D, 


Ir 


where D is a constant vector. Our goal is to solve for ||r||. Let’s start by calculating r-(v x C): 
Equation: 


2 
r-(v x C)=r- (cm = +p) = 6M ES +5-D=GM |x| +2-D. 
r r 


However, r-(v x C)=(r x v)-C,so 
Equation: 

(r x v):-C=GM|r|| +r-D. 
Sincer x v = C, we have 
Equation: 

IC? = GM |r|| + r- D. 

Note that r - D = ||r|| || D|icos6, where 6 is the angle between r and D. Therefore, 
Equation: 

IC? = GM |r|| + ||r|| Diicosé. 


Solving for ||r]|, 
Equation: 


irl) = WC? ue? i 
~ GM-+|Dilcos6 GM \1+ecos6 /’ 


where e = |/DI|/GM. This is the polar equation of a conic with a focus at the origin, which we set up 
to be the Sun. It is a hyperbola if e > 1, a parabola if e = 1, or an ellipse if e < 1. Since planets have 
closed orbits, the only possibility is an ellipse. However, at this point it should be mentioned that 
hyperbolic comets do exist. These are objects that are merely passing through the solar system at speeds 


too great to be trapped into orbit around the Sun. As they pass close enough to the Sun, the gravitational 
field of the Sun deflects the trajectory enough so the path becomes hyperbolic. 


Example: 
Exercise: 


Problem: 
Using Kepler’s Third Law for Nonheliocentric Orbits 


Kepler’s third law of planetary motion can be modified to the case of one object in orbit around an 
object other than the Sun, such as the Moon around the Earth. In this case, Kepler’s third law 
becomes 

Equation: 


o.  4na3 
~ G(m+ My)’ 


where m is the mass of the Moon and M is the mass of Earth, a represents the length of the major 
axis of the elliptical orbit, and P represents the period. 


Given that the mass of the Moon is 7.35 x 1022 kg, the mass of Earth is 5.97 x 1074kg, 
G = 6.67 x 10~''m?/kg - sec?, and the period of the moon is 27.3 days, let’s find the length of 
the major axis of the orbit of the Moon around Earth. 


Solution: 


It is important to be consistent with units. Since the universal gravitational constant contains 
seconds in the units, we need to use seconds for the period of the Moon as well: 
Equation: 


24 hr Y 3600 sec 
1 day 1 hour 


27.3days x = 2,358,720sec. 


Substitute all the data into [link] and solve for a: 


Equation: 
(2,358,720sec)” = = —_—__——— ria lt 
(6.67 x 10-1 =, ) (7.85 2 10°%kg-+5.97 2 10%kg) 
iQ _. 47203 
OH os INS (6.67 x 10-1 m3) (6.04 « 107) 
(5.563 x 10!?) (6.67 x 10-''m$) (6.04 x 1074) = 4n?a? 
yee Le ane 


a = 3.84 x 108m 
384,000 km. 
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Analysis 


According to solarsystem.nasa.gov, the actual average distance from the Moon to Earth is 384,400 km. 
This is calculated using reflectors left on the Moon by Apollo astronauts back in the 1960s. 


Note: 
Exercise: 


Problem: 


Titan is the largest moon of Saturn. The mass of Titan is approximately 1.35 x 107° kg. The mass 
of Saturn is approximately 5.68 x 107° kg. Titan takes approximately 16 days to orbit Saturn. 
Use this information, along with the universal gravitation constant 

G = 6.67 x 10~''m3/kg - sec? to estimate the distance from Titan to Saturn. 


Solution: 


a = 1.224 x 109m ~ 1,224,000 km 
Hint 


Make sure your units agree, then use [link]. 


Example: 
Exercise: 


Problem: 
Chapter Opener: Halley’s Comet 


We now return to the chapter opener, which discusses the motion of Halley’s comet around the 
Sun. Kepler’s first law states that Halley’s comet follows an elliptical path around the Sun, with 
the Sun as one focus of the ellipse. The period of Halley’s comet is approximately 76.1 years, 
depending on how closely it passes by Jupiter and Saturn as it passes through the outer solar 
system. Let’s use I’ = 76.1 years. What is the average distance of Halley’s comet from the Sun? 


Solution: 


Using the equation T? = D? with T = 76.1, we obtain D? = 5791.21, so D © 17.96 A.U. This 
comes out to approximately 1.67 x 10° mi. 


A natural question to ask is: What are the maximum (aphelion) and minimum (perihelion) 
distances from Halley’s Comet to the Sun? The eccentricity of the orbit of Halley’s Comet is 0.967 
(Source: http://nssdc.gsfc.nasa.gov/planetary/factsheet/cometfact.html). Recall that the formula for 
the eccentricity of an ellipse is e = c/a, where a is the length of the semimajor axis and c is the 
distance from the center to either focus. Therefore, 0.967 = c/17.96 and c © 17.37 A.U. 
Subtracting this from a gives the perihelion distance p = a — c = 17.96 — 17.37 = 0.59 A.U. 
According to the National Space Science Data Center (Source: 
http://nssdc.gsfc.nasa.gov/planetary/factsheet/cometfact.html), the perihelion distance for Halley’s 
comet is 0.587 A.U. To calculate the aphelion distance, we add 

Equation: 


P= o--e—17.96- 173i — 39.33 AU. 


This is approximately 3.3 x 10° mi. The average distance from Pluto to the Sun is 39.5 A.U. 
(Source: http://www.oarval.org/furthest.htm), so it would appear that Halley’s Comet stays just 
within the orbit of Pluto. 


Note: 

Navigating a Banked Turn 

How fast can a racecar travel through a circular turn without skidding and hitting the wall? The answer 
could depend on several factors: 


e The weight of the car; 

e The friction between the tires and the road; 
e The radius of the circle; 

e The “steepness” of the turn. 


In this project we investigate this question for NASCAR racecars at the Bristol Motor Speedway in 
Tennessee. Before considering this track in particular, we use vector functions to develop the 
mathematics and physics necessary for answering questions such as this. 

A car of mass m moves with constant angular speed w around a circular curve of radius R ({link]). The 
curve is banked at an angle 0. If the height of the car off the ground is h, then the position of the car at 
time t is given by the function r(t) = (Ros (wt), Rsin (wt), h). 


Overhead view Front view 


Views of arace car moving around a track. 


1. Find the velocity function v(t) of the car. Show that v is tangent to the circular curve. This means 
that, without a force to keep the car on the curve, the car will shoot off of it. 

2. Show that the speed of the car is wR. Use this to show that (27r)/ |v| = (27) /w. 

3. Find the acceleration a. Show that this vector points toward the center of the circle and that 
jal Re: 

4. The force required to produce this circular motion is called the centripetal force, and it is denoted 
F cent. This force points toward the center of the circle (not toward the ground). Show that 


[F cent | a (miv/?) /R. 

As the car moves around the curve, three forces act on it: gravity, the force exerted by the road 
(this force is perpendicular to the ground), and the friction force ({link]). Because describing the 
frictional force generated by the tires and the road is complex, we use a standard approximation for 
the frictional force. Assume that |f| = 44|N| for some positive constant js. The constant yu is called 
the coefficient of friction. 


The car has three forces acting on it: 

gravity (denoted by mg), the friction 

force f, and the force exerted by the 
road N. 


Let Umax denote the maximum speed the car can attain through the curve without skidding. In 
other words, Umax is the fastest speed at which the car can navigate the turn. When the car is 
traveling at this speed, the magnitude of the centripetal force is 

Equation: 

MV ax 


R 


[Fcent| = 


The next three questions deal with developing a formula that relates the speed vmax to the banking 
angle 0. 
5. Show that |N|cos@ = mg + |f|sin@. Conclude that |N| = (mg)/ (cos6 — psin8). 


6. The centripetal force is the sum of the forces in the horizontal direction, since the centripetal force 
points toward the center of the circular curve. Show that 
Equation: 


Feent = |N|sin@ + |f|cos0. 


Conclude that 
Equation: 


sin# + pcosé 


F = mg. 
[Pcent cos@ — sind a 


7. Show that v2,.. = ((sin@ + .cos@)/(cos@ — wsin@))gR. Conclude that the maximum speed 
does not actually depend on the mass of the car. 
Now that we have a formula relating the maximum speed of the car and the banking angle, we are 
in a position to answer the questions like the one posed at the beginning of the project. 
The Bristol Motor Speedway is a NASCAR short track in Bristol, Tennessee. The track has the 
approximate shape shown in [link]. Each end of the track is approximately semicircular, so when 
cars make turns they are traveling along an approximately circular curve. If a car takes the inside 
track and speeds along the bottom of turn 1, the car travels along a semicircle of radius 
approximately 211 ft with a banking angle of 24°. If the car decides to take the outside track and 
speeds along the top of turn 1, then the car travels along a semicircle with a banking angle of 28°. 
(The track has variable angle banking.) 


211 ft 


40 ft 


(b) 


At the Bristol Motor Speedway, Bristol, Tennessee (a), the turns have an inner radius of about 211 
ft and a width of 40 ft (b). (credit: part (a) photo by Raniel Diaz, Flickr) 


The coefficient of friction for a normal tire in dry conditions is approximately 0.7. Therefore, we 
assume the coefficient for a NASCAR tire in dry conditions is approximately 0.98. 

Before answering the following questions, note that it is easier to do computations in terms of feet and 
seconds, and then convert the answers to miles per hour as a final step. 


8. In dry conditions, how fast can the car travel through the bottom of the turn without skidding? 

9. In dry conditions, how fast can the car travel through the top of the turn without skidding? 
10. In wet conditions, the coefficient of friction can become as low as 0.1. If this is the case, how fast 
can the car travel through the bottom of the turn without skidding? 


11. Suppose the measured speed of a car going along the outside edge of the turn is 105 mph. Estimate 
the coefficient of friction for the car’s tires. 


Key Concepts 


¢ If r(t) represents the position of an object at time t, then r/(t) represents the velocity and r// (t) 
represents the acceleration of the object at time t. The magnitude of the velocity vector is speed. 

e The acceleration vector always points toward the concave side of the curve defined by r (t). The 

tangential and normal components of acceleration a-y and ay are the projections of the acceleration 

vector onto the unit tangent and unit normal vectors to the curve. 

Kepler’s three laws of planetary motion describe the motion of objects in orbit around the Sun. His 

third law can be modified to describe motion of objects in orbit around other celestial objects as 

well. 

e Newton was able to use his law of universal gravitation in conjunction with his second law of 
motion and calculus to prove Kepler’s three laws. 


Key Equations 


¢ Velocity 
v(t) =r’ (t) 
Acceleration 
alt= 7 (ft) =F (0) 
e Speed 
v(t) = Ilv(t)ll = Ir’ (¢)| = 
e Tangential component of acceleration 


_ ‘ —_ va 
or=a T= Wy 
¢ Normal component of acceleration 
_ — Ivxall _ 2 2 
an =a-N="7 = lal" — a5 
Exercise: 
Problem: 


Given r(t) = (3¢? — 2)i + (2t — sin(t))j, find the velocity of a particle moving along this curve. 


5 10 15 20 25* 


Solution: 


v(t) = (6t)i + (2 — cos(t))j 
Exercise: 


Problem: 


Given r(t) = (3¢? — 2)i + (2t — sin(t))j, find the acceleration vector of a particle moving along 
the curve in the preceding exercise. 


Given the following position functions, find the velocity, acceleration, and speed in terms of the 
parameter ¢. 
Exercise: 


Problem: r(t) = (3cost, 3sint, t) 
Solution: 


v(t) = (8sint, 3cost, 2t), a(t) = (—3cost, —3sint, 2), speed = /9 + 4t? 


Exercise: 


Problem: r(t) = e ‘i+ t?j + tantk 


Exercise: 


Problem: r(t) = 2costj + 3sintk. The graph is shown here: 


Solution: 


v(t) = —2sin tj + 3 cos tk, a(t) = —2costj — 3sintk, speed = \/4sin?(¢) + 99" (t) 


Find the velocity, acceleration, and speed of a particle with the given position function. 
Exercise: 


Problem: r(t) = (t? — 1,t) 


Exercise: 
Problem: r(t) = (e',e *) 
Solution: 


v(t) = eti— ej, a(t) = ei + ej, liv(t)llVe% + e 


Exercise: 


Problem: r(¢) = (sint, t, cost). The graph is shown here: 


Exercise: 


Problem: 


The position function of an object is given by r(t) = (¢?, 5t,t” — 16t). At what time is the speed 
a minimum? 


Solution: 


t=4 


Exercise: 


Problem: 


Let r(t) = rcosh(wt)i + rsinh(wt)j. Find the velocity and acceleration vectors and show that the 
acceleration is proportional to r(¢). 


Consider the motion of a point on the circumference of a rolling circle. As the circle rolls, it generates 
the cycloid r(t) = (wt — sin(wt))i+ (1 — cos(wt))j, where w is the angular velocity of the circle: 


Exercise: 


Problem: Find the equations for the velocity, acceleration, and speed of the particle at any time. 
Solution: 


v(t) = (w — weos(wt))i + (wsin(wt))j, 
a(t) = (w’sin(wt)) i+ (w?cos(wt)) j, 


speed = \[w? — 2w®cos(wt) + w2cos?(wt) + w2sin? (wt) = «/2w?(1 — cos(wt)) 


A person on a hang glider is spiraling upward as a result of the rapidly rising air on a path having 
position vector r(t) = (3cost)i + (3sint)j + t?k. The path is similar to that of a helix, although it is 
not a helix. The graph is shown here: 


0 


Find the following quantities: 
Exercise: 


Problem: The velocity and acceleration vectors 


Exercise: 


Problem: The glider’s speed at any time 


Solution: 
Ilv(t) ll = V9 + 4¢? 
Exercise: 


Problem: The times, if any, at which the glider’s acceleration is orthogonal to its velocity 


Given that r(t) = (e-*‘sint, e- **cost, 4e~**) is the position vector of a moving particle, find the 


following quantities: 
Exercise: 


Problem: The velocity of the particle 
Solution: 
v(t) = (e-*(cost — 5sint), —e~*(sint + 5cost), —20e~**) 


Exercise: 


Problem: The speed of the particle 


Exercise: 


Problem: The acceleration of the particle 
Solution: 


a(t) = (e ” (—sint — 5cost) — 5e~™ (cost — 5sint), 
—e~* (cost — 5sint) + 5e~™ (sint + 5cost), 100e~”’) 
Exercise: 


Problem: 


Find the maximum speed of a point on the circumference of an automobile tire of radius 1 ft when 
the automobile is traveling at 55 mph. 


A projectile is shot in the air from ground level with an initial velocity of 500 m/sec at an angle of 60° 
with the horizontal. The graph is shown here: 


x 


1500 2000 2500 


Exercise: 


Problem: At what time does the projectile reach maximum height? 


Solution: 
44.185 sec 


Exercise: 


Problem: What is the approximate maximum height of the projectile? 


Exercise: 


Problem: At what time is the maximum range of the projectile attained? 


Solution: 


t = 88.37 sec 


Exercise: 


Problem: What is the maximum range? 


Exercise: 


Problem: What is the total flight time of the projectile? 


Solution: 


88.37 sec 


A projectile is fired at a height of 1.5 m above the ground with an initial velocity of 100 m/sec and at an 
angle of 30° above the horizontal. Use this information to answer the following questions: 
Exercise: 


Problem: Determine the maximum height of the projectile. 


Exercise: 


Problem: Determine the range of the projectile. 


Solution: 


The range is approximately 886.29 m. 
Exercise: 
Problem: 
A golf ball is hit in a horizontal direction off the top edge of a building that is 100 ft tall. How fast 
must the ball be launched to land 450 ft away? 
Exercise: 
Problem: 


A projectile is fired from ground level at an angle of 8° with the horizontal. The projectile is to 
have a range of 50 m. Find the minimum velocity necessary to achieve this range. 


Solution: 


v = 42.16 m/sec 
Exercise: 


Problem: 


Prove that an object moving in a straight line at a constant speed has an acceleration of zero. 
Exercise: 

Problem: 

The acceleration of an object is given by a(t) = tj + tk. The velocity at t = 1 sec is v(1) = 5j 


and the position of the object at t = 1 sec is r(1) = 0i + 0j + Ok. Find the object’s position at any 
time. 


Solution: 


r(t) = 01+ (419 +4.5t- )j+(f-de+4)k 


Exercise: 


Problem: Find r(¢) given that a(t) = —32j, v(0) = 600V3i + 600j, and r(0) = 0. 
Exercise: 


Problem: 


Find the tangential and normal components of acceleration for r(t) = acos(wt)i+ bsin(wt)j at 
t=0. 

Solution: 

aT = 0, an = aw? 
Exercise: 


Problem: 


Given r(t) = t?i + 2tj and t = 1, find the tangential and normal components of acceleration. 


For each of the following problems, find the tangential and normal components of acceleration. 
Exercise: 


Problem: r(t) = (e‘cost, e’sint, e’). The graph is shown here: 


Solution: 
ar = V3et,an = V2e 


Exercise: 


Problem: r(t) = (cos(2¢), sin(2¢), 1) 


Exercise: 
3 
Problem: r(¢) = (28,2, o) 


Solution: 


ar = 2t,ay = 4+ 2t? 


Exercise: 


Problem: r(t) = (4a + 4)9/?, tl as v2t) 


Exercise: 


Problem: r(t) = (6t, 3t?, 2t?) 


Solution: 
6t+12t3 a 1442444 
Or Tee 6y/ 1+t?+t4 
Exercise: 


Problem: r(t) = ¢?i + ¢t?j + t°k 
Exercise: 
Problem: r(t) = 3cos (27t)i + 3sin (2zt)j 
Solution: 
ar = 0,ayn = 2/30 


Exercise: 


Problem: 


Find the position vector-valued function r(t), given that a(t) = i+ e’j, v(0) = 2j, and 
£(0) = 21. 


Exercise: 


Problem: 


The force on a particle is given by f(t) = (cost) i+ (sint)j. The particle is located at point (c, 0) 
at t = 0. The initial velocity of the particle is given by v(0) = voj. Find the path of the particle of 
mass m. (Recall, F = m-a.) 


Solution: 


r(t) = (<bcost +e+ +)i+ (= + (vo + +)t)5 
Exercise: 
Problem: 
An automobile that weighs 2700 lb makes a turn on a flat road while traveling at 56 ft/sec. If the 
radius of the turn is 70 ft, what is the required frictional force to keep the car from skidding? 
Exercise: 


Problem: 


2GM 
TO 


Using Kepler’s laws, it can be shown that vp = J is the minimum speed needed when 6 = 0 


so that an object will escape from the pull of a central force resulting from mass M. Use this result 
to find the minimum speed when @ = 0 for a space capsule to escape from the gravitational pull of 
Earth if the probe is at an altitude of 300 km above Earth’s surface. 


Solution: 


10.94 km/sec 
Exercise: 


Problem: 


Find the time in years it takes the dwarf planet Pluto to make one orbit about the Sun given that 
a = 39.5 ALU. 


Suppose that the position function for an object in three dimensions is given by the equation 
r(t) = tcos(t)i + tsin(t)j + 3tk. 
Exercise: 


Problem: Show that the particle moves on a circular cone. 


Exercise: 


Problem: Find the angle between the velocity and acceleration vectors when t = 1.5. 


Exercise: 


Problem: Find the tangential and normal components of acceleration when ¢ = 1.5. 


Solution: 


ar = 0.43 m/sec’, 
an = 2.46 m/sec” 


Chapter Review Exercises 


True or False? Justify your answer with a proof or a counterexample. 
Exercise: 


Problem: 


A parametric equation that passes through points P and Q can be given by 
ti) = oo 3st +1,t- 2), where P(1, 4, —1) and Q(16, 11, 2). 


Exercise: 
Problem: “[u(t) x u(t)] = 2u’(t) x u(t) 
Solution: 


4tu(t) x u(t)] =0 


False, =. 


Exercise: 


Problem: 


The curvature of a circle of radius r is constant everywhere. Furthermore, the curvature is equal to 
1 a 


Exercise: 


Problem: The speed of a particle with a position function r(¢) is (r’(¢))/ (|r’(t)]). 


Solution: 


False, it is |r’(t)| 


Find the domains of the vector-valued functions. 
Exercise: 


Problem: r(t) = (sin(2), In(t), vi) 
Exercise: 
; a ee ee 
Problem: r(t) = (e 1a sec(t) ) 


Solution: 


t<4t4F 


Sketch the curves for the following vector equations. Use a calculator if needed. 


Exercise: 


Problem: [T] r(¢) = ea) 


Exercise: 
Problem: [T] r(t) = (sin (20t)e~‘, cos (20t)e’, e~*) 


Solution: 


Find a vector function that describes the following curves. 
Exercise: 


Problem: Intersection of the cylinder x? + y? = 4 with the plane x + z = 6 


Exercise: 


Problem: Intersection of the cone z = \/a? + y? and plane z = y— 4 


Solution: 
2 2 
r(t) = (t,2- 208 $) 


Find the derivatives of u(t), u’(t), u’(¢) x u(t), u(t) x u(t), and u(t) - u’(t). Find the unit 
tangent vector. 
Exercise: 

Problem: u(t) = (e’,e ‘) 


Exercise: 


Problem: u(t) = (¢?, 2¢ + 6, 4? — 12) 
Solution: 


u(t) = (2t, 2, 20¢*), w(t) = (2,0, 80¢*), 

#[u'(t) x u(t)] = (—480¢3 — 160¢*, 24 + 75t?, 12 + 4t), 
“[u(t) x u/(t)] = (48023 + 160¢*, —24 — 75t?, -12 — 4t), 
-£ lu(t) - u’(t)] = 720¢8 — 96002? + 6t? + 4, unit tangent vector: 


4 
T(t) = 2t ‘4 2 aa 208 
(2) Vint | Vaoosaesa ) ' Vaooisas4 


Evaluate the following integrals. 
Exercise: 


Problem: / (tan(t)sec(t)i — te*j) dt 


Exercise: 


4 
Problem: [wou with u(t) = (= : 77 ,sin ( t)) 
i 


Solution: 


2(2+v2) 


Tv 


2 
Steir) Be 


Find the length for the following curves. 
Exercise: 


Problem: r(t) = (3(¢), 4cos(t), 4sin (¢)) forl <<t <4 
Exercise: 

Problem: r(¢) = 2i+tj+3t?kfor0<t<1 

Solution: 

oe. + +sinh~*(6) 


Reparameterize the following functions with respect to their arc length measured from ¢ = 0 in direction 
of increasing t. 
Exercise: 


Problem: r(¢) = 2ti+ (4¢ — 5)j + (1 — 3t)k 


Exercise: 


Problem: r(t) = cos(2t)i + 8¢j — sin(2t)k 
Solution: 

—_ 2s | 8s s . 2s 
r(t(s)) = cos (2 i + gd sin (25) k 


Find the curvature for the following vector functions. 
Exercise: 


Problem: r(¢) = (2sint)i — 4tj + (2cost)k 


Exercise: 
Problem: r(t) = V2e‘i + V2e~*j + 2tk 
Solution: 


et 


(e%41)? 


Exercise: 
Problem: 
Find the unit tangent vector, the unit normal vector, and the binormal vector for 
r(t) = 2costi+ 3tj+ 2sintk. 
Exercise: 
Problem: 


Find the tangential and normal acceleration components with the position vector 
r(t).= (cost, sint,e”). 


Solution: 
e2t /2e%+4esintcost+1 
a = —:—| ».a —S 
x Jie V1+ez 
Exercise: 
Problem: 


A Ferris wheel car is moving at a constant speed v and has a constant radius r. Find the tangential 
and normal acceleration of the Ferris wheel car. 


Exercise: 
Problem: 
The position of a particle is given by r(t) = (¢?, In (t), sin (wt)), where t¢ is measured in seconds 


and r is measured in meters. Find the velocity, acceleration, and speed functions. What are the 
position, velocity, speed, and acceleration of the particle at 1 sec? 


Solution: 
v(t) = (2t, +, cos a) m/sec, a(t) = (2, —=r, —sin (nt)) m/sec’, 


speed = [4 + 4; + cos? (nt) m/sec; at t = a r(1) = (1,0, 0) m, v(1) = (2, -1,1) m/sec, 
a(1) = (2, -1,0) m/sec?, and speed = 6 m/sec 


The following problems consider launching a cannonball out of a cannon. The cannonball is shot out of 
the cannon with an angle @ and initial velocity vo. The only force acting on the cannonball is gravity, so 
we begin with a constant acceleration a(t) = —gj. 

Exercise: 


Problem: Find the velocity vector function v(t). 


Exercise: 


Problem: Find the position vector r(t) and the parametric representation for the position. 


Solution: 
r(t) = vot — £t7j, r(t) = (vo(cos6)t, vo(sind)t, — £4?) 
Exercise: 


Problem: 


At what angle do you need to fire the cannonball for the horizontal distance to be greatest? What is 
the total distance it would travel? 


Glossary 


acceleration vector 
the second derivative of the position vector 


Kepler’s laws of planetary motion 
three laws governing the motion of planets, asteroids, and comets in orbit around the Sun 


normal component of acceleration 
the coefficient of the unit normal vector N when the acceleration vector is written as a linear 
combination of T and N 


projectile motion 
motion of an object with an initial velocity but no force acting on it other than gravity 


tangential component of acceleration 
the coefficient of the unit tangent vector T when the acceleration vector is written as a linear 
combination of T and N 


velocity vector 
the derivative of the position vector 


Introduction 
class="introduction" 


Americans 
use (and lose) 
millions of 
golf balls a 
year, which 
keeps golf 
ball 
manufacturers 
in business. In 
this chapter, 
we study a 
profit model 
and learn 
methods for 
calculating 
optimal 
production 
levels fora 
typical golf 
ball 
manufacturin 
g company. 
(credit: 
modification 
of work by 
oatsy40, 
Flickr) 


o Ot 


In Introduction to Applications of Derivatives, we studied how to determine 
the maximum and minimum of a function of one variable over a closed 
interval. This function might represent the temperature over a given time 
interval, the position of a car as a function of time, or the altitude of a jet 
plane as it travels from New York to San Francisco. In each of these 
examples, the function has one independent variable. 


Suppose, however, that we have a quantity that depends on more than one 
variable. For example, temperature can depend on location and the time of 
day, or a company’s profit model might depend on the number of units sold 
and the amount of money spent on advertising. In this chapter, we look at a 
company that produces golf balls. We develop a profit model and, under 
various restrictions, we find that the optimal level of production and 
advertising dollars spent determines the maximum possible profit. 
Depending on the nature of the restrictions, both the method of solution and 
the solution itself changes (see [link]). 


When dealing with a function of more than one independent variable, 
several questions naturally arise. For example, how do we calculate limits 
of functions of more than one variable? The definition of derivative we 
used before involved a limit. Does the new definition of derivative involve 
limits as well? Do the rules of differentiation apply in this context? Can we 
find relative extrema of functions using derivatives? All these questions are 
answered in this chapter. 


Functions of Several Variables 


e Recognize a function of two variables and identify its domain and range. 

e Sketch a graph of a function of two variables. 

e Sketch several traces or level curves of a function of two variables. 

¢ Recognize a function of three or more variables and identify its level surfaces. 


Our first step is to explain what a function of more than one variable is, starting with functions of 
two independent variables. This step includes identifying the domain and range of such functions 
and learning how to graph them. We also examine ways to relate the graphs of functions in three 
dimensions to graphs of more familiar planar functions. 


Functions of Two Variables 


The definition of a function of two variables is very similar to the definition for a function of one 
variable. The main difference is that, instead of mapping values of one variable to values of another 
variable, we map ordered pairs of variables to another variable. 


Note: 

Definition 

A function of two variables z = f(z, y) maps each ordered pair (, y) in a subset D of the real 
plane IR? to a unique real number z. The set D is called the domain of the function. The range of f 
is the set of all real numbers z that has at least one ordered pair (x, y) € D such that f (x, y) = z 
as shown in the following figure. 


Domain Range 


The domain of a function of two variables consists of 
ordered pairs (zx, y). 


Determining the domain of a function of two variables involves taking into account any domain 
restrictions that may exist. Let’s take a look. 


Example: 
Exercise: 


Problem: 
Domains and Ranges for Functions of Two Variables 


Find the domain and range of each of the following functions: 


a. f(x,y) = 3a + 5y+2 
b.g(z,y) = /9-2?-y? 


Solution: 


a. This is an example of a linear function in two variables. There are no values or 
combinations of x and y that cause f (a, y) to be undefined, so the domain of f is R?. 
To determine the range, first pick a value for z. We need to find a solution to the 
equation f (x, y) = z, or 3x — 5y + 2 = z. One such solution can be obtained by first 
setting y = 0, which yields the equation 3x + 2 = z. The solution to this equation is 

2= ue , which gives the ordered pair ( Le ; 0) as a solution to the equation 
f (x, y) = z for any value of z. Therefore, the range of the function is all real numbers, 
or R. 

b. For the function g (2, y) to have a real value, the quantity under the square root must be 
nonnegative: 
Equation: 


7 0) 


This inequality can be written in the form 
Equation: 


ety? <9. 


Therefore, the domain of g(x, y) is {(a, y) € R? lie + y’ < 9}. The graph of this set 
of points can be described as a disk of radius 3 centered at the origin. The domain 
includes the boundary circle as shown in the following graph. 


The domain of the function 


g(x,y) = V9 — x? — y? is aclosed disk of 


radius 3. 


To determine the range of g (x = /9—22_-¥?2 9 — x? — y? we start witha mauit (x0, yo) on 
the boundary of the domain, ile is Dana ‘e the relation x? + y? = 9. It follows 
that a oe Ys = 9 and 

Equation: 


9 (0, Yo) = /9-22- f= /9- ( (a2 + y2) = V9-9=0. 


If x2 + y? = 0 (in other words, x9 = yo = 0), then 
Equation: 


9 (0, Yo) = ,/9-22- ye = /9- (02 +93) = V9-0=3. 


This is the maximum value of the function. Given any value c between 0 and 3, we can 
find an entire set of points inside the domain of g such that g(x, y) = c: 
Equation: 


J/9-a22?-y* = ¢ 


9-77-77 


ety? = 9-c?. 


Since 9 — c? > 0, this describes a circle of radius /9 — c? centered at the origin. Any 
point on this circle satisfies the equation g (x, y) = c. Therefore, the range of this 
function can be written in interval notation as [0, 3]. 


Note: 
Exercise: 


Problem: Find the domain and range of the function f (x, y) = /36 — 9x? — 9y?. 


Solution: 


The domain is the shaded circle defined by the inequality 9x? + 9y? < 36, which has a circle 
of radius 2 as its boundary. The range is [0, 6]. 


Hint 


Determine the set of ordered pairs that do not make the radicand negative. 


Graphing Functions of Two Variables 


Suppose we wish to graph the function z = (a, y). This function has two independent variables 

(ax and y) and one dependent variable (z). When graphing a function y = f (x) of one variable, 
we use the Cartesian plane. We are able to graph any ordered pair (a, y) in the plane, and every 
point in the plane has an ordered pair (x, y) associated with it. With a function of two variables, 
each ordered pair (a, y) in the domain of the function is mapped to a real number z. Therefore, the 
graph of the function f consists of ordered triples (x, y, z). The graph of a function z = (2, y) of 
two variables is called a surface. 


To understand more completely the concept of plotting a set of ordered triples to obtain a surface in 
three-dimensional space, imagine the (z, y) coordinate system laying flat. Then, every point in the 
domain of the function f has a unique z-value associated with it. If z is positive, then the graphed 
point is located above the xy-plane, if z is negative, then the graphed point is located below the 
xy-plane. The set of all the graphed points becomes the two-dimensional surface that is the graph 
of the function f. 


Example: 
Exercise: 


Problem: 
Graphing Functions of Two Variables 


Create a graph of each of the following functions: 


agi 1)) = OP 2 
Doi eae 
Solution: 


a. In [link], we determined that the domain of g (a, y) = \/9 — «2 — y? is 
{(a,y) € R?|x? + y? < 9} and the range is {z € R?|0 < z <3}. Whenz? + y? =9 
we have g(a, y) = 0. Therefore any point on the circle of radius 3 centered at the origin 
in the x, y-plane maps to z = 0 in R®. If x? + y* = 8, then g(z, y) = 1, so any point 
on the circle of radius 2\/2 centered at the origin in the x, y-plane maps to z = 1 in R3. 
As x? + y? gets closer to zero, the value of z approaches 3. When x? + y? = 0, then 
g(x,y) = 3. This is the origin in the «, y-plane. If x? + y? is equal to any other value 
between 0 and 9, then g(x, y) equals some other constant between 0 and 3. The surface 
described by this function is a hemisphere centered at the origin with radius 3 as shown 
in the following graph. 


Z = Q(X, Y) = V9 — x* — y* 


Graph of the hemisphere represented by the given function of two 
variables. 


. This function also contains the expression x? + y?. Setting this expression equal to 
various values starting at zero, we obtain circles of increasing radius. The minimum 
value of f(x,y) = a? + y’ is zero (attained when x = y = 0. ). When x = 0, the 
function becomes z = y?, and when y = 0, then the function becomes z = x”. These 
are cross-sections of the graph, and are parabolas. Recall from Introduction to Vectors in 
Space that the name of the graph of f(x,y) = x? + y’ is a paraboloid. The graph of f 
appears in the following graph. 


A paraboloid is the graph of the given function of two variables. 


Example: 
Exercise: 


Problem: 
Nuts and Bolts 


A profit function for a hardware manufacturer is given by 
Equation: 


f(x,y) = 16 — (@ — 3)’ — (y— 2)’, 


where « is the number of nuts sold per month (measured in thousands) and y represents the 
number of bolts sold per month (measured in thousands). Profit is measured in thousands of 
dollars. Sketch a graph of this function. 


Solution: 


This function is a polynomial function in two variables. The domain of f consists of (2, y) 
coordinate pairs that yield a nonnegative profit: 
Equation: 


16 — (x — 3)’ — (y—2)’ > 0 
(ESE ae es 


This is a disk of radius 4 centered at (3, 2). A further restriction is that both x and y must be 
nonnegative. When x = 3 and y = 2, f (x, y) = 16. Note that it is possible for either value 
to be a noninteger; for example, it is possible to sell 2.5 thousand nuts in a month. The 
domain, therefore, contains thousands of points, so we can consider all points within the disk. 
For any z < 16, we can solve the equation f (x, y) = 16: 

Equation: 


16 — (x — 3)? —(y-2)? = z 
(os) a2) 16 — z. 


Since z < 16, we know that 16 — z > 0, so the previous equation describes a circle with 
radius 1/16 — z centered at the point (3, 2). Therefore. the range of f (x, y) is 

{z € R|z < 16}. The graph of f (z, y) is also a paraboloid, and this paraboloid points 
downward as shown. 


z= f(x, y) = 16 — (x — 3)? - (y - 2/2 


The graph of the given function of two variables is also 
a paraboloid. 


Level Curves 


If hikers walk along rugged trails, they might use a topographical map that shows how steeply the 
trails change. A topographical map contains curved lines called contour lines. Each contour line 
corresponds to the points on the map that have equal elevation ([Llink]). A level curve of a function 
of two variables f (x, y) is completely analogous to a contour line on a topographical map. 


(a) (b) 


(a) A topographical map of Devil’s Tower, Wyoming. Lines that are close together indicate 
very steep terrain. (b) A perspective photo of Devil’s Tower shows just how steep its sides are. 
Notice the top of the tower has the same shape as the center of the topographical map. 


Note: 

Definition 

Given a function f (x, y) and a number c in the range of f, a level curve of a function of two 
variables for the value c is defined to be the set of points satisfying the equation f (x, y) = c. 


Returning to the function g (x,y) = / 9 — x? — y?, we can determine the level curves of this 
function. The range of g is the closed interval [0, 3]. First, we choose any number in this closed 
interval—say, c = 2. The level curve corresponding to c = 2 is described by the equation 
Equation: 


J/9— 22 —y? =2. 
To simplify, square both sides of this equation: 
Equation: 


9-2? -7y? =4. 


Now, multiply both sides of the equation by —1 and add 9 to each side: 
Equation: 


ety? =5. 


This equation describes a circle centered at the origin with radius V5. Using values of c between 
0 and 8 yields other circles also centered at the origin. If c = 3, then the circle has radius 0, so it 
consists solely of the origin. [link] is a graph of the level curves of this function corresponding to 

c = 0,1, 2, and 3. Note that in the previous derivation it may be possible that we introduced extra 
solutions by squaring both sides. This is not the case here because the range of the square root 
function is nonnegative. 


Level curves of the function 
g(x,y) = /9 — 2? — y?, using 
e=0,1,2,and3 (e=3 
corresponds to the origin). 


A graph of the various level curves of a function is called a contour map. 


Example: 
Exercise: 


Problem: 
Making a Contour Map 


Given the function f (x, y) = of. 8 + 8a — 4y — 4x? — y?, find the level curve 
corresponding to c = 0. Then create a contour map for this function. What are the domain 
and range of f? 


Solution: 


To find the level curve for c = 0, we set f (x, y) = 0 and solve. This gives 
Equation: 


0O= 8+ 8a — 4y — 4x2 — y?. 


We then square both sides and multiply both sides of the equation by —1: 
Equation: 


An? + y* — 8x + 4y— 8 =0. 
Now, we rearrange the terms, putting the x terms together and the y terms together, and add 8 


to each side: 
Equation: 


Ae? — 82 + y* + 4y=8. 
Next, we group the pairs of terms containing the same variable in parentheses, and factor 4 


from the first pair: 
Equation: 


4 (a? — 2a ap (y? ue Ay) =e. 
Then we complete the square in each pair of parentheses and add the correct value to the 
right-hand side: 
Equation: 
4 (a? —22+1)+ (y?+4y+4) =84+4(1) +4. 
Next, we factor the left-hand side and simplify the right-hand side: 
Equation: 
A(2 — 1)’ + (y+ 2)? =16. 


Last, we divide both sides by 16: 
Equation: 


(x1)? | (y+2)? _ 
~ 16S 


1. 


This equation describes an ellipse centered at (1, —2). The graph of this ellipse appears in the 
following graph. 


Level curve of the function 


Ja, u) = /8 + 8x — 4y — 4x? — 7? 
corresponding to c = 0. 


We can repeat the same derivation for values of c less than 4. Then, [link] becomes 
Equation: 
A eee 
—wll 
16 — c? 16 — c? 


for an arbitrary value of c. [link] shows a contour map for f (, y) using the values 
c = 0,1,2, and 3. When c = 4, the level curve is the point (—1, 2). 


Contour map for the function 


f (x,y) = V8 + 8x — 4y — 4x? — 7? using 
the values c = 0,1, 2, 3, and 4. 


Note: 
Exercise: 


Problem: 


Find and graph the level curve of the function g (x, y) = oo y” — 6x + 2y corresponding 
i@e = 1h, 


Solution: 


The equation of the level curve can be written as (x — 3)” + (y+ 1)” = 25, whichis a 
circle with radius 5 centered at (3, —1). 


Hint 


First, set g(x, y) = 15 and then complete the square. 


Another useful tool for understanding the graph of a function of two variables is called a vertical 
trace. Level curves are always graphed in the zy-plane, but as their name implies, vertical traces 
are graphed in the xz- or yz-planes. 


Note: 

Definition 

Consider a function z = f (2, y) with domain D C R?. A vertical trace of the function can be 
either the set of points that solves the equation f (a, y) = z for a given constant x = a or 

f (x, b) = z for a given constant y = b. 


Example: 
Exercise: 


Problem: 
Finding Vertical Traces 


Find vertical traces for the function f (x, y) = sin x cos y corresponding to 


z= —7,0, and 7, andy —=—7,0, andj. 
Solution: 
First set x = —7 in the equation z = sin x cos y: 
Equation: 

ae 2 cos 

z= sin (— 7) cos y = V2 cosy = —0.7071 cos y. 

4 e 

This describes a cosine graph in the plane x = — 7. The other values of z appear in the 


following table. 


Cc Vertical Trace for x = c 
aaells eo V2cos y 
4 Le 
0 g=C 
T V/2.cos y 
4 = a 


Vertical Traces Parallel to the xz-Plane for the Function f (x, y) = sin x cos y 


In a similar fashion, we can substitute the y-values in the equation f(z, y) to obtain the 
traces in the yz-plane, as listed in the following table. 


d Vertical Trace for y = d 
= a pes J/2 zu z 

0 zZ=sinz 

ite /2 sin x 


Vertical Traces Parallel to the yz-Plane for the Function f (x, y) = sin x cos y 


The three traces in the 2z-plane are cosine functions; the three traces in the yz-plane are 
sine functions. These curves appear in the intersections of the surface with the planes 
oC _ 


ze =0,0 = Ff andy = —7,y =0,y = 7 as shown in the following figure. 
f(x, y) = sin x cos y 


Traces in the xz-planes Traces in the yz-planes 


(a) (b) 


Vertical traces of the function f(z, y) are cosine curves in the xz-planes (a) and sine 
curves in the yz-planes (b). 


Note: 
Exercise: 


Problem: 


Determine the equation of the vertical trace of the function 
g(x,y) = —2? — y* + 2a + 4y — 1 corresponding to y = 3, and describe its graph. 


Solution: 


z=3-(f£- es This function describes a parabola opening downward in the plane y = 3. 


Hint 


Set y = 3 in the equation z = —x? — y” + 2x + 4y — 1 and complete the square. 


Functions of two variables can produce some striking-looking surfaces. The following figure shows 
two examples. 


f(x, y) = x? sin y f(x, y) = sin(e*) cos(In y) 


Examples of surfaces representing functions of two variables: (a) a combination of a power 
function and a sine function and (b) a combination of trigonometric, exponential, and 
logarithmic functions. 


Functions of More Than Two Variables 


So far, we have examined only functions of two variables. However, it is useful to take a brief look 
at functions of more than two variables. Two such examples are 
Equation: 


f (x,y, z) = a? — Qay + y? + 3yz — 2? + 4a — 2y + 3x — 6 (a polynomial in three variables) 


and 
Equation: 


g(x, y,t) = (2 — day + y’)sint — (32 + 5y)cost. 


In the first function, (x, y, z) represents a point in space, and the function f maps each point in 
space to a fourth quantity, such as temperature or wind speed. In the second function, (x, y) can 
represent a point in the plane, and ¢ can represent time. The function might map a point in the plane 
to a third quantity (for example, pressure) at a given time ¢. The method for finding the domain of a 
function of more than two variables is analogous to the method for functions of one or two 
variables. 


Example: 
Exercise: 


Problem: 
Domains for Functions of Three Variables 


Find the domain of each of the following functions: 


3x2—4y+2z 
4) ere carer 


V 2t—4 
b.g(a,y,t) = +3 


Solution: 
3 3x2—A4y+2z ° 
a. For the function f (x, y, z) = ae to be defined (and be a real value), two 


conditions must hold: 


1. The denominator cannot be zero. 
2. The radicand cannot be negative. 


Combining these conditions leads to the inequality 
Equation: 


Go ye 0, 


Moving the variables to the other side and reversing the inequality gives the domain as 


Equation: 


domain (f) = tae, ze RS |? +y+2< oF 


which describes a ball of radius 3 centered at the origin. (Note: The surface of the ball is 


not included in this domain.) 


b. For the function g (x, y, t) = ye 


must hold: 


1. The radicand cannot be negative. 
2. The denominator cannot be zero. 


to be defined (and be a real value), two conditions 


Since the radicand cannot be negative, this implies 2t — 4 > 0, and therefore that ¢ > 2. 


Since the denominator cannot be zero, 2” — y* 4 0, or x? 4 y”, Which can be 
rewritten as y = +z, which are the equations of two lines passing through the origin. 
Therefore, the domain of g is 
Equation: 


domain (9) az {(z,y, t)ly #t2,t> 2}. 


Note: 
Exercise: 


Problem: Find the domain of the function h (2, y, t) = (3t — 6)\/y — 4a? + 4. 


Solution: 


domain(h) = {(z, y,t) € R3|y > 4x? — 4} 
Hint 


Check for values that make radicands negative or denominators equal to zero. 


Functions of two variables have level curves, which are shown as curves in the zy-plane. 
However, when the function has three variables, the curves become surfaces, so we can define level 
surfaces for functions of three variables. 


Note: 

Definition 

Given a function f (x, y, z) and a number c in the range of f, a level surface of a function of 
three variables is defined to be the set of points satisfying the equation f (x, y, z) = c. 


Example: 
Exercise: 


Problem: 
Finding a Level Surface 


Find the level surface for the function f (x, y, z) = 4x? + 9y? — z? corresponding to c = 1. 


Solution: 


The level surface is defined by the equation 4x? + 9y? — z? = 1. This equation describes a 
hyperboloid of one sheet as shown in the following figure. 


c=2 c=3 


A hyperboloid of one sheet with some of its level surfaces. 


Note: 
Exercise: 


Problem: Find the equation of the level surface of the function 


Equation: 


g(a, y,z) =a? +y? + 27 — Qe + 4y — 6z 


corresponding to c = 2, and describe the surface, if possible. 
Solution: 


(2 — 1)? + (y+ 2)? + (z— 3)” = 16 describes a sphere of radius 4 centered at the point 
CON 


Hint 


Set g(x, y, z) = c and complete the square. 


Key Concepts 


° The graph of a function of two variables is a surface in IR® and can be studied using level 
curves and vertical traces. 
e A set of level curves is called a contour map. 


Key Equations 


e Vertical trace 
f(a,y) =zforz =aor f (z,b) =zfory=b 
e Level surface of a function of three variables 
f(z,y,z) =c 


For the following exercises, evaluate each function at the indicated values. 
Exercise: 


Problem: W(z, y) = 4x? + y. Find W(2, —1), W(—3, 6). 


Solution: 


17, 72 


Exercise: 


Problem: W(z,y) = 4x? + y*. Find W(2+h,3 +h). 


Exercise: 


Problem: 


The volume of a right circular cylinder is calculated by a function of two variables, 
V(a, y) = 7x7y, where z is the radius of the right circular cylinder and y represents the 
height of the cylinder. Evaluate V(2, 5) and explain what this means. 


Solution: 


207. This is the volume when the radius is 2 and the height is 5. 
Exercise: 
Problem: 
An oxygen tank is constructed of a right cylinder of height y and radius x with two 
hemispheres of radius x mounted on the top and bottom of the cylinder. Express the volume of 


the cylinder as a function of two variables, x and y, find V(10, 2), and explain what this 
means. 


For the following exercises, find the domain of the function. 
Exercise: 


Problem: V(z, y) = 4x7 + y” 


Solution: 


All points in the xy-plane 


Exercise: 
Problem: f(z, y) = \/z?+ y? —4 
Exercise: 


Problem: f(z, y) = 4In(y? — x) 


Solution: 

g<y? 
Exercise: 

Problem: g(x, y) = \/16 — 4x? — y? 
Exercise: 


Problem: z(x,y) = y? — x” 


Solution: 


All real ordered pairs in the xy-plane of the form (a, b) 


Exercise: 


Problem: f(x,y) = “2 


ge 


Find the range of the functions. 


Exercise: 
Problem: g(x, y) = ./16 — 4x? — y? 
Solution: 
{z|0 <z< 4} 

Exercise: 


Problem: V(x, y) = 4x7 + y? 


Exercise: 


Problem: z = y? — x” 


Solution: 


The set R 


For the following exercises, find the level curves of each function at the indicated value of c to 
visualize the given function. 
Exercise: 


2 


Problem: z(x,y) = y* — x7,c=1 


Exercise: 


Problem: z(x,y) = y* — x7,c = 4 
Solution: 


y” — x? = 4, ahyperbola 


Exercise: 


Problem: 9(z, y) = x7 + y?;c =4,c=9 


Exercise: 


Problem: g(z, y) = 4—2x2—y;c=0,4 


Solution: 


4=2+y, aline; x + y = 0, line through the origin 


Exercise: 


Problem: f(z, y) = ry;c = 1;c = —-1 


Exercise: 


Problem: h(x, y) = 2x — y;c = 0, —2,2 


Solution: 
y = 2; three lines 


26 Y= 0, 29S — 207 


Exercise: 


Problem: f(z, y) = x? — y;c = 1,2 


Exercise: 
Problem: g(x, y) = 5 ;c=—1,0,2 
Solution: 

ay = 1, aa = ae 
Exercise: 


Problem: g(x,y) = x° — y;c = —1,0,2 


Exercise: 
Problem: 9(z, y) = €4,3¢ = $3 
Solution: 


1 
ey= 5, eY=3 


Exercise: 


Problem: f(x,y) = x7;c = 4,9 


Exercise: 
Problem: f(z, y) = ry — x;c = —2,0,2 


Solution: 


ey—-x=-2, esy—x=O0,ry-—x2=2 


Exercise: 


Problem: h(x, y) = In(x? + y”);¢ = —1,0,1 


Exercise: 
Problem: g(x, y) = In (-4);c = —2,0,2 


Solution: 


Exercise: 


Problem: z = f(z,y) = 2? + y’2,c=3 


Exercise: 


Problem: f(x,y) = ae c = any constant 
Solution: 


The level curves are parabolas of the form y = cx? — 2. 


For the following exercises, find the vertical traces of the functions at the indicated values of x and 
y, and plot the traces. 
Exercise: 


Problem: z = 4— x2 — y;x = 2 


Exercise: 


Problem: f(z, y) = 3x +y°,z =1 
Solution: 


z=3+y°, a curve in the zy-plane with rulings parallel to the x-axis 


Exercise: 
Problem: z = cos/z? + y? «4 =1 


Find the domain of the following functions. 
Exercise: 


Problem: z = \/100 — 4x? — 25y? 


Solution: 


2 


@yvey 
25 4 — 


Exercise: 


Problem: z = In (x — y”) 


Exercise: 
Problem: f(z, y, z) = FS 
Solution: 


ey x ie 
og eae 


Exercise: 


Problem: f(z, y, z) = \/49 — «2 —-y2— 2 


Exercise: 


Problem: f(z, y, z) = °/16 —7?—y— 2 
Solution: 


All points in zyz-space 


Exercise: 
Problem: f(x,y) = cos,/«? + y? 


For the following exercises, plot a graph of the function. 
Exercise: 


Problem: z = f(x,y) = 27+ y? 


Solution: 


100 


Exercise: 


Problem: z = x? + y’ 


Exercise: 


Problem: Use technology to graph z = xy. 


Solution: 


Sketch the following by finding the level curves. Verify the graph using technology. 
Exercise: 


Problem: f(z, y) = \/4— «2 —y? 


Exercise: 


Problem: f(x,y) = 2 — ./x? +y? 


Solution: 


Exercise: 


Problem: z = 1 +e” -¥” 


Exercise: 


Problem: z = cos/x? + y? 


Solution: 


Exercise: 
eaaias, ae 2 
Problem: z = y* — « 


Exercise: 


Problem: Describe the contour lines for several values of c for z = 2” + y? — 2a — 2y. 
Solution: 


The contour lines are circles. 


Find the level surface for the functions of three variables and describe it. 
Exercise: 


Problem: w(z, y, z) = x — 2y+z,c=4 
Exercise: 

Problem: w(z, y,z) =z? +y?+27,c=9 

Solution: 


a? + y* + z? = 9, a sphere of radius 3 


Exercise: 


Problem: w(z, y,z) = 27+ y? — z7,c= —4 
Exercise: 

Problem: w(z, y,z) = 2? +y? — 27,c=4 

Solution: 

x? + y? — z? = 4, a hyperboloid of one sheet 
Exercise: 


Problem: w(z, y, z) = 92? — 4y” + 36z7,c =0 


For the following exercises, find an equation of the level curve of f that contains the point P. 
Exercise: 


Problem: f(z, y) = 1 — 4x” — y’, P(0,1) 
Solution: 


4? +4? = 1, 


Exercise: 


Problem: 9(z, y) = y’arctan x, P(1, 2) 


Exercise: 
Problem: g(x, y) = e7¥(x? + y”), P(1, 0) 
Solution: 


1 = e™(x? + y?) 
Exercise: 


Problem: 


The strength & of an electric field at point (, y, z) resulting from an infinitely long charged 
wire lying along the y-axis is given by E(z, y, z) = k/ a x? + y?, where k is a positive 
constant. For simplicity, let k = 1 and find the equations of the level surfaces for 

E = 10and EF = 100. 


Exercise: 


Problem: 


A thin plate made of iron is located in the xy-plane. The temperature T’ in degrees Celsius at 
a point P (x, y) is inversely proportional to the square of its distance from the origin. Express 
T as a function of x and y. 


Solution: 

T(z,y) = eae 
Exercise: 

Problem: 


Refer to the preceding problem. Using the temperature function found there, determine the 
proportionality constant if the temperature at point P (1, 2) is 50°C. Use this constant to 
determine the temperature at point Q (3, 4). 


Exercise: 
Problem: 


Refer to the preceding problem. Find the level curves for T = 40°C and T = 100°C, and 
describe what the level curves represent. 


Solution: 


ety? = EZ, ety? = aa The level curves represent circles of radii Vv 10k/ 20 and 


Vk/10 


Glossary 


contour map 
a plot of the various level curves of a given function f (2, y) 


function of two variables 
a function z = f (a, y) that maps each ordered pair (2, y) in a subset D of R? to a unique real 
number z 


graph of a function of two variables 
a set of ordered triples (x, y, z) that satisfies the equation z = f (z, y) plotted in three- 
dimensional Cartesian space 


level curve of a function of two variables 
the set of points satisfying the equation f (x, y) = c for some real number c in the range of f 


level surface of a function of three variables 
the set of points satisfying the equation f (x, y, z) = c for some real number c in the range of 


i 


surface 
the graph of a function of two variables, z = f (z, y) 


vertical trace 
the set of ordered triples (c, y, z) that solves the equation f (c, y) = z for a given constant 
x = cor the set of ordered triples (x, d, z) that solves the equation f (x, d) = z for a given 
constant y = d 


Limits and Continuity 


¢ Calculate the limit of a function of two variables. 

e Learn how a function of two variables can approach different values at a boundary point, depending on 
the path of approach. 

e State the conditions for continuity of a function of two variables. 

e Verify the continuity of a function of two variables at a point. 

¢ Calculate the limit of a function of three or more variables and verify the continuity of the function at a 
point. 


We have now examined functions of more than one variable and seen how to graph them. In this section, we 
see how to take the limit of a function of more than one variable, and what it means for a function of more 
than one variable to be continuous at a point in its domain. It turns out these concepts have aspects that just 
don’t occur with functions of one variable. 


Limit of a Function of Two Variables 
Recall from The Limit of a Function the definition of a limit of a function of one variable: 


Let f (x) be defined for all z 4 a in an open interval containing a. Let L be a real number. Then 
Equation: 


lim f(z) = L 


if for every € > 0, there exists ad > 0, such that if 0 < |x — a| < 6 forall x in the domain of f, then 
Equation: 


|f (x) —L] <e. 


Before we can adapt this definition to define a limit of a function of two variables, we first need to see how to 
extend the idea of an open interval in one variable to an open interval in two variables. 


Note: 

Definition 

Consider a point (a, b) € R*. A 6 disk centered at point (a, b) is defined to be an open disk of radius 6 
centered at point (a, b)—that is, 

Equation: 


{(z,y) E R?|(x =a) +(y—by < et 


as shown in the following graph. 


-15-1-05 0 05 1 15 2 25 3 35* 


A 6 disk centered around the point (2, 1). 


The idea of a 6 disk appears in the definition of the limit of a function of two variables. If 6 is small, then all 
the points (z, y) in the 6 disk are close to (a, b). This is completely analogous to x being close to a in the 
definition of a limit of a function of one variable. In one dimension, we express this restriction as 
Equation: 


a-—d<2a2<at+0o. 


In more than one dimension, we use a 6 disk. 


Note: 

Definition 

Let f be a function of two variables, x and y. The limit of f (x, y) as (a, y) approaches (a, b) is L, written 
Equation: 


lim zy =L 
caiman?! ¥) 
if for each € > 0 there exists a small enough 6 > 0 such that for all points (z, y) in a 6 disk around (a, b), 
except possibly for (a, b) itself, the value of f (x, y) is no more than ¢ away from L ((link]). Using symbols, 


we write the following: For any € > 0, there exists a number 6 > 0 such that 
Equation: 


|f (x,y) — L| < e whenever 0 < / @oey nny <6. 


e—neighborhood 
of L 


TTI ERY ——_—————— image of 

"1 5 disk 
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The limit of a function involving two variables requires that f (x, y) be 
within ¢ of L whenever (z, y) is within 6 of (a, b). The smaller the value 
of e, the smaller the value of 6. 


Proving that a limit exists using the definition of a limit of a function of two variables can be challenging. 
Instead, we use the following theorem, which gives us shortcuts to finding limits. The formulas in this 
theorem are an extension of the formulas in the limit laws theorem in The Limit Laws. 


Note: 

Limit laws for functions of two variables 

Let f (x, y) and g (a, y) be defined for all (x, y) 4 (a, b) in a neighborhood around (a, b), and assume the 
neighborhood is contained completely inside the domain of f. Assume that Z and M are real numbers such 


that lim  f(z,y)=Land_ lim g(x,y) = M, and let c be a constant. Then each of the following 
(x,y) (a,b) (x,y) (a,b) 


statements holds: 
Constant Law: 
Equation: 


lim c= 
(x,y) (a,b) 


Identity Laws: 
Equation: 


lim «=a 


(x,y)>(a,b) 
Equation: 
lim =0b 
esGa 
Sum Law: 
Equation: 


im Get e@y))=L—M 
(e,y) (a,b) 


Difference Law: 
Equation: 


(f (a, y) —g(2,y)) =L-—M 


lim 
(x,y) (a,b) 


Constant Multiple Law: 
Equation: 


(cf (x,y)) = cL 


lim 
(x,y) (a,b) 


Product Law: 
Equation: 


(f (z,y)9(z,y)) = LM 


lim 
(x,y) (a,b) 


Quotient Law: 
Equation: 


ee LCR 
(z,y)>(a,b) g (a, y) M 


Power Law: 
Equation: 


lim | (f(z,y))" = L" 


m 
(z,y) (a,b) 
for any positive integer n. 


Root Law: 
Equation: 


 f (ey) = VE 


lim 
(x,y) (a,b) 


for all L if n is odd and positive, and for L > 0 if n is even and positive. 


The proofs of these properties are similar to those for the limits of functions of one variable. We can apply 
these laws to finding limits of various functions. 


Example: 
Exercise: 


Problem: 
Finding the Limit of a Function of Two Variables 


Find each of the following limits: 


: oe De = 
a. Pees (x ZABU) ae SUP = Aap Se a) 6) 
b. li 22+3y 
(«) 0,1) 84 


Solution: 


a. First use the sum and difference laws to separate the terms: 
Equation: 


lim x? — Qay + 3y* — 4r + 3y —6 
(x,y) >(2,-1) ( d y y ) 


= ( lim 2’) _ ( lim 221) at ( lim ay) = ( lim tz) 
(x,y) >(2,-1) (z,y)>(2,-1) (z,y)>(2,-1) (z,y)>(2,-1) 
+(,,,88 3) a (a3 09): 


Next, use the constant multiple law on the second, third, fourth, and fifth limits: 
Equation: 


= ( lim 2’) -2( lim wu) +3( lim 7) -4( lim c) 
(z,y)>(2,-1) (z,y)>(2,-1) (z,y)>(2,-1) (z,y)>(2,-1) 


te (a0) Sener 


Now, use the power law on the first and third limits, and the product law on the second limit: 
Equation: 


2 2 
= (3m?) a a ( 38») ii 3( tim _yu) 


-4( lim x) +3/ lim v) - lim 6. 
(z,y)>(2,-1) (z,y)>(2,-1) (z,y)>(2,-1) 


Last, use the identity laws on the first six limits and the constant law on the last limit: 


Jim " (x? — Qay + 3y? — 4a + 8y—6) = (2)? —2(2)(-1) + 3(-1)? — 4(2) + 3(-1) -6 
ZY) —(2,— 


= =. 
b. Before applying the quotient law, we need to verify that the limit of the denominator is nonzero. 
Using the difference law, constant multiple law, and identity law, 


Equation: 


lim 4a — 3 = lim 42 — lim 3 
meee y) (z,y)>(2,-1) (x,y) >(2,-1) 


=4( lim r) -3( lim s) 
(x,y) (2,1) (z,y)>(2,-1) 


= 4(2) —3(-1) =11. 


Since the limit of the denominator is nonzero, the quotient law applies. We now calculate the limit 
of the numerator using the difference law, constant multiple law, and identity law: 
Equation: 


lm  (2¢+3y) = lim 27+ lim 3y 
(x,y) >(2,-1) (x,y) (2,1) (x,y) (2,1) 


= (uit?) oe (.a38_»%) 


Therefore, according to the quotient law we have 


Equation: 
li 2 3 
2 +3y sent) 4 
enc =) te=ay © Dimas) 0 il 
zy i aes az 
(z,y)>(2,-1) 
Note: 
Exercise: 


Problem: Evaluate the following limit: 


Equation: 
lim ; caret a) 
(x,y) (5,—2) y? + 6b = 1 ; 


Solution: 
2 
lim ‘/ a 
G@y5G,-2¥ ete1 2 
Hint 


Use the limit laws. 


Since we are taking the limit of a function of two variables, the point (a, b) is in R?, and it is possible to 
approach this point from an infinite number of directions. Sometimes when calculating a limit, the answer 
varies depending on the path taken toward (a, b). If this is the case, then the limit fails to exist. In other words, 
the limit must be unique, regardless of path taken. 


Example: 
Exercise: 


Problem: 
Limits That Fail to Exist 


Show that neither of the following limits exist: 


" (w,y)+(0,0) 382° +9" 
Any? 


be aaito 0) BaF 


Solution: 


a5 
point (0, 0) ({link]). To show that the limit does not exist as (x, y) approaches (0, 0), we note that it 
is impossible to satisfy the definition of a limit of a function of two variables because of the fact 
that the function takes different values along different lines passing through point (0, 0). First, 
consider the line y = 0 in the zy-plane. Substituting y = 0 into f (z, y) gives 

Equation: 


a. The domain of the function f(z, y) = : consists of all points in the zy-plane except for the 


2x (0) 


0) = >=,_,, =0 
jf (#,0) 3x2 + 02 


for any value of x. Therefore the value of f remains constant for any point on the x-axis, and as y 
approaches zero, the function remains fixed at zero. 

Next, consider the line y = x. Substituting y = z into f (a, y) gives 

Equation: 


This is true for any point on the line y = z. If we let x approach zero while staying on this line, the 
value of the function remains fixed at > regardless of how small z is. 

Choose a value for ¢ that is less than 1/2—say, 1/4. Then, no matter how small a 6 disk we draw 
around (0, 0), the values of f (a, y) for points inside that 6 disk will include both 0 and >. 


Therefore, the definition of limit at a point is never satisfied and the limit fails to exist. 


Graph of the function 
Fas) = zg (Ga. + y’). Along the line 
y = 0, the function is equal to zero; along the line 
y = 2, the function is equal to 7 


In a similar fashion to a., we can approach the origin along any straight line passing through the 
origin. If we try the x-axis (i.e., y = 0), then the function remains fixed at zero. The same is true 
for the y-axis. Suppose we approach the origin along a straight line of slope k. The equation of this 
line is y = ka. Then the limit becomes 


Equation: 


hia dry? F 4x(kx)” 


(x,y) (0,0) *’ +39" = (x,y)>(0,0) 22-+3(kz)* 


: A4k223 
1m = Sr 
(x,y) (0,0) © +3ki2* 


2. 
= lim —*2_ 
(x,y) (0,0) 1+3k42? 


lim (4k?2) 
lim  (1+3k42z?) 
(x,y)>(0,0) 


=0 


regardless of the value of k. It would seem that the limit is equal to zero. What if we chose a curve 
passing through the origin instead? For example, we can consider the parabola given by the 
equation z = y’. Substituting y? in place of z in f (2, y) gives 


Equation: 


day? = iFrra 4 (y’) ay 


(wy)(0,0) +30" ~ (@,y)-4(0,0) @)+3¥4 


4 


li dy 
(2,y)»(0,0) ¥ +3 


= ihm 
(x,y) (0,0) 
= il, 


By the same logic in a., it is impossible to find a 6 disk around the origin that satisfies the definition 


2 
of the limit for any value of ¢ <1. Therefore, lim —*v"— does not exist. 
(x,y)>(0,0) +3" 


Note: 
Exercise: 


Problem: Show that 
Equation: 
(a=2) (y= 1) 
im 5 5 
(2,921) (2 — 2)° + (y— 1) 


does not exist. 
Solution: 


If y = k(a — 2) +1, then ae a ee = ies . Since the answer depends on k, the limit 
LU) me te ome O= 


fails to exist. 


Hint 


Pick a line with slope & passing through point (2, 1). 


Interior Points and Boundary Points 


To study continuity and differentiability of a function of two or more variables, we first need to learn some 
new terminology. 


Note: 
Definition 
Let S be a subset of R? ([link]). 


1. A point Pp is called an interior point of S if there is a 6 disk centered around Pp contained completely 
in S. 

2. A point Pp is called a boundary point of S if every 6 disk centered around Pp contains points both 
inside and outside S. 


In the set S shown, (—1, 1) is an interior point 
and (2, 3) is a boundary point. 


Note: 
Definition 
Let S be a subset of R? ({link)). 


1. S is called an open set if every point of S is an interior point. 
2. S is called a closed set if it contains all its boundary points. 


An example of an open set is a 6 disk. If we include the boundary of the disk, then it becomes a closed set. A 
set that contains some, but not all, of its boundary points is neither open nor closed. For example if we include 
half the boundary of a 6 disk but not the other half, then the set is neither open nor closed. 


Note: 
Definition 
Let S be a subset of R? ((link]). 


1. An open set S'is a connected set if it cannot be represented as the union of two or more disjoint, 
nonempty open subsets. 
2. A set S is a region if it is open, connected, and nonempty. 


The definition of a limit of a function of two variables requires the 6 disk to be contained inside the domain of 
the function. However, if we wish to find the limit of a function at a boundary point of the domain, the 6 disk 
is not contained inside the domain. By definition, some of the points of the 6 disk are inside the domain and 
some are outside. Therefore, we need only consider points that are inside both the 6 disk and the domain of the 
function. This leads to the definition of the limit of a function at a boundary point. 


Note: 

Definition 

Let f be a function of two variables, x and y, and suppose (a, b) is on the boundary of the domain of f. 
Then, the limit of f (a, y) as (x, y) approaches (a, b) is L, written 

Equation: 


lim z,y)=L, 
eye) 2) 
if for any € > 0, there exists a number 6 > 0 such that for any point (z, y) inside the domain of f and within 
a suitably small distance positive 6 of (a, b), the value of f (x, y) is no more than € away from L ((link)). 


Using symbols, we can write: For any € > 0, there exists a number 6 > O such that 
Equation: 


|f (x,y) — L| < e whenever 0 < t eee es 


Example: 
Exercise: 


Problem: 
Limit of a Function at a Boundary Point 


Pies lim V 25 — a? — y= 0. 


ry) (4,3 
Solution: 


The domain of the function f (x, y) = ./25 — a? — y? is {(x,y) € R’|a? + y’ < 25}, which is a 
circle of radius 5 centered at the origin, along with its interior as shown in the following graph. 


Domain of the function 


f (vy) = 25 — 2? — 


We can use the limit laws, which apply to limits at the boundary of domains as well as interior points: 
Equation: 


lim 25-a?-y = lim (25 — a? — y?) 
(2,y)>(4,3) (x,y) (4,3) 


= lm 25- lim 2?- lim y 
(x,y) (4,3) (x,y) (4,3) (z,y)>(4,3) 

= V25 — 42 — 32 

= (0), 


See the following graph. 


(x, y) a 25 =e y? 


Graph of the function 
f (2, y) = 25 — a? —y. 


Note: 
Exercise: 


Problem: Evaluate the following limit: 
Equation: 


lim  W/29-—2?-y?. 


(x,y) (5,—2) 


Solution: 
lim 29 — x? — ¥ 
oho 


Hint 


Determine the domain of f (x, y) = 1/29 — 2? — y?. 


Continuity of Functions of Two Variables 


In Continuity, we defined the continuity of a function of one variable and saw how it relied on the limit of a 
function of one variable. In particular, three conditions are necessary for f (x) to be continuous at point 


r=a. 


1. f (a) exists. 
2. lim f (x) exists. 


3, lim (x) = f (a). 


ra 


These three conditions are necessary for continuity of a function of two variables as well. 


Note: 
Definition 
A function f(«, y) is continuous at a point (a, b) in its domain if the following conditions are satisfied: 


1. f (a, b) exists. 


Dy \utaa L exists. 
(x,y)>(a, yt (2,9) 


lim f(x,y) = f (a,). 


* (ey)>(ab) 


Example: 
Exercise: 


Problem: 
Demonstrating Continuity for a Function of Two Variables 


Show that the function f(z, y) = a2 is continuous at point (5, —3). 


Solution: 


There are three conditions to be satisfied, per the definition of continuity. In this example, a = 5 and 
b= —3. 


1. f (a, b) exists. This is true because the domain of the function f consists of those ordered pairs for 
which the denominator is nonzero (i.e., + y+ 1 £0). Point (5, —3) satisfies this condition. 
Furthermore, 

Equation: 


(Guero) OE Eo, 


2. lim _ f(z, y) exists. This is also true: 
(x,y) (a,b) 


Equation: 


iE = : 3x+2y 
(eaten? (2,9) (og tb, 3) erytl 


(x wan (5, es 


COS) 
15—6 
Haarell 


= 3. 


3. is f (x, y) = f (a,b). This is true because we have just shown that both sides of this 
x,y) (a 


equation equal three. 


Note: 
Exercise: 


Problem: Show that the function f (x, y) = ./26 — 2x? — y? is continuous at point (2, —3). 


Solution: 


1. The domain of f contains the ordered pair (2, —3) because 


f(a, 6) = f(2,—3) = 4/16 — 2(2)° - (3) =3 


2 ii aN 

(oat (¥) 

L im seen ae 
ena, 


Hint 


Use the three-part definition of continuity. 


Continuity of a function of any number of variables can also be defined in terms of delta and epsilon. A 
function of two variables is continuous at a point (29, yo) in its domain if for every ¢ > 0 there exists a d > 0 


such that, whenever Ve — xo)’ + (y— yo)” < ditis true, |f (x,y) — f (a, b)| < e. This definition can be 


combined with the formal definition (that is, the epsilon—delta definition) of continuity of a function of one 
variable to prove the following theorems: 


Note: 

The Sum of Continuous Functions Is Continuous 

If f (x, y) is continuous at (x9, yo), and g (2, y) is continuous at (x9, yo), then f (x, y) + g(z, y) is 
continuous at (20, yo). 


Note: 
The Product of Continuous Functions Is Continuous 
If g(x) is continuous at xo and h (y) is continuous at yo, then f (x, y) = g(x)h (y) is continuous at (Zo, yo). 


Note: 

The Composition of Continuous Functions Is Continuous 

Let g be a function of two variables from a domain D C R? toa range R C R. Suppose g is continuous at 
some point (9, yo) € D and define zp = g (xo, yo). Let f be a function that maps R to R such that Zp is in 
the domain of f. Last, assume f is continuous at zo. Then f © g is continuous at (29, yo) as shown in the 
following figure. 


OO Oo 
Z 
range of g 
domain of g domain of f range of f 


The composition of two continuous functions is continuous. 


Let’s now use the previous theorems to show continuity of functions in the following examples. 


Example: 
Exercise: 


Problem: 
More Examples of Continuity of a Function of Two Variables 


Show that the functions f (a, y) = 4x°y? and g(z, y) = cos (42°y’) are continuous everywhere. 


Solution: 


The polynomials g (x) = 4° and h (y) = y? are continuous at every real number, and therefore by the 
product of continuous functions theorem, f (a, y) = 4x°y’ is continuous at every point (2, y) in the 
ry-plane. Since f (x, y) = 4x%y” is continuous at every point (2, y) in the zy-plane and g(x) = cosz 
is continuous at every real number z, the continuity of the composition of functions tells us that 

Gila.) cos (42°) is continuous at every point (x, y) in the ry-plane. 


Note: 
Exercise: 


Problem: 
Show that the functions f (x, y) = 2zy? + 3 and g(z, y) = (2a “+ 3)" are continuous everywhere. 


Solution: 


The polynomials g (a) = 2? and h (y) = y? are continuous at every real number; therefore, by the 
product of continuous functions theorem, f (x, y) = 2x?y? is continuous at every point (2, y) in the 
xy-plane. Furthermore, any constant function is continuous everywhere, so g (x, y) = 3 is continuous 
at every point (, y) in the xy-plane. Therefore, f (x, y) = 2a7y° + 3 is continuous at every point 
(a, y) in the zy-plane. Last, h (x) = x* is continuous at every real number z, so by the continuity of 
composite functions theorem g (zx, y) = (age - 3)" is continuous at every point (z, y) in the 
xry-plane. 


Hint 


Use the continuity of the sum, product, and composition of two functions. 


Functions of Three or More Variables 


The limit of a function of three or more variables occurs readily in applications. For example, suppose we 
have a function f (2, y, z) that gives the temperature at a physical location (2, y, z) in three dimensions. Or 
perhaps a function g (2, y, z, t) can indicate air pressure at a location (2, y, z) at time t. How can we take a 
limit at a point in R°? What does it mean to be continuous at a point in four dimensions? 


The answers to these questions rely on extending the concept of a 6 disk into more than two dimensions. Then, 
the ideas of the limit of a function of three or more variables and the continuity of a function of three or more 
variables are very similar to the definitions given earlier for a function of two variables. 


Note: 

Definition 

Let (0, yo, 20) be a point in IR. Then, a 6 ball in three dimensions consists of all points in R® lying at a 
distance of less than 6 from (20, yo, 20) —that is, 

Equation: 


{ev zjeR’ 


Ve aero yo) leo) a}. 


To define a 6 ball in higher dimensions, add additional terms under the radical to correspond to each 
additional dimension. For example, given a point P = (wo, Zo, yo, Zo) in R‘, a 6 ball around P can be 
described by 

Equation: 


{(w,214)2) ER! 


(w — wo)” + (x - ao)” = yo)” + (z- 20)" <q sh. 


To show that a limit of a function of three variables exists at a point (xo, yo, 20), it suffices to show that for 
any point in a 6 ball centered at (0, yo, Zo), the value of the function at that point is arbitrarily close to a fixed 
value (the limit value). All the limit laws for functions of two variables hold for functions of more than two 
variables as well. 


Example: 
Exercise: 


Problem: 
Finding the Limit of a Function of Three Variables 


2 ray 
Find lim we. 
(w,y,z)4(4,1,-3) 229-2 


Solution: 


Before we can apply the quotient law, we need to verify that the limit of the denominator is nonzero. 
Using the difference law, the identity law, and the constant law, 
Equation: 


lim (20+ 5y—z) =2 ( lim r) +5 ( lim ) — ( lim 2) 
(x,y,z) >(4,1,—3) (x,y,z) >(4,1,-3) (x,y,z) >(4,1,-3) (x,y,z) >(4,1,—3) 
= 2(4) +5 (1) — (-3) 
= 16. 


Since this is nonzero, we next find the limit of the numerator. Using the product law, difference law, 
constant multiple law, and identity law, 
Equation: 


2 
lim (x?y—3z) = ( lim c) ( lim ) —3 lim a 
(x,y,z) >(4,1,-3) (x,y,z) >(4,1,—3) (x,y,z) (4,1,-3) (x,y,z) (4,1,-3) 
= (4?) (1) — 3(—3) 


= 16+9 
= 25), 
Last, applying the quotient law: 
Equation: 
i Bin 
x?y—3z = eae Pica 32) 
(x,y,z irl 1,-3) ees ee Pees 3 
— 25 
Sarl Gis 
Note: 
Exercise: 


Problem: Find lim /13 — 2? — Qy?t 2. 
(x,y,z) >(4,-1,3) 


Solution: 


4/13 — 2? — 2y? + 22 =2 
(x,y,z ae —1,3) 
Hint 


Use the limit laws and the continuity of the composition of functions. 


Key Concepts 


e To study limits and continuity for functions of two variables, we use a 6 disk centered around a given 
point. 

e A function of several variables has a limit if for any point in a 6 ball centered at a point P, the value of 
the function at that point is arbitrarily close to a fixed value (the limit value). 

e The limit laws established for a function of one variable have natural extensions to functions of more 
than one variable. 

e A function of two variables is continuous at a point if the limit exists at that point, the function exists at 
that point, and the limit and function are equal at that point. 


For the following exercises, find the limit of the function. 
Exercise: 


Problem: lim cz 
(x,y) (1,2) 


Exercise: 


Problem: lim 22 
(xy) (1,2) +8 


Solution: 


2.0 
Exercise: 
Problem: 


Show that the limit lim cad 
(x,y) >(0,0) * TY 


exists and is the same along the paths: y-axis and z-axis, and along 
y=2. 


For the following exercises, evaluate the limits at the indicated values of x and y. If the limit does not exist, 
state this and explain why the limit does not exist. 
Exercise: 


: . 4a?+10y°+4 
Problem: ‘in to) Te 10y+6 


Solution: 
2 
3 
Exercise: 
Problem: lim 4/ — 
(,y)+(11,13) V 74 
Exercise: 


Problem: lim “2% 
(z,y)>(0,1) * 


Solution: 


Exercise: 


Problem: lim =o (5) 


(x,y) (0,0 x—y+10 
Exercise: 
t 
Problem: im y 
(x,y) (7/4,1) yt 
Solution: 
elt 
2 
Exercise: 


Problem: lim feel? 
(x,y) (0,7/4) z—tan y 


Exercise: 


Problem: lim (4-4) 
(x,y) (2,5) \* y 


Solution: 


wR 


Exercise: 


Problem: lim czlny 


(x,y) (4,4) 

Exercise: 

Problem: lim e-*~”” 
(x,y) (4,4) 

Solution: 

e732 

Exercise: 

Problem: lim (/9—22— 72 
(x,y)—>(0,0) 

Exercise: 


Problem: lim gy — vy? + 3242 
aight y ey ¥) 


Solution: 


11.0 


Exercise: 


Problem: lim  <czsin (=) 


(x,y)>(a,7) 
Exercise: 
Problem: li need 
(2,y) (0,0) +1 
Solution: 
1.0 
Exercise: 
2 2 
Problem: lim —=—— 
(x,y)+(0,0) V/2?+y¥+1-1 
Exercise: 


. 24142 
Problem: ante (x +y ) 


Solution: 


The limit does not exist because when z and y both approach zero, the function approaches In 0, which is 
undefined (approaches negative infinity). 


For the following exercises, complete the statement. 
Exercise: 


Problem: A point (zo, yo) in a plane region R is an interior point of R if 


Exercise: 


Problem: A point (20, yo) in a plane region R is called a boundary point of R if 
Solution: 


every open disk centered at (2, yo) contains points inside R and outside R 


For the following exercises, use algebraic techniques to evaluate the limit. 
Exercise: 


xz—y—-1 


Problem: see ml 


Exercise: 


: 4_4,A4 
Problem: lim tt 
(x,y) (0,0) * T*¥ 


Solution: 


0.0 


Exercise: 


Problem: lim “—“ 
(x,y)(0,0) *~¥ 


Exercise: 


2 
Problem: lim ~~ 
robles M00) V2-V3 


Solution: 


0.00 


For the following exercises, evaluate the limits of the functions of three variables. 
Exercise: 


2 
Problem: i ages 
eu (,y,2)>(12,3) "1 


Exercise: 


ay me) 
Problem: lim pain EZ 
(x,y,z) >(0,0,0) * +¥°-2 


Solution: 


The limit does not exist. 


For the following exercises, evaluate the limit of the function by determining the value the function 
approaches along the indicated paths. If the limit does not exist, explain why not. 
Exercise: 


Problem: lim zy ty 
(x,y)(0,0) 7 +¥ 


a. Along the z-axis (y = 0) 
b. Along the y-axis (2 = 0) 
c. Along the path y = 2z 


Exercise: 


3 
Problem: Evaluate lim 2% 
(x,y) (0,0) * TY 


using the results of previous problem. 


Solution: 


The limit does not exist. The function approaches two different values along different paths. 


Exercise: 


Problem: lim —, 
ee ee a)-00) BEF 


a. Along the x-axis (y = 0) 
b. Along the y-axis (x = 0) 
c. Along the path y = x? 


Exercise: 
2 
Problem: Evaluate a card using the results of previous problem. 
xz,y)—>(0,0 
Solution: 


The limit does not exist because the function approaches two different values along the paths. 


Discuss the continuity of the following functions. Find the largest region in the xy-plane in which the 
following functions are continuous. 
Exercise: 


Problem: f(z, y) = sin(y) 
Exercise: 
Problem: f(z, y) = In(z + y) 
Solution: 
The function f is continuous in the region y > —a. 


Exercise: 


Problem: f(x,y) = e°*Y 


Exercise: 


Problem: f(z, y) = a 


Solution: 


The function f is continuous at all points in the zy-plane except at (0,0). 


For the following exercises, determine the region in which the function is continuous. Explain your answer. 
Exercise: 


Problem: f(z, y) = a 


Exercise: 


ma tot ey al 


(Hint: Show that the function approaches different values along two different paths.) 


Solution: 


The function is continuous at (0, 0) since the limit of the function at (0, 0) is 0, the same value of 
f(0,0). 


Exercise: 


5 2 
Problem: /(z,y) = aw) 


Exercise: 


ry? 


Problem: Determine whether g(x,y) = =- 7 is continuous at (0,0). 


Solution: 


The function is discontinuous at (0, 0). The limit at (0, 0) fails to exist and g(0, 0) does not exist. 
Exercise: 


Problem: 


Create a plot using graphing software to determine where the limit does not exist. Determine the region 
of the coordinate plane in which f(z, y) = is continuous. 


xy 
Exercise: 


Problem: 


Determine the region of the zy-plane in which the composite function g(x, y) = arctan ( oe ) is 


continuous. Use technology to support your conclusion. 


Solution: 
Since the function arctan z is continuous over (—oo, 00), g(x, y) = arctan (35) is continuous 
where z = ar is continuous. The inner function z is continuous on all points of the zy-plane except 
where y = —2. Thus, g(x, y) = arctan (25) is continuous on all points of the coordinate plane 
except at points at which y = —z. 

Exercise: 
Problem: 


Determine the region of the xy-plane in which f(x, y) = In(z? + y? — 1) is continuous. Use 
technology to support your conclusion. (Hint: Choose the range of values for x and y carefully!) 


Exercise: 


Problem: At what points in space is g(x, y, z) = x + y” — 2z” continuous? 


Solution: 


All points P(2, y, z) in space 


Exercise: 


Problem: At what points in space is g(x, y, z) = continuous? 


il. 
etz72—1 


Exercise: 


Problem: Show that lim —, does not exist at (0, 0) by plotting the graph of the function. 
(x,y) (0,0) * +¥ 


Solution: 


The graph increases without bound as x and y both approach zero. 


1.0 


Exercise: 
Problem: 
[T] Evaluate ra a we by plotting the function using a CAS. Determine analytically the limit along 
zy =2 rb 
the path z = y’. 


Exercise: 


Problem: [T] 


a. Use a CAS to draw a contour map of z = \/9 — x? — y?. 

b. What is the name of the geometric shape of the level curves? 
c. Give the general equation of the level curves. 

d. What is the maximum value of z? 

e. What is the domain of the function? 

f. What is the range of the function? 


Solution: 


da. 


b. The level curves are circles centered at (0,0) with radius 9 —c.c.27+y2=9-—cd.z=3e. 
{(2,y) € RJa2+ y? <9} 8 {2]0<z< 3} 


Exercise: 


Problem: 


True or False: If we evaluate et ' f(z) along several paths and each time the limit is 1, we can 
x,y)—(0,0 


conclude that lim f(x) =1. 
(x,y) (0,0) 


Exercise: 


Problem: 


.. 
Use polar coordinates to find lim sinvoty 
(x,y)>(0,0) Va?+¥ 


. You can also find the limit using L’ H6pital’s rule. 
Solution: 
1.0 


Exercise: 


Problem: Use polar coordinates to find lim cos (a? + y’). 
z,y)—(0,0) 


Exercise: 
Problem: Discuss the continuity of f(g(x, y)) where f(t) = 1/t and g(a, y) = 2a — 5y. 
Solution: 


f (g(a, y)) is continuous at all points (x, y) that are not on the line 2z — 5y = 0. 


Exercise: 


Problem: Given f(z, y) = x? — 4y, find lim Jeihieiew) 
=> 


Exercise: 


Problem: Given f(z, y) = x? — 4y, find lim Oy 
—' 


Solution: 


2.0 


Glossary 


boundary point 
a point Py of R is a boundary point if every 6 disk centered around Pp contains points both inside and 
outside R 


closed set 
a set S that contains all its boundary points 


connected set 
an open set S' that cannot be represented as the union of two or more disjoint, nonempty open subsets 


6 disk 
an open disk of radius 6 centered at point (a, b) 


6 ball 
all points in IR? lying at a distance of less than 6 from (29, yo, 20) 


interior point 
a point Py of R is a boundary point if there is a 6 disk centered around Po contained completely in R 


open set 
a set S' that contains none of its boundary points 


region 
an open, connected, nonempty subset of R? 


Partial Derivatives 


e Calculate the partial derivatives of a function of two variables. 

¢ Calculate the partial derivatives of a function of more than two variables. 
Determine the higher-order derivatives of a function of two variables. 
Explain the meaning of a partial differential equation and give an example. 


Now that we have examined limits and continuity of functions of two variables, we can proceed to study 
derivatives. Finding derivatives of functions of two variables is the key concept in this chapter, with as 
many applications in mathematics, science, and engineering as differentiation of single-variable functions. 
However, we have already seen that limits and continuity of multivariable functions have new issues and 
require new terminology and ideas to deal with them. This carries over into differentiation as well. 


Derivatives of a Function of Two Variables 


When studying derivatives of functions of one variable, we found that one interpretation of the derivative 
is an instantaneous rate of change of y as a function of x. Leibniz notation for the derivative is dy/dz, 
which implies that y is the dependent variable and z is the independent variable. For a function 

z = f(z, y) of two variables, x and y are the independent variables and z is the dependent variable. This 
raises two questions right away: How do we adapt Leibniz notation for functions of two variables? Also, 
what is an interpretation of the derivative? The answer lies in partial derivatives. 


Note: 

Definition 

Let f (a, y) be a function of two variables. Then the partial derivative of f with respect to x, written as 
Of /Ozx, or fz, is defined as 

Equation: 


Of > tm Oe TY) ~ F (29) 


Dae shes h 


The partial derivative of f with respect to y, written as Of /Oy, or fy, is defined as 
Equation: 


Of i TE Ay sa ER) 
1m 
Oy k=0 k 


This definition shows two differences already. First, the notation changes, in the sense that we still use a 
version of Leibniz notation, but the d in the original notation is replaced with the symbol 0. (This rounded 
“qd” is usually called “partial,” so Of /Ox is spoken as the “partial of f with respect to z.”) This is the first 
hint that we are dealing with partial derivatives. Second, we now have two different derivatives we can 
take, since there are two different independent variables. Depending on which variable we choose, we can 
come up with different partial derivatives altogether, and often do. 


Example: 
Exercise: 


Problem: 
Calculating Partial Derivatives from the Definition 


Use the definition of the partial derivative as a limit to calculate Of /Ox and Of /Oy for the function 
Equation: 


f(a,y) = a7 — 3ay + 2y? — 4a + By — 12. 


Solution: 


First, calculate f (x + h, y). 
Equation: 


f@+hy) —@th) —3(e+h)yt 2y? —4(@ Fh) + 5y— 12 
=e" 1 2¢h +h? — 32y — Shy + 2y° — 4a — 4h by — 12. 


Next, substitute this into [link] and simplify: 
Equation: 


f(ethy)— f(x,y) 
h 


(a?+2ah+h?—3ry—3hy+2y?—4a—4h+5y—12) —(a?—3ay+2y’—40+5y— 12) 
h—0 h 


=e x’ +2¢h+h?—3ry—3hyt2y?—4¢ eae 12—27+43xy—2y?+42—5y+12 
h-0 

= sla Qeh+h?—3hy—4h 
h>0 

Se h(2a+h—3y—4) 
h-0 


= lim (2 + h — 3y — 4) 
= 22 — 3y — 4. 


To calculate - first calculate f (x, y +h): 
Equation: 


f(e+h,y) =2?-—3e(y+h)+2(y+h)? —4e+5(y+h)—12 
S40 = Bey = Se) ba ae a sb ee se ye eh = 


Next, substitute this into [link] and simplify: 
Equation: 


Of _ jigy Howth) sles) 


a i 
y h>0 

eee (x? -32y—3ch+2y?+4yh+2h? 42+ 5y+5h—12) — (2?—3ay+2y?—40+5y—12) 
h—0 h 

= lim x? —32y—30h+2y"+4yh+2h?—42+5y+5h—12—27+32ry—2y?+42—5y+12 
h0 h 

Sin —3rh+4yh+2h?+5h 
h—0 h 

aan h(—3a-+4y+2h+5) 
h—>0 y 


= —3r + 4y+5. 


Note: 
Exercise: 


Problem: 


Use the definition of the partial derivative as a limit to calculate 0f/Ox and Of /Oy for the function 
Equation: 


f (a, y) = 4a? + Qay — y* + 3a — 2y +5. 


Solution: 


eed OE ey By 


Hint 


Use [link] and [link] from the definition of partial derivatives. 


The idea to keep in mind when calculating partial derivatives is to treat all independent variables, other 
than the variable with respect to which we are differentiating, as constants. Then proceed to differentiate as 
with a function of a single variable. To see why this is true, first fix y and define g(x) = f (x,y) asa 
function of «. Then 

Equation: 


The same is true for calculating the partial derivative of f with respect to y. This time, fix x and define 
h(y) = f (a, y) asa function of y. Then 
Equation: 


All differentiation rules from Introduction to Derivatives apply. 


Example: 
Exercise: 


Problem: 
Calculating Partial Derivatives 


Calculate Of /Ox and Of /Oy for the following functions by holding the opposite variable constant 
then differentiating: 


a. f (2,y) = 2? — Bay + 2y? — 42 + 5y — 12 
b. g(x, y) = sin (xy — 2x + 4) 


Solution: 


a. To calculate Of /Oz, treat the variable y as a constant. Then differentiate f (x, y) with respect to 
x using the sum, difference, and power rules: 
Equation: 


of = LZ [a — 3ay + 2y? — 4a + By — 12] 


= £ |x| — 2 [3acy] + $ [2y’] — A [42] + 2 [by] — 2 [12] 
=p hye =H Le 
= 27 — 3y —4. 


The derivatives of the third, fifth, and sixth terms are all zero because they do not contain the 
variable z, so they are treated as constant terms. The derivative of the second term is equal to 
the coefficient of x, which is —3y. Calculating Of /Oy: 

Equation: 


= 
y y 
— @ (e) (e) (e) (e) te) 
= ey |e" | _ 3, Bry] + by [2y’| _ y 42] + y (Sy! - 3, [12] 
= 32 +4y-0+5-0 
= —3e + 4y + 5. 


ee Bay + 2y? — 4a + 5y — 12] 


These are the same answers obtained in [link]. 
b. To calculate 0g/Oz, treat the variable y as a constant. Then differentiate g (x, y) with respect to 


X using the chain rule and power rule: 
Equation: 


#o = = [sin (a?y = 27 -- 4)| 
cos (xy — 2x + 4) ~ [z?y — 2a +4] 


(2xy — 2)cos (x?y — 2a + 4). 


To calculate Og/Oy, treat the variable x as a constant. Then differentiate g (a, y) with respect to 
y using the chain rule and power rule: 


Equation: 
“= = ee [sin (aay = 22 + 4)| 
COS (a?y — 22 ++ 4) — [a?y — 2x + 4 
= 2’ cos (a?y — 22 + 4). 
Note: 
Exercise: 
Problem: 


Calculate Of /Ox and Of /Oy for the function f (x, y) = tan (ae = sa-y + 2y*) by holding the 
opposite variable constant, then differentiating. 


Solution: 
oe = (3a? — 6ay)sec” (x? — 3a7y? + 2y*) 
of 


3y = (—6a7y + 8y*)sec” (2? — 3a7y? + 2y*) 
Hint 


Use [link] and [link] from the definition of partial derivatives. 


How can we interpret these partial derivatives? Recall that the graph of a function of two variables is a 
surface in R*. If we remove the limit from the definition of the partial derivative with respect to 2, the 
difference quotient remains: 

Equation: 


f(x@t+h,y) —f(z,y) 
h 


This resembles the difference quotient for the derivative of a function of one variable, except for the 
presence of the y variable. [link] illustrates a surface described by an arbitrary function z = f (a, y). 


Zz 
(x, y, f(x, y)) 


secant line 


(x + h,y, f(x + h, y)) 


Secant line passing through the points (2, y, f (z, y)) 
and (a +h, y, f (a +h, y)). 


In [link], the value of h is positive. If we graph f (x, y) and f (x + h, y) for an arbitrary point (2, y), then 
the slope of the secant line passing through these two points is given by 
Equation: 


fie+h,y)—f(2,y) 
h 


This line is parallel to the z-axis. Therefore, the slope of the secant line represents an average rate of 
change of the function f as we travel parallel to the z-axis. As h approaches zero, the slope of the secant 
line approaches the slope of the tangent line. 


If we choose to change y instead of « by the same incremental value h, then the secant line is parallel to 
the y-axis and so is the tangent line. Therefore, Of /Ox represents the slope of the tangent line passing 
through the point (2, y, f (a, y)) parallel to the z-axis and Of /Oy represents the slope of the tangent line 
passing through the point (x, y, f (x, y)) parallel to the y-axis. If we wish to find the slope of a tangent 
line passing through the same point in any other direction, then we need what are called directional 
derivatives, which we discuss in Directional Derivatives and the Gradient. 


We now return to the idea of contour maps, which we introduced in Functions of Several Variables. We can 
use a contour map to estimate partial derivatives of a function g (2, y). 


Example: 
Exercise: 


Problem: 
Partial Derivatives from a Contour Map 


Use a contour map to estimate 0g/Oz at the point (v5, 0) for the function 
g(t,y) = /9-a? -y?. 
Solution: 


The following graph represents a contour map for the function g (x, y) = ./9 — a? — y?. 


Contour map for the function 
9(2,y) = V9 — 2? — y?, using 
Co — 0,0 Zand (e— 3 
corresponds to the origin). 


The inner circle on the contour map corresponds to c = 2 and the next circle out corresponds to 

c = 1. The first circle is given by the equation 2 = v) 9 — x? — y?; the second circle is given by the 
equation 1 = Vy 9 — x? — y?. The first equation simplifies to x? + y” = 5 and the second equation 
simplifies to x? + y? = 8. The x-intercept of the first circle is (v5, 0) and the x-intercept of the 


second circle is (2v2, 0) . We can estimate the value of Og/Ozx evaluated at the point (v5 ; 0) 


using the slope formula: 


Equation: 
Og g (v5, 0) —@g (2v2, 0) 9-1 1 oe 
Ox (ew) = (v5.0) - VED VLD | Vaasa 


To calculate the exact value of Og/Ozx evaluated at the point (v5, 0) , we Start by finding 0g/Ox 


using the chain rule. First, we rewrite the function as g(x,y) = \/9 — 22 — y2 = (9-2? — y?) 2 


and then differentiate with respect to z while holding y constant: 
Equation: 


Next, we evaluate this expression using 7 = V5 and y = 0: 
Equation: 
og 
Ox 


(z,y)=(v5,0) 


The estimate for the partial derivative corresponds to the slope of the secant line passing through the 
points (v 5,0,9 (v5, 0)) and (2v 2,0,9 (av a: 0)) . Itrepresents an approximation to the slope 


of the tangent line to the surface through the point (v5 30), @) (v 5, 0) ) , which is parallel to the 
x-axis. 


Note: 
Exercise: 


Problem: Use a contour map to estimate Of /Oy at point (0, J 2) for the function 
Equation: 


f(a,y) =a? -y’. 


Compare this with the exact answer. 


Solution: 

Using the curves corresponding to c = —2 and c = —3, we obtain 

of QE OB Ee Gen pene 
ANC op asie Caen = Re re ee 


The exact answer is 


Of 
Oy 


(z,y)=(0,v2) = (— 241 .4)=(0,v3) = —2/2 = —2.828. 


Hint 


Create a contour map for f using values of c from —3 to 3. Which of these curves passes through point 


(0, v2) ? 


Functions of More Than Two Variables 


Suppose we have a function of three variables, such as w = f (a, y, z). We can calculate partial derivatives 
of w with respect to any of the independent variables, simply as extensions of the definitions for partial 
derivatives of functions of two variables. 


Note: 

Definition 

Let f (a, y, z) be a function of three variables. Then, the partial derivative of f with respect to x, written 
as Of /Ox, or fz, is defined to be 

Equation: 


Of é CaO td ei) 
eh —_—_—_—_—_—SS=_—_ ss 
Ox h>0 h 


The partial derivative of f with respect to y, written as Of /Oy, or fy, is defined to be 
Equation: 


of — im 29 t 2) = Fez) 
Oy = _k0 k 


The partial derivative of f with respect to z, written as Of /Oz, or fz, is defined to be 
Equation: 


Of Hn fez tm) — F(z) 
Oz = m0 m 


We can calculate a partial derivative of a function of three variables using the same idea we used for a 
function of two variables. For example, if we have a function f of x, y, and z, and we wish to calculate 
Of /Ox, then we treat the other two independent variables as if they are constants, then differentiate with 
respect to x. 


Example: 
Exercise: 


Problem: 
Calculating Partial Derivatives for a Function of Three Variables 


Use the limit definition of partial derivatives to calculate Of /Ox for the function 
Equation: 


f (x,y,z) = a — 3ay 4+ Qy* — 4arz + 5y2” — 12% + 4y — 3z. 


Then, find Of /Oy and Of /Oz by setting the other two variables constant and differentiating 
accordingly. 


Solution: 


We first calculate Of /Ox using [link], then we calculate the other two partial derivatives by holding 
the remaining variables constant. To use the equation to find Of /Oz, we first need to calculate 


f(at+h,y, 2): 
Equation: 
f(at+h,y,z) =(e@+h)?-3(e@+h)y+ 2y? —4(@ +h)z + 5yz? —12(@ +h) + 4y — 3z 
=a? + 2eh+ h? — 3ay — 32h +4 2y”? — 4az — 4hz + 5yz” — 122 — 12h + 4y — 3z 


and recall that f (a, y,z) = x? — 3ay + 2y” — 4zx + 5yz? — 12x + 4y — 3z. Next, we substitute 
these two expressions into the equation: 


Equation: 
inh x?+2th+h?—3xy—3hy+2y?—42z—4hz+5yz?—-122—-12h+4y—3z 
Ge A-0 e 
= x? —3xy+2y?—4rz+5yz"—122+4y—3z 
h 
P 2eth+h?—3hy—4hz—12h 
= lim i 
h-0 R 
ean h(2a+h—3y—42—12) 
h-+0 y 


= lim (22 + h — 3y — 4z — 12) 
= Sp 


Then we find Of /Oy by holding x and z constant. Therefore, any term that does not include the 
variable y is constant, and its derivative is zero. We can apply the sum, difference, and power rules 
for functions of one variable: 

Equation: 


Fae Seka ae SORES — 12x + 4y — 32] 
= 3 [2?] — [Bey] + 3 [27] — Hl4e2] + 3 [5y2"] — J [122] + 3 [4] — 3,182] 
= 0-—32+4y—0+527-04+4-0 

= Pipe dy te Be oe dl 


To calculate Of /Oz, we hold x and y constant and apply the sum, difference, and power rules for 
functions of one variable: 
Equation: 

2 eg — 3ay + Qy? — daz + 5yz? — 122 + 4y — 32| 
= £ [x?] — # [Bay] oF a [2y?] — 2 [4ez] + # [Byz?] — # [122] + 2 [Ay] - # [32] 
=0—-0+0- 42+ 10yz—-0+0-3 
= —4x + 10yz — 3. 


Note: 
Exercise: 


Problem: Use the limit definition of partial derivatives to calculate Of /Ox for the function 
Equation: 


Tees — Qa? — Ag?y + 2y" + 5az* — 6x + 3z—8. 


Then find Of /Oy and Of /Oz by setting the other two variables constant and differentiating 
accordingly. 


Solution: 


-- = dr — 8ry + 527 —6, 3 = —Az? + dy, -- = hg se 


Hint 


Use the strategy in the preceding example. 


Example: 
Exercise: 


Problem: 
Calculating Partial Derivatives for a Function of Three Variables 


Calculate the three partial derivatives of the following functions. 
_ awy—Aaz+y? 
PEGA) Sa weareegeee 
b. g(a, y, Z) = sin (x?y — z) +. cos (a? — yz) 


Solution: 


In each case, treat all variables as constants except the one whose partial derivative you are 
calculating. 


or _. & |S 


Or ~Sti«ES x= 3yz 


- (a?y—4az+y?) (a—3yz)—(a?2y—4az+y") ~ (a—3yz) 
(—3yz)” 
(2ay—4z)(a—3yz)—(a?2y—4xz+y") (1) 
(a—3yz)” 
2a?y—6ay?z—4rz412yz?—27y+4a2z—y? 
(—3yz)” 
x? y—6xy"?z—4az+12yz7+4rz-y? 
2 
(x—3yz) 


Of _ 6 | x*y—4az+y" 
Oy — ~Oy a—3yz 


= (a?y—4az+-y") (x—3yz)—(x?y—4az+y") = (x—3yz) 
(2 By)" 
(a?-+2y) (x—3yz) —(x?y—422+y") (—3z) 
(a—3yz)” 
x —327yz+2ry—by2z+3272yz—1222z7+3y2z 
(o—3y2)" 
x°+2ry—3y?z—1222z7 
(2—By2)" 
Of — 6 | a*y—4ezty? 
Oz Oz a—3yz 
2 (a?y—4az+-y") (x—3yz)—(x?y—4az+y") Zé (x—3yz) 
(2—3y2)" 
(—4e) (a—3yz)—(a?y—4xz+-y") (—3y) 
(e—3yz)’ 
4x? +12xyz+3x7y?—12ryz+3y? 

(2—3y2)" 
—427+327y?+3y? 

(@—3y2)" 

d) : 

~ = iS [sin tre = z) + cos (ge = yz) | 

= (cos (x*y — z)) ge (w*y — 2) — (sin (x* — yz)) ge (@* — v2) 
= 2zy cos (a?y = z) — 2¢ sin (ae = yz) 

Cie, fb) : a 2 

aka 3, (sin (Ge = z) + cos (x — yz)| 
b. = (cos (ay — z)) a (a?y — z) — (sin (x? — yz)) naa — yz) 


= x’ cos (xy — z) + zsin (2? — yz) 


_ — a [sin (a?y = z) + cos (ee — yz) | 
= (cos (a?y z)) o (eu z) (sin Ge _ yz)) 2 (x? _ yz) 


= —Ccos (a?y = z) + ysin (ae = yz) 


Note: 
Exercise: 


Problem: 


Calculate Of /Ox, Of /Oy, and Of /Oz for the function f (x, y, z) = sec (xy) — tan ee). 


Solution: 
~~ = dry sec (x?y)tan (xy) = 3a7yz"sec” (x? yz") 
dy = "sec (x”y)tan (xy) — 232sec? (2*y2”) 
= = —2a%yz sec” (x? yz”) 
Hint 


Use the strategy in the preceding example. 


Higher-Order Partial Derivatives 


Consider the function 
Equation: 


f(z, y) = 2a? — 4ay? + 5y? — Gay + 5a — 4y + 12. 
Its partial derivatives are 


Equation: 


OF 
Ox 


) 
6x” — 4y” — 6y +5 and 3 = —8xy + 15y? — 6x — 4. 


Each of these partial derivatives is a function of two variables, so we can calculate partial derivatives of 
these functions. Just as with derivatives of single-variable functions, we can call these second-order 
derivatives, third-order derivatives, and so on. In general, they are referred to as higher-order partial 
derivatives. There are four second-order partial derivatives for any function (provided they all exist): 
Equation: 


a) [22 a) [2s af a 22] ef a [2 


dx? Ox | Ox dxdy Ox | dy dydx Oy | Ox Oy? Oy | dy 


An alternative notation for each is frz, fyx, fry, and fy,, respectively. Higher-order partial derivatives 
calculated with respect to different variables, such as f,, and fy, are commonly called mixed partial 
derivatives. 


Example: 
Exercise: 


Problem: 
Calculating Second Partial Derivatives 


Calculate all four second partial derivatives for the function 
Equation: 


f (x,y) = ze-*” + sin (2a — 5y). 


Solution: 


To calculate 0? f /dx? and 0? f /Oydzx, we first calculate Of /Ox: 
Equation: 


lip e *Y + 2cos (2x — 5y). 
Ox 


To calculate 0? f/dx?, differentiate Of /Ox with respect to x: 
Equation: 


Onn =£|¢ 4 
Oz? 8. 
£le 39 + 2 cos (2x — 5y)| 
= —Asin (2x — 5y). 


To calculate 0? f /OyOz, differentiate Of /Ox with respect to y: 
Equation: 
of 
y | oe | 


(é) 

0 
= a [e~39 + 2 cos (2x — 5y)| 
= —3e*¥ + 10 sin (2x — 5y). 


Of 
OyOx 


To calculate 0? f/Oxdy and 0? f /dy’, first calculate Of /Oy: 
Equation: 


= —3xe* — 5 cos (2a — 5y). 


To calculate 0? f /Oxdy, differentiate Of /Oy with respect to x: 
Equation: 


a -#(¥ 
OxOy Ox | Oy 
= £|-32e~*Y — 5 cos (2x — 5y)| 


= —3e~*¥ + 10 sin (2x — 5y). 


To calculate 07 f/Oy’, differentiate Of /Oy with respect to y: 
Equation: 


a 
y 
= = [—3ae~*¥ — 5 cos (2¢ — 5y)| 


= 9xe~*Y — 25 sin (2x — By). 


Note: 
Exercise: 


Problem: Calculate all four second partial derivatives for the function 


Equation: 
f (x, y) = sin (3a — 2y) + cos (a + 4y). 
Solution: 
of = —9sin (3x — 2y) — cos (a + 4y) 
a . 

as = 6sin (32 — 2y) — 4 cos (az + 4y) 
a é 

= = 6sin (32 — 2y) — 4 cos (az + 4y) 

2 . 
a8 = —Asin (32 — 2y) — 16 cos (x + 4y) 

Hint 


Follow the same steps as in the previous example. 


At this point we should notice that, in both [link] and the checkpoint, it was true that 
0? f /OxOy = 0? f /OyOx. Under certain conditions, this is always true. In fact, it is a direct consequence 
of the following theorem. 


Note: 

Equality of Mixed Partial Derivatives (Clairaut’s Theorem) 

Suppose that f (x, y) is defined on an open disk D that contains the point (a, b). If the functions fzy and 
fy are continuous on D, then fz, — fys- 


Clairaut’s theorem guarantees that as long as mixed second-order derivatives are continuous, the order in 
which we choose to differentiate the functions (i.e., which variable goes first, then second, and so on) does 
not matter. It can be extended to higher-order derivatives as well. The proof of Clairaut’s theorem can be 
found in most advanced calculus books. 


Two other second-order partial derivatives can be calculated for any function f (x, y). The partial 
derivative f,2 is equal to the partial derivative of f, with respect to x, and fy, is equal to the partial 


derivative of fy with respect to y. 


Partial Differential Equations 


In Introduction to Differential Equations, we studied differential equations in which the unknown function 
had one independent variable. A partial differential equation is an equation that involves an unknown 
function of more than one independent variable and one or more of its partial derivatives. Examples of 
partial differential equations are 

Equation: 


2 
ut = C” (tax + Uy) 
(heat equation in two dimensions) 
Equation: 
__ 22 
Utt =C (Ure + tay) 
(wave equation in two dimensions) 
Equation: 


(Laplace’s equation in two dimensions) 


In the first two equations, the unknown function u has three independent variables—t, z, and y—and c is 
an arbitrary constant. The independent variables x and y are considered to be spatial variables, and the 
variable ¢ represents time. In Laplace’s equation, the unknown function u has two independent variables 
x and y. 


Example: 
Exercise: 


Problem: 
A Solution to the Wave Equation 


Verify that 
Equation: 


u(a,y,t) = 5 sin (372z)sin (47ry)cos (107) 
is a solution to the wave equation 
Equation: 


Ut = 4 (ise <r ayy) 


Solution: 


First, we calculate uz, Ure, and Uyy: 
Equation: 


= 2[5 sin (3ma)sin (4ny) (—107 sin (107t))] 
— #[-50n sin (37 )sin (47ry)sin (10zt)| 
= —5007?sin (37z)sin (47ry)cos (107t) 


es = Fr lee 


- Fe llba cos (37a) sin (47ry)cos (107t)] 
= —4b57?sin (37x)sin (47y)cos (107t) 
— || Ge 
m= [8 
= 2 [sin (3nz) (4m cos (4ny))cos (107t)] 
= = [207 sin (37x)cos (47ry)cos (107t)] 
= —807?sin (372)sin (47ry)cos (107). 


Next, we substitute each of these into the right-hand side of [link] and simplify: 
Equation: 


4 (Ugg + Uy) = 4(—457’sin (37x)sin (47ry)cos (107t) + —807?sin (37z)sin (47ry)cos (107t)) 
= 4 (—1257’sin (37a)sin (47y)cos (107t)) 
= —5007?sin (37z)sin (47ry)cos (107) 


= Utt- 


This verifies the solution. 


Note: 
Exercise: 


Problem: Verify that u (zx, y,t) = 2 sin ($)sin (S)e%/ 16 is a solution to the heat equation 
Equation: 


Ut = 9 (lige IF tay 
Hint 


Calculate the partial derivatives and substitute into the right-hand side. 


Since the solution to the two-dimensional heat equation is a function of three variables, it is not easy to 
create a visual representation of the solution. We can graph the solution for fixed values of t, which 


amounts to snapshots of the heat distributions at fixed times. These snapshots show how the heat is 
distributed over a two-dimensional surface as time progresses. The graph of the preceding solution at time 
t = 0 appears in the following figure. As time progresses, the extremes level out, approaching zero as ¢ 
approaches infinity. 


20 


If we consider the heat equation in one dimension, then it is possible to graph the solution over time. The 
heat equation in one dimension becomes 
Equation: 


2 
Ut = C Ucar, 


where c? represents the thermal diffusivity of the material in question. A solution of this differential 
equation can be written in the form 
Equation: 

ating? pi: 
) —e™ mict 


ig (Bt sin (mz) 


where m is any positive integer. A graph of this solution using m = 1 appears in [link], where the initial 
temperature distribution over a wire of length 1 is given by u(x, 0) = sin 7a. Notice that as time 
progresses, the wire cools off. This is seen because, from left to right, the highest temperature (which 
occurs in the middle of the wire) decreases and changes color from red to blue. 


12.5 | Pp ux o 
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2.5 
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Graph of a solution of the heat equation in one dimension over time. 


Note: 
Lord Kelvin and the Age of Earth 


(a) (b) 


(a) William Thomson (Lord Kelvin), 1824-1907, was a British physicist and electrical 
engineer; (b) Kelvin used the heat diffusion equation to estimate the age of Earth 
(credit: modification of work by NASA). 


During the late 1800s, the scientists of the new field of geology were coming to the conclusion that Earth 
must be “millions and millions” of years old. At about the same time, Charles Darwin had published his 
treatise on evolution. Darwin’s view was that evolution needed many millions of years to take place, and 
he made a bold claim that the Weald chalk fields, where important fossils were found, were the result of 
300 million years of erosion. 

At that time, eminent physicist William Thomson (Lord Kelvin) used an important partial differential 
equation, known as the heat diffusion equation, to estimate the age of Earth by determining how long it 
would take Earth to cool from molten rock to what we had at that time. His conclusion was a range of 

20 to 400 million years, but most likely about 50 million years. For many decades, the proclamations of 
this irrefutable icon of science did not sit well with geologists or with Darwin. 


Note: 
Read Kelvin’s paper on estimating the age of the Earth. 


Kelvin made reasonable assumptions based on what was known in his time, but he also made several 
assumptions that turned out to be wrong. One incorrect assumption was that Earth is solid and that the 
cooling was therefore via conduction only, hence justifying the use of the diffusion equation. But the most 
serious error was a forgivable one—omission of the fact that Earth contains radioactive elements that 
continually supply heat beneath Earth’s mantle. The discovery of radioactivity came near the end of 
Kelvin’s life and he acknowledged that his calculation would have to be modified. 

Kelvin used the simple one-dimensional model applied only to Earth’s outer shell, and derived the age 
from graphs and the roughly known temperature gradient near Earth’s surface. Let’s take a look at a more 
appropriate version of the diffusion equation in radial coordinates, which has the form 

Equation: 


BD es ta 
ot Or  r Ori| 


Here, T (r, t) is temperature as a function of r (measured from the center of Earth) and time t. K is the 
heat conductivity—for molten rock, in this case. The standard method of solving such a partial differential 
equation is by separation of variables, where we express the solution as the product of functions 
containing each variable separately. In this case, we would write the temperature as 

Equation: 


tk. 


N 


3 


T (r,t) = R(r)f (t): 


Substitute this form into [link] and, noting that f(¢) is constant with respect to distance (7) and R(r) 
is constant with respect to time (¢), show that 
Equation: 


1 af _ Kar , 2 aR 
f at R| Or r Or | 


. This equation represents the separation of variables we want. The left-hand side is only a function of 


t and the right-hand side is only a function of r, and they must be equal for all values of r and t. 
Therefore, they both must be equal to a constant. Let’s call that constant —?. (The convenience of 
this choice is seen on substitution.) So, we have 

Equation: 


== and a 
f Of R 


ee wey) 
Or? r Or ; 


Now, we can verify through direct substitution for each equation that the solutions are f(t) = Ae» 
and R(r) = B(22%") + C (£89), where a = d/VK. Note that f(t) = Ae is also a valid 
solution, so we could have chosen +? for our constant. Can you see why it would not be valid for 
this case as time increases? 

Let’s now apply boundary conditions. 


a. The temperature must be finite at the center of Earth, r = 0. Which of the two constants, B or 
C, must therefore be zero to keep R finite at r = 0? (Recall that sin(ar)/r > a =asr — 0, 
but cos(ar)/r behaves very differently.) 

b. Kelvin argued that when magma reaches Earth’s surface, it cools very rapidly. A person can 
often touch the surface within weeks of the flow. Therefore, the surface reached a moderate 
temperature very early and remained nearly constant at a surface temperature T’,. For simplicity, 
let’s set T = Oat r = Re and find a such that this is the temperature there for all time t. 
(Kelvin took the value to be 300 K = 80°F. We can add this 300 K constant to our solution 
later.) For this to be true, the sine argument must be zero at r = Rg. Note that a has an infinite 
series of values that satisfies this condition. Each value of @ represents a valid solution (each 
with its own value for A). The total or general solution is the sum of all these solutions. 

c. Att = 0, we assume that all of Earth was at an initial hot temperature 7 (Kelvin took this to be 
about 7000 K. ) The application of this boundary condition involves the more advanced 
application of Fourier coefficients. As noted in part b. each value of @,, represents a valid 
solution, and the general solution is a sum of all these solutions. This results in a series solution: 
Equation: 


Tr 


fo : 
Dirt) — (4% | SD A re nD) ere On = 11/ Ry: 
n 


n 


jl 


Note how the values of a, come from the boundary condition applied in part b. The term is the 
TT 


constant A, for each term in the series, determined from applying the Fourier method. Letting 6 = ase 


examine the first few terms of this solution shown here and note how 2? in the exponential causes the 
higher terms to decrease quickly as time progresses: 
Equation: 


T(r,t) 


Tr 


iy Ra (~ (sin Br) — Le~4K 6" (sin 26r) + Le 9K" (sin ~) 


— te 6K (sin 46r) + Le-5K" (sin 5 Br)... 


Near time t = 0, many terms of the solution are needed for accuracy. Inserting values for the conductivity 
K and 6 = 7/ Rg for time approaching merely thousands of years, only the first few terms make a 
significant contribution. Kelvin only needed to look at the solution near Earth’s surface ({link]) and, after a 
long time, determine what time best yielded the estimated temperature gradient known during his era 

(1°F increase per 50 ft). He simply chose a range of times with a gradient close to this value. In [link], 
the solutions are plotted and scaled, with the 300 — K surface temperature added. Note that the center of 
Earth would be relatively cool. At the time, it was thought Earth must be solid. 
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(a) (b) 


Temperature versus radial distance from the center of Earth. (a) Kelvin’s results, plotted to scale. (b) 
A close-up of the results at a depth of 4.0 mi below Earth’s surface. 


Epilog 
On May 20, 1904, physicist Ernest Rutherford spoke at the Royal Institution to announce a revised 
calculation that included the contribution of radioactivity as a source of Earth’s heat. In Rutherford’s own 


words: 

“T came into the room, which was half-dark, and presently spotted Lord Kelvin in the audience, and 
realised that I was in for trouble at the last part of my speech dealing with the age of the Earth, where my 
views conflicted with his. To my relief, Kelvin fell fast asleep, but as I came to the important point, I saw 
the old bird sit up, open an eye and cock a baleful glance at me. 

Then a sudden inspiration came, and I said Lord Kelvin had limited the age of the Earth, provided no new 
source [of heat] was discovered. That prophetic utterance referred to what we are now considering tonight, 
radium! Behold! The old boy beamed upon me.” 

Rutherford calculated an age for Earth of about 500 million years. Today’s accepted value of Earth’s age 
is about 4.6 billion years. 


Key Concepts 


e A partial derivative is a derivative involving a function of more than one independent variable. 

e To calculate a partial derivative with respect to a given variable, treat all the other variables as 
constants and use the usual differentiation rules. 

e Higher-order partial derivatives can be calculated in the same way as higher-order derivatives. 


Key Equations 


e Partial derivative of f with respect to x 
OF _ Jinn fethw) flew) 
t  A0 & 
¢ Partial derivative of f with respect to y 
Of = lim f(x,ytk)— f(x,y) 
Oy 0 : 


For the following exercises, calculate the partial derivative using the limit definitions only. 
Exercise: 


Problem: 5— for z = x? — 3ay+y? 


Exercise: 


Problem: By forz = x2? — 3ay+y? 


Solution: 
me = —3x + 2y 


For the following exercises, calculate the sign of the partial derivative using the graph of the surface. 


Exercise: 


Problem: f,(1, 1) 


Exercise: 


Problem: f,(—1, 1) 
Solution: 


The sign is negative. 


Exercise: 


Problem: /,,(1, 1) 


Exercise: 


Problem: /,(0, 0) 
Solution: 


The partial derivative is zero at the origin. 


For the following exercises, calculate the partial derivatives. 
Exercise: 


Problem: 22 for z = sin(3)cos(3y) 


Exercise: 
Problem: %~ for z = sin(3x)cos(3y) 
Solution: 


32 = —3sin(3z)sin(3y) 


Exercise: 


Problem: 22 and for z = x8e*¥ 
Ox Oy 
Exercise: 
. Oz Oz = 6 4 
Problem: -~ and By for z= In (x +y ) 
Solution: 
Oz _ 62° | Oz 4y3 


Be = Fgh} Oy ~ Tay 


Exercise: 


Problem: Find f,(«, y) for f(x, y) = e*¥cos(x)sin(y). 


Exercise: 
Problem: Let z = e”¥. Find 2 and . 
Oz Oy 


Solution: 


Exercise: 


Problem: Let z = In (2). Find _ and oe 
y x y 
Exercise: 
Problem: Let z = tan(2z — y). Find 22 and oe 
Solution: 


_ = 2sec? (2x — y), a = —sec? (22 — y) 


Exercise: 


Problem: Let z = sinh (2x + 3y). Find % and ae 

Exercise: 
Problem: Let f(x,y) = arctan (4). Evaluate f,(2,—2) and fy(2, —2). 
Solution: 


fr (2, —2) = ~ = fy(2, —2) 


Exercise: 


Problem: Let f(z, y) = = Find fz (2, —2) and fy(2, —2). 


Evaluate the partial derivatives at point P(0, 1). 
Exercise: 


Problem: Find 22 at (0,1) for z = e~*cos(y). 


Solution: 


_ = —cos (1) 


Exercise: 
Problem: Given f(z, y, z) = x°yz’, find ae and f,(1,1,1). 


Exercise: 


Problem: Given f(x,y, z) = 2 sin (a + y), find fz (0,4, —4), fy (0, 5, —4), and f, (0, $, —4). 
Solution: 
tz =0, f=; {,=0 
Exercise: 
Problem: 


The area of a parallelogram with adjacent side lengths that are a and b, and in which the angle 
between these two sides is 6, is given by the function A(a, b, 0) = ba sin(). Find the rate of change 
of the area of the parallelogram with respect to the following: 


a. Side a 
b. Side b 
c. Angle 6 


Exercise: 


Problem: Express the volume of a right circular cylinder as a function of two variables: 


a. its radius r and its height h. 

b. Show that the rate of change of the volume of the cylinder with respect to its radius is the product 
of its circumference multiplied by its height. 

c. Show that the rate of change of the volume of the cylinder with respect to its height is equal to 
the area of the circular base. 


Solution: 


a. V(r, h) = ar7hb. a = 2nrhc. — = nr? 


Exercise: 


Problem: Calculate Gu for w = zsin(ry? 4+ 22). 


Find the indicated higher-order partial derivatives. 
Exercise: 


Problem: f,., for z = In(a — y) 


Solution: 


Exercise: 


Problem: f,,, for z = n(x — y) 


Exercise: 


Problem: Let z = x” + 3xy + 2y”. Find ie and oF 
Solution: 


O7z —9 az _ 4 


Ox? > Oy? 
Exercise: 
Problem: Given z = e*tan y, find Oz and 22 
, Oxdy Oydx * 


Exercise: 
Problem: Given f(x, y, z) = xyz, find fryy, fyzy, and fyyz- 


Solution: 


feyy Fycy Fyye 0 


Exercise: 


Problem: Given f(z, y, z) = e sin (z7y), show that foyy = fyey- 


Exercise: 
‘ : . Z : . 2 2 

Problem: Show that z = +(e¥ —e¥)sin z is a solution of the differential equation os + oe 
Solution: 

az _ 1 y -Y\a5 

a = ale =e *)sing 

@z _ l1foy -Y\o5 

7 nes: (e4 — e¥)sin x 
Pz, Gz _ 
dx? dy> 0 


Exercise: 


Problem: Find f,,(z, y) for f(z,y) = oF oh: a 


Exercise: 


Problem: Let f(z, y, z) = x’y?z — 3xy’z? + 5x*z — yz. Find fry:. 
Solution: 


jug = 6y7x _ 18yz” 


Exercise: 


Problem: Let F(x, y,z) = xyz? — 2x°yz+ 3xz— 2y%z. Find Fyy,. 
Exercise: 
Problem: 


Given f(z, y) = x* + a — 3zy + y? — 5, find all points at which f,; = fy = 0 simultaneously. 


Solution: 


(452), (1,1) 
Exercise: 


Problem: 


Given f(z, y) = 2x? + 2ry + y? + 2x — 8, find all points at which of = 0 and Se =0 
simultaneously. 


Exercise: 


Problem: 


Given f(z, y) = y® — 3yx? — 3y? — 3x? + 1, find all points on f at which f; = fy = 0 
simultaneously. 


Solution: 
(0,0), (0,2), (v3, 1), (—v3,-1) 


Exercise: 


Problem: 


Given f(x,y) = 15x* — 3ry + 15y®, find all points at which f,(z,y) = fy(z,y) =0 
simultaneously. 


Exercise: 


= 0. 


: - Ge z 62 oe? 
Problem: Show that z = e*sin y satisfies the equation 53 Oye 


Solution: 


Oz 
Ox? 


— so = e”sin(y) — e*siny = 0 


Exercise: 


Problem: Show that f(z, y) = In (a ~ y’) solves Laplace’s equation ee + 2 9, 


Exercise: 


Problem: Show that z = e ‘cos (2) satisfies the heat equation oe = —e ‘cos (2). 


Solution: 


2 Az 
Ox? 


= e ‘cos (2) 


Exercise: 


Problem: Find lim Heres ei for f(x,y) = —Tx — 2xy + Ty. 
Az-0 sg 


Exercise: 


Problem: Find lim cen eee for f(x, y) = —Tx — 2ry + Ty. 
Ay0 


y 
Solution: 
Of _ 
Exercise: 
. . A : +A. 1g) ? 
Problem: Find Jim ar = Jim Sere for f(z, y) = z?y? + z2y+ y. 
Exercise: 


rs ~ Af _ 4. flat Az,y)—f(z,y) 08 
Problem: Find im, AT Am ae for f(z, y) = sin(zy). 


Solution: 


OF». 
a, = ycos ry 


Exercise: 


Problem: 


The function P(T, V) = ner gives the pressure at a point in a gas as a function of temperature T’ 
and volume V. The letters n and R are constants. Find ae and x and explain what these quantities 
represent. 


Exercise: 


Problem: 


The equation for heat flow in the zy-plane is — = of ef . Show that 


f(x,y, t) = e- “sin z sin y is a solution. 
Exercise: 
Problem: 
The basic wave equation is fz = fr. Verify that f(x, t) = sin(x + t) and f(x,t) = sin(x —t) are 
solutions. 
Exercise: 
Problem: 
The law of cosines can be thought of as a function of three variables. Let x, y, and 6 be two sides of 
any triangle Wace ue angle @ is the included angle between the two sides. Then, 


F(z, y,0) = a? + y? — 2aycos @ gives the square of the third side of the triangle. Find 2 oe z” and af 
when x = 2,y = 3, and@ = =. 


Solution: 


OF OF 
oy = 6, 3 =4-3V3 


Exercise: 


Problem: 


Suppose the sides of a rectangle are changing with respect to time. The first side is changing at a rate 
of 2 in./sec whereas the second side is changing at the rate of 4 in/sec. How fast is the diagonal of the 
rectangle changing when the first side measures 16 in. and the second side measures 20 in.? (Round 
answer to three decimal places.) 


Exercise: 


Problem: 


A Cobb-Douglas production function is f(z, y) = 200x°"y°?, where x and y represent the amount 
of labor and capital available. Let z = 500 and y = 1000. Find of and a at these values, which 


represent the marginal productivity of labor and capital, Sota ad 
Solution: 


oF “~ at (500, 1000) = 172.36, of y at (500, 1000) = 36.93 


Exercise: 


Problem: 


The apparent temperature index is a measure of how the temperature feels, and it is based on two 
variables: h, which is relative humidity, and t, which is the air temperature. 


A = 0.885t — 22.4h + 1.20th — 0.544. Find 34 and $4 when t = 20°F and h = 0.90. 


Glossary 


higher-order partial derivatives 
second-order or higher partial derivatives, regardless of whether they are mixed partial derivatives 


mixed partial derivatives 
second-order or higher partial derivatives, in which at least two of the differentiations are with respect 


to different variables 


partial derivative 
a derivative of a function of more than one independent variable in which all the variables but one are 
held constant 


partial differential equation 
an equation that involves an unknown function of more than one independent variable and one or 


more of its partial derivatives 


Tangent Planes and Linear Approximations 


e Determine the equation of a plane tangent to a given surface at a point. 

e Use the tangent plane to approximate a function of two variables at a point. 

e Explain when a function of two variables is differentiable. 

¢ Use the total differential to approximate the change in a function of two variables. 


In this section, we consider the problem of finding the tangent plane to a surface, 
which is analogous to finding the equation of a tangent line to a curve when the curve 
is defined by the graph of a function of one variable, y = f (x). The slope of the 
tangent line at the point x = a is given by m = f?(a); what is the slope of a tangent 
plane? We learned about the equation of a plane in Equations of Lines and Planes in 
Space; in this section, we see how it can be applied to the problem at hand. 


Tangent Planes 


Intuitively, it seems clear that, in a plane, only one line can be tangent to a curve at a 
point. However, in three-dimensional space, many lines can be tangent to a given 
point. If these lines lie in the same plane, they determine the tangent plane at that 
point. A tangent plane at a regular point contains all of the lines tangent to that point. 
A more intuitive way to think of a tangent plane is to assume the surface is smooth at 
that point (no corners). Then, a tangent line to the surface at that point in any direction 
does not have any abrupt changes in slope because the direction changes smoothly. 


Note: 

Definition 

Let Po = (20, yo, 20) be a point on a surface S, and let C’ be any curve passing 
through Po and lying entirely in S. If the tangent lines to all such curves C’ at Pp lie 
in the same plane, then this plane is called the tangent plane to S at Po ((link)). 


Tangent plane at 
PofXo; Yos Zo} 


Curve C 
passes through 
PofXo; Yo, Zo} 


The tangent plane to a surface S at a point Pp contains all the tangent lines to 
curves in S that pass through Pp. 


For a tangent plane to a surface to exist at a point on that surface, it is sufficient for the 
function that defines the surface to be differentiable at that point, defined later in this 
section. We define the term tangent plane here and then explore the idea intuitively. 


Note: 


Definition 

Let S be a surface defined by a differentiable function z = f (x, y), and let 

Po = (0, yo) be a point in the domain of f. Then, the equation of the tangent plane 
to S at Po is given by 

Equation: 


Z= i lea ie) ae ia Carat) Ge sey) == 1 Ha oy) = 


To see why this formula is correct, let’s first find two tangent lines to the surface S. 
The equation of the tangent line to the curve that is represented by the intersection of 
S with the vertical trace given by x = xo is z = f (x0, yo) + fy (Zo, yo) (y — Yo). 
Similarly, the equation of the tangent line to the curve that is represented by the 
intersection of S with the vertical trace given by y = yo is 

z= f (x0, yo) + fe (£0, Yo) (x — Lo). A parallel vector to the first tangent line is 

a =j+ fy (Xo, yo)k; a parallel vector to the second tangent line is 

b =i+ fz (x0, yo)k. We can take the cross product of these two vectors: 
Equation: 


a xb 


(§+ fy (20, yo)k) x (i+ fe (Lo, Yo)k) 
ij k 
=|0 1 fy(z0, yo) 
1 0 fez (x0, Yo) 
= fr (Zo, Yo)i + Fy (Zo, Yo)i — k. 


This vector is perpendicular to both lines and is therefore perpendicular to the tangent 
plane. We can use this vector as a normal vector to the tangent plane, along with the 
point Pp = (20, yo, f (Zo, yo)) in the equation for a plane: 

Equation: 


n- ((x — to)i+ (y— yo)j + (2 — f (Xo, yo) )k) 
(fe (20, yo)it fy (Xo, yo)j-k) - ((@ — 2o)i + (y— yo)j + (2 — f (0, yo))k) = 
fe (€0, yo) (a — £0) + fy (0, yo) (y — yo) — (2 — Ff (£0, yo)) 


Solving this equation for z gives [link]. 


Example: 
Exercise: 


Problem: 
Finding a Tangent Plane 


Find the equation of the tangent plane to the surface defined by the function 
f (x, y) = 2x? — 3xy + By? + 2x — 4y + 4 at point (2, —1). 


Solution: 


First, we must calculate f, (a, y) and f, (a, y), then use [link] with x» = 2 and 


Oy = =P 
Equation: 
fe(z,y) = 4a-—3y+2 
ile Sse 5 log — 4! 
C=) = HOV = 1) Cie a) ali) egy 
iO.) = 4@O)=8Cp 47216 
AQ 3 (2) + 16(—1) — 4 = —26 


Then [link] becomes 
Equation: 


z= f (x0, yo) + fe (Zo, Yo) (@ — Zo) + fy (Zo, Yo) (Y — Yo) 
z= 344 13 (a2 — 2) — 26(y—- (-1)) 

z= 344 132 — 26 — 26y — 26 

= l sine = PAs) — ler, 


(See the following figure). 


f(x, y) = 2x2 — 8xy + By? + 2x + 4y +4 


Calculating the equation of a tangent plane to a given surface at a given 
point. 


Note: 
Exercise: 


Problem: 


Find the equation of the tangent plane to the surface defined by the function 
f(z, y) =a? — v*y+ y? — 2x + 3y — 2 at point (—1, 3). 


Solution: 


z=7xr+8y-—3 
Hint 


First, calculate f, (x, y) and f, (x, y), then use [link]. 


Example: 
Exercise: 


Problem: 
Finding Another Tangent Plane 


Find the equation of the tangent plane to the surface defined by the function 
f (x, y) = sin (2x)cos (3y) at the point (7/3, 7/4). 


Solution: 


First, calculate f, (x,y) and f, (x, y), then use [link] with x9 = 7/3 and 


yo = 1/4: 
Equation: 
fre(z,y) = 2cos(2z)cos (3y) 
fy(2,y) = —3sin (22)sin (3y) 
ES) = se(O(@ es (Gle)) =(2 =k 
fe ($s 4) = 2cos (2($))cos (3(F)) =2(-3) (-¥F) = ¥ 
fy($,5) = —3sin(2(4))sin (3 (3) = -3 (2) (2) =-5 


Then [link] becomes 
Equation: 


z= f (x0, yo) + fu (£0, yo) (4 — Zo) ae (x0, yo) (y — yo) 
z=—- 42 (e- 2) - 8 (y- 12) 


3 4 4 
ey 3V6 v6 V2 , 3nv6 
hae Cee aan ee ada ag enero ae 


A tangent plane to a surface does not always exist at every point on the surface. 
Consider the function 
Equation: 


The graph of this function follows. 


Bap NO, 9) 


(x, y) = (0, 0) 


x 


Graph of a function that does not have a tangent plane at the origin. 


If either z = 0 or y = 0, then f (x, y) = 0, so the value of the function does not 
change on either the x- or y-axis. Therefore, fz (x,0) = f, (0, y) = 0, so as either 

x or y approach zero, these partial derivatives stay equal to zero. Substituting them 
into [link] gives z = 0 as the equation of the tangent line. However, if we approach the 
origin from a different direction, we get a different story. For example, suppose we 
approach the origin along the line y = z. If we put y = z into the original function, it 
becomes 

Equation: 


a(z) | 


T(e;) oe = — =" 
ge? + (x)? V 22? /2 
When x > 0, the slope of this curve is equal to J 2/ 2; when z < 0, the slope of this 


curve is equal to — (v 2/ 2) . This presents a problem. In the definition of tangent 


plane, we presumed that all tangent lines through point P (in this case, the origin) lay 
in the same plane. This is clearly not the case here. When we study differentiable 
functions, we will see that this function is not differentiable at the origin. 


Linear Approximations 
Recall from Linear Approximations and Differentials that the formula for the linear 
approximation of a function f (x) at the point x = a is given by 


Equation: 


y= f(a) + fi(a) (a — a). 


The diagram for the linear approximation of a function of one variable appears in the 
following graph. 


y 


tangent line 
approximation 


Linear approximation of a function in 
one variable. 


The tangent line can be used as an approximation to the function f (x) for values of x 
reasonably close to x = a. When working with a function of two variables, the 
tangent line is replaced by a tangent plane, but the approximation idea is much the 
same. 


Note: 

Definition 

Given a function z = f (x, y) with continuous partial derivatives that exist at the 
point (20, yo), the linear approximation of f at the point (2, yo) is given by the 
equation 

Equation: 


L (x, y) = f (£0, yo) + fx (£0, yo) (2 — Lo) + fy (0, yo) (y — Yo). 


Notice that this equation also represents the tangent plane to the surface defined by 
z= f (x,y) at the point (xo, yo). The idea behind using a linear approximation is 
that, if there is a point (ao, yo) at which the precise value of f (x, y) is known, then 
for values of (a, y) reasonably close to (29, yo), the linear approximation (i.e., tangent 
plane) yields a value that is also reasonably close to the exact value of f (, y) ([link)). 
Furthermore the plane that is used to find the linear approximation is also the tangent 
plane to the surface at the point (20, yo). 


Surface z 
z= (x,y) Tangent plane 


Linear approximation 
va L(x, y) to A(X, Yo) 
®@ 


f(Xo, Yo) 


~ 
~ 
™ 
~ 
~ 
en 


Using a tangent plane for linear approximation at a point. 


Example: 
Exercise: 


Problem: 
Using a Tangent Plane Approximation 


Given the function f (x, y) = ./41 — 4x? — y?, approximate f (2.1, 2.9) using 
point (2,3) for (2, yo). What is the approximate value of f (2.1, 2.9) to four 
decimal places? 


Solution: 


To apply [link], we first must calculate f (xo, yo), fz (Zo, yo), and fy (Zo, yo) 
using 7p — 2 and yo — 3: 


Equation: 

f(wo,yo) = f(2,3) = 4/41 — 4(2)? - (8)? = V1 16-9 = V6 = 4 
f2(@,y) = Spree ie en iD) = ee = 
fy(z,y) = “fens OC) =~ reams 


Now we substitute these values into [link]: 
Equation: 


L(a,y) = f(z0,yo) + fe (x0, yo) (2 — #0) + fy (z0, yo) (y — yo) 
= 4 Ne =) = Bj — 8) 


Se 
Se 


Last, we substitute z = 2.1 and y = 2.9 into L (a, y): 
Equation: 


41 3 
L (2.1,2.9) = 7- — 2(2.1) — 7 (2.9) = 10.25 — 4.2 — 2.175 = 3.875. 


The approximate value of f (2.1, 2.9) to four decimal places is 
Equation: 


f (2.1, 2.9) = 4/41 — 4(2.1)? — (2.9)? = V14.95 = 3.8665, 


which corresponds to a 0.2% error in approximation. 


Note: 
Exercise: 


Problem: 


Given the function f (x, y) = e® 2**%¥, approximate f (4.1, 0.9) using point 
(4,1) for (xo, yo). What is the approximate value of f (4.1, 0.9) to four decimal 
places? 


Solution: 


L(z,y) = 6 — 2x + 3y, so L (4.1,0.9) = 6 — 2(4.1) + 3(0.9) = 0.5 
(GAO) te eet rem G65 


Hint 


First calculate f (x0, yo), fx (0, yo), and fy (xo, yo) using zo = 4 and yo = 1, then 
use [Link]. 


Differentiability 


When working with a function y = f (x) of one variable, the function is said to be 
differentiable at a point x = aif f’ (a) exists. Furthermore, if a function of one 
variable is differentiable at a point, the graph is “smooth” at that point (i.e., no corners 
exist) and a tangent line is well-defined at that point. 


The idea behind differentiability of a function of two variables is connected to the idea 
of smoothness at that point. In this case, a surface is considered to be smooth at point 
P if a tangent plane to the surface exists at that point. If a function is differentiable at a 
point, then a tangent plane to the surface exists at that point. Recall the formula for a 
tangent plane at a point (x9, yo) is given by 

Equation: 


z= f (to, yo) + fe (Xo, yo) (« — Lo) + fy (Zo, yo) (y— yo), 


For a tangent plane to exist at the point (29, yo), the partial derivatives must therefore 
exist at that point. However, this is not a sufficient condition for smoothness, as was 
illustrated in [link]. In that case, the partial derivatives existed at the origin, but the 
function also had a corner on the graph at the origin. 


Note: 

Definition 

A function f (x, y) is differentiable at a point P (xo, yo) if, for all points (x, y) ina 
6 disk around P, we can write 

Equation: 


f (z,y) = f (Zo, yo) + fx (20, yo) (2 — Zo) + fy (Zo, Yo) (y— yo) + F(z, y), 


where the error term F satisfies 
Equation: 


E(z,y) 


(a ao)? +(y yo)” 


= 0. 


lim 
(x,y)—(z0,Yo) 


The last term in [link] is referred to as the error term and it represents how closely the 
tangent plane comes to the surface in a small neighborhood (6 disk) of point P. For 
the function f to be differentiable at P, the function must be smooth—that is, the 
graph of f must be close to the tangent plane for points near P. 


Example: 
Exercise: 


Problem: 
Demonstrating Differentiability 


Show that the function f (x, y) = 2x? — 4y is differentiable at point (2, —3). 


Solution: 


First, we calculate f (9, yo), fz (Zo, Yo), and fy (%o, yo) using zo = 2 and 
yo = —3, then we use [link]: 
Equation: 


f(2,-3) = 2(2)*—4(-3) =84+12=20 


fa (2, —3) 
Iles) = th 


II 
aN 
as, 
Ne) 
4 
II 


Therefore m; = 8 and m2 = —4, and [link] becomes 
Equation: 


f(x,y) = f(2,—-8) + fe (2, —-3) (@ — 2) + fy (2, -3) (y+ 3) + E(z,y) 
2n*—4y = 204+ 8(2—2)-—4(y+3)+ E(z,y) 
227 4y = 204+ 84 —-16—4y—12+ E(z,y) 
2r*-4y = 8x —4y—8+4+ E(z,y) 
E(z,y) = 2x27-82+8. 


Next, we calculate lim a 
ee cen 


Equation: 
fe) SS On ee 
(x,y) —>(20,yo) (a—29)?+(y—yo)” (z,y)>(2,—-3) (x oye (y aye 


= ee 2(2?—42+4) 
(2,y)>(2,-3) 4/(a—2)?+(y+3)? 


= lim eas 
(2,y)>(2,-3) 4/(a—2)?+(y+3)? 
2( (x2)? 3) 
- ((2—2)?+(y+3)”) 
(zy) +(2,-3) /(e—2)+(y+3)? 


lim 24/(e — 2)? + (y +3)? Di ae (lap de 


y)—(2,—3) 


= 


(2, 
= 0. 


Since EF (x, y) > 0 for any value of z or y, the original limit must be equal to 
zero. Therefore, f (x, y) = 2x? — 4y is differentiable at point (2, —3). 


Note: 
Exercise: 


Problem: 


Show that the function f (x, y) = 3a — 4y’ is differentiable at point (—1, 2). 


Solution: 
FC1,2)— 19) fe (1,2) — 3 (1, 2) = 16, 2 (a) = — 4 2) 
lim E(z,y) = lim —4(y—2)? 
(2,9) +(0,40) 4/(2—a0)?H(y—yo)? (9) (1,2) y/(e+1)?+(y-2)? 
—4((2+1)?+(y-2)”) 


< lim +. 
(x,y) (1,2) of (a+ 1)?+(y-2)? 


lim —44/(2 SP Ga 2 


1y)—>(2,—-3) 


=), 
Hint 


First, calculate f (x0, yo), fx (0, yo), and fy (Zo, yo) using zo = —1 and yo = 2, 
then use [link] to find F (a, y). Last, calculate the limit. 


=¥ __ (x,y) # (0,0) 


The function f (z, y) = Vortye is not differentiable at the origin. 
0 (x,y) = (0,0) 

We can see this by calculating the partial derivatives. This function appeared earlier in 

the section, where we showed that f, (0,0) = f, (0,0) = 0. Substituting this 


information into [link] using x9 = 0 and yo = 0, we get 


Equation: 
= vy 
E (x, y) _ arty . 
Calculating lim Fey) gives 
(x,y) (0,40) (x—29)’+(y—yo)” 
Equation: 
(2.9)-r(e0.00) [(e—ao)+(y—wo)? ——(@) (0,0) Veer? 


im — 45. 
(x,y) (0,0) * TY 


Depending on the path taken toward the origin, this limit takes different values. 
Therefore, the limit does not exist and the function f is not differentiable at the origin 
as shown in the following figure. 


xy 
tx, y) =f eny MY) #00) 


0 » (x, y) = (0, 0) 


This function f(x, y) is not differentiable at the origin. 


Differentiability and continuity for functions of two or more variables are connected, 
the same as for functions of one variable. In fact, with some adjustments of notation, 
the basic theorem is the same. 


Note: 
Differentiability Implies Continuity 


Let z = f (a, y) be a function of two variables with (xo, yo) in the domain of f. If 
f (x, y) is differentiable at (xo, yo), then f (x, y) is continuous at (x9, yo). 


[link] shows that if a function is differentiable at a point, then it is continuous there. 
However, if a function is continuous at a point, then it is not necessarily differentiable 
at that point. For example, 

Equation: 


i, (@. 0,0 
flew = | em (x, y) # (0,0) 
0 (x,y) = (0,0) 


is continuous at the origin, but it is not differentiable at the origin. This observation is 
also similar to the situation in single-variable calculus. 


[link] further explores the connection between continuity and differentiability at a 
point. This theorem says that if the function and its partial derivatives are continuous 
at a point, the function is differentiable. 


Note: 

Continuity of First Partials Implies Differentiability 

Let z = f (a, y) be a function of two variables with (xo, yo) in the domain of f. If 
f (x,y), fe (x,y), and fy (a, y) all exist in a neighborhood of (a9, yo) and are 
continuous at (29, yo), then f (x, y) is differentiable there. 


Recall that earlier we showed that the function 


Equation: 


was not differentiable at the origin. Let’s calculate the partial derivatives f, and fy: 
Equation: 


Of _ y° Of _ x? 


Ox (x2 + y2)3/? . Oy (22 + y2)3/?- 


The contrapositive of the preceding theorem states that if a function is not 
differentiable, then at least one of the hypotheses must be false. Let’s explore the 
condition that f,, (0,0) must be continuous. For this to be true, it must be true that 


lim,  F..(0,0).= 7210.0): 
leaden)? (0,0) = Fe (0,0) 


Equation: 


3 


fx (ey) =... Tom y 


lim —_———_—_. 


Let z = ky. Then 
Equation: 
(x,y) (0,0) (2?+y") y0 ((iy)?+9?) 
. y? 
y40 (ky?+y?) 9? 
3 


. y 
1M ——-———7> 
+0 yl? (k2+1)°? 


14; lyl 
— Sap Ll 
(R+1)° yO Y 


If y > 0, then this expression equals 1/ (k? =f 1) 3/ . if y < 0, then it equals 
— (1 f (k? + 1) 3 ’) . In either case, the value depends on k, so the limit fails to exist. 


Differentials 


In Linear Approximations and Differentials we first studied the concept of 
differentials. The differential of y, written dy, is defined as f’ (2)dx. The differential 
is used to approximate Ay = f (2 + Ax) — f (x), where Ax = dz. Extending this 
idea to the linear approximation of a function of two variables at the point (29, yo) 
yields the formula for the total differential for a function of two variables. 


Note: 

Definition 

Let z = f (a, y) be a function of two variables with (a9, yo) in the domain of f, and 
let Ax and Ay be chosen so that (a9 + Ax, yo + Ay) is also in the domain of f. If f 
is differentiable at the point (a9, yo), then the differentials dx and dy are defined as 
Equation: 


dx = Az and dy = Ay. 


The differential dz, also called the total differential of z = f (x, y) at (xo, yo), is 
defined as 
Equation: 


dz = fe (aa, yo)dx a5 tg (xo, yo)dy. 


Notice that the symbol 0 is not used to denote the total differential; rather, d appears in 
front of z. Now, let’s define Az = f (x + Az, y+ Ay) — f (x,y). We use dz to 
approximate Az, so 

Equation: 


Az = dz = fz (x0, yo)dz + fy (x0, yo)dy. 


Therefore, the differential is used to approximate the change in the function 
z= f (£0, yo) at the point (xo, yo) for given values of Ax and Ay. Since 

Az = f(xa+Az,y+ Ay) — f (x,y), this can be used further to approximate 
f (a+ Aa, y+ Ay): 

Equation: 


f (z+ Az, y+ Ay) (x,y) + Az 


= f L,Y 
~ f(x,y) + fe (£0, yo)Ax + fy (£0, yo) Ay. 


See the following figure. 


Tangent plane at (x, y, f(x, y)) 


Linear approx 
f(x + Ax, y|+ Ay) 


Graph of f 


cela aula ae, 


x 


The linear approximation is calculated via the formula 
f (a+ Az,y+ Ay) © f(x,y) + fe (0, yo)Ax + fy (0, yo)Ay- 


One such application of this idea is to determine error propagation. For example, if we 
are manufacturing a gadget and are off by a certain amount in measuring a given 
quantity, the differential can be used to estimate the error in the total volume of the 
gadget. 


Example: 
Exercise: 


Problem: 
Approximation by Differentials 


Find the differential dz of the function f (x, y) = 3a? — 2xy + y’ and use it to 
approximate Az at point (2, —3). Use Ax = 0.1 and Ay = —0.05. What is the 
exact value of Az? 


Solution: 
First, we must calculate f (x0, yo), fc (o, yo), and fy (xo, yo) using x9 = 2 


angjg ——o- 
Equation: 


FCO) wen CO.) 2=30) 20) Sey SS 3 
fe(z,y) = 6a —2y 

fy(@,y) = —2e + 2y 

fz(@0,40) = fe (2,—3) = 6(2) —2(—3) = 12 +6 —18 

fGen) = j(C=3) = 2 ©) £28) = 4 = 6 = 10. 


Then, we substitute these quantities into [link]: 
Equation: 


dz = fr (xo, yo)dx + fy (Zo, yo)dy 
Je = Weal) = 1) (008) = 13 OK = 


This is the approximation to Az = f (ap + Az, yo + Ay) — f (x0, yo). The 
exact value of Az is given by 


Equation: 
Az = f (zo + Az, yo + Ay) — f (x0, yo) 
= f (2+ 0.1, —3 — 0.05) — f (2, —3) 
= f (2.1, —3.05) — f (2, —3) 
= 2 3425. 
Note: 
Exercise: 
Problem: 


Find the differential dz of the function f (x, y) = 4y? + x*y — 2zy and use it to 
approximate Az at point (1, —1). Use Ax = 0.03 and Ay = —0.02. What is 
the exact value of Az? 


Solution: 


dz = 0.18 
Az = f (1.03, —1.02) — f (1, —1) = 0.180682 


First, calculate f, (xo, yo) and fy (xo, yo) using zp = 1 and yp = —1, then use 
[link]. 


Differentiability of a Function of Three Variables 


All of the preceding results for differentiability of functions of two variables can be 
generalized to functions of three variables. First, the definition: 


Note: 

Definition 

A function f (x, y, z) is differentiable at a point P (x0, yo, Zo) if for all points 
(x, y, Z) ina disk around P we can write 

Equation: 


G2) = Ga Oiny a) se ey in a0) Ge — ea) = 1 (en ny a) — i) 
fe (x0, Yo, z0) @ — zo) ae E(2,y, 2) 


where the error term E satisfies 
Equation: 


E (x,y, 2) 


lim =); 


(x,y,z) >(x0,Yo,20) 2 


(2 — 29)” + (y— yo)” + (2 — 20) 


If a function of three variables is differentiable at a point (29, yo, 29), then it is 
continuous there. Furthermore, continuity of first partial derivatives at that point 
guarantees differentiability. 


Key Concepts 


e The analog of a tangent line to a curve is a tangent plane to a surface for 
functions of two variables. 

¢ Tangent planes can be used to approximate values of functions near known 
values. 

e A function is differentiable at a point if it is *smooth” at that point (i.e., no 
comers or discontinuities exist at that point). 


¢ The total differential can be used to approximate the change in a function 
z= f (Zo, yo) at the point (xo, yo) for given values of Ax and Ay. 


Key Equations 


¢ Tangent plane 


z= f (xo, yo) + fe (Xo, yo) (4 — Zo) + fy (Zo, yo) (y — yo) 
Linear approximation 
L (x,y) = f (0, yo) + fe (x0, Yo) (x = 0) a fy (Xo, Yo) (y za yo) 
Total differential 
dz = ie (Zo, Yo) dx i Fy (zo, yo) dy. 
Differentiability (two variables) 
f(z, y) = f (x0, yo) + fe (£0, Yo) («& — £0) + fy (x0, yo) (y — yo) + E (az, y), 
where the error term F satisfies 
lim E(z,y) = 
(x,y) +-(#0,40) 4/(e—a0)?+(y—40)” 
Differentiability (three variables) 
f(z,y) =f (£0, yo, 20) + fe (£0, Yo, 0) (%& — Lo) + fy (Zo, Yo, 20) (y — Yo) 
+fz (0, Yo, 20) (2 — 20) + E(z,y, 2), 
where the error term F satisfies 
E(2,y,2) 


lim a 
(x,y,z) >(&0,Yo,20) Ve ato)’+(y—yo)’ +(z—20)” 


For the following exercises, find a unit normal vector to the surface at the indicated 
point. 
Exercise: 


Problem: f(z, y) = x°, (2, —1,8) 
Solution: 


(42) (12i — k) 


Exercise: 
Problem: In (=) =Owhenz=y=1 


For the following exercises, as a useful review for techniques used in this section, find 
a normal vector and a tangent vector at point P. 


Exercise: 
Problem: x? + zy + y? = 3, P(—1, —-1) 


Solution: 


Normal vector: i+ j, tangent vector: i — j 


Exercise: 


Problem: (x? + y?)” = 9 (2? — y”), P(V2,1) 
Exercise: 

Problem: xy” — 2x” + y + 5x = 6, P(4, 2) 

Solution: 


Normal vector: 7i — 17j, tangent vector: 17i + 7j 


Exercise: 
Problem: 2x? — x’y? = 3x — y — 7, P(1, —2) 
Exercise: 
Problem: ze” — 3 = 0, P(2,2,3) 
Solution: 


—1.094i — 0.18238) 


For the following exercises, find the equation for the tangent plane to the surface at the 
indicated point. (Hint: Solve for z in terms of x and y. ) 
Exercise: 


Problem: —8z — 3y — 7z = —19, P(1, —1, 2) 


Exercise: 


Problem: z = —9x? — 3y’, P(2,1, —39) 


Solution: 


362 — by — z = —39 


Exercise: 


Problem: x? + 10zyz + y* + 82” = 0, P(—1, —1, —1) 


Exercise: 
Problem: z = In(10z? + 2y” + 1), P(0, 0,0) 
Solution: 
z=0 


Exercise: 


Problem: z = e”* **””, P(0,0, 1) 
Exercise: 

Problem: zy + yz + zx = 11, P(1, 2,3) 

Solution: 

ba + 4y + 3z— 22 =0 


Exercise: 


Problem: x? + 4y? = z”, P(3, 2,5) 


Exercise: 


Problem: x° + y? = 3xyz,P (1, 2, 5) 
Solution: 
4x — By+ 4z=0 


Exercise: 


Problem: z = azy, P (1, =, 1) 


Exercise: 
Problem: z = sin z + siny + sin(x + y), P(0, 0, 0) 


Solution: 


22 + 2y— z= 0 


Exercise: 


Problem: h(x, y) = Inv/z? + y?, P(3,4) 


Exercise: 
Problem: z = x? — 2xy + y”, P(1, 2,1) 


Solution: 


2(@—1)+2(y-—2)-(z-1)=0 


For the following exercises, find parametric equations for the normal line to the 
surface at the indicated point. (Recall that to find the equation of a line in space, you 
need a point on the line, Po (@o,yo, 20), and a vector n = (a, b, c) that is parallel to 
the line. Then the equation of the line is z — 2) = at, y — yo = bt, z — % = ct.) 
Exercise: 

Problem: —3z + 9y + 4z = —4, P(1, —1, 2) 


Exercise: 
Problem: z = 5x? — 2y”, P(2,1, 18) 
Solution: 


x = 20¢+2,y = —4¢+1,z=-t+18 


Exercise: 


Problem: x? — 8xyz + y” + 6z? = 0, P(1, 1,1) 


Exercise: 


Problem: z = In (en + Ty? + 1), P(0, 0,0) 
Solution: 


2=0,y=02=1 


Exercise: 


Problem: z = e*” +”, P(0,0, 1) 


Exercise: 
Problem: z = x? — 2ry + y? at point P(1, 2, 1) 
Solution: 


a A aS ee al 


For the following exercises, use the figure shown here. 


Zz 


Z = f(x, y) 


(Xo, Yo) 


D 
(Xp + AX, Yo + Ay) 


Exercise: 


Problem: 


The length of line segment AC is equal to what mathematical expression? 
Exercise: 


Problem: 
The length of line segment BC is equal to what mathematical expression? 
Solution: 


The differential of the function z(z, y) = dz = f,dx + fydy 
Exercise: 


Problem: 


Using the figure, explain what the length of line segment AB represents. 


For the following exercises, complete each task. 
Exercise: 


Problem: Show that f(z, y) = e”¥z is differentiable at point (1, 0). 


Solution: 


Using the definition of differentiability, we have ex ~ x+ y. 


Exercise: 


Problem: Find the total differential of the function w = e¥cos(x) + z?. 


Exercise: 
Problem: 
Show that f(x, y) = x? + 3y is differentiable at every point. In other words, 
show that 


Az= f(x a Az,y+ Ay) _ fey) = f,Az za J Agek e,Azr tn e,Ay, 
where both €; and €2 approach zero as (Az, Ay) approaches (0, 0). 


Solution: 


Az = 2aAa + 3Ay+ (Az). (Az)? — 0 for small Az and z satisfies the 
definition of differentiability. 


Exercise: 


Problem: 


Find the total differential of the function z = ne: where « changes from 
10 to 10.5 and y changes from 15 to 13. 


Exercise: 
Problem: 
Let z = f(z, y) = xe”. Compute Az from P(1, 2) to Q(1.05, 2.1) and then find 


the approximate change in z from point P to point Q. Recall 
Az= f(x+Az,y-+ Ay) — f(x,y), and dz and Az are approximately equal. 


Solution: 


Az © 1.185422 and dz = 1.108. They are relatively close. 
Exercise: 
Problem: 
The volume of a right circular cylinder is given by V(r, h) = rh. Find the 
differential dV. Interpret the formula geometrically. 
Exercise: 
Problem: 
See the preceding problem. Use differentials to estimate the volume of aluminum 


in an enclosed aluminum can with diameter 8.0 cm and height 12 cm if the 
aluminum is 0.04 cm thick. 


Solution: 


16 cm? 
Exercise: 


Problem: 
Use the differential dz to approximate the change in z = \/4 — x? — y? as (a, y) 


moves from point (1, 1) to point (1.01, 0.97). Compare this approximation with 
the actual change in the function. 


Exercise: 


Problem: 


Let z = f(z, y) = 2? + 3xy — y’. Find the exact change in the function and the 
approximate change in the function as x changes from 2.00 to 2.05 and y 
changes from 3.00 to 2.96. 


Solution: 
Az = exact change = 0.6449, approximate change is dz = 0.65. The two values 
are close. 


Exercise: 


Problem: 


The centripetal acceleration of a particle moving in a circle is given by 
2 

a(r,v) = ~, where v is the velocity and r is the radius of the circle. 
Approximate the maximum percent error in measuring the acceleration resulting 
from errors of 3% in v and 2% in r. (Recall that the percentage error is the ratio 
of the amount of error over the original amount. So, in this case, the percentage 
error in a is given by aa ) 

Exercise: 
Problem: 
The radius r and height A of a right circular cylinder are measured with possible 
errors of 4% and 5%, respectively. Approximate the maximum possible 
percentage error in measuring the volume (Recall that the percentage error is the 


ratio of the amount of error over the original amount. So, in this case, the 
percentage error in V is given by aL ) 


Solution: 


13% or 0.13 
Exercise: 
Problem: 
The base radius and height of a right circular cone are measured as 10 in. and 25 
in., respectively, with a possible error in measurement of as much as 0.1 in. each. 


Use differentials to estimate the maximum error in the calculated volume of the 
cone. 


Exercise: 


Problem: 


The electrical resistance R produced by wiring resistors R, and Rez in parallel 


can be calculated from the formula + = z | re . If R, and Ry are measured 


to be 72 and 6Q, respectively, and if these measurements are accurate to within 
0.05Q, estimate the maximum possible error in computing R. (The symbol Q 
represents an ohm, the unit of electrical resistance.) 


Solution: 


0.025 
Exercise: 
Problem: 
The area of an ellipse with axes of length 2a and 26 is given by the formula 
A = rab. Approximate the percent change in the area when a increases by 2% 
and 6 increases by 1.5%. 
Exercise: 


Problem: 


The period T’ of a simple pendulum with small oscillations is calculated from the 
formula T’ = 27 a where L is the length of the pendulum and g is the 


acceleration resulting from gravity. Suppose that LD and g have errors of, at most, 
0.5% and 0.1%, respectively. Use differentials to approximate the maximum 
percentage error in the calculated value of 7’. 


Solution: 


0.3% 
Exercise: 


Problem: 


Electrical power P is given by P = Y, where V is the voltage and R is the 
resistance. Approximate the maximum percentage error in calculating power if 
120 V is applied to a 2000 — 1? resistor and the possible percent errors in 
measuring V and R are 3% and 4%, respectively. 


For the following exercises, find the linear approximation of each function at the 
indicated point. 
Exercise: 


Problem: f(x,y) =z,./y, P(1,4) 
Solution: 


20+ 4y—1 


Exercise: 


Problem: f(z, y) = e*cos y; P(0, 0) 


Exercise: 


Problem: f(z, y) = arctan(x + 2y), P(1,0) 


Solution: 


1 1 1 
gee Yap Gg 


Exercise: 


Problem: f(z, y) = \/20— x? —7y?, P(2,1) 


Exercise: 


Problem: f(2,y,z) = 2? +y2+22, P(3,2,6) 


Solution: 
3 5 
TEE TY tT 7% 


Exercise: 


Problem: 


[T] Find the equation of the tangent plane to the surface f(x, y) = a? + y* at 
point (1, 2,5), and graph the surface and the tangent plane at the point. 


Exercise: 


Problem: 


[T] Find the equation for the tangent plane to the surface at the indicated point, 
and graph the surface and the tangent plane: 
z = In(10xr? + 2y? + 1), P(0,0, 0). 


Solution: 


Exercise: 


Problem: 


[T] Find the equation of the tangent plane to the surface 


z= f(x,y) = sin(z + y”) at point (4 ie 


5 2), and graph the surface and the 


tangent plane. 


Glossary 
differentiable 
a function f (x, y) is differentiable at (xo, yo) if f (a, y) can be expressed in the 
form 
f(z, y) = f(£0, yo) + fa(Xo, yo) (2 — 20) + fy(o, yo) (y — yo) + E (az, y), 
where the error term & (x, y) satisfies lim Hew) __ = 
(x,y) —+(o,4o) (a—29)’+(y—yo)” 


linear approximation 


given a function f (az, y) and a tangent plane to the function at a point (9, yo), 
we can approximate f (2, y) for points near (xo, yo) using the tangent plane 
formula 


tangent plane 
given a function f (a, y) that is differentiable at a point (ao, yo), the equation of 
the tangent plane to the surface z = f (z, y) is given by 
z= f (x0, yo) + fe (Zo, yo) (2 — Lo) + fy (£0, Yo) (y — yo) 


total differential 
the total differential of the function f (a, y) at (20, yo) is given by the formula 


dz = fr (xo, yo)dx + fy (x0, yo)dy 


The Chain Rule 


e State the chain rules for one or two independent variables. 

e Use tree diagrams as an aid to understanding the chain rule for several independent and 
intermediate variables. 

e Perform implicit differentiation of a function of two or more variables. 


In single-variable calculus, we found that one of the most useful differentiation rules is the chain 
rule, which allows us to find the derivative of the composition of two functions. The same thing is 
true for multivariable calculus, but this time we have to deal with more than one form of the chain 
rule. In this section, we study extensions of the chain rule and learn how to take derivatives of 
compositions of functions of more than one variable. 


Chain Rules for One or Two Independent Variables 


Recall that the chain rule for the derivative of a composite of two functions can be written in the 
form 
Equation: 


<(F (a(2))) = #1(9(2))9"(2)- 


In this equation, both f (x) and g (x) are functions of one variable. Now suppose that f is a 
function of two variables and g is a function of one variable. Or perhaps they are both functions of 
two variables, or even more. How would we calculate the derivative in these cases? The following 
theorem gives us the answer for the case of one independent variable. 


Note: 

Chain Rule for One Independent Variable 

Suppose that « = g(t) and y = h(t) are differentiable functions of t and z = f (x,y) isa 
differentiable function of x and y. Then z = f (zx (t), y(€)) is a differentiable function of ¢ and 
Equation: 


dt Ox dt Ody dt’ 


where the ordinary derivatives are evaluated at ¢ and the partial derivatives are evaluated at (2, y). 


Proof 


The proof of this theorem uses the definition of differentiability of a function of two variables. 
Suppose that f is differentiable at the point P (x, yo), where xp = g(to) and yo = h(to) fora 
fixed value of to. We wish to prove that z = f (x (t), y(€)) is differentiable at ¢ = to and that 
[link] holds at that point as well. 


Since f is differentiable at P, we know that 
Equation: 


z(t) = f (x,y) = f (xo, yo) + fx (20, yo) (@ — 20) + fy (xo, yo) (y — yo) + E(z, y), 


where lim Bey) 
(x,y) (a0,yo) V @—20)*+(y—yo)” 


equation: 
Equation: 


z(t)—2(to) = f(@(t),y(t)) — f(@ (to), 9 (to) 
= fx (Xo, yo) (x (t) — x (to)) + Fy (xo; yo) (y(t) — y(to)) + E (a (t), y(t). 


= 0. We then subtract zo = f (Zo, yo) from both sides of this 


Next, we divide both sides by ¢ — to: 


Equation: 
z(t) — z(to) a (t) — x (to) y(t) — y (to) E (z(t), y(t)) 
=a = fz (x0, yo) Gaus + fy (Xo, yo) (eee) ale a = a 


Then we take the limit as ¢ approaches tf: 
Equation: 


lim 2)=Ahto)_ = fr (0, yo) lim (S52 ) + fy (0, yo) jim (oe) ) 


tt, tto tty 
: E(a(t) y(t 
Him 2204) Wut dy 
tty 0 


The left-hand side of this equation is equal to dz/dt, which leads to 
Equation: 


dz dx 
ai = fr (xo, Yo) 


dy |. E(a(t),y(t)) 
+ fy (20 yo) Ge + jim f= 


The last term can be rewritten as 
Equation: 


smn Elev); B(a.) (2—2)"+(y-wo)? 
pa = ( atte it 


=e E(z,y) ‘pon (7—a)’+(y—yo)” ; 
tto ( (e—20)-+(y—0)? tto ( t—to 


As t approaches to, (x (t), y (¢)) approaches (x (to), y (to)), so we can rewrite the last product as 


Equation: 


: E(z,y) . (x — xo)” + (y- Yo)” 
lim lim —————!_ haeSSwyms—' 


(x,y) >(x0,yo) Va _ xo)’ F2 (y a yo)” (x,y) >(x0,yo) t— to 


Since the first limit is equal to zero, we need only show that the second limit is finite: 
Equation: 


(x,y) (x0,4o) t—to (x,y) >(x0,yo) (t—to)’ 
2 2 
= 1 ~—XO Yy—¥o 
7 ew ( ( eM = ( ow ) 
2 2 
a li <L—-ILo + li Yayo ) ; 
(coo ( am )) (im, ( t—to ) 


Since z (¢) and y (¢) are both differentiable functions of t, both limits inside the last radical exist. 
Therefore, this value is finite. This proves the chain rule at t = to; the rest of the theorem follows 
from the assumption that all functions are differentiable over their entire domains. 


Closer examination of [link] reveals an interesting pattern. The first term in the equation is 


oe . 4@ and the second term is 24 . 2“. Recall that when multiplying fractions, cancelation can 
jz dt dy dt 


be used. If we treat these derivatives as fractions, then each product “simplifies” to something 
resembling Of /dt. The variables x and y that disappear in this simplification are often called 
intermediate variables: they are independent variables for the function f, but are dependent 
variables for the variable t. Two terms appear on the right-hand side of the formula, and f is a 
function of two variables. This pattern works with functions of more than two variables as well, as 
we see later in this section. 


Example: 
Exercise: 


Problem: 
Using the Chain Rule 


Calculate dz/dt for each of the following functions: 


a. z= f(2,y) = 42° + 3y’,2 = a(t) =sint,y = y(t) =cost 


bz=f (z, y) = Ww aS ae ib db (t) a, Yay: (t) eS 


Solution: 


a. To use the chain rule, we need four quantities—0z/0x, 0z/Oy, dx/dt, and dy/dt: 


Equation: 
Oe Oe 
3, = 82 aS 6y 
an Ne art 
7 = cost 7 sin t 
Now, we substitute each of these into [link]: 
Equation: 
dz — Oz , dw 4 dz, dy 
dt + Ox _~—s dt Oy dt 


= (82) (cos t) + (6y) (—sin t) 
= 8x cost — 6ysint. 


This answer has three variables in it. To reduce it to one variable, use the fact that 
x (t) = sint and y(t) = cost. We obtain 
Equation: 


& = 8x cost — 6ysint 
= 8(sint)cost — 6 (cost)sint 


= Dehn COR Ee 


This derivative can also be calculated by first substituting x (¢) and y(t) into f (2, y), 
then differentiating with respect to t: 


Equation: 
a ii (eg) 
= A(x (t))” + 3(y 2)” 
= Asin*t + 3cos*t. 
Then 
Equation: 


& = 2(4sin t)(cost) + 2(3 cos t)(—sin t) 
= 8sintcost — 6sintcost 


= DSi COS, 


which is the same solution. However, it may not always be this easy to differentiate in 
this form. 
b. To use the chain rule, we again need four quantities—O0z/0x, 0z/dy, dx/dt, and 


dy/dt: 

Equation: 
— cc ie — =H 
Ou /p2—yp Oy /22—y? 
dx Qt dx _ __-t 
re 2e ae € 


We substitute each of these into [link]: 


Equation: 
Cee Ue ee ay 
di — Ox dt dy dt 
= © 2t mY, _ pt 
7 (73) ce ) as (4) ( ; ) 
_ 2xe%*—yet 
ee 


To reduce this to one variable, we use the fact that x (t) = e* and y(t) =e. 


Therefore, 


Equation: 
dz __ 2xe%*+yer* 
dt /x—¥ 
= 2(e2*)e+(e-t)et 
i Nm 
= JQett+e—%t 
i Vee 


To eliminate negative exponents, we multiply the top by e?“ and the bottom by Vv e**: 
Equation: 


Zee 12e se emee payee 

Gi we elt 
2e%41 
Viet 

_ Desert 
o/e#(e%—1) 

— _ 2eSt41 
et est] * 


Again, this derivative can also be calculated by first substituting x (¢) and y (t) into 
f (x, y), then differentiating with respect to t: 
Equation: 


Then 
Equation: 
dz _ 1 (,4t SONY) nis —2t 
a == e ) (4e + 2e ) 
7 Den ctemer 
S 9c =a 


This is the same solution. 


Note: 
Exercise: 


Problem: 


Calculate dz/dt given the following functions. Express the final answer in terms of t. 
Equation: 


z= f(x,y) = x? — 3ay + 2y’, « = x(t) = 3sin 2t, y = y(t) = 4 cos 2t 


Solution: 
dz _ Of dz at Of dy 
Ge tee GE Oy dt 


= (2x — 3y) (6 cos 2¢) + (—3a + 4y) (—8 sin 2t) 
= —92 sin 2t cos 2t — 72 (cos?2¢ — sin”2t) 
= —46 sin 4t — 72 cos 4t. 

Hint 


Calculate 0z/0x, 0z/dy, dx/dt, and dy/dt, then use [link]. 


It is often useful to create a visual representation of [link] for the chain rule. This is called a tree 
diagram for the chain rule for functions of one variable and it provides a way to remember the 


formula ([link]). This diagram can be expanded for functions of more than one variable, as we 
shall see very shortly. 


dx 
x = x(t) dt , a dx 
ax dt 
Z = f(x, y) 
az dy 
y=y) me 


dt 


Tree diagram for the case 
dz Oz . dz Oz . dy 


do Oc de * By db 


In this diagram, the leftmost corner corresponds to z = f (x,y). Since f has two independent 
variables, there are two lines coming from this corner. The upper branch corresponds to the 
variable x and the lower branch corresponds to the variable y. Since each of these variables is then 
dependent on one variable ¢, one branch then comes from z and one branch comes from y. Last, 
each of the branches on the far right has a label that represents the path traveled to reach that 
branch. The top branch is reached by following the x branch, then the ¢ branch; therefore, it is 
labeled (0z/Ox) x (dx/dt). The bottom branch is similar: first the y branch, then the ¢ branch. 
This branch is labeled (0z/Oy) = (dy/dt). To get the formula for dz/dt, add all the terms that 
appear on the rightmost side of the diagram. This gives us [link]. 


In [link], z = f (x, y) is a function of z and y, and both x = g (u,v) and y = h(u, v) are 
functions of the independent variables u and v. 


Note: 

Chain Rule for Two Independent Variables 

Suppose x = g(u, v) and y = h(u, v) are differentiable functions of u and v, and z = f (x, y) is 
a differentiable function of x and y. Then, z = f (g (u,v), h(u, v)) is a differentiable function of 
u and v, and 

Equation: 


Oz Oz Ox Oz Oz 
du Ox Ou Dy -~Ou 


and 
Equation: 


Oz Oz Ge ee Oy 
dv Ox Ov Oy Ov 


We can draw a tree diagram for each of these formulas as well as follows. 


ox y 2H 
ou OX Ou 
X = g(u, Vv) 
OZ dX 
v—— 
OX AV 
Z = f(x, y) 
IZ A 
pee 
dy du 
y = hu, v) 
dy yee 
OV oy wv 


: Oz _ Oz | Ox Oz . Oy 
Tree diagram for 5- = 3, 3, + By 


Oz _ Oz , Ox Oz , Oy 
av 


Ov Ox 


To derive the formula for 0z/Ou, start from the left side of the diagram, then follow only the 
branches that end with wu and add the terms that appear at the end of those branches. For the 
formula for 0z/0Ov, follow only the branches that end with v and add the terms that appear at the 
end of those branches. 


There is an important difference between these two chain rule theorems. In [link], the left-hand 
side of the formula for the derivative is not a partial derivative, but in [link] it is. The reason is that, 
in [link], z is ultimately a function of ¢ alone, whereas in [link], z is a function of both u and v. 


Example: 
Exercise: 


Problem: 


Using the Chain Rule for Two Variables 


Calculate 0z/Ou and 0z/Ov using the following functions: 
Equation: 


z= f (z,y) = 32? —Qy+y,2 = 2 (u,v) = 8u +t 2v,y = y(u,v) = 4u—v. 


Solution: 


To implement the chain rule for two variables, we need six partial derivatives— 


0z/Ox, 0z/Oy, Ox /Ou, Ox /Ov, Oy/Ou, and Oy/Ov: 


Equation: 
2 — 6x — 2y ge — Ia + Dy 
Ce he 
oe oy =? 
Oy __ Oy _ 
ones aL 
To find 0z/Ou, we use [link]: 
Equation: 
Oz — Oz, Oz 1 dz, 
Ou ~—~Ox-~—s* Ou Oy Ou 
= 3 (6x — 2y) + 4(—2e + 2y) 
== Nhe se a, 


Next, we substitute xz (u,v) = 3u + 2uand y(u, v) = 4u — v: 


Equation: 
2 — 10x + 2y 
Ou 
= 10 (3u + 2v) + 2 (4u — v) 
= 38u + 18v. 
To find 0z/0v, we use [link]: 
Equation: 
dz _ oz O dz Oy 
iB oy OE oa | Oh oF 
FC 5) a fo) 
= 142 — 6y. 


Then we substitute x (u, v) = 3u + 2vand y (u,v) = 4u—v: 
Equation: 


2 = ld — by 
= 14(3u + 2v) — 6 (4u — v) 
= 18u + 34v. 


Note: 
Exercise: 


Problem: Calculate 0z/Ou and 0z/0v given the following functions: 


Equation: 
2h eu) — ae ,x (u,v) = e*cos 3u, y (u,v) = e*sin 3v. 
Coy 
Solution: 
du : dv (3 sin 3v+cos 3v)? 


Hint 


Calculate 0z/Ox, 0z/Oy, 0x/Ou, Ox/Ov, Oy/Ou, and Oy/Ov, then use [link] and [link]. 


The Generalized Chain Rule 


Now that we’ve see how to extend the original chain rule to functions of two variables, it is natural 
to ask: Can we extend the rule to more than two variables? The answer is yes, as the generalized 
chain rule states. 


Note: 
Generalized Chain Rule 
Let w = f (#1, £2,..., 2m) be a differentiable function of m independent variables, and for each 
i € {1,..., m}, let x; = x;(ti, te,..., tr) be a differentiable function of n independent variables. 
Then 
Equation: 

Ow = Ow O21 Ow O22 Ow Oz2m 

Ot; a 0x1 Ot; 0x2 Ot; Oxrm Ot; 


for any j € {1,2,...,n}. 


In the next example we calculate the derivative of a function of three independent variables in 
which each of the three variables is dependent on two other variables. 


Example: 
Exercise: 


Problem: 
Using the Generalized Chain Rule 


Calculate Ow/Ou and Ow/Ov using the following functions: 


Equation: 
w f (x, y, 2) = 3x? — 2xy + 42? 
f=" £(U, 0) —e sinw 
y = y(u,v) =e"cosv 
a Z(t Ol —Fex 
Solution: 


The formulas for Ow/Ou and Ow/Ov are 
Equation: 


Ow _ Ow , Ox Ow . Oy Ow , Oz 
Ou” — Ox ara AEE Ou 


Oo Ow , Oz 4 Ow , Oy Our, Oz 
Ov Oz cniear ay Ov" 


Therefore, there are nine different partial derivatives that need to be calculated and 
substituted. We need to calculate each of them: 


Equation: 
Ow __ = OU ee Bes Ow __ 
an = Gx —2y as 2x ar CU CZ 
Ox __ Ua Oy __ uU CR uU 
tn =O SIN Gn = © cos” ma on e 
Or __ u Oy nus Oz 
my = © COs” y= e-sin v a» = 0. 


Now, we substitute each of them into the first formula to calculate Ow/Ou: 
Equation: 


dw _ Ow Ox Ow Oy Ow Oz 
du Ox” Ou as ° = ' 


= (6x — 2y)e"sin v — 2xe“cos v + 8ze", 


then substitute z(u,v) = e“sin v, y(u, v) = e“cos v, and z(u,v) = e” into this equation: 


Equation: 


Go = (6x — 2y)e"sin v — 2xe"cos v + 8ze™ 
= (6e"sin v — 2e“cos v)e“sin v — 2 (e“sin v)e"cos v + 8e2" 
= 6e*"sin?v — 4e*“sin v cos v + 8e" 


= 2¢74 (3 sin?v — 2sin uv cos v + 4). 


Next, we calculate Ow/Ov: 
Equation: 


0 
Ow SO teu OU Bein Ott kOe 


Ov ——s Ox: Oy dv 


= (6x — 2y)e“cos v — 2x (—e“sin v) + 8z (0), 


then we substitute z(u,v) = e“sin v, y(u, v) = e“cos v, and z(u, v) = e” into this equation: 
Equation: 


gw = (6a — 2y)e"cos v — 2a (—e"sin v) 


= (6e"sin v — 2e“cos v)e“cos v + 2 (e"sin v) (e“sin v) 
= 2e*"sin*v + 6e*“sin v cos v — 2e*"cos?u 


= Qe (sin?v + sin v cos v — cos” ). 


Note: 
Exercise: 


Problem: Calculate Ow/Ou and Ow/Ov given the following functions: 
Equation: 


w = f(ty,2) = Firs 
p= Litt -ocOsiau 

= y(u,v) = esin 3v 
Po ne (Ut Noaecene 


Solution: 
Ow __ 
on =O 


dw _ 15~33 sin 3v+6 cos 3u 
dv (3+2 cos 3v—sin 3v)” 


Hint 


Calculate nine partial derivatives, then use the same formulas from [link]. 


Example: 
Exercise: 


Problem: 
Drawing a Tree Diagram 


Create a tree diagram for the case when 
Equation: 


wie veces — ob. Ul yy (Glas — 2 bath, a) 


and write out the formulas for the three partial derivatives of w. 


Solution: 


Starting from the left, the function f has three independent variables: x, y, and z. Therefore, 
three branches must be emanating from the first node. Each of these three branches also has 
three branches, for each of the variables t, u, and v. 

JW dx 

OX at 


xX = x(t, u, V) 


w = f(x, y, 2) 
y = y(t, u, v) 


JW dz 
Un“ 


Z = Z(t, U, V) dz ou 


dW dz 
dZ OV 


Tree diagram for a function of three variables, each of which is a 
function of three independent variables. 


The three formulas are 


Equation: 

Ow _ Ow Ox Ow Oy Ow dz 
il = Oe OR ay aera caniede 
ow _ dw Oc , Ow Oy | dw dz 
Meee oa tn Oa on con 
Ow _ Ow Oz Ow Oy Ow Oz 
Ov Ox eq ear Pheu gE Ov" 

Note: 

Exercise: 


Problem: Create a tree diagram for the case when 
Equation: 


wW= ea \ace = x (t,u,v),y = y(t, u,v) 


and write out the formulas for the three partial derivatives of w. 


Solution: 


OU OUMOL ae 
Onno CMO Oy Ot 
Ow Ow Ox a dw Oy 
Ou Ox Ou 

Ow _ Ow Ox ee 
Ov ~~ ~Ox ~Ov Oy dv 


Ww = f(x, y) 


Hint 


Determine the number of branches that emanate from each node in the tree. 


Implicit Differentiation 


Recall from Implicit Differentiation that implicit differentiation provides a method for finding 
dy/dzx when y is defined implicitly as a function of x. The method involves differentiating both 
sides of the equation defining the function with respect to x, then solving for dy/dz. Partial 
derivatives provide an alternative to this method. 


Consider the ellipse defined by the equation x” + 3y* + 4y — 4 = 0s follows. 


Graph of the ellipse defined by 
x? + 3y? + 4y —4=0. 


This equation implicitly defines y as a function of x. As such, we can find the derivative dy/dx 
using the method of implicit differentiation: 
Equation: 


(a? + 3y? + 4y — 4) = -4_ (0) 
2e+6y%+4% = 0 


(6y+4)% = —22 


dy ae oe 
dr 3yt2 * 


We can also define a function z = f (x, y) by using the left-hand side of the equation defining the 
ellipse. Then f (x,y) = 2? + 3y? + 4y — 4. The ellipse x? + 3y? + 4y — 4 = 0 can then be 
described by the equation f (x, y) = 0. Using this function and the following theorem gives us an 
alternative approach to calculating dy/dz. 


Note: 

Implicit Differentiation of a Function of Two or More Variables 

Suppose the function z = f (x, y) defines y implicitly as a function y = g () of x via the 
equation f (x, y) = 0. Then 

Equation: 


dy c _ Of/Ox 
dx Of /dy 


provided f, (x,y) # 0. 
If the equation f (x, y, z) = 0 defines z implicitly as a differentiable function of x and y, then 


Equation: 
dz  —- Of [Ox Oz Of /Oy 


pau Fees 
dz Offaz ~ dy  Of/dz 


as long as f, (x,y,z) # 0. 


[link] is a direct consequence of [link]. In particular, if we assume that y is defined implicitly as a 
function of x via the equation f (x, y) = 0, we can apply the chain rule to find dy/dz: 
Equation: 


4 f(z,y) = (0) 
a oe a 
eae a ae 


af 
Oe Oy ae 


Solving this equation for dy/dx gives [link]. [link] can be derived in a similar fashion. 


Let’s now return to the problem that we started before the previous theorem. Using [link] and the 
function f (x, y) = x2 + 3y* + 4y — 4, we obtain 


Equation: 
Of _ 
on 22 
a 
a = 6y + 4. 
Then [link] gives 
Equation: 
dy _ oO f/Ox 22 Hi 


dx Of/dy 6y+4 ~~ By 42° 


which is the same result obtained by the earlier use of implicit differentiation. 


Example: 
Exercise: 


Problem: 
Implicit Differentiation by Partial Derivatives 


a. Calculate dy/dz if y is defined implicitly as a function of x via the equation 
3x? — Qry + y? + 4a — 6y — 11 = 0. What is the equation of the tangent line to the 
graph of this curve at point (2, 1)? 

b. Calculate 0z/Ox and 0z/Oy, given x7e¥ — yze” = 0. 


Solution: 


a. Set f(z, y) = 32? — 2ry+ y? + 4x — 6y — 11 = 0, then calculate f, and f,; 
fe = 6a —2y+4 
fj 204 20 0: 
The derivative is given by 
Equation: 
dy Of /Ox 6x—2y+4  32—yt2 


dz Of/dy —2ea+2y-6 2x-yt3- 


The slope of the tangent line at point (2,1) is given by 
Equation: 


dy _3(Q)-14+2 7 


da ley=2r) 2-143 0 


To find the equation of the tangent line, we use the point-slope form ([link]): 


Equation: 
y—Yyo = m(z— Zo) 
y-1 = 7(2-2) 
= te-i+1 
7 5 
Sere 


Graph of the rotated ellipse defined by 
3x? — Qey + y? + 4x2 — 6y — 11 =0. 


b. We have f (x, y, 2) = xe” — yze”. Therefore, 
Equation: 


Of a) ye £ 
By — ve ze 
Oy fe 
oz = © 
Using [link], 
Equation: 
Oz _ _ Of dx dz _ _ Of/dy 
Ox Of /Oy Oy Of /Oz 
= 2Qxe¥—yze” a xeY—ze® 
Se and Se ee 
_ Rey _ a’e¥—zet 
7 vex ye ® 
Note: 
Exercise: 
Problem: 


Find dy/dz if y is defined implicitly as a function of x by the equation 
x? + ey — y? + 7x — 3y — 26 = 0. What is the equation of the tangent line to the graph of 
this curve at point (3, —2)? 


Solution: 

dy — — ASRHEAaET ill 
dx ~~ 2y—x+3 (3,2) ~~ 2(—2)—(3)+3 ~~ 4 
Equation of the tangent line: y= — Se oi 2 


Hint 


Calculate Of /dx and Of /dy, then use [link]. 


Key Concepts 


¢ The chain rule for functions of more than one variable involves the partial derivatives with 
respect to all the independent variables. 

¢ Tree diagrams are useful for deriving formulas for the chain rule for functions of more than 
one variable, where each independent variable also depends on other variables. 


Key Equations 


¢ Chain rule, one independent variable 
dz Oz , dx Oz . dy 


dt dx Be By oa 


¢ Chain rule, two independent variables 
dz _ Oz Oe 4 Oz Ox 
du Ox Ou Oy Ou 
dz _ Oz Ox Oz Oy 
Gi Oe On Oy Ou 
e Generalized chain rule 
dw _ Ow 9x) Ow Om. 4... 4 Ow Otm 
Ot; Ox Ot; 0x2 Ot; Oxrm Ot; 


For the following exercises, use the information provided to solve the problem. 
Exercise: 


Problem: Let w (x, y, z) = zy cos z, where x = t, y = t”, and z = arcsint. Find ty 


Solution: 
dw _ __ rysinz 
q = YCOSz + 2 cos z(2t) et 


Exercise: 


Problem: Let w (t,v) = e’ where t = r+ s andv=rs. Find 2 and 2. 


Exercise: 


Problem: If w = 5a? + 2y*,2 = —3s+t, andy = s — 4t, find oe and we 


Solution: 


Sw — —30x + dy, © = 10x — 16y 


Exercise: 


Problem: If w = ry’, z = 5 cos(2t), and y = 5 sin(2t), find %. 
Exercise: 


Problem: 


If f(x,y) = zy, x = rcos 9, and y = rsin 9, find a and express the answer in terms of r 


and 6. 
Solution: 


ot = r sin (26) 


Exercise: 


Problem: 
Suppose f(z, y) =z+y,u=e'siny,z = t?, and y = mt, where x = rcos @ and 


cities 4 OF 
y =rsin 0. Find 3. 


: : ad : : , anit 9 
For the following exercises, find os using the chain rule and direct substitution. 


Exercise: 


Problem: f (z,y) =2?+y',2=t,y=0 

Solution: 

df _ 3 

eo 2t + At 
Exercise: 

Problem: f (z,y) = /z*+y2,y=t,72=t 
Exercise: 

Problem: f (x,y) = zy,z =1-—vt,y=14+vt 


Solution: 


df _ 
4 


Exercise: 


Problem: f (x,y) = 7,2 ey = 2e° 


Exercise: 
Problem: f (z,y) = In(«#+y), x= ogee 


Solution: 


df 
ee 


Exercise: 


Problem: f (x,y) = z‘,x =t,y=t 


Exercise: 


Problem: 


Let w(z,y,2) = 27+ y%+4+ 2, 2 = cost, y = sint, and z = e’. Express w as a function of t 
and find a directly. Then, find = using the chain rule. 


Solution: 


ap = 2e! in both cases 


Exercise: 
ae 
Problem: Let z = x”y, where x = ¢? and y = t°. Find ane 
Exercise: 


Problem: Let u = e*sin y, where z = t? and y = at. Find ee when x = In2 andy = 7. 


Solution: 


oV2t+ In = de 


For the following exercises, find ay using partial derivatives. 
Exercise: 


Problem: sin (6x) + tan (8y) + 5 =0 
Exercise: 
Problem: x* + y’x — 3 = 0 


Solution: 


dy _ __ 3a*+y? 
dn 2Qxry 


Exercise: 


Problem: sin (x + y) + cos (x — y) = 4 


Exercise: 


Problem: x” — 2xy+ y‘ = 4 


Solution: 
dy _ _y-# 
dx —x+2y8 


Exercise: 


Problem: xe¥ + ye* — 2x?y = 0 


Exercise: 


Problem: x?/? + y?/? = a?/3 

Solution: 

dy “/ y 

dz £ 
Exercise: 


Problem: x cos(xy) + ycos x = 2 


Exercise: 


Problem: e*! + ye’ = 1 


Solution: 

OG = hs YE. 

dx ~~ ~—- xet¥-+e¥(1+y) 
Exercise: 


Problem: x”y* + cos y = 0 


Exercise: 
Problem: Find & using the chain rule where z = 3x7y?, 2 = t*, and y = #?. 
Solution: 
& — 49418 
Exercise: 
Problem: Let z = 3 cos x — sin(zy),« = +, and y = 3¢. Find de 
Exercise: 
Problem: Let z = e!~*Y, z = t'/3, andy = t°. Find az 
Solution: 
a _ at eer 


Exercise: 


Problem: Find % ; by the chain rule where z = cosh*(xy), 2 = = +t, and y = e’. 
Exercise: 
. —_ = = ; ; 0. (6) 
Problem: Let z = me x = 2cos u, andy = 3sin v. Find 5° and 5. 


Solution: 


Oz _ —2sinu q 2 __ —2cosucosv 
Ou —s 3sinv Ov 3 sin?v 


Exercise: 


Problem: Let z = ery, where z = »/uv and y = 1. Find ~ and oe : 
Exercise: 


Problem: 


If z = xye*/¥, x = rcos8@, and y = rsin 8, find oe and 22 when r = 2and@ = ¢. 


Solution: 

Oz _ V3 Oz _ v3 

= V3ev3, & = (2-4v3)e 
Exercise: 

Problem: Find 22 s if w= Ae ty’? 4+ 23,2 =e” »y = In(*), andz = rst”. 
Exercise: 


7 nea = — pl-t ma . 0 
Problem: If w = sin(xyz),z = 1 — 3t,y =e’, and z = 4t, find >. 


Solution: 
— =cos(ayz) x yz x (—3) —cos (ayz)aze’* + cos (xyz)ay x 4 


For the following exercises, use this information: A function f(z, y) is said to be homogeneous of 
degree n if f(ta, ty) = t” fle, y). For all homogeneous functions of degree n, the following 


equation is true: x ot + y st = nf(z, y). Show that the given function is homogeneous and verify 
that x 5 oe y 5 =n (x, i 
peecne 


Problem: f(x, y) = 32? +7" 


Exercise: 


Problem: f(z, y) = VJ? +7 +y? 


Solution: 


f(ta, ty) = (#2? +P =tf(e,y), 


F) —1/2 —1/2 
a = a¢4(a? + y?) oy, 2x + y> (x? + y’) py 2y = 1f(z,y) 
Exercise: 


Problem: f(z, y) = x?y — 2y° 
Exercise: 


Problem: 


The volume of a right circular cylinder is given by V(z, y) = may, where x is the radius of 
the cylinder and y is the cylinder height. Suppose zx and y are functions of ¢ given by x = st 
and y = zt so that x and y are both increasing with time. How fast is the volume increasing 
when x = 2 andy = 5? 


Solution: 


347 
3 


Exercise: 


Problem: 


The pressure P of a gas is related to the volume and temperature by the formula PV = kT, 
where temperature is ees in kelvins. Express the pressure of the gas as a function of 
both V and T. Find 22 P when ae a = 2 cm°/min, a = = S K/min, V = 20 cm?, and 
Ae 

Exercise: 
Problem: 
The radius of a right circular cone is increasing at 3 cm/min whereas the height of the cone is 


decreasing at 2 cm/min. Find the rate of change of the volume of the cone when the radius is 
13 cm and the height is 18 cm. 


Solution: 
dV _ 10667, 3 
= 73 cm”/min 


Exercise: 


Problem: 


The volume of a frustum of a cone is given by the formula V = HNZ (x +y+ xy), where 


zx is the radius of the smaller circle, y is the radius of the larger circle, and z is the height of 
the frustum (see figure). Find the rate of change of the volume of this frustum when 
e=10 in, y= 12 m,,and == 18 in, 


Exercise: 


Problem: 


A closed box is in the shape of a rectangular solid with dimensions x, y, and z. (Dimensions 
are in inches.) Suppose each dimension is changing at the rate of 0.5 in./min. Find the rate of 
change of the total surface area of the box when x = 2in., y = 3in., and z = Lin. 


Solution: 


ee Te 
4 = 12in.* /min 


Exercise: 


Problem: 


The total resistance in a circuit that has three individual resistances represented by z, y, and z 
is given by the formula R(z, y, z) = rere Suppose at a given time the z resistance is 
100), the y resistance is 200Q, and the z resistance is 30022. Also, suppose the x resistance 
is changing at a rate of 20./min, the y resistance is changing at the rate of 10./min, and the z 
resistance has no change. Find the rate of change of the total resistance in this circuit at this 
time. 


Exercise: 
Problem: 
The temperature T at a point (x, y) is T(z, y) and is measured using the Celsius scale. A fly 
crawls so that its position after seconds is given by x = ~1+tandy=2+ at where 


x and y are measured in centimeters. The temperature function satisfies T, (2,3) = 4 and 
T, (2,3) = 3. How fast is the temperature increasing on the fly’s path after 3 sec? 


Solution: 


2°C/sec 
Exercise: 


Problem: 


The x and y components of a fluid moving in two dimensions are given by the following 
functions: u(x, y) = 2y and v(x, y) = —2x; x > 0; y > 0. The speed of the fluid at the point 


(x,y) is:s(a,y) = /u(s, y)’ + v(x, y). Find oo and a using the chain rule. 
Exercise: 

Problem: 

Let u = u (a, y, z), where 


z= 2(u,t),y = y(w,t), z= z(w,t), w = w(r, s),andt = t(r, s). Use a tree diagram and 
the chain rule to find an expression for ou 


Solution: 
Ou _ Ou/( dx dw Ox Ot du ( Oy dw 4 OY dt 
Or ba CE Or + ot gt) + Qu 2u Or . Ot at ) 


Ou ( Oz Ow Oz Ot 
poe (ae Or 7 Ot i) 


Glossary 


generalized chain rule 
the chain rule extended to functions of more than one independent variable, in which each 
independent variable may depend on one or more other variables 


intermediate variable 
given a composition of functions (e.g., f (x (t), y ())), the intermediate variables are the 
variables that are independent in the outer function but dependent on other variables as well; 
in the function f (a (t), y ()), the variables x and y are examples of intermediate variables 


tree diagram 


illustrates and derives formulas for the generalized chain rule, in which each independent 
variable is accounted for 


Directional Derivatives and the Gradient 


e Determine the directional derivative in a given direction for a function of two variables. 

e Determine the gradient vector of a given real-valued function. 

e Explain the significance of the gradient vector with regard to direction of change along a surface. 
e Use the gradient to find the tangent to a level curve of a given function. 

e Calculate directional derivatives and gradients in three dimensions. 


In Partial Derivatives we introduced the partial derivative. A function z = f (x, y) has two partial derivatives: 
0z/Ox and 0z/Oy. These derivatives correspond to each of the independent variables and can be interpreted as 
instantaneous rates of change (that is, as slopes of a tangent line). For example, 0z/Oz represents the slope of a 
tangent line passing through a given point on the surface defined by z = f (x, y), assuming the tangent line is 
parallel to the x-axis. Similarly, 0z/Oy represents the slope of the tangent line parallel to the y-axis. Now we 
consider the possibility of a tangent line parallel to neither axis. 


Directional Derivatives 


We start with the graph of a surface defined by the equation z = f (x, y). Given a point (a, b) in the domain of 
f, we choose a direction to travel from that point. We measure the direction using an angle 8, which is 
measured counterclockwise in the x, y-plane, starting at zero from the positive x-axis ({link]). The distance we 
travel is h and the direction we travel is given by the unit vector u = (cos @)i + (sin @)j. Therefore, the z- 
coordinate of the second point on the graph is given by z = f (a + hcos0,b+ hsin 6). 


(a, b, f(a, b)) 


x 


Finding the directional derivative at a point on the graph of z = f (x, y). The slope 


of the black arrow on the graph indicates the value of the directional derivative at that 
point. 


We can calculate the slope of the secant line by dividing the difference in z-values by the length of the line 
segment connecting the two points in the domain. The length of the line segment is h. Therefore, the slope of 
the secant line is 

Equation: 


f(a+hcos 6,b+hsin 8) — f (a,b) 
Msec = : 


h 


To find the slope of the tangent line in the same direction, we take the limit as h approaches zero. 


Note: 

Definition 

Suppose z = f (z, y) is a function of two variables with a domain of D. Let (a,b) € D and define 
u = cos fi + sin 9j. Then the directional derivative of f in the direction of u is given by 
Equation: 


f (a+hcos6,b+ hsin 6) — f (a,b) 
h 2) 


Duf (a,6) = lim 


provided the limit exists. 


[link] provides a formal definition of the directional derivative that can be used in many cases to calculate a 
directional derivative. 


Example: 
Exercise: 


Problem: 
Finding a Directional Derivative from the Definition 


Let 6 = arccos (3/5). Find the directional derivative Duf (2, y) of f (2, y) = x? — ay + 3y? in the 
direction of u = (cos 6)i + (sin 6)j. What is Df (—1, 2)? 


Solution: 


First of all, since cos 9 = 3/5 and 6 is acute, this implies 


Equation: 
2; 
; 3 16 4 
ees ace @ -(#-4 


Using f (x, y) = 2? — xy + 3y”, we first calculate f (x + hcos 6, y + hsin 6): 


Equation: 


f(c+hcos0,yt+hsind) = (x +hcos 6)” — (x +hcos@) (y+ hsin#) + 3(y+hsin 6)? 
= 2? + 2xh cos 6 + h?cos?0 — xy — zhsin 6 — yhcos@ 
—h?sin 6 cos 0 + 3y” + 6yh sin 0 + 3h?sin?0 
=a? + 2eh ($) + $F — ay — Sh — Sh UE + 8y 
+oyh (8) +39? (8 


= x? — ry + 3y?+ aah He au 


21lyh 
5 


We substitute this expression into [link]: 


Equation: 
- f(at+hcos 6,b+h sin 6)— f(a,b) 
Duf (a, b) = lim h 
ey 2 
lim (@ ay+3y?+ 24 oe yh ) (x? —axy+3y") 
 h0 k 
a 2 | lyk 
= lim abated a 
h0 We 
Can 9h 2ly 
Se a aes eae, 
_ 2x+21y 
ae Oras 
To calculate Duf (—1, 2), we substitute z = —1 and y = 2 into this answer: 
Equation: 


Dar (nt. 2) - ae 


—_ =2442 
5 


(See the following figure.) 


f(x, y) = x2 — xy + 3y2 


Finding the directional derivative in a given direction u at a given point on a surface. The 
plane is tangent to the surface at the given point (—1, 2,15). 


Another approach to calculating a directional derivative involves partial derivatives, as outlined in the 
following theorem. 


Note: 

Directional Derivative of a Function of Two Variables 

Let z = f (x, y) be a function of two variables x and y, and assume that f, and f,, exist. Then the directional 
derivative of f in the direction of u = cos 6i + sin 6j is given by 

Equation: 


Daf (x, y) a fe ee y)cos 6 oF fy (x, y)sin 6. 


Proof 


[link] states that the directional derivative of f in the direction of u = cos 6i + sin 9j is given by 
Equation: 


0,b+ tsin 0) — b 
jon ee ,b+tsin 0) — f(a, ) 
t0 t 


Let z = a+tcos@ andy = b+ tsin 8@, and define g (t 
the chain rule for functions of two variables to calculate 
Equation: 


(x, y). Since f, and fy both exist, we can use 


I 
rile 


(t 


Qo 


! _ Of dz Of dy 
GU) = sw ee a 


= fa (x, y)cos 8 + fy (x,y)sin 6. 
Ift = 0, then x = xo and y = yo, so 
Equation: 

g' (0) = fx (x0, yo)cos 8 + fy (xo, yo)sin 4. 
By the definition of g’ (t), it is also true that 
Equation: 


g! (0) ie att) 9) 


f (zo+t cos 6,yo+t sin 6) — f(xo,yo) 
; é 


Therefore, Du f (Xo, yo) = fx (x, y)cos 0+ fy (x, y)sin 6. 


Example: 
Exercise: 


Problem: 
Finding a Directional Derivative: Alternative Method 


Let 6 = arccos (3/5). Find the directional derivative Dy f (x, y) of f (x,y) = x? — zy + 3y’ in the 
direction of u = (cos @)i + (sin @)j. What is Duf (—1, 2)? 


Solution: 


First, we must calculate the partial derivatives of f: 
Equation: 


fr =22—y 
Hy = Pe OD 


Then we use [link] with 6 = arccos (3/5): 
Equation: 


Duf (z,y) = fe(z,y)cosO+ fy (x, y)sin @ 
(2c —y)2 + (—2 + 6y)¢ 


ie 3y 4a 24y 
— & 5 5 a 5 
2x+2ly 
— 


To calculate Duf (—1, 2), let 2 = —1 and y = 2: 
Equation: 


Duf (-1,2) = = = 8. 


This is the same answer obtained in [link]. 


Note: 
Exercise: 


Problem: 


Find the directional derivative Duf (x, y) of f (x, y) = 3x7y — 4zy? + 3y? — 4z in the direction of 
u= (cos Z)i + (sin £)j using [link]. What is Dy f (3, 4)? 


Solution: 


Dif(e.y) = (Goya (0) 4 (setae? +69)¥/8 
Deis 4) = ie Be Gee 5 ay ee 


Hint 


Calculate the partial derivatives and determine the value of 0. 


If the vector that is given for the direction of the derivative is not a unit vector, then it is only necessary to 
divide by the norm of the vector. For example, if we wished to find the directional derivative of the function in 
[link] in the direction of the vector (—5, 12), we would first divide by its magnitude to get u. This gives us 

u = (— (5/13), 12/13). Then 


Equation: 
Dit 9) = VE (x,y) “u 
= P; (2x y) + iz ( x + 6y) 
= -Bez+ iy. 
Gradient 


The right-hand side of [link] is equal to f, (x, y)cos @ + fy (a, y)sin 8, which can be written as the dot 
product of two vectors. Define the first vector as Vf (x, y) = fz (x, y)i + fy (a, y)j and the second vector as 


u = (cos @)i + (sin @)j. Then the right-hand side of the equation can be written as the dot product of these 
two vectors: 
Equation: 


Duf (x, y) = Vf (x,y) “u. 


The first vector in [link] has a special name: the gradient of the function f. The symbol V is called nabla and 
the vector V f is read “del f.” 


Note: 

Definition 

Let z = f (x, y) be a function of z and y such that f, and f,, exist. The vector V f (2, y) is called the 
gradient of f and is defined as 

Equation: 


Vi (z,y) = fe (2, y)it fy (2, Wi- 


The vector V f (x, y) is also written as “grad f.” 


Example: 
Exercise: 


Problem: 
Finding Gradients 


Find the gradient Vf (x, y) of each of the following functions: 


a. f (a, y) = 2? — ay + 3y? 
bef (zy) = sim ax cos 37 


Solution: 


For both parts a. and b., we first calculate the partial derivatives f, and f,, then use [link]. 


f. (x,y) = 2x —yand f, (x,y) = —« + 6y, so 
Vi (x,y) — fe (oy) ay, (x, y)j 
= (2x —y)i+ (—2 + 6y)j. 


fx (x,y) = 3cos3zcos3yand f, (x,y) = —3 sin 3z sin 3y, so 
= (3 cos 32 cos 3y)i — (3 sin 3z sin 3y)j. 


Note: 
Exercise: 


Problem: Find the gradient V f (x,y) of f(x,y) = (a? — 3y*)/ (2x + y). 


Solution: 


2a7?+22ary+by? « x?+12ry+3y? « 
Wi (eH) = 
Fe) = eat (ety 


Hint 


Calculate the partial derivatives, then use [link]. 


The gradient has some important properties. We have already seen one formula that uses the gradient: the 
formula for the directional derivative. Recall from The Dot Product that if the angle between two vectors a and 
b is y, then a- b = llall ||bllcos y. Therefore, if the angle between V f (xo, yo) and u = (cos 6)i + (sin 6)j 
is y, we have 

Equation: 


Duf (£0, yo) = VF (xo, yo) -u = IVF (xo, yo) | |lul|cos p = IVF (zo, yo) IIcos y. 


The ||u|| disappears because u is a unit vector. Therefore, the directional derivative is equal to the magnitude 
of the gradient evaluated at (x9, yo) multiplied by cos vy. Recall that cos y ranges from —1 to 1. If p = 0, 
then cos y = 1 and Vf (zo, yo) and u both point in the same direction. If y = 7, then cos y = —1 and 

Vf (Zo, Yo) and u point in opposite directions. In the first case, the value of D,, f (9, yo) is maximized; in the 
second case, the value of Dy f (xo, yo) is minimized. If V f (xo, yo) = 0, then 

Duf (x0, yo) = Vf (x0, yo) - u = 0 for any vector u. These three cases are outlined in the following 
theorem. 


Note: 
Properties of the Gradient 
Suppose the function z = f (z, y) is differentiable at (xo, yo) ((link)). 


i. If Vf (x0, yo) = 0, then Duf (xo, yo) = 0 for any unit vector u. 
ii. If VF (xo, yo) £ 0, then Duf (xo, yo) is maximized when u points in the same direction as 
Vf (xo, yo). The maximum value of Duf (x0, yo) is I|V Ff (xo, yo). 
iii. If VF (x0, yo) 4 O, then Dyf (xo, yo) is minimized when u points in the opposite direction from 
Vf (xo, yo). The minimum value of Duf (zo, yo) is — IVF (xo, yo). 


Po (Xo: Yo: Zo) 


y 
Most rapid 
decrease in f Zero change 
x P 
inf 
Most rapid 
increase in f 


The gradient indicates the maximum and minimum values of the 
directional derivative at a point. 


Example: 
Exercise: 


Problem: 
Finding a Maximum Directional Derivative 


Find the direction for which the directional derivative of f (2, y) = 3x7 — 4ry + 2y? at (—2,3) isa 
maximum. What is the maximum value? 


Solution: 
The maximum value of the directional derivative occurs when V f and the unit vector point in the same 
direction. Therefore, we start by calculating V f (2, y): 


Equation: 


fr(z,y) = 6x —4yand f, (x,y) = —4x + 4y, so 
fe (x, y)it fy (x, y)j = (6x — 4y)i + (—4a + 4y)j. 


<a 

S 

ons 

& 

S 

“—— 
| 


Next, we evaluate the gradient at (—2, 3): 
Equation: 


Vf (—2,3) = (6 (—2) — 4(8))i+ (—4 (—2) + 4(3))j = —24i + 20j. 


We need to find a unit vector that points in the same direction as V f (—2, 3), so the next step is to divide 
Vf (—2, 3) by its magnitude, which is (24)? + (20) = /976 = 4/61. Therefore, 
Equation: 
Vf (—2;3) -24, 20 , -6V61, 5V61, 
= — ae —j= 1+ Jj. 
IVf(—2,3)I 4/61 4/61 61 61 


This is the unit vector that points in the same direction as V f (—2, 3). To find the angle corresponding to 
this unit vector, we solve the equations 
Equation: 


—6V61 5/61 
1 


cos 9 = 5 and sin 0 = Sei 


for #. Since cosine is negative and sine is positive, the angle must be in the second quadrant. Therefore, 
6 = x — arcsin ((5v61) /61) = 2.45 rad. 


The maximum value of the directional derivative at (—2, 3) is || Vf (—2, 3) || = 4/61 (see the following 
figure). 


f(x, y) = 3x2 — Axy + 2y2 (—2, 3, 54) 


Tangent plane 
z= —24x + 20y — 54 


The maximum value of the directional derivative at (—2, 3) 
is in the direction of the gradient. 


Note: 
Exercise: 


Problem: 


Find the direction for which the directional derivative of g(x, y) = 4x — xy + 2y? at (—2,3) isa 
maximum. What is the maximum value? 


Solution: 
The gradient of g at (—2, 3) is Vg (—2, 3) = i+ 14j. The unit vector that points in the same direction as 


=. Wol-23 . : : 
ine 3) is a on = a + = = eae ca which gives an angle of 


= arcsin ((1 4V 197 ) /197 ) x ~ 1.499 rad. The maximum value of the directional derivative is 


ae ,3)ll = V197. 


Hint 


Evaluate the gradient of g at point (—2, 3). 


[link] shows a portion of the graph of the function f (x, y) = 3 + sin z sin y. Given a point (a, b) in the 
domain of f, the maximum value of the gradient at that point is given by ||V f (a, 6) ||. This would equal the 
rate of greatest ascent if the surface represented a topographical map. If we went in the opposite direction, it 
would be the rate of greatest descent. 


A typical surface in R*. Given a point on the surface, the directional derivative can 
be calculated using the gradient. 


When using a topographical map, the steepest slope is always in the direction where the contour lines are 
closest together (see [link]). This is analogous to the contour map of a function, assuming the level curves are 
obtained for equally spaced values throughout the range of that function. 


Contour map for the 
function f (x, y) = x7 — y” 
using level values between 
—5 and 5. 


Gradients and Level Curves 


Recall that if a curve is defined parametrically by the function pair (a (t), y(t)), then the vector 

zx’ (t)i+ y’ (£)j is tangent to the curve for every value of t in the domain. Now let’s assume z = f (x,y) isa 
differentiable function of x and y, and (0, yo) is in its domain. Let’s suppose further that x9 = a (to) and 
Yo = y(to) for some value of t, and consider the level curve f (x, y) = k. Define g(t) = f (a(t), y(t)) and 
calculate g' (t) on the level curve. By the chain Rule, 

Equation: 


g(t) = fe (w(t), y(t))2" (t) + fy (@ (t), 9 @))y' - 


But g’ (t) = 0 because g(t) = k for all t. Therefore, on the one hand, 
Equation: 


fe (w(t), y (t))a" (t) + fy (@ (t), y (é))y' (t) = 0; 


on the other hand, 
Equation: 


fz (v(t), y(t))2’ (t) + fy(e@ 9 ))y' (0) = VE (ay) - (2" (4), 9" (d))- 


Therefore, 
Equation: 


Vi (2,4) - (2' (t),y' (t)) = 0. 


Thus, the dot product of these vectors is equal to zero, which implies they are orthogonal. However, the second 
vector is tangent to the level curve, which implies the gradient must be normal to the level curve, which gives 
rise to the following theorem. 


Note: 

Gradient Is Normal to the Level Curve 

Suppose the function z = f (a, y) has continuous first-order partial derivatives in an open disk centered at a 
point (xo, yo). If Vf (xo, yo) 4 0, then Vf (zo, yo) is normal to the level curve of f at (x0, yo). 


We can use this theorem to find tangent and normal vectors to level curves of a function. 


Example: 
Exercise: 


Problem: 
Finding Tangents to Level Curves 


For the function f (x, y) = 2a? — 3ry + 8y? + 2x — 4y + 4, find a tangent vector to the level curve at 
point (—2, 1). Graph the level curve corresponding to f (x, y) = 18 and draw in Vf (—2,1) anda 
tangent vector. 


Solution: 


First, we must calculate V f (z, y): 
Equation: 


fr (a, y) = 4x — 3y + 2 and fy = —3a + l6y — 4so Vf (a, y) = (4e — 3y+ 2)i + (—3a + 16y — 4)j. 
Next, we evaluate V f (a, y) at (—2, 1): 
Equation: 
Vf (—2,1) = (4(—2) — 3(1) + 2)i + (—3 (—2) + 16 (1) — 4)j = —9i + 18). 
This vector is orthogonal to the curve at point (—2, 1). We can obtain a tangent vector by reversing the 


components and multiplying either one by —1. Thus, for example, —18i — 9j is a tangent vector (see the 
following graph). 


A rotated ellipse with equation 
f(x, y) = 18. At the point (2, 1) 
on the ellipse, there are drawn 
two alrows, one tangent vector 
and one normal vector. The 
normal vector is marked V£(-2, 
1) and is perpendicular to the 
tangent vector. 


Note: 
Exercise: 


Problem: 
For the function f (x, y) = x? — 2xy + 5y? + 3x — 2y + 4, find the tangent to the level curve at point 


(1, 1). Draw the graph of the level curve corresponding to f (x, y) = 8 and draw Vf (1, 1) and a tangent 
vector. 


Solution: 
We) 2e — oy oe ey 29 


Vf (1,1) = 3i+4 6j 
Tangent vector: 61 — 3j or —6i1 + 3j 


tangent 
vector 


f(x, y) =8 


+ 


Hint 


Calculate the gradient at point (1,1). 


Three-Dimensional Gradients and Directional Derivatives 


The definition of a gradient can be extended to functions of more than two variables. 


Note: 

Definition 

Let w = f (a, y, z) bea function of three variables such that fz, fy, and f, exist. The vector Vf (2, y, 2) is 
called the gradient of f and is defined as 

Equation: 


Vf (x,y,z) = fe (2, y, zit fy (x,y, 2) + f(z, y, z)k. 


Vf (x,y, z) can also be written as grad f (z, y, 2). 


Calculating the gradient of a function in three variables is very similar to calculating the gradient of a function 
in two variables. First, we calculate the partial derivatives f,, f,, and f,, and then we use [link]. 


Example: 
Exercise: 


Problem: 
Finding Gradients in Three Dimensions 


Find the gradient Vf (z, y, z) of each of the following functions: 


a. f (a, y) = 5a? — Qry + y? — 4yz + 27 + 3xz 
b. f (x, y, 2) = e sin 2x cos 2y 


Solution: 


For both parts a. and b., we first calculate the partial derivatives f,, fy, and f,, then use [link]. 


fz(z,y,2z) = 10x —2y+ 3z, fy (x,y, z) = —2x + 2y — 4zand f, (x, y, z) = 3a — 4y + 2z, so 
Vi(t,y%2z) = fa (t,y,z)it fy (ey 25+ f. (2, yz)k 
= (10x — 2y + 3z)i+ (—2a + 2y — 4z)j + (—4a + 3y + 2z)k. 


b. 
fc (z,y,z) = —2e~*cos 2x cos 2y, f, (x,y, Z) = —2e~**sin 2x sin 2y and 
f(x,y, 2) = —2e~**sin 2x cos 2y, so 
Vi (a4, z) — fn (254, z)i a te (254; z)j ar ie (29; z)k 
= (2e-?*cos 2x cos 2y)i + (—2e77*)j + (—2e7?*) 
= 2e-* (cos 2x cos 2yi — sin 2z sin 2yj — sin 2x cos 2yk). 
Note: 
Exercise: 
Problem: Find the gradient V f (zx, y, z) of f(z, y, z) = a aa 
Solution: 
— 2x74 2ay+by?—8xz—227 « x? +12ey+3y?—24yz+z27 » 
Ny (x, ¥ 2) a (Qa-+-y—4z)? (Qa-+y—4z)? 
ee da? —12y?—427 44a 242yz pe 


(Qa+y—42z)* 


The directional derivative can also be generalized to functions of three variables. To determine a direction in 
three dimensions, a vector with three components is needed. This vector is a unit vector, and the components of 
the unit vector are called directional cosines. Given a three-dimensional unit vector u in standard form (i.e., 
the initial point is at the origin), this vector forms three different angles with the positive x—, y—, and z-axes. 
Let’s call these angles a, 8, and -y. Then the directional cosines are given by cos a, cos 8, and cos y. These are 
the components of the unit vector u; since w is a unit vector, it is true that cosa + cos? + cosy = 1. 


Note: 

Definition 

Suppose w = f (x, y, z) is a function of three variables with a domain of D. Let (x0, yo, zo) € D and let 
u = cos ai + cos §j + cos yk be a unit vector. Then, the directional derivative of f in the direction of u is 
given by 

Equation: 


f (zo +t cosa, yo + t cos 8, 29 + tcos y) — f (x0, yo, Zo) 
t ? 


Dus (xo, Yo, 20) ia lim 


provided the limit exists. 


We can calculate the directional derivative of a function of three variables by using the gradient, leading to a 
formula that is analogous to [link]. 


Note: 
Directional Derivative of a Function of Three Variables 
Let f (z, y, z) be a differentiable function of three variables and let u = cos ai + cos Bj + cos yk be a unit 
vector. Then, the directional derivative of f in the direction of u is given by 
Equation: 
Duf (2, y, z) = VE (x,y; z) “u 
= ie (x, Y; z) cos at fy (x, Y; z)cos B a fz (z, Y; z) COs 7: 


The three angles a, 8, and y determine the unit vector u. In practice, we can use an arbitrary (nonunit) vector, 
then divide by its magnitude to obtain a unit vector in the desired direction. 


Example: 
Exercise: 


Problem: 
Finding a Directional Derivative in Three Dimensions 


Calculate Dy f (1, —2, 3) in the direction of v = —i + 2j + 2k for the function 
Equation: 


f(z,y, 2) = 5x? — ary + y’ — Ayz+ z+ 322. 


Solution: 


First, we find the magnitude of v: 


Equation: 
2 2 
lvl = y¥(-1)° + Q)" =3. 
Therefore, Iv = a = 2 i+ = | : k is a unit vector in the direction of v, so 
cosa = =, COS}Gi— oy and cos y = = Next, we calculate the partial derivatives of f: 
Equation: 


fo (£,y,z) = 10x — 2y+4+ 3z 
ih (x, y, 2) = —2¢ + dy—4z 
ie (aoe, z) = Ua 32, 


then substitute them into [link]: 
Equation: 


(10x — 2y + 3z) (—$) + (2x + 2y — 42) (4) + (—4y + 22 + 32) (4) 


— 10x 2y 3z 4a 4y 8z 8y 4z 6x 
aad 3 i 3 3 3 a 3 3 3 a 3 a 3 


Last, to find Duf (1, —2, 3), we substitute z = 1, y = —2, and z = 3: 


Equation: 
8(1 N= 7(3 
Dla) = + 5 : @ 
args s 4 21 
Se aan 
_ 
== 
Note: 
Exercise: 
Problem: 


Calculate Dyf (x, y, z) and Dyf (0, —2, 5) in the direction of v = —3i + 12j — 4k for the function 
{Gay z) = 327 + 0) = 2y” + 4yz — 2? + Qaz. 


Solution: 
Diy G2) OG eee ee ay ae (2 yee) 
gD estf (0, =2, 5) 7 “oe 
Hint 


First, divide v by its magnitude, calculate the partial derivatives of f, then use [link]. 


Key Concepts 


e A directional derivative represents a rate of change of a function in any given direction. 
e The gradient can be used in a formula to calculate the directional derivative. 
e The gradient indicates the direction of greatest change of a function of more than one variable. 


Key Equations 


e directional derivative (two dimensions) 


Daf (a,b) = lim f(a+h cos ay sin 6)—f(a,b) 


or 
Duf (t,y) = fx (2, y)cosO + fy (x, y)sin 8 


¢ gradient (two dimensions) 
¢ gradient (three dimensions) 
Vi (2,92) = fo (2H 2)i+ fy (ay, 25+ fe (@,y,2)k 
e directional derivative (three dimensions) 
Duf (x,y, z) an Vf (x,y, z) 7u 
= fe (&,y, z)cosa+ fy (x,y, 2)cos B+ fe (x,y, z)cosy 
For the following exercises, find the directional derivative using the limit definition only. 
Exercise: 


Problem: f (x,y) = 5 — 2x? — sy¥ at point P (3, 4) in the direction of u = (cos t)i + (sin t)j 


Exercise: 


Problem: f (x, y) = y’cos (22) at point P (2, 2) in the direction of u = (cos t)i “+ (sin £)j 


Solution: 
—3V/3 
Exercise: 


Problem: 


Find the directional derivative of f (x, y) = y*sin (22) at point P (, 2) in the direction of 
u=5i+13j. 


For the following exercises, find the directional derivative of the function at point P in the direction of v. 
Exercise: 


vfs 


Problem: f (xz, y) = zy, P (0, —2), v = i + ¥*j 


Solution: 


—1 


Exercise: 


Problem: h (z, y) = e’sin y, P (1, z),v =-i 


Exercise: 
Problem: h (z, y, z) = ryz, P(2,1,1),v = 2i+j—k 
Solution: 


20 
v6 


Exercise: 


Problem: f(z, y) = zy, P(1,1),u= (# 


i | 
AS 
“XM” 


Exercise: 


Problem: f(x,y) = x? — y’,u = (3, +), P(1,0) 


Solution: 


V3 


Exercise: 


Problem: f(z,y) = 32 + 4y+7,u = =, =), P(0, 5) 


Oo 


Exercise: 
Problem: f(z,y) =e’cosy, u= (0,1), P= (0, +) 


Solution: 


—1.0 


Exercise: 


Problem: f(z,y) = y'’, u=(0,—-1), P=(1,-1) 


Exercise: 


Problem: f(z,y) = In(z? + y”),u=(4,+), P(1,2) 


Solution: 

22 

25 
Exercise: 


Problem: f(x,y) = z*y, P(—5,5), v = 3i-4j 


Exercise: 
Problem: f(x,y) = y? + xz, P(1,2,2), v= (2,—1,2) 


Solution: 


2 
3 


For the following exercises, find the directional derivative of the function in the direction of the unit vector 
u = cos i + sin 6j. 
Exercise: 


. — me 2 _ 
Problem: f (x,y) = x + 2y°,0 = = 


Exercise: 


Problem: f (x,y) = aa =-7 


Solution: 


—V/2(x+y) 


2(a+2y)? 


Exercise: 
us 


Problem: f (x,y) = cos (3a + y),0= 4 


Exercise: 
Tv 


Problem: w (x,y) = ye*,@ = 3 


Solution: 


Ce (y+v3) 
= 


Exercise: 


| 
hE) 


Problem: f (x,y) = xarctan(y), 0 


Exercise: 


Problem: f(z, y) = In(z+ 2y), 6= 43 


Solution: 


14273 
2(a+2y) 


For the following exercises, find the gradient. 
Exercise: 
Problem: Find the gradient of f(z, y) = eee Then, find the gradient at point P (1, 2). 


Exercise: 
Problem: Find the gradient of f(z, y, z) = xy + yz+ «zat point P (1, 2,3). 


Solution: 


(5,4, 3) 
Exercise: 


Problem: 
Find the gradient of f(z, y, z) at P and in the direction of u: 
f(x,y, z) = In(a? + 2y? + 32”), P(2,1,4), u= i- 4j- #k. 


Exercise: 
1 ° 


Problem: f(z, y, z) = 4¢°y?z*, P(2,—1,1), u= 


Solution: 


—320 


For the following exercises, find the directional derivative of the function at point P in the direction of Q. 
Exercise: 
Problem: f(z, y) = 2? + 3y”, P(1,1), Q(4,5) 


Exercise: 


Problem: f(x,y, z) = —+, P(2,1,—1), Q(—1,2,0) 


z+z? 


Solution: 


3 


vil 


For the following exercises, find the derivative of the function at P in the direction of u. 
Exercise: 


Problem: f(z,y) = —7x + 2y, P(2,—4), u= 4i-— 3j 


Exercise: 
Problem: f(z, y) = In(5z + 4y), P(3,9), u=6i+ 8j 
Solution: 


255 
Exercise: 
Problem: 
[T] Use technology to sketch the level curve of f(x, y) = 4x — 2y + 3 that passes through P(1, 2) and 
draw the gradient vector at P. 
Exercise: 
Problem: 


[T] Use technology to sketch the level curve of f(x, y) = x? + 4y? that passes through P(—2, 0) and 
draw the gradient vector at P. 


Solution: 


For the following exercises, find the gradient vector at the indicated point. 
Exercise: 


Problem: f(z, y) = zy? — yx’, P(—1,1) 
Exercise: 
Problem: f(z, y) = ze” — ln(z), P (—3, 0) 
Solution: 
fi- 33 
Exercise: 


Problem: f(z, y, z) = ry — In(z), P(2, —2, 2) 


Exercise: 


Problem: f(z, y, z) = ay/y? + 27, P(—2, —-1,-1) 
Solution: 


V2i + V2j+ V2k 


For the following exercises, find the derivative of the function. 
Exercise: 


Problem: f(z,y) = x? + xy + y’ at point (—5, —4) in the direction the function increases most rapidly 


Exercise: 


Problem: f(z, y) = e*Y at point (6, 7) in the direction the function increases most rapidly 


Solution: 


1.6(10') 


Exercise: 


Problem: f(z, y) = arctan (+) at point (—9, 9) in the direction the function increases most rapidly 


Exercise: 


Problem: 


f(x,y, 2) = In(xy + yz + 22) at point (—9, —18, —27) in the direction the function increases most 
rapidly 


Solution: 
5/2 
99 
Exercise: 


Problem: 


E42 h= + 4 + = at point (5, —5, 5) in the direction the function increases most rapidly 


For the following exercises, find the maximum rate of change of f at the given point and the direction in which 
it occurs. 
Exercise: 


Problem: f(z, y) = ze ¥, (1,0) 


Solution: 


V2, (1, 2) 


Exercise: 


Problem: f(x,y) = \/x? + 2y, (4, 10) 
Exercise: 


Problem: f(x,y) = cos(3x + 2y),(7,—4) 


Solution: 


3, (-3, —2) 


For the following exercises, find equations of 


a. the tangent plane and 
b. the normal line to the given surface at the given point. 


Exercise: 


Problem: The level curve f(z, y, z) = 12 for f(x, y, z) = 4a? — 2y” + z? at point (2, 2, 2). 


Exercise: 


Problem: f(z, y, z) = zy + yz + xz = 3 at point (1,1, 1) 


Solution: 


aez+t+y+2z2=3,bae-l=y-1l1=z-l1 


Exercise: 


Problem: f(z, y, z) = xyz = 6 at point (1, 2, 3) 
Exercise: 

Problem: f(z, y, z) = xe%cos z — z = 1 at point (1,0, 0) 

Solution: 


aez+y—z=1,ba¢-l=y=-z 


For the following exercises, solve the problem. 
Exercise: 


Problem: 


The temperature T in a metal sphere is inversely proportional to the distance from the center of the sphere 
(the origin: (0, 0,0)). The temperature at point (1, 2, 2) is 120°C. 


a. Find the rate of change of the temperature at point (1, 2, 2) in the direction toward point (2, 1, 3). 
b. Show that, at any point in the sphere, the direction of greatest increase in temperature is given by a 
vector that points toward the origin. 


Exercise: 
Problem: 


The electrical potential (voltage) in a certain region of space is given by the function 
V(z,y, z) = 5x” — Bay + ayz. 


a. Find the rate of change of the voltage at point (3, 4, 5) in the direction of the vector (1,1, —1). 
b. In which direction does the voltage change most rapidly at point (3, 4,5)? 
c. What is the maximum rate of change of the voltage at point (3, 4, 5)? 


Solution: 
a. are b. (38, 6, 12), c. 2/406 


Exercise: 


Problem: 


If the electric potential at a point (2, y) in the xy-plane is V(x, y) = e 7"cos(2y), then the electric 
intensity vector at (x, y) is E = —VV(a, y). 


a. Find the electric intensity vector at (4, 0). 


b. Show that, at each point in the plane, the electric potential decreases most rapidly in the direction of 
the vector E. 


Exercise: 
Problem: 


In two dimensions, the motion of an ideal fluid is governed by a velocity potential y~. The velocity 
components of the fluid w in the x-direction and v in the y-direction, are given by (u, v) = Vy. Find the 
velocity components associated with the velocity potential p(x, y) = sin ra sin 27ry. 


Solution: 


(u,v) = (mcos(rx)sin(2zy), 27 sin(7x)cos(27y)) 


Glossary 


directional derivative 
the derivative of a function in the direction of a given unit vector 


gradient 
the gradient of the function f (z, y) is defined to be Vf (x, y) = (Of /Ox)i+ (Of /Oy)j, which can be 
generalized to a function of any number of independent variables 


Maxima/Minima Problems 


¢ Use partial derivatives to locate critical points for a function of two variables. 

¢ Apply a second derivative test to identify a critical point as a local maximum, 
local minimum, or saddle point for a function of two variables. 

e Examine critical points and boundary points to find absolute maximum and 
minimum values for a function of two variables. 


One of the most useful applications for derivatives of a function of one variable is the 
determination of maximum and/or minimum values. This application is also important 
for functions of two or more variables, but as we have seen in earlier sections of this 
chapter, the introduction of more independent variables leads to more possible 
outcomes for the calculations. The main ideas of finding critical points and using 
derivative tests are still valid, but new wrinkles appear when assessing the results. 


Critical Points 


For functions of a single variable, we defined critical points as the values of the 
function when the derivative equals zero or does not exist. For functions of two or 
more variables, the concept is essentially the same, except for the fact that we are now 
working with partial derivatives. 


Note: 

Definition 

Let z = f (x, y) be a function of two variables that is defined on an open set 
containing the point (29, yo). The point (2, yo) is called a critical point of a 
function of two variables f if one of the two following conditions holds: 


1. fx (Zo; Yo) = fy (Zo, Yo) = 0 
2. Either fz (x0, yo) or fy (Zo, yo) does not exist. 


Example: 
Exercise: 


Problem: 
Finding Critical Points 


Find the critical points of each of the following functions: 


a. f (x,y) = /4y? — 9x? + 24y + 36x + 36 
b. g(x,y) = 274+ 2ry — 47° + 42 — 6y + 4 


Solution: 


a. First, we calculate f, (x, y) and f, (a, y): 


Equation: 
fr(z,y) = 4(—18« + 36)(4y? — 92? + 24y + 362 +36) 1” 
=~ =r lis 
/4y?—9x?+24y+362-+36 
fy(a,y) = 4(8y + 24)(4y? — 9x? + 24y + 36x + 36)” 
oF. 4y+12 


\/4yP—92?+24y+36r+36 


Next, we set each of these expressions equal to zero: 
Equation: 


—9xr+18 

/ 44? 92? + 24y+362+36 
4y+12 

V/ 44P—9a?+ My +360+36 


Then, multiply each equation by its common denominator: 
Equation: 


~9r +18 = 0 
4y+12 = 0. 


Therefore, x = 2 and y = —3, so (2, —3) is a critical point of f. 

We must also check for the possibility that the denominator of each partial 
derivative can equal zero, thus causing the partial derivative not to exist. 
Since the denominator is the same in each partial derivative, we need only 
do this once: 

Equation: 


Ay” — 9x? + 24y + 36a + 36 = 0. 


This equation represents a hyperbola. We should also note that the domain 
of f consists of points satisfying the inequality 
Equation: 


Ay” — 9x7 + 24y + 36a + 36 > 0. 


Therefore, any points on the hyperbola are not only critical points, they are 
also on the boundary of the domain. To put the hyperbola in standard form, 
we use the method of completing the square: 


Equation: 
Ay? — 9x? + 24y + 362+ 36 = 0 
dy’ — 9x? + 24y+ 36x = —36 
Ay? + 24y— 92? + 362 = —36 
4(y?+6y) —9(2?—4r) = —36 
4(y°+6y+9)-—9(2?-4¢+4) = —36+ 36 — 36 
Ay 8 8) (= 2) a 


Dividing both sides by —36 puts the equation in standard form: 
Equation: 


A(y+3)?  9(a-2)? 


=36 =36 =o 
(w—2)° (y+3) 
ao Se ee = oe 


Notice that point (2, —3) is the center of the hyperbola. 
. First, we calculate g, (x, y) and g, (, y): 
Equation: 


9x (z,y) = 2e+2y+4 
Gy(z,y) = 2x — 8y—6. 


Next, we set each of these expressions equal to zero, which gives a system 
of equations in x and y: 
Equation: 


| 
S 


2@ + 2y+4 
20 oy Oe: 


Subtracting the second equation from the first gives 

10y + 10 = 0, so y = —1. Substituting this into the first equation gives 

2x + 2(—1)+4=0,so a = —1. Therefore (—1, —1) is a critical point of 
g ({link]). There are no points in R? that make either partial derivative not 
exist. 


Critical point (—1, —1, 6) 


g(x, Y) = x? + 2xy — 4y? + 4x — By + 4 


10 


19 ~10 


The function g (x, y) has a critical point at (—1, —1, 6). 


Note: 
Exercise: 


Problem: Find the critical point of the function f (x, y) = 2° + 2xy — 2x — 4y. 


Solution: 


(2, =i) 
Hint 


Calculate f, (x, y) and f, (a, y), then set them equal to zero. 


The main purpose for determining critical points is to locate relative maxima and 
minima, as in single-variable calculus. When working with a function of one variable, 
the definition of a local extremum involves finding an interval around the critical point 
such that the function value is either greater than or less than all the other function 
values in that interval. When working with a function of two or more variables, we 
work with an open disk around the point. 


Note: 

Definition 

Let z = f (a, y) be a function of two variables that is defined and continuous on an 
open set containing the point (29, yo). Then f has a local maximum at (9, yo) if 
Equation: 


f (xo, yo) = f (x,y) 


for all points (x, y) within some disk centered at (29, yo). The number f (Zp, yo) is 
called a local maximum value. If the preceding inequality holds for every point (2, y) 
in the domain of f, then f has a global maximum (also called an absolute maximum) 
at (Zo, Yo). 

The function f has a local minimum at (20, yo) if 

Equation: 


f (xo, yo) < f (x,y) 


for all points (x, y) within some disk centered at (29, yo). The number f (Zp, yo) is 
called a local minimum value. If the preceding inequality holds for every point (2, y) 
in the domain of f, then f has a global minimum (also called an absolute minimum) at 
(Zo, Yo): 

If f (xo, yo) is either a local maximum or local minimum value, then it is called a 
local extremum (see the following figure). 


/ 


x x2 +y2=16 


The graph of z = /16 — x2 — y’ has a maximum 
value when (a, y) = (0,0). It attains its minimum 
value at the boundary of its domain, which is the 
circle x? + y” = 16. 


In Maxima and Minima, we showed that extrema of functions of one variable occur at 
critical points. The same is true for functions of more than one variable, as stated in the 
following theorem. 


Note: 

Fermat’s Theorem for Functions of Two Variables 

Let z = f (a, y) be a function of two variables that is defined and continuous on an 
open set containing the point (zo, yo). Suppose f,, and f, each exists at (xo, yo). If f 
has a local extremum at (2p, yo), then (Zo, yo) is a critical point of f. 


Second Derivative Test 


Consider the function f (x) = x. This function has a critical point at x = 0, since 
f1(0) = 3(0)” = 0. However, f does not have an extreme value at z = 0. Therefore, 
the existence of a critical value at x = 20 does not guarantee a local extremum at 

x = Zo. The same is true for a function of two or more variables. One way this can 
happen is at a saddle point. An example of a saddle point appears in the following 
figure. 


Graph of the function z = x? — y’. This graph has a 
saddle point at the origin. 


In this graph, the origin is a saddle point. This is because the first partial derivatives of 
f (x, y) = x? — y’ are both equal to zero at this point, but it is neither a maximum nor 
a minimum for the function. Furthermore the vertical trace corresponding to y = 0 is 
z = x” (a parabola opening upward), but the vertical trace corresponding to x = 0 is 
z = —y’ (a parabola opening downward). Therefore, it is both a global maximum for 
one trace and a global minimum for another. 


Note: 

Definition 

Given the function z = f (a, y), the point (9, yo, f (Xo, yo)) is a saddle point if both 
fo (£0, yo) = O and f, (xo, yo) = 0, but f does not have a local extremum at (Zo, yo). 


The second derivative test for a function of one variable provides a method for 
determining whether an extremum occurs at a critical point of a function. When 
extending this result to a function of two variables, an issue arises related to the fact 
that there are, in fact, four different second-order partial derivatives, although equality 
of mixed partials reduces this to three. The second derivative test for a function of two 
variables, stated in the following theorem, uses a discriminant D that replaces 

fl (ao) in the second derivative test for a function of one variable. 


Note: 

Second Derivative Test 

Let z = f (a, y) be a function of two variables for which the first- and second-order 
partial derivatives are continuous on some disk containing the point (20, yo). Suppose 
fx (20, Yo) = O and f, (xo, yo) = 0. Define the quantity 

Equation: 


D= fre (Zo, Yo) Fuy (Zo, Yo) P= Gz (xo, yo) 


i. If D > Oand fez (£0, yo) > 0, then f has a local minimum at (29, yo). 
ii. If D > O and fre (x0, yo) < 0, then f has a local maximum at (29, yo). 
iii. If D < 0, then f has a saddle point at (xo, yo). 
iv. If D = 0, then the test is inconclusive. 


See [link]. 


Saddle point 
Local maxima 


Local minima 


(a) (b) (c) 


The second derivative test can often determine whether a function of two 
variables has a local minima (a), a local maxima (b), or a saddle point (c). 


To apply the second derivative test, it is necessary that we first find the critical points 
of the function. There are several steps involved in the entire procedure, which are 
outlined in a problem-solving strategy. 


Note: 


Problem-Solving Strategy: Using the Second Derivative Test for Functions of Two 
Variables 


Let z = f (a, y) be a function of two variables for which the first- and second-order 
partial derivatives are continuous on some disk containing the point (29, yo). To apply 
the second derivative test to find local extrema, use the following steps: 


1. Determine the critical points (9, yo) of the function f where 
fx (Xo, Yo) = fy (£0, yo) = 0. Discard any points where at least one of the partial 
derivatives does not exist. 

2. Calculate the discriminant D = fiz (20, Yo) fyy (Lo, Yo) — (Fey (20, yo))” for 
each critical point of f. 


3. Apply [link] to determine whether each critical point is a local maximum, local 
minimum, or saddle point, or whether the theorem is inconclusive. 


Example: 


Exercise: 
Problem: 
Using the Second Derivative Test 


Find the critical points for each of the following functions, and use the second 
derivative test to find the local extrema: 


Solution: 


a. Step 1 of the problem-solving strategy involves finding the critical points of 
f. To do this, we first calculate f, (a, y) and f, (z, y), then set each of them 
equal to zero: 

Equation: 


fr(t,y) = 8@+8 


feet oy sa: 
Setting them equal to zero yields the system of equations 
Equation: 
Steen —= i) 
ieee) = All) 


The solution to this system is x = —1 and y = 2. Therefore (—1, 2) isa 
critical point of f. 

Step 2 of the problem-solving strategy involves calculating D. To do this, 
we first calculate the second partial derivatives of f: 

Equation: 


fex(z,y) = 8 
fay (2, y) = 0 
fy (ey) = 18. 


Therefore, 


D = fee (-1,2) fyy (—1, 2) — (fey (1, 2))” = (8) (18) — 0)" = 144. 
Step 3 states to check [link]. Since D > 0 and f,; (—1,2) > 0, this 
corresponds to case 1. Therefore, f has a local minimum at (—1, 2) as 
shown in the following figure. 


f(x, Y) = 4x2 + Oy? + 8x — 36y + 24 


Local minimum at (-1, 2,-16) 


The function f(z, y) has a local minimum at (—1, 2, —16). 


. For step 1, we first calculate g, (, y) and g, (x, y), then set each of them 
equal to zero: 
Equation: 


| 


Gx (x,y) a? + 2y — 6 
G(2,y) = 2y-- 22 — 3. 


Setting them equal to zero yields the system of equations 
Equation: 


| 
° 


a? + 2y—6 
20 0. 


To solve this system, first solve the second equation for y. This gives 


y= el . Substituting this into the first equation gives 


Equation: 


fo 3 = 2s = 6 20 
t= 2 —3 
(c—3)(a+1) = 0. 


Therefore, = —1 or x = 3. Substituting these values into the equation 


y= ae yields the critical points (-1, >) and (3 —3). 


Step 2 involves calculating the second partial derivatives of g: 
Equation: 


Ohs (40,00) = 2x 
Gay (EY) 2 
Oy (zy) = 2. 


Then, we find a general formula for D: 
Equation: 


D. = gre (£0; Yo) Gy (£0; Yo) — (Gey (0, yo)” 
= (279) (2) — 22 
= Axo — 4, 


Next, we substitute each critical point into this formula: 
Equation: 


) = @(-1))@)-@)=-4-4=-8 
) = (2(3))(2)-(@)°=12-4=8. 


In step 3, we note that, applying [link] to point (-1, =) leads to case 3, 
which means that (-1, 2) is a saddle point. Applying the theorem to point 
(3: — 3) leads to case 1, which means that (3 — 3) corresponds to a local 


2 
minimum as shown in the following figure. 


g(x, y) = 5x3 + y? + 2xy — 6x — 3y +4 


. 5 41 
Saddle point at (- 1, = 5) 


0 
y 


Local minimum at (a -5, -#) 


The function g(x, y) has a local minimum and a saddle point. 


Note: 
Exercise: 


Problem: Use the second derivative to find the local extrema of the function 
Equation: 


f (x,y) = 2? + 2xy — 6x — 4y/’. 


Solution: 


(J, =) is a saddle point, (- 3, = 3) is a local maximum. 


Hint 


Follow the problem-solving strategy for applying the second derivative test. 


Absolute Maxima and Minima 


When finding global extrema of functions of one variable on a closed interval, we start 
by checking the critical values over that interval and then evaluate the function at the 
endpoints of the interval. When working with a function of two variables, the closed 
interval is replaced by a closed, bounded set. A set is bounded if all the points in that 
set can be contained within a ball (or disk) of finite radius. First, we need to find the 
critical points inside the set and calculate the corresponding critical values. Then, it is 
necessary to find the maximum and minimum value of the function on the boundary of 
the set. When we have all these values, the largest function value corresponds to the 
global maximum and the smallest function value corresponds to the absolute 
minimum. First, however, we need to be assured that such values exist. The following 
theorem does this. 


Note: 

Extreme Value Theorem 

A continuous function f(z, y) on a closed and bounded set D in the plane attains an 
absolute maximum value at some point of D and an absolute minimum value at some 
point of D. 


Now that we know any continuous function f defined on a closed, bounded set attains 
its extreme values, we need to know how to find them. 


Note: 

Finding Extreme Values of a Function of Two Variables 

Assume z = f (x, y) is a differentiable function of two variables defined on a closed, 
bounded set D. Then f will attain the absolute maximum value and the absolute 
minimum value, which are, respectively, the largest and smallest values found among 
the following: 


i. The values of f at the critical points of f in D. 
ii. The values of f on the boundary of D. 


The proof of this theorem is a direct consequence of the extreme value theorem and 
Fermat’s theorem. In particular, if either extremum is not located on the boundary of 
D, then it is located at an interior point of D. But an interior point (x0, yo) of D that’s 
an absolute extremum is also a local extremum; hence, (Zo, yo) is a critical point of f 
by Fermat’s theorem. Therefore the only possible values for the global extrema of f on 
D are the extreme values of f on the interior or boundary of D. 


Note: 

Problem-Solving Strategy: Finding Absolute Maximum and Minimum Values 

Let z = f (x, y) be a continuous function of two variables defined on a closed, 
bounded set D, and assume f is differentiable on D. To find the absolute maximum 
and minimum values of f on D, do the following: 


1. Determine the critical points of f in D. 

2. Calculate f at each of these critical points. 

3. Determine the maximum and minimum values of f on the boundary of its 
domain. 

4. The maximum and minimum values of f will occur at one of the values obtained 
in steps 2 and 3. 


Finding the maximum and minimum values of f on the boundary of D can be 
challenging. If the boundary is a rectangle or set of straight lines, then it is possible to 
parameterize the line segments and determine the maxima on each of these segments, 
as seen in [link]. The same approach can be used for other shapes such as circles and 
ellipses. 


If the boundary of the set D is a more complicated curve defined by a function 
g(x,y) = c for some constant c, and the first-order partial derivatives of g exist, then 
the method of Lagrange multipliers can prove useful for determining the extrema of f 
on the boundary. The method of Lagrange multipliers is introduced in Lagrange 
Multipliers. 


Example: 
Exercise: 


Problem: 
Finding Absolute Extrema 


Use the problem-solving strategy for finding absolute extrema of a function to 
determine the absolute extrema of each of the following functions: 


2 


a. f (x,y) = x? — 2ay + 4y? — 4x — 2y + 24 on the domain defined by 
O<2<4and0<y<2 
b. g(x,y) = 2? + y? + 4x — 6y on the domain defined by x? + y? < 16 


Solution: 


a. Using the problem-solving strategy, step 1 involves finding the critical 
points of f on its domain. Therefore, we first calculate f, (x, y) and 
fy (%, y), then set them each equal to zero: 

Equation: 


fa(z,y) = 2x—2y—4 
a OU are 


a 

F ae) 

8 

ce 
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Setting them equal to zero yields the system of equations 
Equation: 


Cie Ot a) 
SP 
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The solution to this system is x = 3 and y = 1. Therefore (3, 1) is a critical 
point of f. Calculating f (3,1) gives f (3,1) = 17. 

The next step involves finding the extrema of f on the boundary of its 
domain. The boundary of its domain consists of four line segments as 
shown in the following graph: 


Graph of the domain of the function 
f (a, y) = 2? — Qay + 4y? — 4a — 2y 4 24. 


, is the line segment connecting (0,0) and (4,0), and it can be 
parameterized by the equations x (t) = t, y(t) = 0 for 0 < t < 4. Define 
g(t) = f (x(t), y(t). This gives g (t) = t? — 4t + 24. Differentiating g 
leads to g' (t) = 2t — 4. Therefore, g has a critical value at ¢ = 2, which 
corresponds to the point (2, 0). Calculating f (2,0) gives the z-value 20. 
Lz is the line segment connecting (4, 0) and (4, 2), and it can be 
parameterized by the equations x (t) = 4, y(t) = t for 0 < t < 2. Again, 
define g (t) = f (x (t), y(t). This gives g (t) = 4t? — 10¢ + 24. Then, 
g' (t) = 8t — 10. ghas a critical value at t = 3, which corresponds to the 
point (4, 3). Calculating f (4, +) gives the z-value 17.75. 

Lz is the line segment connecting (0, 2) and (4, 2), and it can be 
parameterized by the equations x (t) = t, y(t) = 2 for0 < t < 4. Again, 
define g(t) = f (x (t), y(t)). This gives g (t) = t? — 8t + 36. The critical 
value corresponds to the point (4, 2). So, calculating f (4, 2) gives the z- 
value 20. 

[4 is the line segment connecting (0,0) and (0, 2), and it can be 
parameterized by the equations x (t) = 0, y(t) = t for 0 < t < 2. This 
time, g(t) = 4t? — 2t + 24 and the critical value t = > correspond to the 
point (0, +). Calculating f (0, +) gives the z-value 23.75. 

We also need to find the values of f (a, y) at the corners of its domain. 
These corners are located at (0,0), (4,0), (4,2) and (0, 2): 

Equation: 


(0,0) = (0)?—2(0) (0) + 4(0)?—4(0)—2(0) +24 = 24 
f(4,0) = (4)?—2(4) (0) + 4(0)? —4(4) —2(0) +24 = 24 
P42 4) = 2 Cert 44) = 212) 24 20 
OO) = (Or =O Oe (0) SG) eas 


The absolute maximum value is 36, which occurs at (0, 2), and the global 
minimum value is 17, which occurs at (3, 1) as shown in the following 
figure. 


f(x, y) = x? — 2xy — 4x + 4y? — 2y + 24 


Local maximum 
(0, 2, 36) 


Local minimum 
(4, 2, 20) 


(3, 1, 17) 


(2, 0, 20) Global minimum 


Local minimum 


The function f(z, y) has one global minimum and one global 
maximum over its domain. 


b. Using the problem-solving strategy, step 1 involves finding the critical 
points of g on its domain. Therefore, we first calculate g, (x, y) and 
gy (x, y), then set them each equal to zero: 

Equation: 


22 +4 
Gy(z,y) = 2y—6. 
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Setting them equal to zero yields the system of equations 
Equation: 

20) 

2y—6 = 0. 


The solution to this system is = —2 and y = 3. Therefore, (—2,3) isa 
critical point of g. Calculating g (—2, 3), we get 
Equation: 


G2 = (2 2)e es (ee 6a 4 0 eis ae 


The next step involves finding the extrema of g on the boundary of its 
domain. The boundary of its domain consists of a circle of radius 4 centered 
at the origin as shown in the following graph. 


Graph of the domain of the function 
g(x,y) = 2? +y" + 4a — by. 


The boundary of the domain of g can be parameterized using the functions 
x(t) = 4cost, y(t) = 4sint for 0 < t < 27. Define 


h(t) = g(a (t), y(t): 
Equation: 
h(t) =g(x(t),y(t)) 
= (4cost)? + (4sint)” + 4(4 cost) — 6 (4sint) 
= 16cos*t + 16sin?t + 16 cost — 24sint 
= 16+ l6cost — 24sinz?. 


Setting h’ (t) = 0 leads to 


Equation: 


—16sint — 24cost 0 
—l6sint = 24cost 


—16sint __ 24 cost 
—16cost ~~  —Il6cost 
tant = = 2, 
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This equation has two solutions over the interval 0 < t < 27. One is 
Ct — oleh (3 5 ) and the other is = 27 — arctan fe y For the first 


angle, 
Equation: 
sint = sin (x — arctan (3)) — ot (arctan (3)) = cee 
cost = cos (x — arctan (3)) as (arctan ()) — =a 
Therefore, x (¢) = 4cost = —iE and y(t) =4sint = ale , SO 
(- SBE ei | is a critical point on the boundary and 


Equation: 


6v18) ovis ye svi3 \* 2V/B \" 8/13 12/13 
9(- 1B? wa) =(- fe) + (ByB) +4(- #2) — 6 (2yB | 
— 144 4 64 _ 32v13 _ 72/13 

13 13 13 13 


For the second angle, 


Equation: 
sint = sin (2m — arctan ey, = —sin (arctan ca) = eos 
cost = cos (2m — arctan (2)) = cos (arctan (2)) = a 


Therefore, x (t) = 4cost = even and y(t) = 4sint = — a3 eo 


8V13 12/13 
ihe 13 


Equation: 


) is a critical point on the boundary and 


(8) 


Vis \” 12/73 \? 8/13 12/13 
Bo? 13 (33°) + (- B ) +4 (5333) -6(-248) 


_ 144. 64 3 3218 7218 
PR Ag om gee oe ale 
_ 208+104V13 | 

= a3 © 44.844. 


The absolute minimum of g is —13, which is attained at the point (—2, 3), 
which is an interior point of D. The absolute maximum of g is 


approximately equal to 44.844, which is attained at the boundary point 


8/13 12V'13 
m3 13 


the following figure. 


) . These are the absolute extrema of g on D as shown in 


Minimum point at 


f (x, y) = x2 + 4x + y? — 6y 
_32 16 _ 64 
5’ 5° 5 


Maximum point at 


x (2 -2, 2) 
5' 5' 5 
4 ~4 


The function f(z, y) has a local minimum and a local maximum. 


Note: 
Exercise: 


Problem: 

Use the problem-solving strategy for finding absolute extrema of a function to 
find the absolute extrema of the function 

Equation: 


f (z, y) = 4a? — 2ay + 6y? — 8a + 2y+3 


on the domain defined by 0 < x < 2and—1l<y<3. 
Solution: 


The absolute minimum occurs at (1,0): f (1,0) = —1. 


The absolute maximum occurs at (0, 3): f (0,3) = 63. 
Hint 


Calculate f, (x, y) and f, (x, y), and set them equal to zero. Then, calculate f for 
each critical point and find the extrema of f on the boundary of D. 


Example: 
Exercise: 
Problem: 
Chapter Opener: Profitable Golf Balls 


(credit: modification of work by 
oatsy40, Flickr) 


Pro-T company has developed a profit model that depends on the number x of 
golf balls sold per month (measured in thousands), and the number of hours per 
month of advertising y, according to the function 

Equation: 


z= f (z,y) = 48a + 96y — 2? — 2xy — 947, 


where z is measured in thousands of dollars. The maximum number of golf balls 
that can be produced and sold is 50,000, and the maximum number of hours of 
advertising that can be purchased is 25. Find the values of x and y that maximize 
profit, and find the maximum profit. 


Solution: 


Using the problem-solving strategy, step 1 involves finding the critical points of 
f on its domain. Therefore, we first calculate f, (x, y) and f, (a, y), then set 
them each equal to zero: 

Equation: 


We (54) = 48— 2x —2y 
plese) == b= rep — Tey 


Setting them equal to zero yields the system of equations 
Equation: 
Ne ly — 4g) 10) 
96 — 2x — 18y 


| 
= 


The solution to this system is x = 21 and y = 3. Therefore (21, 3) is a critical 
point of f. Calculating f (21, 3) gives 
f (21,3) = 48 (21) + 96 (3) — 21? — 2 (21) (3) — 9(3)? = 648. 


The domain of this function is 0 < x < 50 and0O < y < 25 as shown in the 
following graph. 


~10 9% 10 20 30 40 50 60% 
—§ Ly 


Graph of the domain of the function 
f (x,y) = 48x + 96y — x? — 2ary — Oy’. 


L, is the line segment connecting (0,0) and (50, 0), and it can be parameterized 
by the equations x (t) = t, y(t) = 0 for 0 < t < 50. We then define 


g(t) = f(x (t), y(t)): 
Equation: 
g(t) =f (x(t), y(@) 
= f ie 0) 
= A8t + 96 (0) — y* — 2(t) (0) — 9(0)” 
Sa 


Setting g’ (t) = 0 yields the critical point t = 24, which corresponds to the point 
(24, 0) in the domain of f. Calculating f (24,0) gives 576. 


Ly is the line segment connecting and (50, 25), and it can be parameterized by 
the equations x (t) = 50, y(t) =t for 0 < t < 25. Once again, we define 


g(t) = f (x (t), y(é)): 


Equation: 
g(t) = f(x(t),y(t)) 
= f (50, t) 
= 48 (50) + 96t — 50? — 2 (50)t — 92? 
= —9t? — 4t — 100. 
This function has a critical point at t = — 2, which corresponds to the point 


(50, — =) . This point is not in the domain of f. 


Lz is the line segment connecting (0,25) and (50, 25), and it can be 
parameterized by the equations x (t) = t, y (t) = 25 for 0 < t < 50. We define 


g(t) = f (x(t), y(¢)): 
Equation: 
g(t) =f (x(t), y@) 
= f (t, 25) 
= 48¢ + 96 (25) — t? — 2¢ (25) — 9 (257) 
= —t? — 2¢ — 3225. 


This function has a critical point at = —1, which corresponds to the point 
(—1, 25), which is not in the domain. 


[4 is the line segment connecting (0,0) to (0, 25), and it can be parameterized 
by the equations x (t) = 0, y(t) = t for0 < t < 25. We define 


9(t) = f(x (t), y(¢)): 
Equation: 
g(t) =f (x(t), y(@) 
= f (0, t) 
= 48 (0) + 96t — (0)” — 2 (0)t — 9#? 
= 96t — t?. 


This function has a critical point at ¢ = %, which corresponds to the point 
(0, 2), which is on the boundary of the domain. Calculating f (0, =) gives 
256. 


We also need to find the values of f (x, y) at the corners of its domain. These 
corners are located at (0,0), (50, 0), (50, 25) and (0, 25): 


Equation: 
f (0,0) = 48(0) +96 (0) — (0)° — 2(0) (0) — 9(0)" = 
f (50,0) = 48(50) + 96 (0) — (50)° — 2(50) (0) — fare = —100 
f (50,25) = 48(50) + 96 (25) — (50)? — 2(50) (25) — 9(2 5) = —5825 
f (0,25) = 48(0) + 96 (25) — (0)? — 2(0) (25) — 9(2 5)? = =3225. 


The maximum critical value is 648, which occurs at (21, 3). Therefore, a 
maximum profit of $648,000 is realized when 21,000 golf balls are sold and 3 
hours of advertising are purchased per month as shown in the following figure. 


f(x, Y) = 48x + 96y — x* — 2xy — Oy? 
Maximum point at 
(21, 3, 648) 


0 
—2000 
z 
—4000 
0 
The profit function f(x, y) has a maximum at (21, 3, 648). 
Key Concepts 


¢ A critical point of the function f (x, y) is any point (xo, yo) where either 
fx (£0, yo) = fy (0, yo) = 0, or at least one of fz (xo, yo) and fy (Zo, yo) do not 
exist. 

¢ A saddle point is a point (xo, yo) where fz (20, yo) = fy (Zo, yo) = 0, but (xo, yo) 
is neither a maximum nor a minimum at that point. 

e To find extrema of functions of two variables, first find the critical points, then 
calculate the discriminant and apply the second derivative test. 


Key Equations 


e Discriminant 
D = few (a0, Yo) fuy (20, Yo) — (fey (20, Yo)” 


For the following exercises, find all critical points. 
Exercise: 


Problem: f(x,y) =1+2?+ 7° 
Exercise: 

Problem: f(x,y) = (3x — 2)’ + (y—4)” 

Solution: 


(34) 


Exercise: 


Problem: f(z, y) = 24+ y' — 16zry 
Exercise: 
Problem: f(x,y) = 152° — 3xy + 15y’ 


Solution: 


For the following exercises, find the critical points of the function by using algebraic 
techniques (completing the square) or by examining the form of the equation. Verify 
your results using the partial derivatives test. 

Exercise: 


Problem: f(x,y) = \/2?2+y2+1 


Exercise: 


Problem: f(z, y) = —z? — Sy’ + 8a — 10y — 13 
Solution: 


Maximum at (4, —1, 8) 


Exercise: 


Problem: f(z, y) = 27+ y? + 2x — 6y+ 6 


Exercise: 


Problem: f(x,y) = \/z2+y?+1 
Solution: 


Relative minimum at (0, 0, 1) 


For the following exercises, use the second derivative test to identify any critical 
points and determine whether each critical point is a maximum, minimum, saddle 
point, or none of these. 

Exercise: 


Problem: f(x,y) = —2°? + 4xry — 2y?+1 
Exercise: 

Problem: f(x,y) = x’y’ 

Solution: 


The second derivative test fails. Since x7y* > 0 for all x and y different from 
zero, and xy” = 0 when either x or y equals zero (or both), then the absolute 
minimum occurs at (0, 0). 


Exercise: 


Problem: f(x,y) = 2? — 6x + y? + 4y— 8 


Exercise: 


Problem: f(z, y) = 2xy + 3a + 4y 


Solution: 


f ( 2, : ) = —6 isa saddle point. 


Exercise: 


Problem: f(x,y) = 8ry(x + y) +7 
Exercise: 
Problem: f(x,y) = 27+ 4¢y+ y? 


Solution: 
f(0,0) = 0; (0,0, 0) is a saddle point. 


Exercise: 


Problem: f(x,y) = 2° + y° — 300z — 75y — 3 
Exercise: 

Problem: f(x,y) = 9 — ay" 

Solution: 

f(0,0) = 9 is a local maximum. 


Exercise: 


Problem: f(z, y) = 7z?y + 9xy 


Exercise: 


Problem: f(x,y) = 3x7 — 2ay + y? — 8y 
Solution: 
Relative minimum located at (2, 6). 


Exercise: 


Problem: f(z, y) = 327+ 2ry+ y” 


Exercise: 


Problem: f(x,y) = y?+ zy+ 3y+ 2243 


Solution: 


(1, —2) is a saddle point. 


Exercise: 


Problem: f(x,y) = 27+ 2y+ y’? — 3x 


Exercise: 


Problem: f(x,y) = x? + 2y? — xy 


Solution: 


(2,1) and (—2, 1) are saddle points; (0,0) is a relative minimum. 


Exercise: 


Problem: f(x,y) = x? + y— eY 
Exercise: 


Problem: f(x,y) =e +¥+2*) 


Solution: 


(—1, 0) is a relative maximum. 


Exercise: 


Problem: f(x,y) =2?+ 2y+y’-2z 
Exercise: 

Problem: f(x,y) = x? + 10rzy+y” 

Solution: 


(0, 0) is a saddle point. 


Exercise: 


Problem: f(z, y) = —x? — 5y? + 10z 


Exercise: 


30y — 62 


Problem: f(z, y) = 120z + 120y — zy — x? — 7? 
Solution: 


The relative maximum is at (40, 40). 


Exercise: 


Problem: f(x,y) = 227+ 2¢y+y?4+ 22 —3 


Exercise: 


Problem: f(x,y) = 27+ 2 —3zry+y*?—5 


Solution: 
(+, +) is a saddle point and (1, 1) is the relative minimum. 
Exercise: 


Problem: f(x,y) = Qrye* -¥ 


For the following exercises, determine the extreme values and the saddle points. Use a 
CAS to graph the function. 
Exercise: 


Problem: [T] f(z, y) = ye” — e¥ 
Solution: 


A saddle point is located at (0, 0). 


Exercise: 


Problem: [T] f(z, y) = z sin(y) 

Exercise: 
Problem: [T] f(z, y) = sin(x)sin(y), x € (0, 27), y € (0, 27) 
Solution: 


There is a saddle point at (7, 7), local maxima at (43 =) and =: 


local minima at (4, 3) and (= Zz). 


Find the absolute extrema of the given function on the indicated closed and bounded 
set R. 
Exercise: 


Problem: 
f(x,y) = cy — x — 3y; R is the triangular region with vertices 
(0,0), (0,4), and (5,0). 
Exercise: 
Problem: 


Find the absolute maximum and minimum values of f(z, y) = x? + y? — 2y+1 
on the region R = {(z, y)|z7+ y? < 4}. 


Solution: 


(0, 1,0) is the absolute minimum and (0, —2, 9) is the absolute maximum. 
Exercise: 


Problem: 


f(y) =e Say = on R= 16,9) 2-2 os 2,2 ay < 2} 


Exercise: 


Problem: f(x,y) = waht on R= {(z,y):27 + y? <4} 


Solution: 


There is an absolute minimum at (0, 1, —1) and an absolute maximum at 
(0,—1,1). 

Exercise: 
Problem: 
Find three positive numbers the sum of which is 27, such that the sum of their 
squares is as small as possible. 


Exercise: 


Problem: 
Find the points on the surface x? — yz = 5 that are closest to the origin. 
Solution: 
(v5, 0,0), (-v5,0,0) 
Exercise: 
Problem: 


Find the maximum volume of a rectangular box with three faces in the coordinate 
planes and a vertex in the first octant on the planex + y+z= 1. 


Exercise: 
Problem: 
The sum of the length and the girth (perimeter of a cross-section) of a package 


carried by a delivery service cannot exceed 108 in. Find the dimensions of the 
rectangular package of largest volume that can be sent. 


Solution: 


18 by 36 by 18 in. 
Exercise: 
Problem: 
A cardboard box without a lid is to be made with a volume of 4 ft?. Find the 
dimensions of the box that requires the least amount of cardboard. 
Exercise: 
Problem: 


Find the point on the surface f(x, y) = x7 + y* + 10 nearest the plane 
x + 2y — z = 0. Identify the point on the plane. 


Solution: 


. .) 


Exercise: 


Problem: 


Find the point in the plane 2x — y + 2z = 16 that is closest to the origin. 
Exercise: 


Problem: 


A company manufactures two types of athletic shoes: jogging shoes and cross- 
trainers. The total revenue from x units of jogging shoes and y units of cross- 
trainers is given by R(x, y) = —5x? — 8y? — 2ay + 42x + 102y, where x and y 
are in thousands of units. Find the values of x and y to maximize the total 
revenue. 


Solution: 


c= sand y= 6 
Exercise: 
Problem: 
A shipping company handles rectangular boxes provided the sum of the length, 


width, and height of the box does not exceed 96 in. Find the dimensions of the 
box that meets this condition and has the largest volume. 


Exercise: 


Problem: 


Find the maximum volume of a cylindrical soda can such that the sum of its 
height and circumference is 120 cm. 


Solution: 


v= SO ~ 20,372 cm3 


Glossary 


critical point of a function of two variables 
the point (9, yo) is called a critical point of f (x, y) if one of the two following 
conditions holds: 


1. fx (Xo, Yo) = fy (Zo, yo) = 0 
2. At least one of fi (Zo, yo) and fy (xo, yo) do not exist 


discriminant 
the discriminant of the function f (a, y) is given by the formula 


1 frx(£o, Yo) fyy(£o, yo) ca (fey(Zo, yo))” 


saddle point 
given the function z = f(z, y), the point (29, yo, f (Xo, yo)) is a saddle point if 
both f, (Zo, yo) = 0 and f, (Zo, yo) = 0, but f does not have a local extremum at 


(Zo, yo) 


Lagrange Multipliers for Doug Baldwin 


e Use the method of Lagrange multipliers to solve optimization problems with one constraint. 
e Use the method of Lagrange multipliers to solve optimization problems with two constraints. 


Solving optimization problems for functions of two or more variables can be similar to solving such 
problems in single-variable calculus. However, techniques for dealing with multiple variables allow us to 
solve more varied optimization problems for which we need to deal with additional conditions or 
constraints. In this section, we examine one of the more common and useful methods for solving 
optimization problems with constraints. 


Lagrange Multipliers 


The Profitable Golf Balls example was an applied situation involving maximizing a profit function, 
subject to certain constraints. In that example, the constraints involved a maximum number of golf balls 
that could be produced and sold in 1 month (a), and a maximum number of advertising hours that could 
be purchased per month (y). Suppose these were combined into a budgetary constraint, such as 

20x + 4y < 216, that took into account the cost of producing the golf balls and the number of 
advertising hours purchased per month. The goal is, still, to maximize profit, but now there is a different 
type of constraint on the values of x and y. This constraint, when combined with the profit function 

f (x,y) = 48x + 96y — x? — 2xy — Yy’, is an example of an optimization problem, and the function 
f (x, y) is called the objective function. A graph of various level curves of the function f (z, y) follows. 


f(x, y) = 150 


f(x, y) = 400 


Graph of level curves of the function 
f (x, y) = 482 + 96y — x? — 2ay — Dy? 
corresponding to c = 150, 250, 350, and 400. 


In [link], the value c represents different profit levels (i.e., values of the function f). As the value of c 
increases, the curve shifts to the right. Since our goal is to maximize profit, we want to choose a curve as 
far to the right as possible. If there was no restriction on the number of golf balls the company could 
produce, or the number of units of advertising available, then we could produce as many golf balls as we 


want, and advertise as much as we want, and there would be not be a maximum profit for the company. 
Unfortunately, we have a budgetary constraint that is modeled by the inequality 202 + 4y < 216. To see 
how this constraint interacts with the profit function, [link] shows the graph of the line 20a + 4y = 216 
superimposed on the previous graph. 


20x + 4y = 216 


x? + 2xy + 9y? — 48x — 96y = 0 


Graph of level curves of the function 
f(z, y) = 482 + 96y — x? — 2xy — Oy? 
corresponding to 
c = 150, 250, 350, and 395. The red 
graph is the constraint function. 


As mentioned previously, the maximum profit occurs when the level curve is as far to the right as 
possible. However, the level of production corresponding to this maximum profit must also satisfy the 
budgetary constraint, so the point at which this profit occurs must also lie on (or to the left of) the red 
line in [link]. Inspection of this graph reveals that this point exists where the line is tangent to the level 
curve of f. Trial and error reveals that this profit level seems to be around 395, when « and y are both 
just less than 5. We return to the solution of this problem later in this section. From a theoretical 
standpoint, at the point where the profit curve is tangent to the constraint line, the gradient of both of the 
functions evaluated at that point must point in the same (or opposite) direction. Recall that the gradient of 
a function of more than one variable is a vector. If two vectors point in the same (or opposite) directions, 
then one must be a constant multiple of the other. This idea is the basis of the method of Lagrange 
multipliers. 


Note: 

Method of Lagrange Multipliers: One Constraint 

Let f and g be functions of two variables with continuous partial derivatives at every point of some 
open set containing the smooth curve g(x, y) = 0. Suppose that f, when restricted to points on the 
curve g(x, y) = 0, has a local extremum at the point (xo, yo) and that Vg (zo, yo) 4 0. Then there is a 
number A called a Lagrange multiplier, for which 

Equation: 


Vf (20, yo) = AV (Zo, Yo): 


Proof 


Assume that a constrained extremum occurs at the point (x9, yo). Furthermore, we assume that the 
equation g (x, y) = 0 can be smoothly parameterized as 
Equation: 


xz =2(s)andy= y(s) 


where s is an arc length parameter with reference point (zo, yo) at s = 0. Therefore, the quantity 
z= f (x(s),y(s)) has a relative maximum or relative minimum at s = 0, and this implies that 42 = 0 


at that point. From the chain rule, 
Equation: 


dz _ of Oe, Of ay (af, AF) (ae, v) _, 
ds Ox Os Oy Os | —— 


Ox Oy er os 


where the derivatives are all evaluated at s = 0. However, the first factor in the dot product is the 
gradient of f, and the second factor is the unit tangent vector T (0) to the constraint curve. Since the 
point (xo, yo) corresponds to s = 0, it follows from this equation that 

Equation: 


VF (0,40) T (0) = 9, 


which implies that the gradient is either O or is normal to the constraint curve at a constrained relative 
extremum. However, the constraint curve g(x, y) = 0 is a level curve for the function g (x, y) so that if 
Vg(xo, yo) # O then Vg (Zo, yo) is normal to this curve at (Zo, yo) It follows, then, that there is some 
scalar A such that 

Equation: 


Vf (20, Yo) = AVG (Zo, Yo) 


To apply [link] to an optimization problem similar to that for the golf ball manufacturer, we need a 
problem-solving strategy. 


Note: 
Problem-Solving Strategy: Steps for Using Lagrange Multipliers 


1. Determine the objective function f («, y) and the constraint function g (x, y). Does the 
optimization problem involve maximizing or minimizing the objective function? 
2. Set up a system of equations using the following template: 


Equation: 


Vf (zo, yo) AVG (Zo, Yo) 
g(Z0,yo) = 0. 


3. Solve for xp and yo. 
4. The largest of the values of f at the solutions found in step 3 maximizes f; the smallest of those 
values minimizes f. 


Example: 
Exercise: 


Problem: 
Using Lagrange Multipliers 


Use the method of Lagrange multipliers to find the minimum value of 
f(z, y) = x? + 4y? — 2x + 8y subject to the constraint 2 + 2y = 7. 


Solution: 


Let’s follow the problem-solving strategy: 


1. The optimization function is f (x, y) = x? + 4y? — 2x + 8y. To determine the constraint 
function, we must first subtract 7 from both sides of the constraint. This gives 
x + 2y — 7 = 0. The constraint function is equal to the left-hand side, so 
g(x,y) = x + 2y — 7. The problem asks us to solve for the minimum value of f, subject to 
the constraint (see the following graph). 


Graph of level curves of the function 
f (x,y) = 2? + 4y? — 2a + 8y 
corresponding to c = 10 and 26. The 
red graph is the constraint function. 


2. We then must calculate the gradients of both f and g: 
Equation: 


Vf (z,y) = (2a — 2)i + (8y + 8)j 
Vg (2, y) =i+ 2j. 


The equation Vf (20, yo) = AVg (xo, yo) becomes 
Equation: 


(2x9 — 2)i+ (8y0 + 8)j =A (i+ 25), 


which can be rewritten as 
Equation: 


(229 = 2)1-- (80 48) = Al 2Aj, 
Next, we set the coefficients of i and j equal to each other: 
Equation: 


2%) —-2=X 
8yp +8 = 2A. 


The equation g (xo, yo) = 0 becomes x9 + 2yo — 7 = 0. Therefore, the system of equations 
that needs to be solved is 


Equation: 
2x0 2 —= oN 
Syp54 8 = 2A 
Lo 2yo 1 = 0: 


3. This is a linear system of three equations in three variables. We start by solving the second 
equation for A and substituting it into the first equation. This gives \ = 4yo + 4, so 
substituting this into the first equation gives 
Equation: 


229 — 2) — 4yo 4-4. 


Solving this equation for x9 gives x) = 2yo + 3. We then substitute this into the third 
equation: 
Equation: 
(2y0 +3) +2y0-7 = 0 
Ayo —4 
vo = 1. 


Since 29 = 2yo + 3, this gives xp = 5. 

4, Next, we substitute (5, 1) into f (x,y) = x? + 4y? — 2a + 8y, gives 
f (5,1) = 5? + 4(1)? — 2(5) + 8 (1) = 27. To ensure this corresponds to a minimum value 
on the constraint function, let’s try some other values, such as the intercepts of g (x, y) = 0, 
Which are (7, 0) and (0, 3.5). We get f (7,0) = 35 and f (0,3.5) = 77, so it appears f has a 
minimum at (5, 1). 


Note: 
Exercise: 


Problem: 


Use the method of Lagrange multipliers to find the maximum value of 
f (x,y) = 9x? + 36xy — 4y” — 18x — 8y subject to the constraint 3a + 4y = 32. 


Solution: 
f has a maximum value of 976 at the point (8, 2). 
Hint 


Use the problem-solving strategy for the method of Lagrange multipliers. 


Let’s now return to the problem posed at the beginning of the section. 


Example: 
Exercise: 


Problem: 
Golf Balls and Lagrange Multipliers 


The golf ball manufacturer, Pro-T, has developed a profit model that depends on the number z of 
golf balls sold per month (measured in thousands), and the number of hours per month of 
advertising y, according to the function 

Equation: 


z= f(x,y) = 48x + 96y — x? — 2ry — Oy’, 
where z is measured in thousands of dollars. The budgetary constraint function relating the cost of 
the production of thousands golf balls and advertising units is given by 20% + 4y = 216. Find the 


values of x and y that maximize profit, and find the maximum profit. 


Solution: 


Again, we follow the problem-solving strategy: 


1. The optimization function is f (x, y) = 48x + 96y — x? — 2xy — 9y?. To determine the 
constraint function, we first subtract 216 from both sides of the constraint, then divide both 
sides by 4, which gives 5a + y — 54 = 0. The constraint function is equal to the left-hand 
side, so g(x, y) = 5a + y — 54. The problem asks us to solve for the maximum value of f, 
subject to this constraint. 

2. So, we calculate the gradients of both f and g: 

Equation: 


Vi (x,y) = (48 — 2x — 2y)i+ (96 — 2x — 18y)j 
Vg (x,y) = 5i+j. 


The equation Vf (xo, yo) = AVg (x0, yo) becomes 
Equation: 


(48 — 2ary — 2yo)i + (96 — 2x9 — 18y0)j = A(5i+)), 


which can be rewritten as 
Equation: 


(48 =279 — 2yo)i ar (96 — 27. — 18y0)j = Adi + Aj. 


We then set the coefficients of iand j equal to each other: 
Equation: 


48 — 229 a 2Y0 = by 
96 — Daeg a 18y =) OY 


The equation g (x0, yo) = 0 becomes 529 + yo — 54 = 0. Therefore, the system of equations 
that needs to be solved is 
Equation: 
48 — 229 ae 2Y0 = 
96 — 220 = 18y = EeN 
5x9 + yo — 54 


| 
S 


3. We use the left-hand side of the second equation to replace J in the first equation: 
Equation: 


48 — 2a —2yo = 5(96 — 2x9 — 18yo) 
48 — 229 — 2y0 480 — 1029 — 90yo 
829 432 — 88yo 
eo = SLR lly. 


Then we substitute this into the third equation: 
Equation: 


5 (54 — 11yo) + yo — 54 
270 — 55 yo + yo 

216 —54y) = 

10 = 


seo oc 


Since 2p = 54 — 11yp, this gives xp = 10. 
4. We then substitute (10, 4) into f (x, y) = 48x + 96y — x? — 2ry — 9y?, which gives 
Equation: 


f (10,4) = 48 (10) + 96 (4) — (10)? — 2(10) (4) — 9(4)? 
— 480 + 384 — 100 — 80 — 144 = 540. 


Therefore the maximum profit that can be attained, subject to budgetary constraints, is 
$540,000 with a production level of 10,000 golf balls and 4 hours of advertising bought per 
month. Let’s check to make sure this truly is a maximum. The endpoints of the line that 
defines the constraint are (10.8, 0) and (0, 54) Let’s evaluate f at both of these points: 
Equation: 


f (10.8,0) = 48(10.8) + 96 (0) — 10.8? — 2 (10.8) (0) — 9 (0?) = 401.76 
f (0,54) = 48(0) +96 (54) — 0? — 2 (0) (54) — 9 (547) = —21, 060. 


The second value represents a loss, since no golf balls are produced. Neither of these values 
exceed 540, so it seems that our extremum is a maximum value of f. 


Note: 
Exercise: 


Problem: 

A company has determined that its production level is given by the Cobb-Douglas function 

f (z,y) = 2.529-45y°5> where x represents the total number of labor hours in 1 year and y 
represents the total capital input for the company. Suppose 1 unit of labor costs $40 and 1 unit of 


capital costs $50. Use the method of Lagrange multipliers to find the maximum value of 
f (x,y) = 2.529 y° subject to a budgetary constraint of $500,000 per year. 


Solution: 


A maximum production level of 13890 occurs with 5625 labor hours and $5500 of total capital 
input. 


Hint 


Use the problem-solving strategy for the method of Lagrange multipliers. 


In the case of an optimization function with three variables and a single constraint function, it is possible 
to use the method of Lagrange multipliers to solve an optimization problem as well. An example of an 
optimization function with three variables could be the Cobb-Douglas function in the previous example: 
f (x,y, 2) = 2°?y°42°4 where z represents the cost of labor, y represents capital input, and z 
represents the cost of advertising. The method is the same as for the method with a function of two 
variables; the equations to be solved are 


Equation: 
Vi (x, yy; z) = AV g ( Y) z) 
g(#, 932) = 0. 
Example: 
Exercise: 
Problem: 


Lagrange Multipliers with a Three-Variable Optimization Function 


Minimize the function f (2, y, z) = 27 + y” + z? subject to the constraint z + y+ z= 1. 


Solution: 


1. The optimization function is f (x, y, z) = x? + y? + 2”. To determine the constraint function, 
we subtract 1 from each side of the constraint: « + y+ z— 1 = 0 which gives the constraint 
function as g(z,y,z) =x2#+y+z-1. 

2. Next, we calculate Vf (z, y, z) and Vg(z, y, z): 

Equation: 


VE (x,y,z) = (22, 2y, 2z) 
Vg(z,y, 2) = (1,1,1). 


This leads to the equations 
Equation: 
(2x0, 2Yy0, 2z0) = (1, Il, 1) 
pst HoH l — w 


which can be rewritten in the following form: 
Equation: 

PAG = 

2y0 = 

220 

tot+yot 2-1 


Se ea 


3. Since each of the first three equations has A on the right-hand side, we know that 
229 = 2yo = 220 and all three variables are equal to each other. Substituting yo = xo and 


Zo = Zo into the last equation yields 3x9 — 1 = 0, so xp = $ and yp = $ and zp = + 


which corresponds to a critical point on the constraint curve. 


4. Then, we evaluate f at the point (3, a 5) : 


(TMNT gy Ie Vago ry Olan Vea US Von a akiog 
NG rel) lal a= aaa 


Therefore, an extremum of the function is = To verify it is a minimum, choose other points 


Equation: 


that satisfy the constraint and calculate f at that point. For example, 
Equation: 


f (1,0, 0) 10? 02-1 
F(Oy— 2,8) 08 9) eg? 13. 


Both of these values are greater than $ leading us to believe the extremum is a minimum. 


Note: 
Exercise: 


Problem: Use the method of Lagrange multipliers to find the minimum value of the function 
Equation: 


feel oy ee 


subject to the constraint x? + y? + 27 = 1. 


Solution: 
(P28) = Pate Bavs 
V5 _ V8 WE V3 v3 V3 
#(-%,-%, 8) 3 3 v3 
Hint 


Use the problem-solving strategy for the method of Lagrange multipliers with an optimization function 
of three variables. 


Problems with Two Constraints 


The method of Lagrange multipliers can be applied to problems with more than one constraint. In this 
case the optimization function, w is a function of three variables: 


Equation: 
w= f (a, Y, z) 
and it is subject to two constraints: 
Equation: 
g(x,y, z) = Oandh (za, y, z) = 0. 
There are two Lagrange multipliers, A; and A2, and the system of equations becomes 
Equation: 


Vf (x0, yo, 20) = A1Vg (xo, yo, 20) + A2VA (zo, Yo, Zo) 
9(0,y0,20) = 0 
h (0, Yo, 20) 0. 


Example: 
Exercise: 


Problem: 
Lagrange Multipliers with Two Constraints 


Find the maximum and minimum values of the function 
Equation: 


ee ea he eee 


subject to the constraints z? = x7 + y* anda +y—z+1=0. 
Solution: 
Let’s follow the problem-solving strategy: 


1. The optimization function is f (x, y, z) = x? + y? + 2”. To determine the constraint 
functions, we first subtract z? from both sides of the first constraint, which gives 
z?+y*—z?=0,s0g(z,y,z) = 2? + y? — z. The second constraint function is 
hi(ecy,z) 2 y — 2-1. 

2. We then calculate the gradients of f, g, and h: 

Equation: 


Vi (2, y, 2) = 2zi + 2yj + 2zk 
Vg (2, y,z) = 2zi + 2yj — 2zk 
Vh(a,y,z) =i+j—k. 


The equation V f (zo, yo, 20) = A1 Vg (Zo, Yo, 20) + A2VA (Zo, Yo, 20) becomes 
Equation: 


2x91 + 2yoj + 229k = A (2x oi + 2yoj — 2zok) + r2 (i +j- k), 


which can be rewritten as 
Equation: 


2x01 + 2yoj + 2z9k = (2A120 i A2)i SF (2A1y0 SF A2)j = (2120 se A2)k. 


Next, we set the coefficients of i, j, and k equal to each other: 
Equation: 


226 = 2X1 Xo AF r2 
2yo = 2A1Yo + Az 
22 = —2X129 — Ao. 


The two equations that arise from the constraints are z)? = 29° + yo” and 
Lo + yo — 29 + 1 = 0. Combining these equations with the previous three equations gives 
Equation: 


229 = 2129 +A? 
2yo = 2A1yo +A2 
—2X120 = A2 

zo" to" + yo” 
= th — Zot l = ©. 


220 


. The first three equations contain the variable A. Solving the third equation for Az and 
replacing into the first and second equations reduces the number of equations to four: 
Equation: 


220 = 2120 = 22120 = 220 
2Y0 = 2A1Y0 — 2A120 ma 220 
zy = ao + Yo" 


se ij = Zoe ll = ©. 


Next, we solve the first and second equation for A;. The first equation gives A; = ——- , the 


Ome 
second equation gives A; = wre We set the right-hand side of each equation equal to each 
other and cross-multiply: 

Equation: 
Lo+Zo — yotZo 
Zo-2 «YO 20 
(zo + 20) (Yo — 20) = (#0 — 20) (yo + 20) 
2 
LoYo — Lo20 + Yo2%o — 20° = LoYyo + Loz — Yo2o — 202° 


2y0Z20 — 22920 0 
220 (yo — £0) == (0) 


Therefore, either z9 = 0 or yo = Zo. If zp) = 0, then the first constraint becomes 

0 = 07 + yo”. The only real solution to this equation is 9 = 0 and yp = 0, which gives the 
ordered triple (0, 0, 0). This point does not satisfy the second constraint, so it is not a solution. 
Next, we consider yo = £0, which reduces the number of equations to three: 

Equation: 


Yo = Zo 
20" to? + yo? 
By =r Cy — Zar il = O. 


We substitute the first equation into the second and third equations: 
Equation: 
Zon xo? + x? 


Zote%o—2Z+1 = 0. 


Then, we solve the second equation for zg, which gives z9 = 2% 9 + 1. We then substitute this 
into the first equation, 
Equation: 


Zor = 229 

(2x9 +1)? = 2a? 

Arg? +4a9 +1 = 22? 
2297+ 4a9+1 = 0, 


and use the quadratic formula to solve for xo: 
Equation: 


4+ ,/42-4(2)(1) -44V8 -442V/2 V2 
v0 = = 


a) SAT a 4 ee 


Recall yo = Zo, so this solves for yo as well. Then, z = 229 + 1, so 
Equation: 


D) = zt 
rontoy tina (14?) 41=-a414vi= 1402 


Therefore, there are two ordered triplet solutions: 
Equation: 


(-1+2. 12 142) ana ( 1 vie 1 ae 1 v3). 


2 


4. We substitute ( iE 1+ 1+ v2) into f (x,y,z) = 2? + y? + 2”, which 
gives 
Equation: 


(14 B,—4 Benny) = (14 9B)" + (14 8)" + (-14-¥9)" 
= (1-v2+4)4 (1-v2+ 4) 4 (1-2v2+2) 
—6-4y72. 


Then, we substitute ( il or, 1 ae il v2) Into. 7 (4, 9,2) — Ba ees 


which gives 
Equation: 


f(-1-2,-1- ,-1- v2) sii] eh 1 | (i v2)" 
= (14+ v2+4) +4 (14+-v2+4)+ (1+2v2+2) 
=6+4y2. 


6 + 4V2 is the maximum value and 6 — 4V2 is the minimum value of f (x, y, z), subject to 
the given constraints. 


Note: 
Exercise: 


Problem: Use the method of Lagrange multipliers to find the minimum value of the function 
Equation: 


Cains | ten Sr Be 


subject to the constraints 2% + y+ 2z = 9 and 52 + 5y+ 7z = 29. 


Solution: 


f (2,1, 2) = 9 is a minimum. 
Hint 


Use the problem-solving strategy for the method of Lagrange multipliers with two constraints. 


Key Concepts 


e An objective function combined with one or more constraints is an example of an optimization 
problem. 

¢ To solve optimization problems, we apply the method of Lagrange multipliers using a four-step 
problem-solving strategy. 


Key Equations 


¢ Method of Lagrange multipliers, one constraint 
Vf (zo, yo) = AVg (xo, yo) 
g (zo, Yo) = 0 
e Method of Lagrange multipliers, two constraints 
Vf (£0, Yo,20) = A1Vg9(0, Yo, 20) + A2VA (Zo, Yo; 20) 
9(Z0,Yo,20) = 0 
h (x0, Yo, 20) = 0 
For the following exercises, use the method of Lagrange multipliers to find the maximum and minimum 


values of the function subject to the given constraints. 
Exercise: 


Problem: f(z, y) = xy; x? + 2y? =6 


Exercise: 
Problem: f (z, y, z) = ryz, 2? + 2y? + 327 =6 
Solution: 


maximum: on, minimum: —2v3 


Exercise: 


Problem: f(z, y) = ry; 4x7 + 8y” = 16 


Exercise: 
Problem: f(x,y) = 42° + y*; 227+ y?=1 
Solution: 
maximum: (7,0, v2), minimum: (=2,0, -v2) 


Exercise: 


Problem: f (x,y,z) =a +y?+2,a4+y!+24=1 


Exercise: 
Problem: f (z, y,z) = yz+zy,zy=1,y2+27=1 


Solution: 


maximum: 3, minimum = 1 


Exercise: 


Problem: f (x,y) = x? + y’, (x 1)? 1 4y? = 4 


Exercise: 


2 2 
Problem: f (x,y) = 4xy, “> + ie =1 
Solution: 


maxima: f (232, 22) = 24, f (-, -2y2) = 24; minima: f (- 472, 2v2) = —2A, 
f (32, -2V2) = -24 


Exercise: 


Problem: f (x,y,z) =x+yt+z,++2+++4=1 


Exercise: 
Problem: f (z,y,z) = 2+ 3y—z,27+y?+27=4 
Solution: 


i -94/ 2 _6 =2 \. jini - —94/ 232.) 6) 2 
maximum: 2 Hat f ( 2, -£, =2); minimum: 2 Hat f ( mi ) 


= 
fy 
p 


Exercise: 


Problem: f (z,y,z) = 2? + y+ 27, 2yz=4 
Exercise: 
Problem: Minimize f (xz, y) = x? + y” on the hyperbola zy = 1. 


Solution: 


2.0 


Exercise: 


Problem: Minimize f (a, y) = zy on the ellipse b?x? + a*y? = a7b?. 
Exercise: 
Problem: Maximize f (x,y, z) = 2x + 3y + 5z on the sphere x? + y? + 2? = 19. 


Solution: 


19/2 


Exercise: 


fag =e 72> Oy > 0; 


Problem: Maximize 5 
g(z,y)=y—2* =0 


Exercise: 


Problem: 


The curve xz? — y* = 1 is asymptotic to the line y = z. Find the point(s) on the curve «* — y? = 1 
farthest from the line y = a. 


Solution: 


Gee) 


Exercise: 


Problem: Maximize U (a, y) = 824/5y'/°; 4a + 2y = 12 


Exercise: 
Problem: Minimize f (z, y) = 27 + y?,x+2y—5=0. 


Solution: 


f(1,2)=5 


Exercise: 


Problem: Maximize f (x, y) = /6 —g?—-y,e2+y—2=0. 


Exercise: 
Problem: Minimize f (x,y,z) =z? +y2+27,2+y+z=1. 


Solution: 


Kg a3) =3 


Exercise: 


Problem: Minimize f (x,y) = x” — y’ subject to the constraint z — 2y + 6 = 0. 


Exercise: 


Problem: Minimize f (z, y, z) = 27 + y2 + 2? whenz+y+2z=Q9andz + 2y + 3z = 20. 


Solution: 


minimum: f (2,3, 4) = 29 


For the next group of exercises, use the method of Lagrange multipliers to solve the following applied 
problems. 
Exercise: 


Problem: 


A pentagon is formed by placing an isosceles triangle on a rectangle, as shown in the diagram. If the 
perimeter of the pentagon is 10 in., find the lengths of the sides of the pentagon that will maximize 
the area of the pentagon. 


Exercise: 


Problem: 


A rectangular box without a top (a topless box) is to be made from 12 ft? of cardboard. Find the 
maximum volume of such a box. 


Solution: 


The maximum volume is 4 ft®. The dimensions are 1 x 2 x 2 ft. 
Exercise: 


Problem: 


Find the minimum and maximum distances between the ellipse x? + xy + 2y? = 1 and the origin. 


Exercise: 


Problem: Find the point on the surface x? — 2ry + y? — a + y = 0 closest to the point (1, 2, —3). 


Solution: 


(1,3, -3) 


Exercise: 


Problem: 


Show that, of all the triangles inscribed in a circle of radius R (see diagram), the equilateral triangle 
has the largest perimeter. 


Exercise: 


Problem: Find the minimum distance from point (0, 1) to the parabola x? = 4y. 


Solution: 
1.0 


Exercise: 


Problem: Find the minimum distance from the parabola y = x? to point (0, 3). 


Exercise: 


Problem: Find the minimum distance from the plane z + y + z = 1 to point (2, 1,1). 


Solution: 


V3 


Exercise: 
Problem: 
A large container in the shape of a rectangular solid must have a volume of 480 m°. The bottom of 


the container costs $5/m? to construct whereas the top and sides cost $3/m? to construct. Use 
Lagrange multipliers to find the dimensions of the container of this size that has the minimum cost. 


Exercise: 


Problem: Find the point on the line y = 2x + 3 that is closest to point (4, 2). 


Solution: 


(2,2) 
Exercise: 


Problem: Find the point on the plane 4% + 3y + z = 2 that is closest to the point (1, —1, 1). 
Exercise: 


Problem: 


Find the maximum value of f (x, y) = sin z sin y, where z and y denote the acute angles of a right 
triangle. Draw the contours of the function using a CAS. 


Solution: 


i 
2 


Exercise: 


Problem: A rectangular solid is contained within a tetrahedron with vertices at 


(1, 0,0), (0, 1,0), (0,0, 1), and the origin. The base of the box has dimensions z, y, and the height 


of the box is z. If the sum of x, y, and z is 1.0, find the dimensions that maximizes the volume of 
the rectangular solid. 


Exercise: 


Problem: 


[T] By investing x units of labor and y units of capital, a watch manufacturer can produce 
P(z,y) = 50x°4y°® watches. Find the maximum number of watches that can be produced on a 


budget of $20,000 if labor costs $100/unit and capital costs $200/unit. Use a CAS to sketch a 
contour plot of the function. 


Solution: 


Roughly 3365 watches at the critical point (80, 60) 


y 
120 
100 


20 40 60 80 100 120% 


Chapter Review Exercises 


For the following exercises, determine whether the statement is true or false. Justify your answer with a 
proof or a counterexample. 
Exercise: 


3 


Problem: The domain of f (x, y) = x°sin~! (y) is z = all real numbers, and —m < y < 7. 


Exercise: 


Problem: If the function f (a, y) is continuous everywhere, then fry = fyz- 


Solution: 


True, by Clairaut’s theorem 
Exercise: 


Problem: 


The linear approximation to the function of f (x, y) = 54? + « tan (y) at (2, 7) is given by 
E(2,y) = 22+ 21 (2 -— 2) + (y—-7). 


Exercise: 
Problem: (+, =) is a critical point of g(x, y) = 4x? — 22?y 4+ y? — 2. 


Solution: 


False 


For the following exercises, sketch the function in one graph and, in a second, sketch several level 
curves. 
Exercise: 


Problem: f (x,y) = e ("+2"), 


Exercise: 


Problem: f (z, y) = x + 4y’. 
Solution: 


Answers may vary 


For the following exercises, evaluate the following limits, if they exist. If they do not exist, prove it. 
Exercise: 


Problem: lim —“%> 
(x,y) (1,1) 2-29 


Exercise: 


Ary 


Problem: lim oar 
(x,y) (0,0) *~°4 


Solution: 


Does not exist 


For the following exercises, find the largest interval of continuity for the function. 
Exercise: 


Problem: f (x,y) = x°sin' (y) 


Exercise: 
Problem: g (x, y) = In (4— 2” — y’) 


Solution: 


Continuous at all points on the x, y-plane, except where x? + y? > 4. 


For the following exercises, find all first partial derivatives. 
Exercise: 


Problem: f (x,y) = x? — y? 


Exercise: 


Problem: u (x,y) = x* — 3ayt+-1,2 = 2t,y=t? 


Solution: 


0 0 0 0 0 
Be = 40° — 3y, 5, = —32, Sp = 2, Be = 3’, Be = 82° — by — Vat? 


For the following exercises, find all second partial derivatives. 
Exercise: 


Problem: g(t, z) = 3t? — sin(z +t) 


Exercise: 


Problem: h (z, y, z) = *— 


Solution: 

2 2o2 262 22 
Row (x,y, z) > carat Rey(Z;Y; z) = cae haz (z,y, z) = See : ’ Rye (z,y, z) = acme 

362 362 2d 362 
hyy (z,y, z) a —- - ’ yz (x, Y; z) a ae - ’ hex (250; z) = -=, hey (2,4, z) = -HoS, 


Rzz (x, Y, z) eats 


For the following exercises, find the equation of the tangent plane to the specified surface at the given 


point. 
Exercise: 
Problem: z = x? — 2y? + y — 1 at point (1, 1, —1) 


Exercise: 
Problem: 32° = e*” + 2 at point (0, 1, 3) 


Solution: 


ee eee 29 
Z=Ggt— gut 4 


Exercise: 


Problem: 


Approximate f (x, y) = a. /y at (0.1, 9.1). Write down your linear approximation function 
L (a, y). How accurate is the approximation to the exact answer, rounded to four digits? 


Exercise: 


Problem: 


Find the differential dz of h (x, y) = 4x” + 2ay — 3y and approximate Az at the point (1, —2). 
Let Az = 0.1 and Ay = 0.01. 


Solution: 
dz = 4dzx — dy, dz(0.1, 0.01) = 0.39, Az = 0.432 
Exercise: 


Problem: Find the directional derivative of f (x, y) = x? + 6xy — y’? in the direction v = i+ 4j. 


Exercise: 


Problem: 


Find the maximal directional derivative magnitude and direction for the function 
f (x,y) = 2° + 2xy — cos (zy) at point (3, 0). 


Solution: 


3/85, (27, 6) 


For the following exercises, find the gradient. 
Exercise: 


Problem: c (x,t) = e(t — x)” + 3 cos (t) 


Exercise: 


Problem: f (x,y) = vote 


Solution: 


o+2y? . . 
Vi (x,y) = -“Geti+ (2-5); 


For the following exercises, find and classify the critical points. 
Exercise: 


Problem: z = x? — zy +y*—1 


For the following exercises, use Lagrange multipliers to find the maximum and minimum values for the 
functions with the given constraints. 
Exercise: 


Problem: f (z,y) = x7y,27 + y? =4 


Solution: 
maximum: ae minimum: — —& 
3V3 3V3 
Exercise: 


Problem: f (z, y) = x? — y?,x + 6y =4 
Exercise: 
Problem: 
A machinist is constructing a right circular cone out of a block of aluminum. The machine gives an 


error of 5% in height and 2% in radius. Find the maximum error in the volume of the cone if the 
machinist creates a cone of height 6 cm and radius 2 cm. 


Solution: 


2.3228 cm? 
Exercise: 


Problem: 


A trash compactor is in the shape of a cuboid. Assume the trash compactor is filled with 
incompressible liquid. The length and width are decreasing at rates of 2 ft/sec and 3 ft/sec, 
respectively. Find the rate at which the liquid level is rising when the length is 14 ft, the width is 10 
ft, and the height is 4 ft. 


Glossary 


constraint 
an inequality or equation involving one or more variables that is used in an optimization problem; 
the constraint enforces a limit on the possible solutions for the problem 


Lagrange multiplier 
the constant (or constants) used in the method of Lagrange multipliers; in the case of one constant, it 
is represented by the variable 


method of Lagrange multipliers 
a method of solving an optimization problem subject to one or more constraints 


objective function 
the function that is to be maximized or minimized in an optimization problem 


optimization problem 
calculation of a maximum or minimum value of a function of several variables, often using 
Lagrange multipliers 


Introduction 
class="introduction" 


The City of 
Arts and 
Sciences in 
Valencia, 
Spain, has a 
unique 
structure 
along an 
axis of just 
two 
kilometers 
that was 
formerly the 
bed of the 
River Turia. 
The 
1’ Hemisfeéric 
has an 
IMAX 
cinema with 
three 
systems of 
modem 
digital 
projections 
onto a 
concave 
screen of 
900 square 
meters. An 
oval roof 
over 100 
meters long 
has been 


made to 
look like a 
huge human 
eye that 
comes alive 
and opens 
up to the 
world as the 
“Eye of 
Wisdom.” 
(credit: 
modificatio 
n of work 
by Javier 
Yaya Tur, 
Wikimedia 
Commons) 


In this chapter we extend the concept of a definite integral of a single 
variable to double and triple integrals of functions of two and three 
variables, respectively. We examine applications involving integration to 
compute volumes, masses, and centroids of more general regions. We will 
also see how the use of other coordinate systems (such as polar, cylindrical, 
and spherical coordinates) makes it simpler to compute multiple integrals 
over some types of regions and functions. As an example, we will use polar 
coordinates to find the volume of structures such as |’ Hemisféric. (See 
[link].) 


In the preceding chapter, we discussed differential calculus with multiple 
independent variables. Now we examine integral calculus in multiple 
dimensions. Just as a partial derivative allows us to differentiate a function 
with respect to one variable while holding the other variables constant, we 
will see that an iterated integral allows us to integrate a function with 
respect to one variable while holding the other variables constant. 


Double Integrals over Rectangular Regions 


e Recognize when a function of two variables is integrable over a rectangular region. 

e Recognize and use some of the properties of double integrals. 

e Evaluate a double integral over a rectangular region by writing it as an iterated integral. 

e Use a double integral to calculate the area of a region, volume under a surface, or average value of a function 
over a plane region. 


In this section we investigate double integrals and show how we can use them to find the volume of a solid over a 
rectangular region in the zy-plane. Many of the properties of double integrals are similar to those we have already 
discussed for single integrals. 


Volumes and Double Integrals 


We begin by considering the space above a rectangular region R. Consider a continuous function f (x, y) > 0 of 
two variables defined on the closed rectangle R: 
Equation: 


R=[a,0] x [c,d] = {(2,y) € R’la<a<bc<y<d} 


Here [a,b] x [c, d] denotes the Cartesian product of the two closed intervals [a, b] and |c, d]. It consists of 
rectangular pairs (x, y) such thata < « < bandc < y < d. The graph of f represents a surface above the ry- 
plane with equation z = f (x, y) where z is the height of the surface at the point (, y). Let S' be the solid that lies 
above R and under the graph of f ((link]). The base of the solid is the rectangle R in the xy-plane. We want to find 
the volume V of the solid S. 


Zh 


The graph of f (x, y) over the rectangle R in the ry- 
plane is a curved surface. 


We divide the region R into small rectangles R,;, each with area AA and with sides Az and Ay ([link]). We do 
this by dividing the interval [a, b] into m subintervals and dividing the interval [c, d] into n subintervals. Hence 


= ArAy. 


and AA 


n? 


d—c 


Rectangle R is divided into small rectangles R,;, each with area AA. 


P 
ij? Vij) is an arbitrary sample point in 


* 


x 


( 


where 


? 


* 


ij yi; )AA 


* 


x 


( 


ij is f 


The volume of a thin rectangular box above R 
each R,; as shown in the following figure. 


Zh 


A thin rectangular box above R;; with height 


x x 


f (x55, Yi): 


Using the same idea for all the subrectangles, we obtain an approximate volume of the solid S as 


mm n * * 
Ve S S f (ij. yi;) 4A. This sum is known as a double Riemann sum and can be used to approximate the 
i=1 j=l 
value of the volume of the solid. Here the double sum means that for each subrectangle we evaluate the function at 
the chosen point, multiply by the area of each rectangle, and then add all the results. 


As we have seen in the single-variable case, we obtain a better approximation to the actual volume if m andn 
become larger. 


Equation: 
mn 5. " min 3 ‘ 
= ii Vig AA =i ye )AA. 
Y= ites 2y dy Mew vgAAorV= lim | > > fey dy) 


Note that the sum approaches a limit in either case and the limit is the volume of the solid with the base R. Now we 
are ready to define the double integral. 


Note: 

Definition 

The double integral of the function f (x, y) over the rectangular region R in the xy-plane is defined as 
Equation: 


| / f(2,y)dA = lim Pty yj) AA. 


. i=1 j=l 


If f (x, y) = 0, then the volume V of the solid S, which lies above R in the xy-plane and under the graph of f, is 
the double integral of the function f (a, y) over the rectangle R. If the function is ever negative, then the double 
integral can be considered a “signed” volume in a manner similar to the way we defined net signed area in The 
Definite Integral. 


Example: 
Exercise: 


Problem: 
Setting up a Double Integral and Approximating It by Double Sums 


Consider the function z = f(x, y) = 3x? — y over the rectangular region R = (0, 2] x (0, 2] ({link]). 


a. Set up a double integral for finding the value of the signed volume of the solid S that lies above R and 
“under” the graph of f. 

b. Divide R into four squares with m = n = 2, and choose the sample point as the upper right corner 
point of each square (1,1), (2, 1), (1, 2), and (2, 2) ([link]) to approximate the signed volume of the 
solid S that lies above R and “under” the graph of f. 

c. Divide R into four squares with m = n = 2, and choose the sample point as the midpoint of each 
square: (1/2,1/2), (3/2, 1/2), (1/2, 3/2), and (3/2, 3/2) to approximate the signed volume. 

z=f(x,y) = 3 -y 


The function z = f(z, y) graphed over the 
rectangular region R = [0,2] x [0,2]. 


Solution: 


a. As we can see, the function z = f(z, y) = 3x? — y is above the plane. To find the signed volume of S, 
we need to divide the region R into small rectangles R,;, each with area A.A and with sides Ax and 
Ay, and choose (2;;,4;;) as sample points in each R;;. Hence, a double integral is set up as 
Equation: 


V= // (30? —y)dA= lim y s [3(«:,) = u AA. 
R 


i=1 j=l 


b. Approximating the signed volume using a Riemann sum with m = n = 2 we have 
AA = AvAy =1 x 1 = 1. Also, the sample points are (1, 1), (2, 1), (1, 2), and (2, 2) as shown in the 
following figure. 


Choose upper right 
corners of squares 


y ——n 


(1, 2) (2, 2) 


(2, 1) 


Each square has area AA = 1 


Subrectangles for the rectangular region 
A — (0,2) 0) 2 1 


Hence, 
Equation: 


2 * 
PPC 2i7¥,,)AA 


j=l 


IM» iM 


(F(ai1, Yai) + F(a, Yin) AA 


s. 
ll 
i 


= Fle, Yi JAA + f(91, Yn JAA + f(212, Yi2JAA + F(222, 422) AA 
= f(1,1)(1) + F(2,1)) + F, 2)(1) + F(2,2)(1) 

= (3 — 1)(1) + (12 — 1)(1) + (8 — 2)(1) + (12 — 2)(1) 
=24+114+1+410= 24. 


c. Approximating the signed volume using a Riemann sum with m = n = 2, we have 
AA = AzvAy=1 x 1 = 1. In this case the sample points are (1/2, 1/2), (3/2, 1/2), (1/2, 3/2), 
and (3/2, 3/2). 
Hence 
Equation: 


= f(@1,y,)AA + f(z a ¥aAA + f(ai2, ¥i2)AA + f(@29, Yor) AA 
= f(1/2,1/2)(1) + f(3/2,1/2)(1) + f(1/2, 3/2)(1) + (3/2, 3/2)(1) 
(=) a (4 Ne ee 2 (eae 2) (0) 


Analysis 


Notice that the approximate answers differ due to the choices of the sample points. In either case, we are 
introducing some error because we are using only a few sample points. Thus, we need to investigate how we can 
achieve an accurate answer. 


Note: 
Exercise: 


Problem: Use the same function z = f(z, y) = 3x? — y over the rectangular region R = [0,2] x [0,2]. 


Divide R into the same four squares with m = n = 2, and choose the sample points as the upper left corner 
point of each square (0,1), (1,1), (0, 2), and (1, 2) ([link]) to approximate the signed volume of the solid S 
that lies above # and “under” the graph of f. 


Solution: 
2 ®@ ae 
V= Se SS F(2ij,Yij)AA = 0 
i=l j=l 
Hint 


Follow the steps of the previous example. 


Note that we developed the concept of double integral using a rectangular region R. This concept can be extended 
to any general region. However, when a region is not rectangular, the subrectangles may not all fit perfectly into R, 
particularly if the base area is curved. We examine this situation in more detail in the next section, where we study 
regions that are not always rectangular and subrectangles may not fit perfectly in the region R. Also, the heights 
may not be exact if the surface z = f («, y) is curved. However, the errors on the sides and the height where the 
pieces may not fit perfectly within the solid S approach 0 as m and n approach infinity. Also, the double integral of 
the function z = f (2, y) exists provided that the function f is not too discontinuous. If the function is bounded 
and continuous over R except on a finite number of smooth curves, then the double integral exists and we say that 
f is integrable over R. 


Since AA = AzAy = AyAz, we can express dA as dx dy or dy dz. This means that, when we are using 


rectangular coordinates, the double integral over a region R denoted by | / f(x, y)dA can be written as 


|] tear ay or f f(x, y)dy dx. 
R R 


R 


Now let’s list some of the properties that can be helpful to compute double integrals. 


Properties of Double Integrals 


The properties of double integrals are very helpful when computing them or otherwise working with them. We list 
here six properties of double integrals. Properties 1 and 2 are referred to as the linearity of the integral, property 3 
is the additivity of the integral, property 4 is the monotonicity of the integral, and property 5 is used to find the 
bounds of the integral. Property 6 is used if f(z, y) is a product of two functions g(a) and h(y). 


Note: 

Properties of Double Integrals 

Assume that the functions f(a, y) and g(«, y) are integrable over the rectangular region R; S and T are subregions 
of R; and assume that m and M are real numbers. 


i. The sum f(z, y) + g(2, y) is integrable and 


Equation: 
k If Fe. 9) + ole, ania = h If sean | ff eterna. 


ii. If c is a constant, then cf (a, y) is integrable and 


Equation: 
|[etewaa = c ff #(e,yaa. 
R R 


iii. If R = SUT and ST = 0 except an overlap on the boundaries, then 


Equation: 
|] tenaa= ff tena ff teyaa. 
R S ae 


iv. If f(z, y) > g(a, y) for (x, y) in R, then 


Equation: 
|] tena 2 |[sevaa. 
R R 


v. lfm < f(x,y) < M, then 
Equation: 


m x A(R) < |[ #enaas M x A(R). 
R 


E. 


vi. In the case where f(z, y) can be factored as a product of a function g(a) of x only and a function h(y) of y 


only, then over the region R = {(x, y)|a <  < b,c < y < d}, the double integral can be written as 


Equation: 
b d 
i s(e,s)aa= (f° aayae) ( [ ne)a). 


These properties are used in the evaluation of double integrals, as we will see later. We will become skilled in 
using these properties once we become familiar with the computational tools of double integrals. So let’s get to 
that now. 


Iterated Integrals 


So far, we have seen how to set up a double integral and how to obtain an approximate value for it. We can also 
imagine that evaluating double integrals by using the definition can be a very lengthy process if we choose larger 
values for m and n. Therefore, we need a practical and convenient technique for computing double integrals. In 
other words, we need to learn how to compute double integrals without employing the definition that uses limits 
and double sums. 


The basic idea is that the evaluation becomes easier if we can break a double integral into single integrals by 
integrating first with respect to one variable and then with respect to the other. The key tool we need is called an 
iterated integral. 


Note: 

Definition 

Assume a, b, c, and d are real numbers. We define an iterated integral for a function f(z, y) over the rectangular 
region R = [a,b] x [c,d] as 


a. 
Equation: 
b d bf d 
| [ teadyac= [ [teva dx 
b. 
Equation: 
d b d[— b 
[ [ tenacay= [| [ r(0,s)de} ay 


b d 


The notation / / f(x, y)dy | dx means that we integrate f(x, y) with respect to y while holding x constant. 
a c 
df b 
Similarly, the notation di / f(x, y)dx } dy means that we integrate f(x, y) with respect to x while holding y 
c a 


constant. The fact that double integrals can be split into iterated integrals is expressed in Fubini’s theorem. Think 
of this theorem as an essential tool for evaluating double integrals. 


Note: 

Fubini’s Theorem 

Suppose that f(z, y) is a function of two variables that is continuous over a rectangular region 

ie = AG y) €Rla<2<bc<y< Ue Then we see from [link] that the double integral of f over the region 
equals an iterated integral, 


Equation: 
[foeoma= [f semtear= J [romavae= ff eae 


More generally, Fubini’s theorem is true if f is bounded on R and f is discontinuous only on a finite number of 
continuous curves. In other words, f has to be integrable over R. 


~ 


wee we wm em em em em we ew ee ee ee ee eS 
~ 


seem ew eee eee eee ee ee ee = S 


Height 
f(x, y) 


Height 
f(x, y) 


Area A(x) 


(a) (b) 


(a) Integrating first with respect to y and then with respect to z to find the area A(x) and then the volume V; 
(b) integrating first with respect to x and then with respect to y to find the area A(y) and then the volume V. 


Example: 
Exercise: 


Problem: 
Using Fubini’s Theorem 


Use Fubini’s theorem to compute the double integral | / f(x, y)dA where f(x, y) = x and 
R 


#—|0,2| x (0,1): 


Solution: 


Fubini’s theorem offers an easier way to evaluate the double integral by the use of an iterated integral. Note 
how the boundary values of the region R become the upper and lower limits of integration. 
Equation: 


y=1 me 
= / 2dy = 2y|)—0 = 2, 
y 


The double integration in this example is simple enough to use Fubini’s theorem directly, allowing us to convert a 
double integral into an iterated integral. Consequently, we are now ready to convert all double integrals to iterated 
integrals and demonstrate how the properties listed earlier can help us evaluate double integrals when the function 
f(x,y) is more complex. Note that the order of integration can be changed (see [link]). 


Example: 
Exercise: 


Problem: 
Illustrating Properties i and ii 


Evaluate the double integral // (cy — 3ay”)dA where R = {(2,y)|0< a < 2,1 <y <2}. 
R 


Solution: 


This function has two pieces: one piece is zy and the other is 3ay”. Also, the second piece has a constant 3. 
Notice how we use properties i and ii to help evaluate the double integral. 
Equation: 


il i (Bea ee) 


R 


= // cydA + i (—3ay”)dA Property i: Integral of a sum is the sum of the int 
R R 


y=2 a=2 y=2 a2=2 
= i / cy dz dy — / 3xy"dax dy Convert double integrals to iterated integrals. 
y=1 z=0 y=1 z=0 


y=2 y=2 = 
= i (2y)|"=ody — 3 | (27) oy Integrate with respect to x, holding y constant. 
y=1 y=1 
y=2 y=2 
= i 2y dy — / 6y*dy Property ii: Placing the constant before the inte 
y=1 y=1 
2 2 
= y dy — 6 | y’dy Integrate with respect to y. 
1 1 
2 2 
= 25 |, om 64 1 
a2) 2 3 |2 
=y"|; — 29°]; 


= (d=1) = 2(8— 1) 
=3— 37) = 3-14 = 11. 


Example: 
Exercise: 


Problem: 
Illustrating Property v. 


Over the region R = {(z, y)|1 <a < 3,1 <y< 2}, we have 2 < x? + y? < 13. Finda lower and an 


upper bound for the integral // (ae 4p y’) dA. 
R 


Solution: 


For a lower bound, integrate the constant function 2 over the region R. For an upper bound, integrate the 
constant function 13 over the region R. 


Equation: 
2 3 2 2 
i i Qde dy = / [zelf]ay =f 2(2)dy = 4y|? = 4(2-1) =4 
1 1 1 1 


2 3 2 2 
/ / 13dz dy = | [1320/3] dy - i: 13(2)dy = 26y|? = 26(2 — 1) = 26. 
1 1 1 1 


Hence, we obtain 4 < // (ae -- y)dA SHG. 
R 


Example: 
Exercise: 


Problem: 
Illustrating Property vi 


Evaluate the integral // e’cos x dA over the region R = { (x,y) |0 SS ES ine 
R 


Solution: 


This is a great example for property vi because the function f(z, y) is clearly the product of two single- 
variable functions e¥ and cos x. Thus we can split the integral into two parts and then integrate each one as a 
single-variable integration problem. 


Equation: 
1 1/2 
// e’cosrdA = i i e’cos x dx dy 
- 0 JO 
1 1/2 
= (/ a) i cos x dx 
0 0 
= (cla) (sin 2|9””) 
=e—I. 
Note: 
Exercise: 
Problem: 


a. Use the properties of the double integral and Fubini’s theorem to evaluate the integral 


Equation: 
1 3 
a i (3 — «+ 4y)dy da. 
0 J-1 
1 


b. Show that 0 < [fs mz cosTy dA < ag where R = (0, =) = =). 
R 


Solution: 


a. 26 b. Answers may vary. 


Hint 


Use properties i. and ii. and evaluate the iterated integral, and then use property v. 


As we mentioned before, when we are using rectangular coordinates, the double integral over a region R denoted 


by // f(x, y)dA can be written as // f(x, y)dx dy or // f(x, y)dy dx. The next example shows that the 
R R R 


results are the same regardless of which order of integration we choose. 


Example: 
Exercise: 


Problem: 
Evaluating an Iterated Integral in Two Ways 


Let’s return to the function f(z, y) = 3x? — y from [link], this time over the rectangular region 


R= [0,2] x [0,3]. Use Fubini’s theorem to evaluate i / f(x, y)dA in two different ways: 
R 


a. First integrate with respect to y and then with respect to x; 
b. First integrate with respect to x and then with respect to y. 
Solution: 
[link] shows how the calculation works in two different ways. 


a. First integrate with respect to y and then integrate with respect to x: 
Equation: 


|[ tenes =f . / "(be" — y)dy dx 
R 


y = 
2=2 = 
— / (9a? 2\dx = oy —t2\" 5 = 15 
z=0 
b. First integrate with respect to x and then integrate with respect to y: 
Equation: 
y=3 2=2 
ff senaa =f foe? pave ay 
y=0 a=0 
R 
y=3 2=2 y=3 a 
= / (/ ie = ide dy = / Es a yl | dy 
y=0 «=0 y=0 7 
y=3 =, 
=| (8 — 2y)dy = 8y — |" = 15. 
y=0 : 
Analysis 


With either order of integration, the double integral gives us an answer of 15. We might wish to interpret this 
answer as a volume in cubic units of the solid S below the function f(z, y) = 3x7 — y over the region 


R= [0,2] x [0,3]. However, remember that the interpretation of a double integral as a (non-signed) volume 
works only when the integrand f is a nonnegative function over the base region R. 


Note: 
Exercise: 


iy) a=5 

Problem: Evaluate / / (2 Poa y”) dex dy. 
a=—s) des 

Solution: 


__ 1340 
3 


Hint 


Use Fubini’s theorem. 


In the next example we see that it can actually be beneficial to switch the order of integration to make the 
computation easier. We will come back to this idea several times in this chapter. 


Example: 
Exercise: 


Problem: 
Switching the Order of Integration 


Consider the double integral le sin(xy)dA over the region R = {(x, y)|0 < x < 3,0 < y < 2} ([link)). 


a. Express the double integral in two different ways. 
b. Analyze whether evaluating the double integral in one way is easier than the other and why. 
c. Evaluate the integral. 


The function z = f(x, y) = x sin(ay) over the rectangular region 
R—|0;x| x |l,2h 


Solution: 
a. We can express | / zx sin(zy)dA in the following two ways: first by integrating with respect to y and 


R 
then with respect to x; second by integrating with respect to x and then with respect to y. 
Equation: 


| i ren(aydA 


x sin(xy)dy dx Integrate first with respect to y. 


x sin(xy)dx dy Integrate first with respect to z. 


b. If we want to integrate with respect to y first and then integrate with respect to x, we see that we can use 
the substitution u = xy, which gives du = x dy. Hence the inner integral is simply / sin u du and we 


can change the limits to be functions of x, 
Equation: 


[fesiacena a- ff 


R z 


il x sin(xy)dy dz = i fi sin(u)du } dx. 
=1 


y z=0 U=z 


However, integrating with respect to x first and then integrating with respect to y requires integration by 
parts for the inner integral, with uw = « and du = sin(ry)dz. 


Then du = dz andv = — teu) sO 
Equation: 
te l—1 coeds 
x cos(xy) 1 
x sin(xy)d xz sin(xy)dz dy = cos(xy)dz } dy. 
R 1 y 2=0 y ; 
We iy 


Since the evaluation is getting complicated, we will only do the computation that is easier to do, which 
is clearly the first method. 
c. Evaluate the double integral using the easier way. 


Equation: 
aan y=2 
[[esincenaa = i, i} x sin(xy)dy dx 
R z=0 y=l 
van [ u=2e von can 
= / / sin(u)du| dx = i |—cos u aa ike = i (—cos 2x + cos x)dx 
z=0 |u=« 2=0 z=0 
= —1sin 22 + sin z|F_5 = 0. 
Note: 
Exercise: 


Problem: Evaluate the integral H l ze“4dA where R = [0,1] x [0,1In 5). 


Solution: 


4—In5 
Ind 


Hint 


Integrate with respect to y first. 


Applications of Double Integrals 


Double integrals are very useful for finding the area of a region bounded by curves of functions. We describe this 
situation in more detail in the next section. However, if the region is a rectangular shape, we can find its area by 


integrating the constant function f(x, y) = 1 over the region R. 


Note: 

Definition 

The area of the region R is given by A(R) = | i 1dA. 
R 


This definition makes sense because using f(x, y) = 1 and evaluating the integral make it a product of length and 
width. Let’s check this formula with an example and see how this works. 


Example: 
Exercise: 


Problem: 
Finding Area Using a Double Integral 


Find the area of the region R = {(x,y)|0 < « < 3,0 < y < 2} by using a double integral, that is, by 
integrating 1 over the region R. 


Solution: 


The region is rectangular with length 3 and width 2, so we know that the area is 6. We get the same answer 
when we use a double integral: 


Equation: 
H 3 2 2 
A(R) = ff idedy= f {eli)av= [ say=3 
0 


0 0 0 


dy = 3y|3 = 3(2) =6. 


— 


We have already seen how double integrals can be used to find the volume of a solid bounded above by a function 
f(x, y) over a region R provided f(x, y) > 0 for all (x, y) in R. Here is another example to illustrate this concept. 


Example: 
Exercise: 


Problem: 
Volume of an Elliptic Paraboloid 


Find the volume V of the solid S that is bounded by the elliptic paraboloid 2x? + y? + z = 27, the planes 
x = 3 and y = 3, and the three coordinate planes. 


Solution: 
First notice the graph of the surface z = 27 — 2x” — y? in [link](a) and above the square region 


R, = [-3,3] x [—3,3]. However, we need the volume of the solid bounded by the elliptic paraboloid 
2a? + y? + z = 27, the planes x = 3 and y = 3, and the three coordinate planes. 


(a) The surface z = 27 — 2x? — y* above the square region R; = [—3,3] x [—3,3]. (b) The solid S 
lies under the surface z = 27 — 2x” — y* above the square region R2 = [0,3] x [0,3]. 


Now let’s look at the graph of the surface in [link](b). We determine the volume V by evaluating the double 
integral over Ro: 


Equation: 
Vv = |[-4a- ff er-2 —y’)dA 
R R 
y=3 2=3 
= / i (27 aU = y’) dx dy Convert to iterated integral. 
g=0 2=0 
v=3 
3 27 |2=3 : 
= [27x =a” =D) z| ae Integrate with respect to x. 
y=0 
y=3 
= / (64 — 3y”)dy = 63y — ae = 162. 
y=0 
Note: 
Exercise: 
Problem: 


Find the volume of the solid bounded above by the graph of f(x, y) = xy sin(x?y) and below by the zy- 
plane on the rectangular region R = [0,1] x [0,z]. 


Solution: 


[3 


Hint 


Graph the function, set up the integral, and use an iterated integral. 


Recall that we defined the average value of a function of one variable on an interval [a, b] as 
Equation: 


b 
1 
fave => i [ teae. 


Similarly, we can define the average value of a function of two variables over a region R. The main difference is 
that we divide by an area instead of the width of an interval. 


Note: 

Definition 

The average value of a function of two variables over a region R is 
Equation: 


fave = sag If flewaa. 
R 


In the next example we find the average value of a function over a rectangular region. This is a good example of 
obtaining useful information for an integration by making individual measurements over a grid, instead of trying to 
find an algebraic expression for a function. 


Example: 
Exercise: 


Problem: 
Calculating Average Storm Rainfall 


The weather map in [link] shows an unusually moist storm system associated with the remnants of Hurricane 
Karl, which dumped 4-8 inches (100-200 mm) of rain in some parts of the Midwest on September 22-23, 
2010. The area of rainfall measured 300 miles east to west and 250 miles north to south. Estimate the 
average rainfall over the entire area in those two days. 


Effects of Hurricane Karl, which dumped 4-8 inches (100-200 mm) of rain in some parts of southwest 
Wisconsin, southern Minnesota, and southeast South Dakota over a span of 300 miles east to west and 
250 miles north to south. 


Solution: 

Place the origin at the southwest corner of the map so that all the values can be considered as being in the 
first quadrant and hence all are positive. Now divide the entire map into six rectangles (m = 2 and n = 3), 
as shown in [link]. Assume f(z, y) denotes the storm rainfall in inches at a point approximately x miles to 
the east of the origin and y miles to the north of the origin. Let R represent the entire area of 


250 x 300 = 75000 square miles. Then the area of each subrectangle is 
Equation: 


1 
AA = = (75000) = 12500. 


* * 
Assume (x55, Yi;) are approximately the midpoints of each subrectangle R;;. Note the color-coded region at 
each of these points, and estimate the rainfall. The rainfall at each of these points can be estimated as: 


At (211, yi1) the rainfall is 0.08. 
At (212, yiz) the rainfall is 0.08. 
At (213, yi3) the rainfall is 0.01. 
At (£21, ya1) the rainfall is 1.70. 
At (292, Yo2) the rainfall is 1.74. 


At (#23, y23) the rainfall is 3.00. 


os aye 


ars (os 9 A RE ee 


Storm rainfall with rectangular axes and showing the midpoints of each subrectangle. 


According to our definition, the average storm rainfall in the entire area during those two days was 
Equation: 


foe = sake ff fe, wde dy = asian ff fe, v)de dy 
R R 


* * 


f (255; y;)AA 


IR 
a 
iM 
Me 


IIe 


75000 ies Yi JAA +t f(212, 412) AA 


+f(213) ¥13)AA + f(01, Ya JAA + F (2295 Yo2) AA + f (293, Yo3) NA] 
T5000 [0.08 + 0.08 + 0.01 + 1.70 + 1.74 + 3.00)AA 
mn [0.08 + 0.08 + 0.01 + 1.70 + 1.74 + 3.00]12500 


[0.08 + 0.08 + 0.01 + 1.70 + 1.74 + 3.00] 
10. 


~| 


me ge 


During September 22—23, 2010 this area had an average storm rainfall of approximately 1.10 inches. 


Note: 
Exercise: 


Problem: A contour map is shown for a function f(«, y) on the rectangle R = [—3,6] x [—1,4]. 


a. Use the midpoint rule with m = 3 and n = 2 to estimate the value of | it f(x, y)dA. 
R 


b. Estimate the average value of the function f(z, y). 


Solution: 


Answers to both parts a. and b. may vary. 
Hint 


Divide the region into six rectangles, and use the contour lines to estimate the values for f(z, y). 


Key Concepts 


e We can use a double Riemann sum to approximate the volume of a solid bounded above by a function of two 
variables over a rectangular region. By taking the limit, this becomes a double integral representing the 
volume of the solid. 

e Properties of double integral are useful to simplify computation and find bounds on their values. 

We can use Fubini’s theorem to write and evaluate a double integral as an iterated integral. 

Double integrals are used to calculate the area of a region, the volume under a surface, and the average value 

of a function of two variables over a rectangular region. 


Key Equations 


¢ Double integral 


n 


[f sea = tim SOY Heinui)aA 
R 2=1 


j=l 
¢ Iterated integral 


[ [ tenaeay= [ [[ rewau a 
hh ie f(z, y)dx dy = [ [fs i)ae| dy 


e Average value of a function of two variables 


foe = scr ff f2v)de dy 
R 


In the following exercises, use the midpoint rule with m = 4 and n = 2 to estimate the volume of the solid 
bounded by the surface z = f(z, y), the vertical planes ¢ = 1, x = 2, y = 1, and y = 2, and the horizontal plane 


2= 0; 
Exercise: 


Problem: f(z, y) = 4x + 2y + 8xy 
Solution: 
27. 

Exercise: 


Problem: f(x,y) = 16x” + 4 


In the following exercises, estimate the volume of the solid under the surface z = f(a, y) and above the 
rectangular region R by using a Riemann sum with m = n = 2 and the sample points to be the lower left corners 
of the subrectangles of the partition. 

Exercise: 


Problem: f(x,y) = sinz — cosy, R= [0,7] x [0,7] 


Solution: 


0. 


Exercise: 


Problem: f(x,y) = cos z+ cosy, R = [0,7] x [0, =| 
Exercise: 


Problem: 
Use the midpoint rule with m = n = 2 to estimate | / f(a, y)dA, where the values of the function f on 
R 


R= [8,10] x [9,11] are given in the following table. 


y 
X 9 9.5 10 10.5 11 
8 9.8 5 6.7 5 5.6 
8.5 9.4 4.5 8 5.4 3.4 
9 8.7 4.6 6 5.5 3.4 
9.5 6.7 6 4.5 5.4 6.7 


10 6.8 6.4 5.5 5.7 6.8 


Solution: 


2153; 
Exercise: 


Problem: 


The values of the function f on the rectangle R = [0,2] x [7,9] are given in the following table. Estimate 


the double integral | / f(x, y)dA by using a Riemann sum with m = n = 2. Select the sample points to be 


R 
the upper right corners of the subsquares of R. 


yo =7 yi =8 y2=9 
rp = 0 10.22 10.21 9.85 
rj=1 6.73 9.75 9.63 
L2=2 5.62 7.83 8.21 
Exercise: 
Problem: 


The depth of a children’s 4-ft by 4-ft swimming pool, measured at 1-ft intervals, is given in the following 
table. 


a. Estimate the volume of water in the swimming pool by using a Riemann sum with m = n = 2. Select 
the sample points using the midpoint rule on R = [0,4] x [0, 4]. 
b. Find the average depth of the swimming pool. 


DA 
x 0 1 2 3 + 
0 1 185 2 2.5 3 
1 1 1.5 2 2.5 3 
2 1 1.5 1.5 2.5 3 
3 1 1 1.5 2 2.5 


Solution: 


a. 28 ft® b. 1.75 ft. 
Exercise: 
Problem: 
The depth of a 3-ft by 3-ft hole in the ground, measured at 1-ft intervals, is given in the following table. 
a. Estimate the volume of the hole by using a Riemann sum with m = n = 3 and the sample points to be 


the upper left corners of the subsquares of R. 
b. Find the average depth of the hole. 


y 
x 0 1 2 3 
0 6 6.5 6.4 6 
1 6.5 7 vies) 6.5 
2 6.5 6.7 6.5 6 
3 6 6.5 5 5.6 
Exercise: 
Problem: 


The level curves f(z, y) = & of the function f are given in the following graph, where k is a constant. 


a. Apply the midpoint rule with m = n = 2 to estimate the double integral | / f(x, y)dA, where 
R 


R= (0.2,1] x [0,0.8]. 
b. Estimate the average value of the function f on R. 


1 1 

on: de 

== k=0 k=; 
1 1 

—k=> —k=5 —k=1 


Solution: 


a.0.112b. fave © 0.175; here f(0.4, 0.2) ~ 0.1, f(0.2,0.6) ~ —0.2, (0.8, 0.2) ~ 0.6, and 
(0.8, 0.6) ~ 0.2. 


Exercise: 


Problem: 


The level curves f(z, y) = & of the function f are given in the following graph, where k is a constant. 


a. Apply the midpoint rule with m = n = 2 to estimate the double integral | i f(a, y)dA, where 
R 


R= (0.1,0.5] x [0.1, 0.5]. 
b. Estimate the average value of the function f on R. 


0 01 02 03 04 05 06 0.708 09 1% 


1 a: 1 1 
~k=y Tks k=3 k=% 
1 _ 3 pe 
=e k=_ k=1 
Exercise: 
Problem: 


The solid lying under the surface z = \/4 — y? and above the rectangular region R = [0,2] x [0,2] is 


illustrated in the following graph. Evaluate the double integral | fl f(x, y)dA, where f(z, y) = /4 — y?, by 


R 
finding the volume of the corresponding solid. 


Solution: 


Qn. 


Exercise: 


Problem: 


The solid lying under the plane z = y + 4 and above the rectangular region R = [0,2] x [0,4] is illustrated 
in the following graph. Evaluate the double integral | f(x, y)dA, where f(x,y) = y+ 4, by finding the 


volume of the corresponding solid. 


In the following exercises, calculate the integrals by interchanging the order of integration. 
Exercise: 


1 2 
Problem i / (2a + 3y+ 5)dx | dy 
=) \=2 
Solution: 
40. 
Exercise: 


1 
Problem: / fe + 2e¥ — 3)dx | dy 
0 


Exercise: 


2 
Problem: i J (Wa + 3/y)dy | dx 
i 


Solution: 


+ 39V2. 


Exercise: 


16 


8 
Problem: / [ (e+ 2vaey dz 
1 


1 


Exercise: 
In3 1 
Problem: / / e* Ydy | dx 
In2 0 
Solution: 
e—l. 
Exercise: 
2 1 
Problem: / / 3° dy | dx 
0 0 
Exercise: 
6 95 
Problem: / / V4 dy dx 
x 
1 2 
Solution: 
10V2 
15 — ar aoe 
Exercise: 


ey a a 
Problem: / i Mo dz 
y 
1 \4 


In the following exercises, evaluate the iterated integrals by choosing the order of integration. 
Exercise: 
a 1/2 
Problem: / / sin(2x)cos(3y)dx dy 
0 0 


Solution: 


0. 


Exercise: 


1/8 1/3 
Problem: / / [cot « + tan(2y)|dzx dy 
m/12 4/4 


Exercise: 


e e 1 1 
problem: | f/| © sin(in x) + —cos(In y) | dx dy 
x y 
id 


Solution: 


(e —1)(1 + sin1 — cos 1). 


Exercise: 


e€ e€ 7 1 1 
Problem: / / ene eeny) dx dy 
ry 
1 1 


Exercise: 
2 2 
probiem: | [ (2! + scr )avee 
Tig 2 
Solution: 


31n (3) +21n?2 —In2. 
Exercise: 
e€ 


2 
Problem: [ f 2°In(x)dy dz 
1 1 


Exercise: 


V3 


2 
1 
Problem: / 7 y arctan (=) dy dz 
x 
1 


1 


Solution: 


1|(2v3-3)n+6In2]. 


Exercise: 


1 1/2 
Problem: / 7 (arcsin x + arcsin y)dy dx 
0 0 


Exercise: 


1 2 
Problem: / / xe? Ydy dx 
i 


0 


Solution: 
+e (e4 — ay 
Exercise: 
2 1 
Problem: / / ze” Ydydzx 
1 0 
Exercise: 
In tn Ing 
Problem: dy dz 
va Ve 
Solution: 
A(e — 1) (2- ve). 
Exercise: 
xin Yo 7 Ing 
Problem: dy dz 
JY 
Exercise: 
1 2 
Problem: / / (ata a) ty dx 
0 1 
Solution: 


= + In (4) sin 2 + arctan 2. 


Exercise: 


2 


1 
Problem: / : Z dy dx 
r+y? 
0 1 


In the following exercises, find the average value of the function over the given rectangles. 
Exercise: 


Problem: f(x,y) = —x + 2y, R = [0,1] x [0,1] 


Solution: 


i 

= 
Exercise: 

Problem: f(x,y) = z* + 2y’, R= [1,2] x [2,3] 
Exercise: 

Problem: f(x,y) = sinh x + sinh y, R= [0,1] x [0,2] 

Solution: 

+(2cosh 1 + cosh 2 — 3). 


Exercise: 


Problem: f(x,y) = arctan(zy), R = [0,1] x [0,1] 
Exercise: 


Problem: 


Let f and g be two continuous functions such that 0 < m, < f(x) < M; for any z € [a, bj and 
0 < m2 < g(y) < Mp for any y € [c, d]. Show that the following inequality is true: 


b d 
m m2(b — a)(c — d) < [| te)owdydr < MiMalo—a)(e-«), 


In the following exercises, use property v. of double integrals and the answer from the preceding exercise to show 
that the following inequalities are true. 
Exercise: 


Problem: 4 < [[-rra <1, where R = [0,1] x [0,1] 
R 
Exercise: 


Problem: x < [[smzcosyda < = where R = [4,4] x [ 


R 


|3 
wa 
ta 


Exercise: 

Problem: 0 < [[eveose aa < 4, where R = [0, +] x [0, +] 
Exercise: 

Problem: 0 < // (In z) (Iny)dA < (e — 1)”, where R = [1,e] x [1,e] 


Exercise: 


Problem: 


Let f and g be two continuous functions such that 0 < m, < f(x) < M; for any x € [a, 6] and 
0 < m2 < g(y) < Mp for any y € [c, d]. Show that the following inequality is true: 


(my t Mz3)(b o<| [ves y)|dy dx < < (M, + M))(b — a)(c— d). 


In the following exercises, use property v. of double integrals and the answer from the preceding exercise to show 
that the following inequalities are true. 
Exercise: 


Problem: 2 < // (e* + ev )dA < 2, where R = [0,1] x [0,1] 


Exercise: 
Problem: x < // (sinz+cosy)dA < v3 where R= [z, z] x [Z, q] 
Exercise: 


Problem: £e~7/? < // (cos z +e ¥)dA < 7, where R = [0,2] x [0,4] 


R 


Exercise: 


Problem: 4+ < ie —Inz)dA < 2, where R= [0,1] x [0,1] 


In the following exercises, the function fis given in terms of double integrals. 


a. Determine the explicit form of the function f. 

b. Find the volume of the solid under the surface z = f(a, y) and above the region R. 

c. Find the average value of the function f on R. 

d. Use a computer algebra system (CAS) to plot z = f(x, y) and z = faye in the same system of coordinates. 


Exercise: 
yY « 
Problem: [T] f(z, y) = i} [oes + yt)ds dt, where (x,y) € R= [0,1] x [0,1] 
0 0 


Solution: 


a 1 
a. f(z, y) = Fay (2? + y?) b.V = | [ tear ay = be toe Sa 
0 


0 


f(x, Y) = fies + yt)dsadt 


Exercise: 


zy 
Problem: [T] f(x, y) = / [tc0s(s) + cos (t)|dt ds, where (x, y) € R = [0,3] x [0,3] 
0 0 


Exercise: 


Problem: Show that if f and g are continuous on [a, 6] and [c, d], respectively, then 


/ fue) + g(y)|dy da = (d — ce) J rt) 


bod d d 0b 
+ / / gy) dy dx = (b — a) / oy) dy+ / / f(x)da dy. 


Exercise: 
Problem: 


b 


b d d 
Show tat [vt + xg(y)dydx = 5 (@? — ) | tae + 5 (0? — a’) [say 


a 


Exercise: 
Problem: [T] Consider the function f(x,y) = e~* ~¥, where (x, y) € R = [—1,1] x [—1,1]. 
a. Use the midpoint rule with m = n = 2, 4,..., 10 to estimate the double integral J = // eV dA. 


R 
Round your answers to the nearest hundredths. 


b. Form = n = 2, find the average value of f over the region R. Round your answer to the nearest 
hundredths. 


c. Use a CAS to graph in the same coordinate system the solid whose volume is given by | u eV dA 


and the plane z = fave- 


Solution: 


aForm=w=2,f=4e 22430. fc=e 20.61; 


c. 
f(x,y) =e*-¥ 
0.92 
0.72 
4 
0.52 
0.32 
0.12 * 
—-1.0 
Exercise: 


Problem: [T] Consider the function f(x,y) = sin (x”)cos (y”), where (x,y) € R = [-1,1] x [-1,1]. 
a. Use the midpoint rule with m = n = 2, 4,..., 10 to estimate the double integral 


L= i / sin (x”) cos (y’)dA. Round your answers to the nearest hundredths. 


b. Form = n = 2, find the average value of f over the region R. Round your answer to the nearest 
hundredths. 
c. Use a CAS to graph in the same coordinate system the solid whose volume is given by 


fl sin (x”)cos (y”)dA and the plane z = faye. 


In the following exercises, the functions f,, are given, where n > 1 is a natural number. 


a. Find the volume of the solids S,, under the surfaces z = f,(x, y) and above the region R. 
b. Determine the limit of the volumes of the solids S,, as n increases without bound. 


Exercise: 


Problem: f(x,y) = a" +y"+ zy, (x,y) € R= (0,1) x [0,1] 


Solution: 
2 1 1 
da. n+l + a b. 7 


Exercise: 


Problem: f(x,y) = <> + wr (,¥) € R= [1,2] x [1,2] 
Exercise: 


Problem: 
Show that the average value of a function f on a rectangular region R = [a,b] x [c,d] is 


me 2 * * * * 
Fave a > S> (xi, vi) , where (xij, Yi;) are the sample points of the partition of R, where 


i=1 j=l 
l<it<mandl<j<n. 
Exercise: 
Problem: 


Use the midpoint rule with m = n to show that the average value of a function fon a rectangular region 
R= [a,b] x [c,d] is approximated by 


Equation: 
12 1 1 
fave >of (Fen + @i), 5 (yja t u)). 
nm jj=l 
Exercise: 
Problem: 


An isotherm map is a chart connecting points having the same temperature at a given time for a given period 
of time. Use the preceding exercise and apply the midpoint rule with m = n = 2 to find the average 
temperature over the region given in the following figure. 


40 50 60 70 80 


Solution: 


56.5° F; here f(1,y;) = 71, f(e2,41) = 72, f(w2,41) = 40, f(x, 42) = 43, where «; and y; are the 
midpoints of the subintervals of the partitions of [a, b] and [c, d], respectively. 


Glossary 


double integral 
of the function f(, y) over the region R in the zy-plane is defined as the limit of a double Riemann sum, 


| / fle,y)dA = lim SOY Fein yisAA. 
R 


t=1 j=l 


double Riemann sum 
n 


f (x;,, y,;)AA where R is divided into smaller 
j=l 


Mas 


of the function f(, y) over a rectangular region R is 


7 


ll 
e 


* * 
subrectangles R;; and (x;;,y;;) is an arbitrary point in Rj; 
Fubini’s theorem 


if f(z, y) is a function of two variables that is continuous over a rectangular region 
R= { (2, y) € Rla< a <b,c< y< d}, then the double integral of f over the region equals an iterated 


integral, // f(x, y)dy dz = i [ f(x, y)dx dy = a iE f(x, y)dx dy 
R 


iterated integral 
for a function f(z, y) over the region R is 


af i: eae i , i “Hess de, 
b. f : [F Hless)ae dy = [ ; / “Sle, v)ae] dy, 


where a, b, c, and d are any real numbers and R = [a,b] x [c,d] 


Double Integrals over General Regions 


e Recognize when a function of two variables is integrable over a general region. 

e Evaluate a double integral by computing an iterated integral over a region bounded by two vertical lines and 
two functions of x, or two horizontal lines and two functions of y. 

e Simplify the calculation of an iterated integral by changing the order of integration. 

e Use double integrals to calculate the volume of a region between two surfaces or the area of a plane region. 

¢ Solve problems involving double improper integrals. 


In Double Integrals over Rectangular Regions, we studied the concept of double integrals and examined the tools 
needed to compute them. We learned techniques and properties to integrate functions of two variables over 
rectangular regions. We also discussed several applications, such as finding the volume bounded above by a 
function over a rectangular region, finding area by integration, and calculating the average value of a function of 
two variables. 


In this section we consider double integrals of functions defined over a general bounded region D on the plane. 
Most of the previous results hold in this situation as well, but some techniques need to be extended to cover this 
more general case. 


General Regions of Integration 
An example of a general bounded region D on a plane is shown in [link]. Since D is bounded on the plane, there 


must exist a rectangular region R on the same plane that encloses the region D, that is, a rectangular region R 
exists such that D is a subset of R(D C R). 


g(x,y) = fy) 


g(x, y) = 0 


For a region D that is a subset of R, we can 
define a function g(x, y) to equal f(z, y) at 
every point in D and 0 at every point of R not 
in D. 


Suppose z = f (z, y) is defined on a general planar bounded region D as in [link]. In order to develop double 
integrals of f over D, we extend the definition of the function to include all points on the rectangular region R and 
then use the concepts and tools from the preceding section. But how do we extend the definition of f to include all 
the points on R? We do this by defining a new function g (x, y) on Ras follows: 

Equation: 


f(z,y) if (z,y)isinD 
0 if (x, y) is in R but not in D 


(ew) ={ 


Note that we might have some technical difficulties if the boundary of D is complicated. So we assume the 
boundary to be a piecewise smooth and continuous simple closed curve. Also, since all the results developed in 
Double Integrals over Rectangular Regions used an integrable function f (a, y), we must be careful about g (2, y) 
and verify that g (x, y) is an integrable function over the rectangular region R. This happens as long as the region 
D is bounded by simple closed curves. For now we will concentrate on the descriptions of the regions rather than 
the function and extend our theory appropriately for integration. 


We consider two types of planar bounded regions. 


Note: 

Definition 

A region D in the (a, y)-plane is of Type I if it lies between two vertical lines and the graphs of two continuous 
functions g; (a) and go (a). That is ({link]), 

Equation: 


D={(z,y)la<z <b, (x) Sy < g (2)}. 
A region D in the zy plane is of Type II if it lies between two horizontal lines and the graphs of two continuous 
functions hy (y) and hg (y). That is ([link]), 
Equation: 


D={(z,y)\e< y Sd, hi (y) < & < ho (y)}- 


y = 9,(x) 


Y = go(x) 


y = 9,(x) eran 


o}---------- 


Crleeaaane 


1 
1 
1 
' 
1 
' 
1 

a 


A Type I region lies between two vertical lines and the graphs of two functions of z. 


x = h{y) 


A Type II region lies between two horizontal lines and the graphs of two 
functions of y. 


Example: 
Exercise: 


Problem: 
Describing a Region as Type I and Also as Type II 


Consider the region in the first quadrant between the functions y = ./z and y = z° ([link]). Describe the 
region first as Type I and then as Type II. 


0.2 0.4 0.6 0.8 1.0 1.2% 


Region D can be described as Type I or as Type II. 


Solution: 


When describing a region as Type I, we need to identify the function that lies above the region and the 
function that lies below the region. Here, region D is bounded above by y = ,/z and below by y = ee in the 
interval for x in [0, 1]. Hence, as Type I, D is described as the set {(x,y)|0 <2 <1,a?<y< yz}. 


However, when describing a region as Type II, we need to identify the function that lies on the left of the 
region and the function that lies on the right of the region. Here, the region D is bounded on the left by 


x = y* and on the right by x = </y in the interval for y in [0, 1]. Hence, as Type II, D is described as the set 
(ie pilav heya ae 35). 


Note: 
Exercise: 


Problem: 


Consider the region in the first quadrant between the functions y = 2x and y = x”. Describe the region first 
as Type I and then as Type II. 


Solution: 


Type I and Type II are expressed as Ae, yl0<2<2,2? <y< 2x} and 
{(z,y)|0<y<4, Fy <a < py}, respectively. 
Hint 


Graph the functions, and draw vertical and horizontal lines. 


Double Integrals over Nonrectangular Regions 


To develop the concept and tools for evaluation of a double integral over a general, nonrectangular region, we need 
to first understand the region and be able to express it as Type I or Type II or a combination of both. Without 
understanding the regions, we will not be able to decide the limits of integrations in double integrals. As a first 
step, let us look at the following theorem. 


Note: 

Double Integrals over Nonrectangular Regions 

Suppose g (x, y) is the extension to the rectangle R of the function f (x, y) defined on the regions D and R as 
shown in [link] inside R. Then g (2, y) is integrable and we define the double integral of f (2, y) over D by 


Equation: 
|[seuaa = |[oc y)dA. 
D R 


The right-hand side of this equation is what we have seen before, so this theorem is reasonable because FR is a 


rectangle and 7 / g (a, y)dA has been discussed in the preceding section. Also, the equality works because the 


values of g(x, y) are 0 for any point (2, y) that lies outside D, and hence these points do not add anything to the 
integral. However, it is important that the rectangle R contains the region D. 


As a matter of fact, if the region D is bounded by smooth curves on a plane and we are able to describe it as Type I 
or Type II or a mix of both, then we can use the following theorem and not have to find a rectangle R containing 
the region. 


Note: 
Fubini’s Theorem (Strong Form) 
For a function f (x, y) that is continuous on a region D of Type I, we have 


Equation: 
b g2(x 


|f e.naa= ff teaver = [ foo de, 
D D ) 


@ gi(% 


Similarly, for a function f (x, y) that is continuous on a region D of Type II, we have 


Equation: 
d| haf 
i] f(2,y)d4 = | f(z, y)de dy = | ; 


y 


) 
f(z, y)dz | dy. 


The integral in each of these expressions is an iterated integral, similar to those we have seen before. Notice that, 
in the inner integral in the first expression, we integrate f (x, y) with x being held constant and the limits of 
integration being g; (x) and gp («). In the inner integral in the second expression, we integrate f (x, y) with y 
being held constant and the limits of integration are hy (x) and hg (2). 


Example: 
Exercise: 


Problem: 
Evaluating an Iterated Integral over a Type I Region 


Evaluate the integral | / z?e7¥dA where D is shown in [link]. 


Solution: 


First construct the region D as a Type I region ([link]). Here D = Hee y)\0<2<2,g2<y< in Then 
we have 
Equation: 


We can express region D 


as a Type I region and 
integrate from y = $2 to 
y = 1, between the lines 
o = Oana = 2, 


Therefore, we have 


Equation: 
a gel n=2 y=1 
| [> *e%dydx = / / xe™dy| dx Iterated integral for a Type I region. 
z=0 yoig z=0 | y=1/22 
r=2 = Integrate with respect to y using 
= 2? = ' dx u-substitution with u = zy where z is held 
x ee constant. 


Integrate with respect to x using 


u-substitution with u = +2. 


((link]). 


This is a Type II region and the integral would then look like 
Equation: 


me xe%dax dy. 
=0 


However, if we integrate first with respect to x, this integral is lengthy to compute because we have to use 
integration by parts twice. 


Example: 
Exercise: 


Problem: 
Evaluating an Iterated Integral over a Type II Region 


Evaluate the integral // (3a? + y*)dA where = {(z,y)| -2<y<3,y2-3<a<y+3}. 
D 


Solution: 


Notice that D can be seen as either a Type I or a Type II region, as shown in [link]. However, in this case 
describing D as Type I is more complicated than describing it as Type II. Therefore, we use D as a Type II 
region for the integration. 
Type | region: Integrate Type II region: Integrate 
Yh first with respect to y Ya first with respect to x 


(a) (b) 


The region D in this example can be either (a) Type I or (b) Type II. 


Choosing this order of integration, we have 
Equation: 


y=3 z=y+3 
// (3a? + y)dA = i] Hl (az + y’)dx dy Iterated integral, 1] 
D 


y=—2 z=y?-3 


y=3 yt3 
= i (a? + ay’) dy Integrate with res} 
v= y2—-3 
y=3 
3 
= / ((y 3) ver dy (3) 3)y") dy 
ae 
3 
= i (54 + 27y — 12y? + 2y* + 8y* — y®)dy Integrate with resy 


[54y + ue Ay? vt aur | 


— 2375 
=“ 


Note: 
Exercise: 


Problem: 

Sketch the region D and evaluate the iterated integral | / xy dy dx where D is the region bounded by the 
D 

curves y = cos x and y = sin z in the interval |[—37/4, 7/4]. 


Solution: 


1/4 
Hint 


Express D as a Type I region, and integrate with respect to y first. 


Recall from Double Integrals over Rectangular Regions the properties of double integrals. As we have seen from 
the examples here, all these properties are also valid for a function defined on a nonrectangular bounded region on 
a plane. In particular, property 3 states: 


If R= SUT and SOT = 0 except at their boundaries, then 


Equation: 
[f1naa- [fteneas ff senee 


Similarly, we have the following property of double integrals over a nonrectangular bounded region on a plane. 


Note: 
Decomposing Regions into Smaller Regions 
Suppose the region D can be expressed as D = D; U D2 where D; and Dy do not overlap except at their 


boundaries. Then 
I ft e.w)aa = i / f (0,y)dA + i / f(o,y)aa. 


Equation: 


This theorem is particularly useful for nonrectangular regions because it allows us to split a region into a union of 
regions of Type I and Type II. Then we can compute the double integral on each piece in a convenient way, as in 
the next example. 


Example: 
Exercise: 


Problem: 
Decomposing Regions 


Express the region D shown in [link] as a union of regions of Type I or Type II, and evaluate the integral 
Equation: 


i / (22 + 5y)dA. 


This region can be decomposed into 
a union of three regions of Type I or 
Type Il. 


Solution: 


The region D is not easy to decompose into any one type; it is actually a combination of different types. So 
we can write it as a union of three regions D;, D2, and D3 where, 


Dy = {(z,»)| =23<n7<0,0<7< (x +2)?}, D = eae NOES SEs (y — iy*)}. 


These regions are illustrated more clearly in [link]. 


Breaking the region into three 


subregions makes it easier to set up 
the integration. 


Here Dj is Type I and D2 and D3 are both of Type II. Hence, 


Equation: 
[fc +5y)dA = fees 5y)dA + ffee+ 5y)dA + [fees 5y)dA 
D D, D2 D3 
2=0 y=(2+2)” y=4 x=y—(1/16)y° y=0 v=y—(1/16)y? 
= i / (2¢ + 5y)dy dx + i (2 + 5y)da dy + 
z=-2 y=0 y=0 z=0 y=—4 z=—-2 
z=0 y=4 
= —(2+2)?(20 + 24a + 5x?)| 4 / z y® if y' + 6y? 
256 16 
xz=—2 y=0 
apt 7 
6 4 2 
+ 6y~ + 10 4 
a / aaa fe oe | 
y=—4 
= 4 ag = 


Now we could redo this example using a union of two Type II regions (see the Checkpoint). 


Note: 
Exercise: 


Problem: 


Consider the region bounded by the curves y = In z and y = e” in the interval [1, 2]. Decompose the region 
into smaller regions of Type II. 


Solution: 


ei g =a re MUNG ae ae NUN ile =agice mye oe) 


Hint 


Sketch the region, and split it into three regions to set it up. 


Note: 
Exercise: 


Problem: Redo [link] using a union of two Type II regions. 


Solution: 


Same as in the example shown. 


Hint 


(eps ys tot yg = es (9 > vr) PU ey) Fs a0 2 eee GY} 


Changing the Order of Integration 


As we have already seen when we evaluate an iterated integral, sometimes one order of integration leads to a 
computation that is significantly simpler than the other order of integration. Sometimes the order of integration 
does not matter, but it is important to learn to recognize when a change in order will simplify our work. 


Example: 
Exercise: 


Problem: 
Changing the Order of Integration 


Reverse the order of integration in the iterated integral / ze* dy dx. Then evaluate the new 
=() 


iterated integral. 


Solution: 


The region as presented is of Type I. To reverse the order of integration, we must first express the region as 
Type II. Refer to [link]. 


y 
(0, 2) (0, 2) 
y=2-x2 x= \2-y 
(0, 0) (2,0) = * — (0,0) (2,0) * 


Type | Type Il 


Converting a region from Type I to Type I. 


We can see from the limits of integration that the region is bounded above by y = 2 — x? and below by 
y = 0, where z is in the interval lo, v3] . By reversing the order, we have the region bounded on the left by 


az = 0 and on the right by 2 = ,/2 — y where y is in the interval [0, 2]. We solved y = 2 — x? in terms of x 
to obtain x = /2 =p 


Hence 
Equation: 


V2 2-2? V2-y Reverse the orc 


2 
/ i ze* dydz = / / ae® dx dy integration the: 
0 


0 substitution. 


2 
L = i 
Feat 2 j dy = [ye — 1)dy = —1(e?-¥ +y) |, 


II 
SI= See 


Example: 
Exercise: 


Problem: 
Evaluating an Iterated Integral by Reversing the Order of Integration 


Consider the iterated integral | / f (x, y)dx dy where z = f (x, y) = x — 2y over a triangular region R that 
R 


has sides on z = 0, y = 0, and the line x + y = 1. Sketch the region, and then evaluate the iterated integral 
by 


a. integrating first with respect to y and then 
b. integrating first with respect to x. 
Solution: 


A sketch of the region appears in [link]. 


A triangular region R for 
integrating in two ways. 


We can complete this integration in two different ways. 


a. One way to look at it is by first integrating y from y = 0 to y = 1 — z vertically and then integrating x 
ional 4p = (O)inaae = Ils 
Equation: 


(x — 2y)dy dx = fi ry — 2y?| [ace 
2=0 


[[seaaedy = ff 
R =(1) 


= lr eo i [-14 30 -20"]de = |-2+ Se -= 
=0 


b. The other way to do this problem is by first integrating x from x = 0 tox = 1 — y horizontally and 
then integrating y from y = Oto y = 1: 


Equation: 
yee — y— 1 pees 
i j@wecy = / / (a — 2y)dz dy = / Ea — 20) dy 
R y=0 =O y=0 ee 
yl v— 


Note: 
Exercise: 


Problem: 
Evaluate the iterated integral | i) (a 4F y)dA over the region D in the first quadrant between the functions 


y = 2x and y = x”. Evaluate the iterated integral by integrating first with respect to y and then integrating 
first with resect to x. 
Solution: 


216 
35 


Hint 


Sketch the region and follow [link]. 


Calculating Volumes, Areas, and Average Values 


We can use double integrals over general regions to compute volumes, areas, and average values. The methods are 
the same as those in Double Integrals over Rectangular Regions, but without the restriction to a rectangular region, 


we can now solve a wider variety of problems. 


Example: 
Exercise: 


Problem: 
Finding the Volume of a Tetrahedron 


Find the volume of the solid bounded by the planes x = 0, y = 0, z = 0, and 2x + 3y+ z=6. 
Solution: 


The solid is a tetrahedron with the base on the zy-plane and a height z = 6 — 2” — 3y. The base is the 
region D bounded by the lines, « = 0, y = 0 and 2x + 3y = 6 where z = 0 ([link]). Note that we can 


consider the region D as Type I or as Type II, and we can integrate in both ways. 
z=6-2x—- 3y 


x 


A tetrahedron consisting of the three coordinate planes and the plane z = 6 — 2a — 3y, with the 
base bound by z = 0, y = 0, and 2% + 3y = 6. 


First, consider D as a Type I region, and hence D = {(z,y)|0 <a <3,0<y<2- a}. 


Therefore, the volume is 


Equation: 
z=3 y=2—(2x/3) x=3 3 y=2—(22/3) 
Va— (6 — 2x — 3y)dy dr = / (sy — 2ry — 3”) dx 
nt y=0 z=0 - 
2=3 9 
z=0 


Now consider D as a Type II region, so D = {(x,y)|0 < y < 2,0 < x <3 — 3y}. In this calculation, the 
volume is 
Equation: 


I 
| 
— ~~ 
< 
| 
i) 
na 
bo 
| cr | 
Q 
K— 
I 
@ 


y=0 


Therefore, the volume is 6 cubic units. 


Note: 
Exercise: 


Problem: 


Find the volume of the solid bounded above by f (x, y) = 10 — 2a + y over the region enclosed by the 
curves y = 0 and y = e”, where z is in the interval [0, 1]. 


Solution: 


< + 10e — 2 cubic units 
Hint 


Sketch the region, and describe it as Type I. 


Finding the area of a rectangular region is easy, but finding the area of a nonrectangular region is not so easy. As 
we have seen, we can use double integrals to find a rectangular area. As a matter of fact, this comes in very handy 
for finding the area of a general nonrectangular region, as stated in the next definition. 


Note: 

Definition 

The area of a plane-bounded region D is defined as the double integral | / 1dA. 
D 


We have already seen how to find areas in terms of single integration. Here we are seeing another way of finding 
areas by using double integrals, which can be very useful, as we will see in the later sections of this chapter. 


Example: 
Exercise: 


Problem: 
Finding the Area of a Region 


Find the area of the region bounded below by the curve y = x” and above by the line y = 2z in the first 
quadrant ([link]). 


The region bounded by 
y = x? and y = 22. 


Solution: 


We just have to integrate the constant function f (2, y) = 1 over the region. Thus, the area A of the bounded 


a2 y=2e eal Ba 
region is i i dy dz or / / dx dy: 
C=) YE y=0  2=y/2 
Equation: 
e=2 y=2e mth DES a 
A [[azay- / ldydz = / [vit Jae = / (2a = x”) de oe fy] =. 
. aioe a #=0 2=0 0 
Note: 
Exercise: 
Problem: 


Find the area of a region bounded above by the curve y = x? and below by y = 0 over the interval (0, 3]. 


Solution: 


81 P 
7 Square units 
Hint 


Sketch the region. 


We can also use a double integral to find the average value of a function over a general region. The definition is a 
direct extension of the earlier formula. 


Note: 

Definition 

If f (x, y) is integrable over a plane-bounded region D with positive area A (D), then the average value of the 
function is 

Equation: 


fave = ap If fenaa 


Note that the area is A (D) = // 1dA. 
D 


Example: 
Exercise: 


Problem: 
Finding an Average Value 


Find the average value of the function f (x, y) = 7xy? on the region bounded by the line x = y and the 


curve x = VY ([link]). 
y (1, 1) 


0.75 
0.5 


0.25 


The region bounded by x = y and 


z= /Y. 


Solution: 


First find the area A (D) where the region D is given by the figure. We have 
Equation: 


y=l t=V/y y= y=1 F 


A(D)= ff1a= ff ravay= f [eyav= f Wa-way= 50°” ler 


y=0 w=y y=0 y=0 


Then the average value of the given function over this region is 


Equation: 
y=l tay y=1 
if = aty ff Ftc )dA = : | teptae dy = : male 
ave —_ A(D) Y RK A(D y Y= 1 6 ) y Bet Yy 
D y=0 «r=y y=0 
y=1 y=1 4 
7 7 2 (4A 5 
= [Ev (u-¥")]av=6 EW -v) v= 2 (4-4)|- 8-3 
y=0 y=0 
Note: 
Exercise: 
Problem: 


Find the average value of the function f (x, y) = xy over the triangle with vertices (0,0), (1,0) and (1, 3). 


Solution: 


3 


4 
Hint 


Express the line joining (0,0) and (1,3) asa function y = g(z). 


Improper Double Integrals 


An improper double integral is an integral | / f dA where either D is an unbounded region or f is an 
D 


unbounded function. For example, D = {(«, y)| |z — y| > 2} is an unbounded region, and the function 
f (x,y) =1/ (1 — x? — 2y?) over the ellipse x? + 3y? < 1 is an unbounded function. Hence, both of the 


following integrals are improper integrals: 


i, [[2y4A where D = {(a, y)| |x — y| = 2}; 


D 
1 
iff Tog? cage if where D = {(2,u)la? + 39° < 1}. 


In this section we would like to deal with improper integrals of functions over rectangles or simple regions such 
that f has only finitely many discontinuities. Not all such improper integrals can be evaluated; however, a form of 
Fubini’s theorem does apply for some types of improper integrals. 


Note: 

Fubini’s Theorem for Improper Integrals 

If D is a bounded rectangle or simple region in the plane defined by {(z, y):a < « < b, g(x) < y < h(x)} and 
also by {(z, y):¢ < y< d,j(y) < x < k(y)} and f is a nonnegative function on D with finitely many 
discontinuities in the interior of D, then 


Equation: 


z=b y=h(x) y=d x=k(y) 
[fsa = f (2, y)dy dx = / / f (x, y)dz dy. 
D T=A y—g(z) y=c  2=j(y) 


It is very important to note that we required that the function be nonnegative on D for the theorem to work. We 
consider only the case where the function has finitely many discontinuities inside D. 


Example: 
Exercise: 


Problem: 
Evaluating a Double Improper Integral 


Consider the function f (x, y) = a over the region D = {(z,y):0 <a<le<y< vz}. 


Notice that the function is nonnegative and continuous at all points on D except (0,0). Use Fubini’s theorem 
to evaluate the improper integral. 


Solution: 


First we plot the region D ([link]); then we express it in another way. 


The function f is continuous at all points of the 
region D except (0, 0). 


The other way to express the same region D is 
Equation: 


DSN Gy) eee 


Thus we can use Fubini’s theorem for improper integrals and evaluate the integral as 
Equation: 


y 
‘i i © dx dy 
y 
y=0 a=y? 
Therefore, we have 
Equation: 
gl B=7 ; vi ; y=1 1 
e€ e = ey 
fl / yo if yl = i ra (y — y?)dy = fe — ye" dy = e — 2. 
y—0 a=y? y=0 y=0 0 


As mentioned before, we also have an improper integral if the region of integration is unbounded. Suppose now 
that the function f is continuous in an unbounded rectangle R. 


Note: 
Improper Integrals on an Unbounded Region 


If R is an unbounded rectangle such as R = {(x,y):a < @ < co,c < y < oo}, then when the limit exists, we 
d 


b d b 
have [fsenes = rola) | [tendy dx = salt. | [tendy dy. 


@ 


The following example shows how this theorem can be used in certain cases of improper integrals. 


Example: 
Exercise: 


Problem: 
Evaluating a Double Improper Integral 


Evaluate the integral | / aye” dA where R is the first quadrant of the plane. 


Solution: 


The region R is the first quadrant of the plane, which is unbounded. So 
Equation: 


az=b 
Sy = : Seay, = : =afiaap 
// rte ees Hl gee Dacian axe / / ES ed ae 
R 0 


= pee (1 = et) (1 i e*) a 


Thus, | I aye * ¥ dA is convergent and the value is + 


R 


Note: 
Exercise: 


Problem: 


Evaluate the improper integral // Fo where D = {(a,y)z >0,y > 0,27 +y? < 1}. 
1—2?—-y? 
D 


Solution: 


Tr 


4 
Hint 


Notice that the integral is nonnegative and discontinuous on x? + y? = 1. Express the region D as 
D= {(2, y:0<2<10<y<vV1-— a} and integrate using the method of substitution. 


In some situations in probability theory, we can gain insight into a problem when we are able to use double 
integrals over general regions. Before we go over an example with a double integral, we need to set a few 
definitions and become familiar with some important properties. 


Note: 

Definition 

Consider a pair of continuous random variables X and Y, such as the birthdays of two people or the number of 
sunny and rainy days in a month. The joint density function f of X and Y satisfies the probability that (X,Y) lies 
in a certain region D: 

Equation: 


P((x,¥)€D)= ff fa,yjaa. 
D 


Since the probabilities can never be negative and must lie between 0 and 1, the joint density function satisfies the 
following inequality and equation: 
Equation: 


f (x,y) 2 Oand |[ #@waa- 1. 
R2 


Note: 

Definition 

The variables X and Y are said to be independent random variables if their joint density function is the product of 
their individual density functions: 

Equation: 


f (x,y) = fi (@) fe (y). 


Example: 
Exercise: 


Problem: 
Application to Probability 


At Sydney’s Restaurant, customers must wait an average of 15 minutes for a table. From the time they are 
seated until they have finished their meal requires an additional 40 minutes, on average. What is the 
probability that a customer spends less than an hour and a half at the diner, assuming that waiting for a table 
and completing the meal are independent events? 


Solution: 


Waiting times are mathematically modeled by exponential density functions, with m being the average 
waiting time, as 
Equation: 


; 0 ift <0, 
FO) 1 e-tim ift > 0. 


If X and Y are random variables for ‘waiting for a table’ and ‘completing the meal,’ then the probability 
density functions are, respectively, 
Equation: 


0 f2<0, 0 ify < 0, 
fi(z) = de-a/i5 fe 0 and fo(y) = qe 4/40 ify > 0. 


Clearly, the events are independent and hence the joint density function is the product of the individual 
functions 
Equation: 


0 ifx < Oor 0, 
fees) = niente) =| <UVory< 


1_,-2/15,-y/60 ; 
s00© /lbe-v/60 if, y > 0. 


We want to find the probability that the combined time X + Y is less than 90 minutes. In terms of geometry, 
it means that the region D is in the first quadrant bounded by the line + y = 90 ([link]). 


y 
100 


The region of integration for a joint probability 
density function. 


Hence, the probability that (X, Y) is in the region D is 
Equation: 


P(X+Y < 90) = P((X,Y)€D)= |[#enaa = If aoote waa 
D D 


Since z + y = 90 is the same as y = 90 — a, we have a region of Type I, so 


Equation: 
D = {(a,y)|0 <2 <90,0< y< 90-3}, 
z=90 y=90—-z z=90 y=90—x 
P(X+Y<90) = & / / e 7/6 -¥/M de dy = sae / / e 7/5 ——9/M da dy 

z=0 y=0 a=0 y=0 

2=90 y=90—x 
= / / eW (2/15 +4/4) dee dy = 0.8328. 
z=—0 y=0 


Thus, there is an 83.2% chance that a customer spends less than an hour and a half at the restaurant. 


Another important application in probability that can involve improper double integrals is the calculation of 
expected values. First we define this concept and then show an example of a calculation. 


Note: 

Definition 

In probability theory, we denote the expected values E (X) and E (Y), respectively, as the most likely outcomes 
of the events. The expected values EF (X) and E (Y) are given by 


Equation: 
E(x) = [fe (z,y)dA and E (Y )= fos (x, y)dA, 


where S is the sample space of the random variables X and Y. 


Example: 
Exercise: 


Problem: 
Finding Expected Value 


Find the expected time for the events ‘waiting for a table’ and ‘completing the meal’ in [link]. 
Solution: 


Using the first quadrant of the rectangular coordinate plane as the sample space, we have improper integrals 
for E (X) and E'(Y). The expected time for a table is 
Equation: 


xL=CO 


4 q=es 
_ 7 -2/15,,—y/40 merle e 2/15 —y/40 

|[- 600° e€ dA= sf fe e€ dA 

S x=0 =0 

= BOO Rete ni f ze */e—¥/Wdz dy 


I 


E(X) 


=a y=b 
2 : —y/40 
= lim re */ da lim y/40 q 
sot a= 5-00 is 
z=0 y=0 


y=b 
y=0 


= sh ( (tim, (-15e-*"* (e +15))) 7”) ( (2 (-40e-¥) 


= gop ( lim (—15e74/9 (@ + 15) + 225)) ( jim (—40¢~°/4° +40) 
el 

Se 0) 

=, 


A similar calculation shows that E (Y) = 40. This means that the expected values of the two random events 
are the average waiting time and the average dining time, respectively. 


Note: 
Exercise: 


Problem: The joint density function for two random variables X and Y is given by 
Equation: 


an (2? +y") if0< 2 <15,0<y<10 


f(z,y) = 2 


0 otherwise 


Find the probability that X is at most 10 and Y is at least 5. 
Solution: 


2 = 0.7638 
Hint 


10 y=10 


1 
Compute the probability P(X <10,Y >5)= 6000 (x? + y*)dy dz. 


Z=—o0o y=5 


Key Concepts 


¢ A general bounded region D on the plane is a region that can be enclosed inside a rectangular region. We can 
use this idea to define a double integral over a general bounded region. 

e To evaluate an iterated integral of a function over a general nonrectangular region, we sketch the region and 
express it as a Type I or as a Type II region or as a union of several Type I or Type II regions that overlap only 
on their boundaries. 

e We can use double integrals to find volumes, areas, and average values of a function over general regions, 
similarly to calculations over rectangular regions. 

e We can use Fubini’s theorem for improper integrals to evaluate some types of improper integrals. 


Key Equations 
e Iterated integral over a Type I region 
b 92(2) 
// f(z, y)dA = // f(x, y)dy dx = / / F(a, y)dy | dx 
D D a | g(x) 
e Iterated integral over a Type II region 
d | ha(y) 
|[tenaa= ff tenaeay= [| f tewae| ay 
D D ¢c hi(y) 


In the following exercises, specify whether the region is of Type I or Type II. 
Exercise: 


Problem: The region D bounded by y = x°, y = x? +1, x = 0, and x = 1 as given in the following figure. 


-02 % 02 04 06 08 1.0 1.2% 


Exercise: 


Problem: 
Find the average value of the function f (x, y) = 3zy on the region graphed in the previous exercise. 


Solution: 


27 
20 


Exercise: 


Problem: Find the area of the region D given in the previous exercise. 
Exercise: 


Problem: 


The region D bounded by y = sinz,y = 1+sinz,x =0, and z = as given in the following figure. 


28 


y=1+sin(x) 


y = sin(x) 


Solution: 


Type I but not Type I 
Exercise: 


Problem: 


Find the average value of the function f (x, y) = cos x on the region graphed in the previous exercise 
Exercise: 


Problem: Find the area of the region D given in the previous exercise. 


Solution: 


T 


2 


Exercise: 


Problem: 


The region D bounded by x = y? — 1 and x = “, 1 — y? as given in the following figure. 


Exercise: 


Problem: 


Find the volume of the solid under the graph of the function f (2, y) = xy + 1 and above the region in the 
figure in the previous exercise. 


Solution: 


= (8 + 37) 


Exercise: 


Problem: The region D bounded by y = 0,2 = —10+ y, and x = 10 — yas given in the following figure. 


Exercise: 


Problem: 


Find the volume of the solid under the graph of the function f (x, y) = x + y and above the region in the 
figure from the previous exercise. 


Solution: 


1000 
3 


Exercise: 


Problem: The region D bounded by y = 0,z = y— 1, x = 4 as given in the following figure. 


Exercise: 


Problem: The region D bounded by y = 0 and y = x? — 1 as given in the following figure. 


Solution: 


Type I and Type II 
Exercise: 


Problem: 


Let D be the region bounded by the curves of equations y = x, y = —a, and y = 2 — x”. Explain why D is 
neither of Type I nor I. 


Exercise: 


Problem: 


Let D be the region bounded by the curves of equations y = cos x and y = 4 — z? and the z-axis. Explain 
why D is neither of Type I nor II. 


Solution: 


The region D is not of Type I: it does not lie between two vertical lines and the graphs of two continuous 
functions gi(x) and g(x). The region D is not of Type II: it does not lie between two horizontal lines and 
the graphs of two continuous functions hi(y) and h2(y). 


In the following exercises, evaluate the double integral | / f (x, y)dA over the region D. 
D 
Exercise: 


Problem: f (x,y) = 2 + 5yand D = {(2,y)|(0<2<1,a><y<a'+1} 


Exercise: 
Problem: f (x,y) = land D= {(z,y)|0 <a < 4,sma <y<1+sinz} 


Solution: 


TT 


2 
Exercise: 


Problem: f (x,y) = 2 and D= {(z,y)|0< y<1,y—1< <2 <arccos y} 


Exercise: 
Problem: f (x,y) = zy and D = {(z,y)| -l<y<ly-l<a¢< VJ1 =} 


Solution: 
0 


Exercise: 


Problem: f (x,y) = sin y and D is the triangular region with vertices (0,0), (0,3), and (3, 0) 


Exercise: 
Problem: f (x,y) = —x + 1 and Dis the triangular region with vertices (0,0), (0,2), and (2, 2) 
Solution: 
2 
3: 


Evaluate the iterated integrals. 
Exercise: 


1 32 
Problem: / i; (a + y’)dy dx 
0 22x 


Exercise: 


1 27x41 
Problem: / i (xy + 1)dy dx 
0 2/z 


Solution: 


AL 
20 


Exercise: 


e? 2 


Problem: / forts u)dv du 


e Inu 


Exercise: 


2 <1 
Problem: / / (8uv)dv du 
Ll -u?-1 


Solution: 


—63 


Exercise: 


Vi-¥ 
Problem: / LL (2a + 4a*) dx dy 


Exercise: 
1/2 /1—4y? 
Problem: / / Adz dy 
0 —~/1—4yP? 
Solution: 
T 
Exercise: 


Problem: Let D be the region bounded by y = 1 — x?, y = 4 — 2?, and the z- and y-axes. 


1 4-2? 2 4-2? 
a. Show that | / zdA = / / x dydx + / / x dy dx by dividing the region D into two regions 
0 1-2? 0 
of Type I. 
b. Evaluate the integral | / xdA. 
D 
Exercise: 


Problem: Let D be the region bounded by y = 1, y = a, y = Ing, and the z-axis. 


1 2 e 
a. Show that |[v dA= / iE dy dx + ' iE dy dz by dividing D into two regions of Type I. 
D 0 0 1 1 


b. Evaluate the integral | fl y dA. 


Solution: 


Be 2 
a. Answers may vary; b. + 


Exercise: 
Problem: 
0 2-2? 1 2-2? 
a. Show that i IE 21h = i / y’dy dx + / / y’ dy dz by dividing the region D into two regions 
-1 -2 


of Type I, mee {(x,y)|y > 2, roe oe ae “y. 


b. Evaluate the integral il / yA. 


Exercise: 


Problem: Let D be the region bounded by y = x”, y = x + 2, andy = —2. 


1 vy 2 Vv¥ 
a. Show that | / zdA= / / x dx dy + / i x dx dy by dividing the region D into two regions of 
D 0 -y 1 y-2 


Type I, where D = {(x,y)|y >a ,y>-a,y<a2t+ 2}. 


b. Evaluate the integral | / adA. 


D 


Solution: 


a. Answers may vary; b. ~ 
Exercise: 
Problem: 


The region D bounded by z = 0, y = x° +1, and y = 3 — 2? is shown in the following figure. Find the area 
A (D) of the region D. 


yi Y=3-2% 


-10 0 02 04 06 08 10 1.2x 


Exercise: 


Problem: 


The region D bounded by y = cos a, y = 4cosa, andz = +4 is shown in the following figure. Find the 
area A (D) of the region D. 


y=4+.cosx 


-15-1.0-0.5 9 
=i 


Solution: 


8r 
3 


Exercise: 


Problem: Find the area A(D) of the region D = {(z,y)|y>1—2?,y<4-—2?,y>0,a > 0}. 
Exercise: 


Problem: 


Let D be the region bounded by y = 1, y = a, y = Ing, and the z-axis. Find the area A (D) of the region D 


Solution: 


e— 


bo|oo 


Exercise: 


Problem: 


Find the average value of the function f (x, y) = sin y on the triangular region with vertices (0, 0), (0, 3), 
and (3, 0). 

Exercise: 
Problem: 


Find the average value of the function f (x, y) = 
and (2,2). 


—a + 1 on the triangular region with vertices (0,0), (0, 2), 
Solution: 


2. 
3 


In the following exercises, change the order of integration and evaluate the integral. 
Exercise: 


m/2 atl 
Problem: / sin x dy dx 
-1 0 
Exercise: 


~~ 

5 

i=} 

i=" 

o 

Z 
ai 


Solution: 

1 1-2 0 ytl 1 ly 
/ [eaae= ff cavays [ x dxdy = + 
0 «1 -1 0 0 0 

Exercise: 
0 Vytl 
Problem: a / y’dx dy 
“1 _ gi 
Exercise: 
1/2 VyP+i 
Problem: / / y dx dy 
-1/2 _/Pqi 
Solution: 

1/2 f+ 2 vei 

i / yr dy= [ | ydydz = 0 
1/2 fy Lo -Vz?=1 

Exercise: 
Problem: 


The region D is shown in the following figure. Evaluate the double integral | / (x? + y) dA by using the 


easier order of integration. 


Exercise: 


Problem: 


The region D is given in the following figure. Evaluate the double integral | / (a? a y’)dA by using the 
D 


easier order of integration. 


Solution: 
1 1-y! 
// (x? —y*)dA= / (x? — y?)\ dx dy = ayia 
D —1 yf-1 
Exercise: 
Problem: 


Find the volume of the solid under the surface z = 2x + y? and above the region bounded by y = x° and 
y= a. 

Exercise: 
Problem: 


Find the volume of the solid under the plane z = 3a + y and above the region determined by y = x” and 
y= a. 


Solution: 

4 

5 
Exercise: 


Problem: 


Find the volume of the solid under the plane z = x — y and above the region bounded by 
z=tany,xz = —tany, andz = 1. 
Exercise: 


Problem: 


Find the volume of the solid under the surface z = x? and above the plane region bounded by 
x=siny, xz = —siny, and x = 1 for values of y between y = ap and y = + 


Solution: 


Sn 
32 


Exercise: 
Problem: 


Let g be a positive, increasing, and differentiable function on the interval [a, b]. Show that the volume of the 
solid under the surface z = g/(x) and above the region bounded by y = 0, y= g(x), x = a, and x = bis 


given by + (9 (b) — g? (a)). 
Exercise: 
Problem: 
Let g be a positive, increasing, and differentiable function on the interval a, b], and let k be a positive real 


number. Show that the volume of the solid under the surface z = g/(x) and above the region bounded by 
y= 9(x),y=9(x) +k, x =a, and x = bis given by k(g(b) — g(a). 


Exercise: 
Problem: 
Find the volume of the solid situated in the first octant and determined by the planes z = 2, 
z=0,2+y=1,2 =0, andy=0. 
Exercise: 
Problem: 


Find the volume of the solid situated in the first octant and bounded by the planes x + 2y = 1, 
z=0,y=0,z=4, andz=0. 


Solution: 


1 
Exercise: 


Problem: 


Find the volume of the solid bounded by the planes zx + y= 1,2 —-y=1,x =0,z=0,andz=10. 
Exercise: 
Problem: 


Find the volume of the solid bounded by the planesza@+y=1,2—y=1l1,r+y=-—l, 
x—-y=-—l,z=landz=0. 


Solution: 


2 
Exercise: 
Problem: 


Let ; and S¥ be the solids situated in the first octant under the planes x + y+ z= 1landx+y+2z=1, 
respectively, and let S be the solid situated between S;, 52,2 = 0, andy = 0. 


a. Find the volume of the solid S$}. 
b. Find the volume of the solid So. 
c. Find the volume of the solid S' by subtracting the volumes of the solids S; and S9. 


Exercise: 
Problem: 


Let S and S} be the solids situated in the first octant under the planes 2x + 2y+ z2=2andxr+y+z=1, 
respectively, and let S be the solid situated between S;,.S2,2 = 0, andy =0. 


a. Find the volume of the solid S$}. 
b. Find the volume of the solid $5. 
c. Find the volume of the solid S by subtracting the volumes of the solids S; and $3. 


Solution: 


Exercise: 


Problem: 


Let S; and S¥ be the solids situated in the first octant under the plane x + y+ z = 2 and under the sphere 
a? +y? + 2* =4, respectively. If the volume of the solid S'y is =, determine the volume of the solid S 
situated between S$; and S»2 by subtracting the volumes of these solids. 


Exercise: 
Problem: 


Let S; and S‘ be the solids situated in the first octant under the plane x + y+ z = 2 and bounded by the 
cylinder x? + y? = 4, respectively. 


a. Find the volume of the solid S$}. 
b. Find the volume of the solid S». 
c. Find the volume of the solid S' situated between S; and S>2 by subtracting the volumes of the solids S; 


and S. 
Solution: 
a. 4; b. 273 c. am 
Exercise: 
Problem: 


[T] The following figure shows the region D bounded by the curves y = sin z, z = 0, and y = x*. Usea 
graphing calculator or CAS to find the x-coordinates of the intersection points of the curves and to determine 
the area of the region D. Round your answers to six decimal places. 


Exercise: 
Problem: 
[T] The region D bounded by the curves y = cos x, z = 0, and y = 2? is shown in the following figure. 


Use a graphing calculator or CAS to find the x-coordinates of the intersection points of the curves and to 
determine the area of the region D. Round your answers to six decimal places. 


Solution: 


0 and 0.865474; A (D) = 0.621135 
Exercise: 
Problem: 
Suppose that (X, Y) is the outcome of an experiment that must occur in a particular region S in the zy-plane. 


In this context, the region S is called the sample space of the experiment and X and Y are random variables. 
If D is a region included in S, then the probability of (X, Y) being in D is defined as 


P(X,Y)eD = | / p(x, y)dx dy, where p(z, y) is the joint probability density of the experiment. Here, 


p(, y) is a nonnegative function for which | i p(x, y)dx dy = 1. Assume that a point (X,Y) is chosen 
Ss 


arbitrarily in the square [0,3] x [0,3] with the probability density 


p(x, y) = . (x,y) € [0,3] x [0,3], 


0 otherwise. 


Find the probability that the point (X, Y) is inside the unit square and interpret the result. 
Exercise: 


Problem: 


Consider X and Y two random variables of probability densities p, (x) and p2(z), respectively. The random 
variables X and Y are said to be independent if their joint density function is given by 

p(«, y) = pi(x)p2(y). At a drive-thru restaurant, customers spend, on average, 3 minutes placing their orders 
and an additional 5 minutes paying for and picking up their meals. Assume that placing the order and paying 
for/picking up the meal are two independent events X and Y. If the waiting times are modeled by the 
exponential probability densities 


1 e-2/3 >0 1Le-y/5 >0 
3 e @&7 Vv, a 5 e y = 0, 
L).= and = 
pi(z) i: otherwise, aly) . otherwise, 


respectively, the probability that a customer will spend less than 6 minutes in the drive-thru line is given by 
P[IX+Y<6)/= [[e(eu)ae dy, where D = {(z,y)}|a >0,y>0,2+y <6}. Find P[X+Y <6] 


and interpret the result. 
Solution: 


P[X+Y<6)/=1+ ot - _ = 0.45; there is a 45% chance that a customer will spend 6 minutes in the 
drive-thru line. 


Exercise: 
Problem: 


[T] The Reuleaux triangle consists of an equilateral triangle and three regions, each of them bounded by a 
side of the triangle and an arc of a circle of radius s centered at the opposite vertex of the triangle. Show that 


the area of the Reuleaux triangle in the following figure of side length s is = (x - v3) : 


Exercise: 
Problem: 
[T] Show that the area of the lunes of Alhazen, the two blue lunes in the following figure, is the same as the 


area of the right triangle ABC. The outer boundaries of the lunes are semicircles of diameters AB and AC, 
respectively, and the inner boundaries are formed by the circumcircle of the triangle ABC’. 


Glossary 


improper double integral 
a double integral over an unbounded region or of an unbounded function 


Type I 
a region D in the xy-plane is Type I if it lies between two vertical lines and the graphs of two continuous 
functions g; (x) and go (x) 


Type I 
a region D in the xy-plane is Type II if it lies between two horizontal lines and the graphs of two continuous 
functions hy (y) and hg (y) 


Double Integrals in Polar Coordinates 


e Recognize the format of a double integral over a polar rectangular region. 

e Evaluate a double integral in polar coordinates by using an iterated integral. 
e Recognize the format of a double integral over a general polar region. 

e Use double integrals in polar coordinates to calculate areas and volumes. 


Double integrals are sometimes much easier to evaluate if we change rectangular coordinates to polar 
coordinates. However, before we describe how to make this change, we need to establish the concept of a 
double integral in a polar rectangular region. 


Polar Rectangular Regions of Integration 


When we defined the double integral for a continuous function in rectangular coordinates—say, g over a 
region R in the zy-plane—we divided R into subrectangles with sides parallel to the coordinate axes. 
These sides have either constant z-values and/or constant y-values. In polar coordinates, the shape we work 
with is a polar rectangle, whose sides have constant r-values and/or constant 6-values. This means we can 
describe a polar rectangle as in [link](a), with R = {(r, 0)|a<r<ba<6< ph. 


In this section, we are looking to integrate over polar rectangles. Consider a function f (r, @) over a polar 
rectangle R. We divide the interval {a, b] into m subintervals [r;_1,7;] of length Ar = (b — a)/m and 
divide the interval [a, 6] into n subintervals [0;-1, 6;| of width A@ = (8 — a)/n. This means that the 
circles r = r; and rays 0 = 0; for 1 <i < mand1 < j < n divide the polar rectangle R into smaller 
polar subrectangles R;; ([link](b)). 


(rj, 0%) 


ty 
ple 
hin 
A@ Wy M7, os 
Wy ae 


Wao 
‘mee? 


(a) (b) (c) 


(a) A polar rectangle R (b) divided into subrectangles R;;. (c) Close-up of a subrectangle. 


As before, we need to find the area AA of the polar subrectangle R;; and the “polar” volume of the thin 
box above R;;. Recall that, in a circle of radius r, the length s of an arc subtended by a central angle of 0 
radians is s = r@. Notice that the polar rectangle R;; looks a lot like a trapezoid with parallel sides r;_, A 
and r;Aé@ and with a width Ar. Hence the area of the polar subrectangle R;; is 

Equation: 


AA= 5A (r;-1A0 +71A8). 


Simplifying and letting ry = $(ri-1 +7r;),wehave AA = r,,ArAd. Therefore, the polar volume of the 


thin box above R;; ([link]) is 
Equation: 


* * * * 


Finding the volume of the 
thin box above polar 
rectangle R,;;. 


Using the same idea for all the subrectangles and summing the volumes of the rectangular boxes, we obtain 
a double Riemann sum as 
Equation: 


3 


i * * * 
SoS Flrijs Oj)rigAr 8. 


As we have seen before, we obtain a better approximation to the polar volume of the solid above the region 
R when we let m and n become larger. Hence, we define the polar volume as the limit of the double 
Riemann sum, 

Equation: 


* 


m : : 
Li mam bs Frys 65) Piz ATA. 


This becomes the expression for the double integral. 


Note: 

Definition 

The double integral of the function f (r, #) over the polar rectangular region R in the r6-plane is defined 
as 

Equation: 


Again, just as in Double Integrals over Rectangular Regions, the double integral over a polar rectangular 
region can be expressed as an iterated integral in polar coordinates. Hence, 


Equation: 
[[ 200.944 = ff t(0,8)rar a8 - /  t.0yedran 
R R 0=a r=a 


Notice that the expression for dA is replaced by r dr dO when working in polar coordinates. Another way 
to look at the polar double integral is to change the double integral in rectangular coordinates by 
substitution. When the function f is given in terms of x and y, using 

x =rcosé,y=rsin9, anddA = r dr dé changes it to 


Equation: 
i f(z,y)dA = // f (rcos 6,r sin 6)r dr dé. 
R R 


Note that all the properties listed in Double Integrals over Rectangular Regions for the double integral in 
rectangular coordinates hold true for the double integral in polar coordinates as well, so we can use them 
without hesitation. 


Example: 
Exercise: 


Problem: 
Sketching a Polar Rectangular Region 


Sketch the polar rectangular region R = {(r,@)|1 <r < 3,0 <6< 7a}. 


Solution: 


As we can see from [link], 7 = 1 andr = 3 are circles of radius 1 and 3 and 0 < 0 < 7 covers the 
entire top half of the plane. Hence the region R looks like a semicircular band. 


The polar region R lies 
between two semicircles. 


Now that we have sketched a polar rectangular region, let us demonstrate how to evaluate a double integral 
over this region by using polar coordinates. 


Example: 
Exercise: 


Problem: 
Evaluating a Double Integral over a Polar Rectangular Region 


Evaluate the integral // 3a dA over the region R = {(r, 6)|l <r<2,0<0< 7}. 
R 


Solution: 


First we sketch a figure similar to [link] but with outer radius 2. From the figure we can see that we 
have 


Equation: 
Te Use an iterated integral with correct limits 
32dA = J [: 3r cos Or dr dO ; ; s 
of integration. 
R 6=0 r=1 
= cos 6 [r° ie dé Integrate first with respect tor. 
6=0 
0=1 


= 7 cos 6d0 = 7 sin 6|5_. = 0. 


Note: 
Exercise: 


Problem: Sketch the region R = iG. ONL ie ae SS a}, and evaluate |[« dA. 


Solution: 


14 
3 
Hint 


Follow the steps in [link]. 


Example: 
Exercise: 


Problem: 
Evaluating a Double Integral by Converting from Rectangular Coordinates 


Evaluate the integral | / (l 77 = y’)dA where R is the unit circle on the xy-plane. 


Solution: 


The region R is a unit circle, so we can describe itas R = {(r,0)|0 <r < 1,0 <@< 2r}. 


Using the conversion x = rcos 0, y = rsin 6, and dA = r dr dO, we have 


Equation: 
2x 1 
ffa-2-v)aa =f fo- jarae= f flr )dr dO 
R 0 0 
20 
2 471 
=| leva pa f done 
2 4} 4 2 
0 0 
Example: 
Exercise: 
Problem: 


Evaluating a Double Integral by Converting from Rectangular Coordinates 


Evaluate the integral // (a + y)dA where R = {(2z,y)|1 <a? +y? <4,2 <0}. 


Solution: 


We can see that A is an annular region that can be converted to polar coordinates and described as 
Re) 2 Sn} (see the following graph). 


Ya 


The annular region of 
integration R. 


Hence, using the conversion x = rcos 0, y = rsin 0, and dA = r dr dO, we have 
Equation: 


0=37r/2 r=2 
[fternaa = / / (r cos 8 + r sin 6)r dr dO 
R O=n/2  r=1 
r=2 37/2 
= r’dr / (cos @ + sin 0)d0 
r=1 m/2 
eo iFepes 3/2 
= B [sin 6 — cos Al /2 
— 14 
=-%. 


Note: 
Exercise: 


Problem: 


Evaluate the integral i / (4 ie y’) dA where R is the circle of radius 2 on the zy-plane. 
R 


Solution: 


87 


Hint 


Follow the steps in the previous example. 


General Polar Regions of Integration 


To evaluate the double integral of a continuous function by iterated integrals over general polar regions, we 
consider two types of regions, analogous to Type I and Type II as discussed for rectangular coordinates in 
Double Integrals over General Regions. It is more common to write polar equations as r = f (0) than 

6 = f (r), so we describe a general polar region as R = {(r, 0)|a < 0 < B,hi (0) <r < hg (0)} (see the 
following figure). 


r=h,(0) 


A general polar region between 
a<6< Bandh; (6) <r < ho (8). 


Note: 
Double Integrals over General Polar Regions 
If f (r, 0) is continuous on a general polar region D as described above, then 


Equation: 
0=6 r=h2(0) 
| f (r, 0)r dr dd = ii / f (r, 6)r dr dO 
D 6=a r=h,(@) 
Example: 


Exercise: 


Problem: 
Evaluating a Double Integral over a General Polar Region 


Evaluate the integral i i r’sin Or dr dO where D is the region bounded by the polar axis and the 


D 
upper half of the cardioid r = 1 + cos 6. 


Solution: 


We can describe the region D as {(r,0)|0 < 6 < 2,0 < r < 1+ cos 9} as shown in the following 
figure. 


r=1+cos¢ 


05 10 15 2,0 


The region D is the top half of a cardioid. 


Hence, we have 
Equation: 


6=n r=1+cosé 


// r’sin 6rdrd@ = / i (r?sin 0)r dr dO 
D 


6=0 r=0 
9 r=1-+cos 6 


= + i Leal sin 6 dé 
=0 
g= 


(1+cos 6)? a 8 
0 


5 ah 


AIH 
| ea | 


Note: 
Exercise: 


Problem: Evaluate the integral 


Equation: 
[[Psx26r dr d0 where D = { (r,)|0 <0< 7,0 <r < 2Vcos 20}. 
D 
Solution: 
1/8 
Hint 


Graph the region and follow the steps in the previous example. 


Polar Areas and Volumes 


As in rectangular coordinates, if a solid S' is bounded by the surface z = f (r, 6), as well as by the surfaces 
r=a,r = b,0 =a, and 0 = £, we can find the volume V of S by double integration, as 


Equation: 
9=8 
V= [[ #00.9)rara9 = i: 
R 6=a T 


If the base of the solid can be described as D = {(r, 0)|a < 6 < B,h, (0) <r < hg (6)}, then the double 
integral for the volume becomes 


Equation: 
6=B 
V= [[ #00.9)rara9 = / 
D 0=a 


We illustrate this idea with some examples. 


r=b 
f (r, 9)r dr dé. 


=a 


r=h,(0) 
f (r, 9)r dr dé. 
r=h, (8) 


Example: 
Exercise: 


Problem: 
Finding a Volume Using a Double Integral 


Find the volume of the solid that lies under the paraboloid z = 1 — 2? — y? and above the unit circle 
on the zy-plane (see the following figure). 


1.0 


The paraboloidz =) — «> — 47, 


Solution: 


By the method of double integration, we can see that the volume is the iterated integral of the form 
if ( = y’)dA where R = {(r,0)|0 <r < 1,0 < 6 < 2z}. 


This integration was shown before in [link], so the volume is + cubic units. 


Example: 
Exercise: 
Problem: 
Finding a Volume Using Double Integration 


Find the volume of the solid that lies under the paraboloid z = 4 — x? — y? and above the disk 


(x - ly + y” = 1 on the zy-plane. See the paraboloid in [link] intersecting the cylinder 
(x — 1)? + y* = 1 above the ay-plane. 


(x-1)%+y*=1 


x 
Finding the volume of a solid with a 
paraboloid cap and a circular base. 
Solution: 


First change the disk (2 — Dy: + y” = 1 to polar coordinates. Expanding the square term, we have 
x? — 22 +1+y? = 1. Then simplify to get x? + y? = 22, which in polar coordinates becomes 

r? = 2r cos @ and then either r = 0 or r = 2 cos @. Similarly, the equation of the paraboloid changes 
to z = 4 — r*. Therefore we can describe the disk (x — 1)? + y? = 1 on the xy-plane as the region 
Equation: 


D= {(r,9)|0 <0< 7,0 <r < 2cos6}. 


Hence the volume of the solid bounded above by the paraboloid z = 4 — x? — y? and below by 
r= 2cos@is 
Equation: 


6=n r=2cosé 


|] #0.9)rarao = / / (4 —r?)r dr dO 
D 6=0 r=0 
=n 
D) 4 |2cos0 
i a = — |a 


0 
= / [8 cos?0 — 4 cos”6] dé = [30 ++ sin 6 cos 0 — sin 6 cos*6] ¢ = on. 
0 


=< 
I 


Notice in the next example that integration is not always easy with polar coordinates. Complexity of 
integration depends on the function and also on the region over which we need to perform the integration. 
If the region has a more natural expression in polar coordinates or if f has a simpler antiderivative in polar 
coordinates, then the change in polar coordinates is appropriate; otherwise, use rectangular coordinates. 


Example: 
Exercise: 


Problem: 
Finding a Volume Using a Double Integral 


Find the volume of the region that lies under the paraboloid z = x” + y? and above the triangle 
enclosed by the lines y = x, x = 0, and x + y = 2 in the zy-plane ([link)). 


Solution: 


First examine the region over which we need to set up the double integral and the accompanying 
paraboloid. 


Finding the volume of a solid under a paraboloid and above a given triangle. 


The region D is {(z, y)|(0 < # <1,4 < y < 2 —<z}. Converting the lines y = x, x = 0, and 

x + y = 2 in the xy-plane to functions of r and 0, we have 6 = 7/4, 6 = 7/2, and 

r = 2/ (cos @ + sin 8), respectively. Graphing the region on the zy-plane, we see that it looks like 
D= {(r,6)|7/4 < 6 < 2/2,0 <r < 2/ (cos6 + sin 6)}. Now converting the equation of the 
surface gives z = x? + y? = r?. Therefore, the volume of the solid is given by the double integral 
Equation: 


6=n/2 r=2/(cos 6+sin 8) na, BUCS b Cstne) 
V = ff f (r,0)r dr dO = / | rr dr dO = i B do 
0= a 1/4 0 
n/2 ; n/2 , = n/2 : = 
=if (sats) one (sors) a=4 | (<crrus) oe 
n/4 n/4 /4 


As you can see, this integral is very complicated. So, we can instead evaluate this double integral in 
rectangular coordinates as 
Equation: 


1 
v=) (a? + y*)dy dz. 
0 a 


Evaluating gives 


Equation: 
1 2-2 1 2-2 
ye 

vf fi a? + y? Jayae = f |arv+ 4] dx 
0 0 - 
a 3 

= [zt t 40 —— ar 
0 

_ | 8x Ag? a4 oe 

= |% -20 wees =||,=- 


To answer the question of how the formulas for the volumes of different standard solids such as a sphere, a 
cone, or a cylinder are found, we want to demonstrate an example and find the volume of an arbitrary cone. 


Example: 
Exercise: 


Problem: 
Finding a Volume Using a Double Integral 


Use polar coordinates to find the volume inside the cone z = 2 — ,/x? + y? and above the 
xy-plane. 


Solution: 


The region D for the integration is the base of the cone, which appears to be a circle on the xy-plane 
(see the following figure). 


Finding the volume of a solid inside the cone and above the ry- 
plane. 


We find the equation of the circle by setting z = 0: 
Equation: 

0 = 2-V22+y¥ 
oe 
aa = A. 


bo 
II 


This means the radius of the circle is 2, so for the integration we have 0 < 0 < 27 and0 <r < 2. 


Substituting z = r cos @ and y = rsin 0 in the equation z = 2 — \/z? + y? we have z =2 —r. 
Therefore, the volume of the cone is 


O=2n r=2 
(2 —r)rdr d= ans = — cubic units. 
6=0 r=0 
Analysis 


Note that if we were to find the volume of an arbitrary cone with radius a units and height A units, then the 
equation of the cone would be z = h — a Jr? + y?. 


h 
We can still use [link] and set up the integral as / i (1 = +) r dr dé. 
a 


. ‘4 1 2 
Evaluating the integral, we get > 7a*h. 


Note: 
Exercise: 


Problem: 


Use polar coordinates to find an iterated integral for finding the volume of the solid enclosed by the 
paraboloids z = x? + y* and z = 16 — x? — 7. 


Solution: 
Qn 2/2 
v= i / (16 — rl dr d@ = 647 cubic units 
0 0 
Hint 


Sketching the graphs can help. 


As with rectangular coordinates, we can also use polar coordinates to find areas of certain regions using a 
double integral. As before, we need to understand the region whose area we want to compute. Sketching a 
graph and identifying the region can be helpful to realize the limits of integration. Generally, the area 
formula in double integration will look like 

Equation: 


B hal) 
Area A = / Ir dr dé. 


hi(9) 


Example: 
Exercise: 


Problem: 
Finding an Area Using a Double Integral in Polar Coordinates 


Evaluate the area bounded by the curve r = cos 40. 


Solution: 


Sketching the graph of the function r = cos 40 reveals that it is a polar rose with eight petals (see the 
following figure). 


Finding the area of a polar rose with 
eight petals. 


Using symmetry, we can see that we need to find the area of one petal and then multiply it by 8. 
Notice that the values of @ for which the graph passes through the origin are the zeros of the function 
cos 40, and these are odd multiples of 7/8. Thus, one of the petals corresponds to the values of @ in 
the interval [—7/8, 7/8]. Therefore, the area bounded by the curve r = cos 46 is 

Equation: 


6=7/8 r=cos 40 
A =& / i Ir dr dO 


0=—7/8 r=0 
7/8 7/8 
1 9) cos 40 1 2 1 il 6 1/8 T T 
= / Ei lo Ja=s / 7 49 d9 = 8 [40 + 4, sin 48 cos 40|""* = 5/4] =F: 
—1/8 —1/8 


Example: 
Exercise: 


Problem: 


Finding Area Between Two Polar Curves 


Find the area enclosed by the circle r = 3 cos @ and the cardioid r = 1 + cos 0. 


Solution: 


First and foremost, sketch the graphs of the region ([link]). 


o~ » \ 


r=1 + cosd 


Finding the area enclosed by both a circle and a cardioid. 


We can from see the symmetry of the graph that we need to find the points of intersection. Setting the 
two equations equal to each other gives 
Equation: 


3cos?é=1+cos 0. 


One of the points of intersection is 9 = 7/3. The area above the polar axis consists of two parts, with 
one part defined by the cardioid from 9 = 0 to 6 = 7/3 and the other part defined by the circle from 
6 = 7/3 to 0 = 7/2. By symmetry, the total area is twice the area above the polar axis. Thus, we 
have 

Equation: 


0=17/3 r=1+cos 0 0=n/2 r=3cos6 


A =? / / Ir dr dé + i / Ir dr d@}|. 


6=0 r=0 d=1/3 r=0 


Evaluating each piece separately, we find that the area is 


Equation: 
1 9 ~- 3 9 - 5 5 
FAG —e2) 7+ V3+4+—n V3) =2 a ) = —7 square units. 
4 16 8 16 8 4 
Note: 
Exercise: 
Problem: 


Find the area enclosed inside the cardioid r = 3 — 3 sin 8 and outside the cardioid r = 1 + sin 0. 


Solution: 
7/6 3-3sin0 
A= 2 i / r dr dO = 84 + 9V3 
—n/2 1+sin0 
Hint 


Sketch the graph, and solve for the points of intersection. 


Example: 
Exercise: 


Problem: 
Evaluating an Improper Double Integral in Polar Coordinates 


Evaluate the integral | / e 10(2"+4") dp dy. 
R2 


Solution: 


This is an improper integral because we are integrating over an unbounded region R?. In polar 
coordinates, the entire plane R? can be seen as 0 < 0 < 27,0 <r<o. 


Using the changes of variables from rectangular coordinates to polar coordinates, we have 
Equation: 


[fee Mae dy = i il e 0» dr db = / 
=0 


R? 6 


=27r] lim [as 


Note: 
Exercise: 


Problem: Evaluate the integral | / e 4(@"+¥") dx dy. 
R2 


Solution: 


®|y 


Hint 


Convert to the polar coordinate system. 


Key Concepts 


e To apply a double integral to a situation with circular symmetry, it is often convenient to use a double 
integral in polar coordinates. We can apply these double integrals over a polar rectangular region or a 
general polar region, using an iterated integral similar to those used with rectangular double integrals. 


e The area dA in polar coordinates becomes r dr dé. 


e Use x = rcos6, y= rsin 9, and dA = r dr dé to convert an integral in rectangular coordinates to an 


integral in polar coordinates. 


° User? = 27+ y? and@ = tan ! (+) to convert an integral in polar coordinates to an integral in 


rectangular coordinates, if needed. 


¢ To find the volume in polar coordinates bounded above by a surface z = f (r, 8) over a region on the 


zy-plane, use a double integral in polar coordinates. 


Key Equations 


¢ Double integral over a polar rectangular region R 
| (i f(r,@)dA = lim SOS OF (ri*, 07°) AA = lim SONOS (ris*, 0ij* )rig* Ar M0 
eS ey gal MONEE RN Egy 
R 


¢ Double integral over a general polar region 


6=8 r=h2(6) 
[fs 6)r dr dO = i il f (r,4)r dr d6 
D 6=a_ r=h,(6) 


In the following exercises, express the region D in polar coordinates. 
Exercise: 


Problem: D is the region of the disk of radius 2 centered at the origin that lies in the first quadrant. 
Exercise: 


Problem: 


D is the region between the circles of radius 4 and radius 5 centered at the origin that lies in the 
second quadrant. 


Solution: 


D= {(r,)|4<r<5,5 <0<nx} 


Exercise: 


Problem: D is the region bounded by the y-axis and x = \/1 — y?. 


Exercise: 


Problem: D is the region bounded by the z-axis and y = 2 — 2?. 


Solution: 


D= {(r,6)|0 <r < v2,0<0<-n} 


Exercise: 


Problem: D = {(z, y)|x? + y? < 4x} 
Exercise: 

Problem: D = {(x, y)|x? + y* < 4y} 

Solution: 


D= {(r,0)|0 <r < 4sin0,0 < 0< 7} 


In the following exercises, the graph of the polar rectangular region D is given. Express D in polar 
coordinates. 
Exercise: 


Problem: 


—4 —2 0 2 4 


Exercise: 


Problem: 


Solution: 


D={(,0)[3 <r < 5,7 <0< 


d|A 


} 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 

D= {(r,0)|3 <r <5, 3% <6< & 
Exercise: 

Problem: 


In the following graph, the region D is situated below y = = and is bounded by # = 1, = 5, and 
y=—0. 


Exercise: 


Problem: In the following graph, the region D is bounded by y = x and y = 2?. 


y 
5 


Solution: 


D = {(r,9)|0 <r < tanOsec0,0<0< F} 


In the following exercises, evaluate the double integral i / f (x, y)dA over the polar rectangular region D. 
R 


Exercise: 


Problem 


Exercise: 


Problem 


: f(,y) =2? + y?, D = {(r,0)|3 <7 <5,0 <0 < 2m} 


: f(x,y) =a+y, D={(r,0)|3 <r <5,0<0< 2m} 


Solution: 


0 


Exercise: 


Problem 


Exercise: 


Problem 


> f(z,y) =2?+2ay,D= {(r,A)|1 <r <2,7 <0 < 27r} 


fag) =2t+44,D= {0 |bxr<2, + <0 < 2a} 


Solution: 


637 
16 


Exercise: 


Problem 


Exercise: 


Problem 


: f (z,y) = Vx? + y*, where D = {(r,0)|0 <r <1,5 <O<7n}. 


: f(x,y) = 24 + 2x?y? + y*, where D = {(r,0)|3 <r <4,% <O< 2}. 


Solution: 


33677 
18 


Exercise: 


Problem 


Exercise: 


Problem 


: f(x,y) = sin (arctan ), where D = {(r,0)|1 <r<2,% <0< F} 


: f(x,y) = arctan (%), where D = {(r, 4)|2 SPa3) 4 SOS t} 


Solution: 


351? 
576 


Exercise: 


Problem: 


en [1 + 2arctan (4) ]aa,D = {(r, 1 <r<2,% <0< F} 
D 


Exercise: 


Problem: a Cre + ¢4 + 2n7y? + y') arctan (4)dA, D= {(r,)|1<r<2,3 <a< F} 
D 


Solution: 


er (21 —e+ e*) 


In the following exercises, the integrals have been converted to polar coordinates. Verify that the identities 
are true and choose the easiest way to evaluate the integrals, in rectangular or polar coordinates. 
Exercise: 


2 ©&£ 
Problem: [ [ (c? + y?)dyde =a i r°dr do 
1 0 0 secé 


Exercise: 


w/4 tan @sec0 
dydz = [ if r cos 0 dr d6 
0 


3 2 
Problem: i: / Z 
Solution: 
$In (3 + 2v2) 
Exercise: 


7/4 tan @sec0 


LP wt 
Problem: / i =e dz = ; / dr d0 
0 a2 Y wy? 0 0 


Exercise: 
1 2 7/4 tan @sec 0 
Problem: i; / a dz = ‘, / r sin 6 dr d@ 
2 2 
O° as MY 0 0 
Solution: 


3(2- v2) 


In the following exercises, convert the integrals to polar coordinates and evaluate them. 
Exercise: 


3 V9-¥ 
Problem: / (x? + y”)dx dy 
0 0 


Exercise: 


fo) 
eens 
— 
, 
d| 
 gtiaie. 
= 
a 
m4 
YS 
i) 
Q 
8 
Q 
< 


Problem: 
fag 
Solution: 
x 2 
: / r°dr dO = Bee 
0 0 
Exercise: 


1 V1-2x? 
Problem: i / (x + y)dy dx 
0 0 


Exercise: 
4 V16—a2 
Problem: / / sin (2” + y”)dy dz 
0 _V16—x2 
Solution: 
m/2 4 
il Jr sin (r?) dr dO = msin28 
—n/2 0 
Exercise: 
Problem: 


Evaluate the integral | / r dA where D is the region bounded by the polar axis and the upper half of 


D 
the cardioid r = 1+ cos 0. 


Exercise: 
Problem: 


Find the area of the region D bounded by the polar axis and the upper half of the cardioid 
r=1+cos@. 


Solution: 


3m 
4 


Exercise: 


Problem: 


Evaluate the integral i / r dA, where D is the region bounded by the part of the four-leaved rose 


D 
r = sin 26 situated in the first quadrant (see the following figure). 


Exercise: 


Problem: 


Find the total area of the region enclosed by the four-leaved rose r = sin 26 (see the figure in the 
previous exercise). 


Solution: 


dR 


Exercise: 
Problem: 
Find the area of the region D, which is the region bounded by y = V4— 27,2 = V3, x = 2, and 
y=0. 
Exercise: 
Problem: 


Find the area of the region D, which is the region inside the disk x? + y? < 4 and to the right of the 
line x = 1. 


Solution: 


+ (40 — 3v3) 
Exercise: 


Problem: 


Determine the average value of the function f (a, y) = x” +? over the region D bounded by the 
polar curve r = cos 26, where — 7 < @ < (see the following graph). 


Exercise: 


Problem: 


Determine the average value of the function f (2, y) = \/x? + y? over the region D bounded by the 
polar curve r = 3 sin 26, where 0 < 6 < 4 (see the following graph). 


Solution: 


16 
3a 


Exercise: 


Problem: 


Find the volume of the solid situated in the first octant and bounded by the paraboloid 
z= 1-42? — 4y? and the planes xz = 0, y = 0, and z = 0. 


Exercise: 


Problem: 


Find the volume of the solid bounded by the paraboloid z = 2 — 9x? — 9y? and the plane z = 1. 


Solution: 


ea 


Exercise: 


Problem: 


a. Find the volume of the solid S; bounded by the cylinder x? + y? = 1 and the planes z = 0 and 
z= 1. 

b. Find the volume of the solid Sz outside the double cone z? = x? + y’, inside the cylinder 
x? + y? = 1, and above the plane z = 0. 

c. Find the volume of the solid inside the cone z? = x” + y? and below the plane z = 1 by 
subtracting the volumes of the solids $ and S9. 


Exercise: 


Problem: 


a. Find the volume of the solid S; inside the unit sphere x? + y? + z? = 1 and above the plane 


z=0. 
b. Find the volume of the solid $2 inside the double cone (z — 1) = x? + y? and above the plane 
z=0. 


c. Find the volume of the solid outside the double cone (z — 1)" = x? + y? and inside the sphere 
eo a? 2" = 1, 


Solution: 


For the following two exercises, consider a spherical ring, which is a sphere with a cylindrical hole cut so 
that the axis of the cylinder passes through the center of the sphere (see the following figure). 


Exercise: 


Problem: 


If the sphere has radius 4 and the cylinder has radius 2, find the volume of the spherical ring. 
Exercise: 

Problem: 

A cylindrical hole of diameter 6 cm is bored through a sphere of radius 5 cm such that the axis of the 

cylinder passes through the center of the sphere. Find the volume of the resulting spherical ring. 

Solution: 


208. cm? 


Exercise: 
Problem: 
Find the volume of the solid that lies under the double cone z? = 4a? + 4y?, inside the cylinder 
az? + y* = a, and above the plane z = 0. 


Exercise: 


Problem: 


Find the volume of the solid that lies under the paraboloid z = x? + y?, inside the cylinder 
a? + y” = a, and above the plane z = 0. 
Solution: 


3 
32 


Exercise: 
Problem: 
Find the volume of the solid that lies under the plane x + y+ z = 10 and above the disk 
2 D2 
a+y’ =4e. 
Exercise: 
Problem: 


Find the volume of the solid that lies under the plane 2” + y + 2z = 8 and above the unit disk 
ge ty? =1. 


Solution: 

Ar 
Exercise: 

Problem: 


A radial function f is a function whose value at each point depends only on the distance between that 
point and the origin of the system of coordinates; that is, f(a, y) = g(r), where r = \/x? + y?. 


Show that if f is a continuous radial function, then // f (z,y)dA = (02 — 01) [(G(R2) — G(R1)], 


D 
where Gi(r) = rg(r) and (z,y) € D= {(r,6)|Ri <r < Ro,0 < 6 < 27}, withO < Ri < Ry 
and 0 < @, < 0) < 2r. 


Exercise: 


Problem: 


Use the information from the preceding exercise to calculate the integral i / (x? + y’) °dA, where D 
D 

is the unit disk. 

Solution: 


qT 


4 
Exercise: 


Problem: 


Let f(z, y) = ae be a continuous radial function defined on the annular region 


D={(r,0)|Ri <7 < Ro,0 < 0 < 2m}, where r = \/a? + y?, 0 < Ri < Ry, and Fisa 
differentiable function. Show that | / f(z, y)dA = 27 |F(R,) — F(R,)). 


D 
Exercise: 
Problem: 
evaty 
Apply the preceding exercise to calculate the integral —— dx dy, where D is the annular 
JJ a+ y? 
region between the circles of radii 1 and 2 situated in the third quadrant. 
Solution: 
+me(e — 1) 
5 Tele 
Exercise: 
Problem: 


Let f be a continuous function that can be expressed in polar coordinates as a function of @ only; that 
is, f(z, y) = h(6), where (x, y) € D= {(r,0)|Ri <r < Ro, 1 < 6 < 45}, withO < Ri < Rp 


and 0 < 6, < 62 < 27. Show that [[#@vaa = + (RB — R?) [H (62) — H(01)], where H is an 


D 
antiderivative of h. 


Exercise: 


Problem: 


2 
Apply the preceding exercise to calculate the integral i / a dA, where 
x 
D 


D= {(r,O)|1<r<2,% <0< F}. 


Solution: 


us 
J3—* 
Exercise: 
Problem: 
Let f be a continuous function that can be expressed in polar coordinates as a function of @ only; that 


is, f(z, y) = g(r)h(9), where (x,y) € D= {(r,0)|Ri <r < Ro, 01 < 6 < 62} with 
0< R, < Ro andO < 0, < O_ < 27. Show that 


// f (a, y)dA = [G(R2) — G(R1)] [H (82) — H(61)|, where G and H are antiderivatives of g and 


D 
h, respectively. 


Exercise: 


Problem: Evaluate // arctan (=) V2? + y2dA, where D = {(r,0)|2 22,7 205 ae 
x 
D 
Solution: 


1332 
864 


Exercise: 


Problem: A spherical cap is the region of a sphere that lies above or below a given plane. 


a. Show that the volume of the spherical cap in the figure below is quh (3a? + h?) : 


b. A spherical segment is the solid defined by intersecting a sphere with two parallel planes. If the 
distance between the planes is h, show that the volume of the spherical segment in the figure 
below is emh (3a? + 3b? + i), 


Exercise: 


Problem: 


In statistics, the joint density for two independent, normally distributed events with a mean 4 = O and 
2 y2 


at 


a standard distribution o is defined by p(z,y) = 5-e ? . Consider (X, Y), the Cartesian 
coordinates of a ball in the resting position after it was released from a position on the z-axis toward 
the xy-plane. Assume that the coordinates of the ball are independently normally distributed with a 
mean jt = 0 and a standard deviation of o (in feet). The probability that the ball will stop no more 


than a feet from the origin is given by P |X? + Y? < a?] = | [vc y)dy dz, where D is the disk 


D 
of radius a centered at the origin. Show that P [x Fae a’ a ee ae 


Exercise: 
Problem: 
The double improper integral i / e (2 +9"/2) dy dx may be defined as the limit value of the 


ney: ; 2 ea : 
double integrals | / e(-*+¥'/2) dA over disks D, of radii a centered at the origin, as a increases 


oOo wo 


Da 
without bound; that is, / i e (2? +9"/2) dy dx = lim fe dA. 
—00 —0O D: 


a. Use polar coordinates to show that i / e+?) dy da = Qn. 


=00 =0coO 


oe) 


b. Show that i edgy = /2n, by using the relation 


- [eoray ae | ree fees 


Glossary 


polar rectangle 
the region enclosed between the circles r = a and r = b and the angles 6 = a and 0 = {; it is 
described as R = {(r,0)|a<r<ba<0< B} 


Triple Integrals 


e Recognize when a function of three variables is integrable over a rectangular box. 

e Evaluate a triple integral by expressing it as an iterated integral. 

e Recognize when a function of three variables is integrable over a closed and bounded region. 
e Simplify a calculation by changing the order of integration of a triple integral. 

¢ Calculate the average value of a function of three variables. 


In Double Integrals over Rectangular Regions, we discussed the double integral of a function f(z, y) of two 
variables over a rectangular region in the plane. In this section we define the triple integral of a function f(z, y, z) 
of three variables over a rectangular solid box in space, IR°. Later in this section we extend the definition to more 
general regions in R°. 


Integrable Functions of Three Variables 


We can define a rectangular box Bin R? as B= {(z,y,z)|a<a<bc<y<de<z< f}. We followa 
similar procedure to what we did in Double Integrals over Rectangular Regions. We divide the interval |a, b] into J 
subintervals [x;_1, 2;] of equal length Az = “—"+, divide the interval [c, d] into m subintervals [y;_1, y;] of 
equal length Ay = 4% 
Az = +—*" , Then the rectangular box B is subdivided into Imn subboxes 


Bix = |@i-1, 24] * [yi—1, ys] X [2;-1, 2%], a8 shown in [link]. 


, and divide the interval |e, f] into n subintervals [z;_1, z;] of equal length 


A rectangular box in R* divided into subboxes by planes parallel to 
the coordinate planes. 


* * * 
For each i, j, and k, consider a sample point (x ik Yijko Zn) in each sub-box B;;,. We see that its volume is 
AV = AzAyAz. Form the triple Riemann sum 
Equation: 


3 


I m * * * 
S> » F(rizn) Vijko 2 jp) AtAydz. 


We define the triple integral in terms of the limit of a triple Riemann sum, as we did for the double integral in 
terms of a double Riemann sum. 


Note: 

Definition 

The triple integral of a function f(z, y, z) over a rectangular box B is defined as 
Equation: 


Ff (Liskes Yijns Zig ATAYAZ = |i f (x,y, z)dV 
z B 


if this limit exists. 


When the triple integral exists on B, the function f(z, y, z) is said to be integrable on B. Also, the triple integral 
exists if f(a, y, z) is continuous on B. Therefore, we will use continuous functions for our examples. However, 
continuity is sufficient but not necessary; in other words, f is bounded on B and continuous except possibly on the 
boundary of B. The sample point (z;,z, Vises Zign) can be any point in the rectangular sub-box B;,, and all the 


properties of a double integral apply to a triple integral. Just as the double integral has many practical applications, 
the triple integral also has many applications, which we discuss in later sections. 


Now that we have developed the concept of the triple integral, we need to know how to compute it. Just as in the 
case of the double integral, we can have an iterated triple integral, and consequently, a version of Fubini’s thereom 
for triple integrals exists. 


Note: 
Fubini’s Theorem for Triple Integrals 
If f(x, y, z) is continuous on a rectangular box B = [a,b] x [c,d] x |e, f], then 


Equation: 
g ad ob 
I fenaav= fff sen2tedyde 


This integral is also equal to any of the other five possible orderings for the iterated triple integral. 


For a, b,c, d,e, and f real numbers, the iterated triple integral can be expressed in six different orderings: 
Equation: 


f db 


/ / / Le aie) dnay a i ( / ( i f(x,y, z)da)dy)dz = / ( / ( / f(x,y, z)dx)dz)dy 


£ 


/ (ft / f(,y,2)dy)dz)dx = / i / f(x,y, 2)dy)dx)dz 
i ( / ( / f(z, y, z)dz)dx)dy = / ( / ( / f(a, y, z)dz)dy)dz. 


For a rectangular box, the order of integration does not make any significant difference in the level of difficulty in 
computation. We compute triple integrals using Fubini’s Theorem rather than using the Riemann sum definition. 
We follow the order of integration in the same way as we did for double integrals (that is, from inside to outside). 


Example: 


Exercise: 


Problem: 
Evaluating a Triple Integral 


al y=4 a=5 
Evaluate the triple integral it Hi / (a + yz”)da dy dz. 
z=) vy =—1 


Solution: 


The order of integration is specified in the problem, so integrate with respect to first, then y, and then z. 
Equation: 


= y=4 a=5 
a / i (x + yz”)dx dy dz 
z=0 y=2 L=— 
z= y=4 2 z=5 
= i) / — + xyz? dy dz Integrate with respect to z. 
z=0 y=2 2 ¢=— 
= y=4 
= i i [12 + 6yz”| dy dz Evaluate. 
z=0 y=2 
— y? y=4 
= / 12y + cas ze dz Integrate with respect to y. 
=) y=2 
= 
= / [24 sF 362° | dz Evaluate. 
z=0 
31 2=1 
= [242 of 365 | Nae 36. Integrate with respect to z. 
ae 


Example: 
Exercise: 


Problem: 
Evaluating a Triple Integral 


Evaluate the triple integral [fev dV where B = {(z,y,z)| -2<2<1,0<y<3,1<2z<5has 
B 


shown in the following figure. 


Evaluating a triple integral over a given 
rectangular box. 


Solution: 


The order is not specified, but we can use the iterated integral in any order without changing the level of 
difficulty. Choose, say, to integrate y first, then x, and then z. 


i 8 1 
[fea =f | [iorvidaess= [Jf | Jax dz 
B =2 


0 =2 


5 
i ic zZdndz— ae SA), = 
1 =2 1 


Now try to integrate in a different order just to see that we get the same answer. Choose to integrate with 
respect to z first, then z, and then y. 


mz dz— "#|® — 162. 


i 


Equation: 
S 8 i 3 § ‘i 
we 
[ff ewav =|) [tevleaa= f [Sv |acay 
B 0 1 -2 0 1 a 
3 5 3 3 
2 |? 
=f sededy= [ ws |= [ say — 90% = 8(9 — 0) = 162. 
0 1 0 z 0 
Note: 


Exercise: 


Problem: 
Evaluate the triple integral | I ( zsin x cos ydV where 


B 
B= {(z,y,z)|0 <a <7, # SUS Ug SENS 


Solution: 


| ]f -n2 cosyav = 8 


B 
Hint 


Follow the steps in the previous example. 


Triple Integrals over a General Bounded Region 


We now expand the definition of the triple integral to compute a triple integral over a more general bounded region 
E in R®. The general bounded regions we will consider are of three types. First, let D be the bounded region that 
is a projection of E onto the xy-plane. Suppose the region F in R? has the form 

Equation: 


E= {(2,y, 2)|(t,y) € D,ui(z,y) < 2 < u2(z, y)}- 


For two functions z = u;(a, y) and z = ua(z, y), such that ui (x, y) < ue(z, y) for all (a, y) in.D as shown in 
the following figure. 


Z = Ux, y) 


Z= Uy (x, y) 


We can describe region & as the space between 
ui(a, y) and u(x, y) above the projection D of 
F onto the xy-plane. 


Note: 

Triple Integral over a General Region 

The triple integral of a continuous function f(a, y, z) over a general three-dimensional region 
Equation: 


B={(#, y,z)|\(e,y) © D,ui(e, y) < z < vale, y)} 


in R*, where D is the projection of E onto the xy-plane, is 
Equation: 


Uo(zx,y) 
y) 


If Heri 7)4V — // / f(a, y, 2)dz| dA. 


(x 


Similarly, we can consider a general bounded region D in the xy-plane and two functions y = ui(z, z) and 
y = U2(z, 2) such that u(x, z) < w2(z, z) for all (x, z) in D. Then we can describe the solid region F in R? as 
Equation: 


E= {(z,y, z)|(x, z) € D,ui(z, z) sys ua(z, z)} 


where D is the projection of & onto the xy-plane and the triple integral is 


Equation: 
u2(x,z) 
|]fsevaa= ff] [ teweau)aa. 
E D uy (x,z) 


Finally, if D is a general bounded region in the yz-plane and we have two functions x = ui(y, z) and 
x = u2(y, z) such that ui(y, z) < we(y, z) for all (y, z) in D, then the solid region E in R? can be described as 
Equation: 


E= {(2,y,2z)|(y,z) € Duly, 2) < @ < ualy, z)} 


where D is the projection of & onto the yz-plane and the triple integral is 


Equation: 
u2(y,2) 
|]f t@vaav = |f : f(x,y, z)dx| dA. 
E D ur(y,z) 


Note that the region D in any of the planes may be of Type I or Type II as described in Double Integrals over 
General Regions. If D in the xy-plane is of Type I ({link]), then 
Equation: 


E= {(z,y, z)|a See b, gi (x) sys g2(x), ui(z, y) Ses u2(z, y)}. 


Z = Ux, Y) 


ween 


z= U(x, y) 


y = gi(x) 
: y = g(x) 


A box E where the projection D in the xy-plane is of Type I. 


Then the triple integral becomes 
Equation: 


g2(z) u2(x,y) 


[ff tensav= | / / f(a, y, z)dz dy dz. 


1(z) un (x,y) 


If D in the zy-plane is of Type II ([link]), then 
Equation: 


B= {(2,y,z)le <a <d,hi(a) <y < ha(e),wi(o,y) <2 < wale,y)}. 


Z = U2lx, y) 


A box E where the projection D in the xy-plane 
is of Type II. 


Then the triple integral becomes 


Equation: 
y=d x=ho(y) Z=Uy(z,y) 
/I/ f(x,y, z)dV =i / f(z, y, z)dz dz dy. 
_ y=c Ja=hi(y) J z=ui(z,y) 
Example: 
Exercise: 
Problem: 


Evaluating a Triple Integral over a General Bounded Region 


Evaluate the triple integral of the function f(z, y, z) = 5a — 3y over the solid tetrahedron bounded by the 
Dies 2 = 0,97 = 0,2 = 0, ancl a -- gb 2 = I. 


Solution: 


[link] shows the solid tetrahedron F and its projection D on the xy-plane. 


The solid E& has a projection D on the xy-plane of Type I. 


We can describe the solid region tetrahedron as 
Equation: 


E={(a,y,2|0<2<1,0<y<1-—2,0<z<1-2-y}. 


Hence, the triple integral is 


Equation: 
a=1 y=1—a z=1—2—-y 
/I/ Jif, y,2)aV — / / / (5x — 3y)dz dy dz. 
S z=0 y=0 z=0 


Zl ot) 

To simplify the calculation, first evaluate the integral / (5x2 — 3y)dz. We have 
2=0 

Equation: 


iP Ge — 3y)dz = (5a — 3y) (1—a2—y). 


(al 
Now evaluate the integral / (5a — 3y) (1 — x — y)dy, obtaining 
y=0 
Equation: 


[e390 — 2 - shdy = He — 1)*(62 - 1). 


Finally, evaluate 
Equation: 


tL 
/ 1(a— 1)?(6a —1)dz =5. 


Putting it all together, we have 


Equation: 
a=) y=1—2 z=1—-2-y 
/I/ f(x,y, z)dV = / / i, (5a — 3y)dzdydz =. 
3 z=0 Jy=0 Z=0 


Just as we used the double integral | / 1dA to find the area of a general bounded region D, we can use | i I 1dV 


D E 
to find the volume of a general solid bounded region E. The next example illustrates the method. 


Example: 
Exercise: 


Problem: 
Finding a Volume by Evaluating a Triple Integral 


Find the volume of a right pyramid that has the square base in the zy-plane [—1,1] x [—1, 1] and vertex at 
the point (0, 0, 1) as shown in the following figure. 
z 


y 


Finding the volume of a pyramid with a square base. 


Solution: 


In this pyramid the value of z changes from 0 to 1, and at each height z, the cross section of the pyramid for 
any value of z is the square [—-1+ z,1—z] x [-1+z,1-— 2]. Hence, the volume of the pyramid is 


[fer 


E 
Equation: 


B= ({(2,y,z)|0<z2<1,-1l+z<y<1-2,-l+z<a¢<1-z2}. 


Thus, we have 
Equation: 


z=1 y=1—z a2=1—z z=1 y=1-z z=1 ‘ 4 
|ffpav-] / h Ide dy de = [ / (2- 22)dyde = [ (2 — 2z)"dz = —. 
S z=0 y=14+z z=1+z z=0 y=14+z z=0 3 


Hence, the volume of the pyramid is + cubic units. 


Note: 
Exercise: 


Problem: 
Consider the solid sphere E = {(a, y, z)|z? + y? + 2? = 9}. Write the triple integral /I/ f(z, y, z)dV 
E 


for an arbitrary function f as an iterated integral. Then evaluate this triple integral with f(z, y, z) = 1. 
Notice that this gives the volume of a sphere using a triple integral. 


Solution: 


z=3 py=V9—2? — pz=/9—2?-y? 
|[fav-sf i, i ldzdy dz = 36r. 
3 2=—3 J y=—- 9-2? Jz J/9 ry? 


Hint 


Follow the steps in the previous example. Use symmetry. 


Changing the Order of Integration 


As we have already seen in double integrals over general bounded regions, changing the order of the integration is 
done quite often to simplify the computation. With a triple integral over a rectangular box, the order of integration 
does not change the level of difficulty of the calculation. However, with a triple integral over a general bounded 
region, choosing an appropriate order of integration can simplify the computation quite a bit. Sometimes making 
the change to polar coordinates can also be very helpful. We demonstrate two examples here. 


Example: 
Exercise: 


Problem: 


Changing the Order of Integration 


Consider the iterated integral 
Equation: 


g=1 y=z? 


= i 
/ / / f (a, y, z)dz dy dz. 
z=0 y=0 2=0 


The order of integration here is first with respect to z, then y, and then x. Express this integral by changing 
the order of integration to be first with respect to x, then z, and then y. Verify that the value of the integral is 
the same if we let f (x, y, z) = xyz. 


Solution: 


The best way to do this is to sketch the region E and its projections onto each of the three coordinate planes. 
Thus, let 


Equation: 
jo {(x,y, 2) |0 aca l0ayor Ua749)) 
and 
Equation: 
g=1 y=2 Z=y 
/ a f f(a, wadedvas= ff 1 L,Y, 2 
z=0 y=0 2=0 


We need to express this triple integral as 
Equation: 


y=d 2z=v2x(y) z=u2(y,z) 


i f (a, y, z)dx dz dy. 


y=C z=vui(y) z=ui(y,z) 


Knowing the region & we can draw the following projections ([link]): 


on the zy-plane is Di = {(z,y)|0< a <1,0<y<27}={(2,y)|0<y<1,Vy<2x <1}, 


on the yz-plane is Dy = {(y, A <r 1 yt}, and 


on the xz-plane is D3 = {(x, z)|0 <a <1,0<z<2’}. 


ys (1, 1) ‘ (1, 1) 74 (1, 1) 


(1,0) (0,0) 


The three cross sections of on the three coordinate planes. 


Now we can describe the same region E as tiga. z)|0 Syn 1 a2 50,79 2 05 1}, and 
consequently, the triple integral becomes 


Equation: 
y=d  2=v2(y) z=u2(y,z) y=l z=2? = x=1 
i / / f (a, y, z)dx dz dy = i / f (a, y, z)dx dz dy. 
y=C z=vi1(y) z=ur(y,z) y=0 2-0 r=V/y 


Now assume that f (x, y, z) = xyz in each of the integrals. Then we have 
Equation: 


e=1 y=x? oe z=1 y=a? z=1 
= os | J dy dz = ps dydz = ol 
2 2 12 
=) a=W os x=0 


/ yz dx dzdy 
y=0 2z=0 cA) 0 
y=1 zy" pal 
@ 
= i / [es |e dy 
25|\e= 
y=0 z=0 vy 
yee — ye y=1 2 y=1 
2 2 2,2 |2=Y 5 6 
-f f G-Pleae f PP EE |e fF -2)aa 
y=0 2=0 y=0 z=0 p20 


The answers match. 


Note: 
Exercise: 


Problem: Write five different iterated integrals equal to the given integral 


Equation: 
i I fs (x, y, z)dax dy dz. 
z=0 y=0 2=0 
Solution: 
z=4 g=V4—-z y=4-z y=4 z=4-y t=,/y 
(i) i / ik f (a, y, z)dy dx dz, (ii) I | fr f (a, y, z)dx dz dy, (iii) 
z=0 z=0 =r? 2=0 c= 
y=4 t= fy 2=4- g=2  y=4 2z=4-y 


v¢ f (x, y, z)dz dx dy, (iv) i fs f (2, y, z)dz dy dz, (v) 


Hint 


Follow the steps in the previous example, using the region F as 
{ (a, Uns 2z— 405 ys 4—-7205e5 Vy}; and describe and sketch the projections onto each of the 


three planes, five different times. 


Example: 
Exercise: 


Problem: 
Changing Integration Order and Coordinate Systems 


Evaluate the triple integral | \) / J x? + z?dV, where FE is the region bounded by the paraboloid 


E 
y = x? + 2? ((link]) and the plane y = 4. 


y 


Integrating a triple integral over a paraboloid. 


Solution: 


The projection of the solid region F onto the zy-plane is the region bounded above by y = 4 and below by 
the parabola y = a? as shown. 


Cross section in the zy-plane of the paraboloid 
in [link]. 


Thus, we have 
Equation: 


E={(2,y,2)|-25 252,07 <y<4-Vy-a@ <z< Vy— 2}. 


The triple integral becomes 
Equation: 


eo 


[ore 


z=2  y=4 J yx? 
/ / / Va? + 2%dz dy dz. 
z 


@=-2 y=n? ,_ J y—22 


This expression is difficult to compute, so consider the projection of & onto the xz-plane. This is a circular 
disc x? + z? < 4. So we obtain 


Equation: 
a=2 y=4 z=y/y-2? @=2 z=vV4-2? y=4 
|i V2? + 2dV = i / V2? + 2dzdydz = ‘| iI i Vx? + z2dy dz 
B 2 yaa? 2 ./y=a? 2 yo V4-a? yan? +? 


Here the order of integration changes from being first with respect to z, then y, and then z to being first with 
respect to y, then to z, and then to z. It will soon be clear how this change can be beneficial for computation. 
We have 


Equation: 
w=2 0 z=//4—2? y=A4 r= z=V4—22 
i il i Va? + 22dydzdz = i ‘| (4— = aN V 22 + 22dz de. 
G=—2 pei Waae ers C22 ga a 


Now use the polar substitution z = r cos 0, z = r sin 6, and dz dx = r dr dé in the xz-plane. This is 
essentially the same thing as when we used polar coordinates in the zy-plane, except we are replacing y by z. 
Consequently the limits of integration change and we have, by using r? = x? + z?, 


Equation: 
a=2 z=V 4-27 6=2n7 r=2 
it (4-2? — z*) Vaer2+z22dzedx = / / (4—r?)rr dr do 
C2 ey eer? 6=0  r=0 


: f 64 
|a-/ a6 = ee. 


0 


Average Value of a Function of Three Variables 


Recall that we found the average value of a function of two variables by evaluating the double integral over a 
region on the plane and then dividing by the area of the region. Similarly, we can find the average value of a 
function in three variables by evaluating the triple integral over a solid region and then dividing by the volume of 
the solid. 


Note: 


Average Value of a Function of Three Variables 
If f (x, y, z) is integrable over a solid bounded region EF with positive volume V (£), then the average value of 


the function is 


Equation: 


fave = an ff sem z)dV. 


Note that the volume is V (EZ) = /I/ 1dV. 
E 


Example: 
Exercise: 


Problem: 
Finding an Average Temperature 


The temperature at a point (2, y, z) of a solid E bounded by the coordinate planes and the plane 
ety+z=1isT (a, y, z) = (cy + 8z+ 20) °C. Find the average temperature over the solid. 


Solution: 


Use the theorem given above and the triple integral to find the numerator and the denominator. Then do the 
division. Notice that the plane x + y + z = 1 has intercepts (1,0, 0), (0, 1,0), and (0,0, 1). The region E 
looks like 
Equation: 


E=({(z,y,2z)|(0<2<1,0<y<1-2,0<z<1-—2-y}. 


Hence the triple integral of the temperature is 
Equation: 


=i Weilwe 74 


[[fteuaw- f 
E £=0) -ya0 z 
Ps 1 
The volume evaluation is V (EZ) = /I/ 1dV = / i ‘A ldzdy dx = = 
=o 


E z=0 y=—0 z 


ty 


1 

147 
/ (ay + 8z+ 20)dzdydzx = ag 
=0 


147/40 6(147) 441 , 
1/6 70 59 degrees Celsius. 


Hence the average value is Taye = 


Note: 
Exercise: 


Problem: 


Find the average value of the function f (x, y, z) = xyz over the cube with sides of length 4 units in the first 
octant with one vertex at the origin and edges parallel to the coordinate axes. 


Solution: 
ik ave — 8 
Hint 


Follow the steps in the previous example. 


Key Concepts 


¢ To compute a triple integral we use Fubini’s theorem, which states that if f (x, y, z) is continuous on a 
rectangular box B = [a,b] x [c,d] x [e, f], then 


Equation: 
f db 
|[fseusa= fof [ teu2ardya: 
B e ca 


and is also equal to any of the other five possible orderings for the iterated triple integral. 
e To compute the volume of a general solid bounded region F we use the triple integral 


Equation: 
= fffoav. 
E 


Interchanging the order of the iterated integrals does not change the answer. As a matter of fact, interchanging 
the order of integration can help simplify the computation. 
e To compute the average value of a function over a general three-dimensional region, we use 


Equation: 
Fave = rw I lf penne 
E 


Key Equations 


¢ Triple mastiaies 


I n 
fs Dade aslo? gk) weetuds fff (2, y, 2 


In the following exercises, evaluate the triple integrals over the rectangular solid box B. 
Exercise: 


Problem: /I/ (2a + 3y + 42°) dV, where B= {(z,y,z)|O0<ax<10<y<2,0<z< 3} 
B 


Solution: 


192 


Exercise: 


Problem: /I/ (xy + yz + xz)dV, where B= {(z,y,z)|1 << 2 <2,0<y<2,1<2z< 3} 
B 


Exercise: 


Problem: /I/ (x cos y+ z)dV, where B= {(z,y,z)|0< ¢<1,0<y<a,-l<z<1} 


Solution: 


0 


Exercise: 


Problem: /I/ (zsina + y”)dV, where B= {(z,y,2)|0< a <2,0<y<1,-1<2z< 2} 


In the following exercises, change the order of integration by integrating first with respect to z, then x, then y. 
Exercise: 


1 2 3 
Problem: / i. J a? +Iny+ z) dz dy dz 
Or d2 


Solution: 


203% 4 
[of fet rimus ddedeay= 8 +2102 
LE, 2 


0 


Exercise: 
t 73 
Problem: , i fi (ze” + 2y)dx dy dz 
0 -1 0 
Exercise: 
2 3 4 
Problem: [ff z+ «de dy dz 
-1 1 0 
Solution: 
3 04 2 
1 
J/ [ (222+ =) aede dy = 044 12103 
1 0 -1 e 
Exercise: 
2 -1 1 
Problem: / / _ rag dy dz 
1 0 


Exercise: 


Problem: 


Let F’, G, and H be continuous functions on [a, 8], [c, d], and [e, f], respectively, where a, b,c, d,e, and f 
are real numbers such that a < b,c < d, ande < f. Show that 


Equation: 
b d f b d f 
/ / [Fos (y)H (z)dzdydz = [Fae [ewes [#@a 
Exercise: 
Problem: 


Let F', G, and H be differential functions on [a, 6], [c, d], and [e, f], respectively, where a, b,c, d,e, and f 
are real numbers such that a < b,c < d, ande < f. Show that 
Equation: 


b d f 
) / F' ()G! (y)H! (2)dz dy dx = [F (6) — F(a)] [(G(@) — G(o)] [H() — H(0))- 


In the following exercises, evaluate the triple integrals over the bounded region 
E={(a,y,z)|a<a<b,hi (2) <y<ho(2),e<2z< fh. 
Exercise: 


Problem: /I/ (2a + 5y + 7z)dV, where F = {(2,y,z)|0< a2 <10<y<-r#+11<z<2} 
E 


Solution: 


11 
12 


Exercise: 


Problem: /I/ (ylna + z)dV, where FE = {(z,y,z)|l <2 <e,0<y<Inz,0<z<1} 
E 
Exercise: 


Problem: /I/ (sin x + sin y)dV, where E = { (x,y, z)\O<a< 4, cosz Sy <cosz,-l<z< 1} 
E 


Solution: 


2 


Exercise: 


Problem: /I/ (cy + yz + xz)dV, where E = {(z,y,2z)|0< a <1,-2? <y<2?,0<z<1} 
E 


In the following exercises, evaluate the triple integrals over the indicated bounded region EF. 
Exercise: 


Problem: [fe 2ve)av, where £ = {(2,y,2)|0< @ < 1O<y<2,0<27<5-2-y} 
E 


Solution: 


439 
120 


Exercise: 


Problem: /I/ (a? + y° + 2°)dV, where E = {(z,y,2)|0 <a <2,0<y< 22,0<2<4-2-y} 
E 


Exercise: 


Problem: 


[ff vav, wnece 2 = {(e,y,2)|-1 <0 <1,-vI= a8 <y< VI=a80 <z<1-a?—y'} 
B 


Solution: 


0 
Exercise: 


Problem: 


[ff eav where B= {(2,y,2)| -2 <2 <2,-4vI— a < ys Yaw <2 <4-2t-y} 
E 


In the following exercises, evaluate the triple integrals over the bounded region F of the form 


E= {(2,y,2)|g (y) <2 <go(y),ce<y<de<z< fy. 
Exercise: 


Problem: |[feav, where EF = {(x,y,2)|1 -y<a2<y-1,-l<y<11<z< 2} 
E 
Solution: 


_ 64 
105 


Exercise: 


Problem: [ff ine av, where B = {(z,y,2)| -y4<a<yt0<y<2,0<2< 4} 
E 


Exercise: 


Problem: |]fe-woav, where & = { (2, y, z)| —y$<a<VWy¥0<y<le,-1l<z<1} 
B 


Solution: 


a 
26 


Exercise: 


Problem: [ff av net B {(x,y,2)|2-2y<e2<2+ /¥,0<y<1e,2<z< 3} 
E 


In the following exercises, evaluate the triple integrals over the bounded region 
Equation: 


E= {(a, y, 2)|g1 (y) <S2U2<cgo (y),¢ <y<dju (x,y) SzSug (x, y)}- 


Exercise: 


Problem: [ff av net B= { (x,y, 2)| —-y<a<y,0<y<1,0<2<1-24 —y*} 
B 
Solution: 


113 
450 


Exercise: 


Problem: |]ftee+ 1)dV, where E = { (x,y, z)|0 £@<4/9,0 < 752,028 1— 2? —y?} 
E 


Exercise: 


Problem: 


[ff e—2av, where 2 = {(0,y,2)|- Vimw <2 <y0<y< 42,0<2<1-2?-y} 
E 


Solution: 


ak (6v3 a 41) 


Exercise: 


Problem: [ff e+ wav, were £ = {(z,y,2))0<2< VJ1—y2,0<y<12,0<z< 1-2} 
B 


In the following exercises, evaluate the triple integrals over the bounded region 


E= {(a, y, z)| (x,y) € D, uy (x,y) < z < Ue (a, y)}, where D is the projection of E onto the xy-plane. 
Exercise: 


2 
Problem: // fe + z)dz | dA, where D = {(z,y)|a? + y? < 1} 
D \I 


Solution: 


3H 
2 


Exercise: 


3 
Problem: // [eer 1)dz } dA, where D = {(z,9)|2” -y >l1a< v5} 


D 1 
Exercise: 
10—x—y 
Problem: // / (a + 2z)dz | dA, where D = {(z, y)|y > 0,4 > 0,4 +y< 10} 
D 
Solution: 
1250 
Exercise: 
4x? +4y? 
Problem: // / ydz | dA, where D = {(z,y)|z? + y? <4,y> 1,2 >0} 
D 0 
Exercise: 
Problem: 


The solid E bounded by y? + z* = 9, z = 0, x = 0, and x = 5 is shown in the following figure. Evaluate the 
integral | if / zdV by integrating first with respect to z, then y, and then z. 
E 


Solution: 


5 9-y? 


3 v/ 
/ / zdzdydzx = 90 
3 0 


0 
Exercise: 


Problem: 


The solid E bounded by y = »/z, « = 4, y = 0, and z = 1 is given in the following figure. Evaluate the 
integral | i} / xyz dV by integrating first with respect to x, then y, and then z. 


Exercise: 
Problem: 
0 0 a?+y? 
[T] The volume of a solid F is given by the integral / / i dz dy dx. Use a computer algebra system 
—2 £ 0 


(CAS) to graph & and find its volume. Round your answer to two decimal places. 


Solution: 


V = 5.33 


ty 
Mttrh 


u 
= hf 


Exercise: 


Problem: 


0 0 l4+y/a?+y? 
[T] The volume of a solid F is given by the integral / / i dz dy dz. Use a CAS to graph & and 
-1 _,? 0 


find its volume V. Round your answer to two decimal places. 


In the following exercises, use two circular permutations of the variables x, y, and z to write new integrals whose 
values equal the value of the original integral. A circular permutation of x, y, and z is the arrangement of the 
numbers in one of the following orders: y, z, and x or z,x, and y. 


Exercise: 
1 3 4 
Problem: ff [ (x*s* + 1)de dy dz 
0 1 2 
Solution 
13 4 1 3 4 
[ [ f@errvacacay fff (tv +iayacde 
0 i 2 0 i 2 
Exercise: 
3 1 -a+1 
Problem: | / / (2x + 5y + 7z)dy dz dz 
1 0 0 


Exercise: 


1 y 1-at—y! 


Problem: / / - In x dz dz dy 


0 -y 0 

Exercise: 
1 1 Wy 

Problem: / / / (x + yz)dx dy dz 
= oe eee 

Exercise: 

Problem: 


Set up the integral that gives the volume of the solid E bounded by y? = x? + z? and y = a”, where a > 0. 


Solution: 
a Vee @ 
V= / / ‘I dy dz dz 


Exercise: 


Problem: 


Set up the integral that gives the volume of the solid E bounded by x = y? + z? and x = a”, wherea > 0. 
Exercise: 
Problem: 


Find the average value of the function f (x, y, z) = x + y + z over the parallelepiped determined by 
z=0,c¢=1,y=0,y=3,z=0,andz=5. 


Solution: 


9 


2 
Exercise: 


Problem: 
Find the average value of the function f (a, y, z) = xyz over the solid FE = [0,1] x [0,1] x [0,1] situated 
in the first octant. 

Exercise: 


Problem: 


Find the volume of the solid & that lies under the plane x + y + z = 9 and whose projection onto the zy- 
plane is bounded by z = Jy —l,x=0,andz+y=7. 


Solution: 


156 
5 


Exercise: 


Problem: 


Find the volume of the solid E that lies under the plane 2x + y+ z = 8 and whose projection onto the ry- 
plane is bounded by « = sin~'y, y = 0, and x = 2. 
Exercise: 


Problem: 
Consider the pyramid with the base in the xy-plane of [—2, 2] x [—2, 2] and the vertex at the point (0, 0, 8). 
a. Show that the equations of the planes of the lateral faces of the pyramid are 4y + z = 8, 4y — z = —8, 
4c +2=8,and—4r%+2z=8. 
b. Find the volume of the pyramid. 


Solution: 


a. Answers may vary; b. — 
Exercise: 
Problem: 


Consider the pyramid with the base in the xy-plane of [—3,3] x [—3, 3] and the vertex at the point (0, 0, 9). 


a. Show that the equations of the planes of the side faces of the pyramid are 3y + z = 9, 3y+z=9, 
y =Oandz =0. 
b. Find the volume of the pyramid. 


Exercise: 


Problem: 


The solid E bounded by the sphere of equation x? + y? + z? = r? with r > 0 and located in the first octant 
is represented in the following figure. 


2.0 


1.5 


0.5 


0.0 


0.0 0.0 


0.5 


1.0 2 15 P 
y “2.920 


a. Write the triple integral that gives the volume of & by integrating first with respect to z, then with y, and 
then with x. 
b. Rewrite the integral in part a. as an equivalent integral in five other orders. 


Solution: 


4 Vri—a? ray? 2 VPP VPP Vie Ve 
) / / dz dy dz; b. / / / dz dz ay, | / / dy dz dz, 
0 0 0 

r — Vr—a—2 r — Jr-y-2 Tas r VrPa—y JrPa-y2 

/ | / dy dzdz, / | / dx dy dz, / / i. dx dz dy 
0 0 0 0 
Exercise: 

Problem: 


The solid E bounded by the equation 927 + 4y? + z? = 1 and located in the first octant is represented in the 
following figure. 


0.2 93 04 


0.5 


y 


a. Write the triple integral that gives the volume of F by integrating first with respect to z, then with y, and 
then with z. 


b. Rewrite the integral in part a. as an equivalent integral in five other orders. 


Exercise: 
Problem: 
Find the volume of the prism with vertices (0, 0,0), (2,0, 0), (2, 3,0), (0, 3,0), (0,0, 1), and (2,0, 1). 
Solution: 


3 
Exercise: 
Problem: 


Find the volume of the prism with vertices (0, 0,0), (4, 0, 0), (4,6, 0), (0, 6,0), (0,0, 1), and (4,0, 1). 
Exercise: 


Problem: 


The solid & bounded by z = 10 — 2a” — y and situated in the first octant is given in the following figure. 
Find the volume of the solid. 


10.0 


Solution: 


250 
3 


Exercise: 
Problem: 


The solid E bounded by z = 1 — z? and situated in the first octant is given in the following figure. Find the 
volume of the solid. 


Exercise: 


Problem: 
The midpoint rule for the triple integral | Ih / f (x, y, z)dV over the rectangular solid box Bisa 
B 


generalization of the midpoint rule for double integrals. The region B is divided into subboxes of equal sizes 
loom 


n 
and the integral is approximated by the triple Riemann sum x se S> f (&i, yj, ZR) AV, where (3, yj, 2%) 
i=1 j=l k=l 
is the center of the box B,;, and AV is the volume of each subbox. Apply the midpoint rule to approximate 


/I/ a” dV over the solid B = {(a, y, z)|0 <# <1,0<y<1,0 < z< 1} by using a partition of eight 


cubes of equal size. Round your answer to three decimal places. 
Solution: 
aw 
76 © 0.313 
Exercise: 


Problem: [T] 


a. Apply the midpoint rule to approximate | i} / e* dV over the solid 


B= {(a,y,z)|0< a2 <1,0<y<1,0 < z< 1} by using a partition of eight cubes of equal size. 
Round your answer to three decimal places. 

b. Use a CAS to improve the above integral approximation in the case of a partition of n° cubes of equal 
size, where n = 3,4,..., 10. 


Exercise: 
Problem: 


Suppose that the temperature in degrees Celsius at a point (2, y, z) of a solid & bounded by the coordinate 
planes andx +y+z=5isT (a,y, z) = 2z+5z-+ 10. Find the average temperature over the solid. 


Solution: 


35 
2 


Exercise: 
Problem: 
Suppose that the temperature in degrees Fahrenheit at a point (2, y, z) of a solid E bounded by the coordinate 
planes andx+y+z=5isT (z,y,z) = 2+ y+ cy. Find the average temperature over the solid. 
Exercise: 


Problem: 


Show that the volume of a right square pyramid of height h and side length a is v = hat by using triple 
integrals. 


Exercise: 


Problem: 


Show that the volume of a regular right hexagonal prism of edge length a is Sa°v3 by using triple integrals. 
Exercise: 


Problem: 


a? 


v3 by using triple integrals. 


Show that the volume of a regular right hexagonal pyramid of edge length a is —} 


Exercise: 


Problem: 
If the charge density at an arbitrary point (2, y, z) of a solid FE is given by the function p(z, y, z), then the 


total charge inside the solid is defined as the triple integral | i} / p(x, y, z)dV. Assume that the charge density 


of the solid F enclosed by the paraboloids x = 5 — y* — z? and x = y? + z” — 5 is equal to the distance 
from an arbitrary point of & to the origin. Set up the integral that gives the total charge inside the solid E. 


Glossary 
triple integral 


the triple integral of a continuous function f (x, y, z) over a rectangular solid box B is the limit of a Riemann 
sum for a function of three variables, if this limit exists 


Triple Integrals in Cylindrical and Spherical Coordinates 


e Evaluate a triple integral by changing to cylindrical coordinates. 
e Evaluate a triple integral by changing to spherical coordinates. 


Earlier in this chapter we showed how to convert a double integral in rectangular coordinates into a double 
integral in polar coordinates in order to deal more conveniently with problems involving circular symmetry. 
A similar situation occurs with triple integrals, but here we need to distinguish between cylindrical 
symmetry and spherical symmetry. In this section we convert triple integrals in rectangular coordinates into 
a triple integral in either cylindrical or spherical coordinates. 


Also recall the chapter opener, which showed the opera house |’ Hemispheric in Valencia, Spain. It has four 
sections with one of the sections being a theater in a five-story-high sphere (ball) under an oval roof as long 
as a football field. Inside is an IMAX screen that changes the sphere into a planetarium with a sky full of 
9000 twinkling stars. Using triple integrals in spherical coordinates, we can find the volumes of different 
geometric shapes like these. 


Review of Cylindrical Coordinates 


As we have seen earlier, in two-dimensional space R?, a point with rectangular coordinates (x, y) can be 
identified with (r, 0) in polar coordinates and vice versa, where z = rcos 0, y=rsin0,r? = 27 +y? 
and tan 0 = (=) are the relationships between the variables. 

In three-dimensional space R°, a point with rectangular coordinates (x, y, z) can be identified with 
cylindrical coordinates (r, 6, z) and vice versa. We can use these same conversion relationships, adding z as 
the vertical distance to the point from the zy-plane as shown in the following figure. 


P(x, y, Z) 
P(r, 0, 2) 


ee i | 


¥ 


Cylindrical coordinates are similar to polar 
coordinates with a vertical z coordinate 
added. 


To convert from rectangular to cylindrical coordinates, we use the conversion z = r cos @ and y = rsin@. 
To convert from cylindrical to rectangular coordinates, we use r? = 2? + y* and@ = tan! (+). The z- 
coordinate remains the same in both cases. 


In the two-dimensional plane with a rectangular coordinate system, when we say z = k (constant) we mean 
an unbounded vertical line parallel to the y-axis and when y = | (constant) we mean an unbounded 
horizontal line parallel to the z-axis. With the polar coordinate system, when we say r = c (constant), we 
mean a circle of radius c units and when # = a (constant) we mean an infinite ray making an angle a with 
the positive z-axis. 


Similarly, in three-dimensional space with rectangular coordinates (x, y, z), the equations z = k, y = l, 
and z = m, where k, 1, and m are constants, represent unbounded planes parallel to the yz-plane, xz-plane 
and xy-plane, respectively. With cylindrical coordinates (r, 6, z), by r = c, 9 = a, and z = m, where c, a, 
and m are constants, we mean an unbounded vertical cylinder with the z-axis as its radial axis; a plane 
making a constant angle a with the zy-plane; and an unbounded horizontal plane parallel to the zy-plane, 
respectively. This means that the circular cylinder x? + y? = c? in rectangular coordinates can be 
represented simply as r = c in cylindrical coordinates. (Refer to Cylindrical and Spherical Coordinates for 
more review.) 


Integration in Cylindrical Coordinates 


Triple integrals can often be more readily evaluated by using cylindrical coordinates instead of rectangular 
coordinates. Some common equations of surfaces in rectangular coordinates along with corresponding 
equations in cylindrical coordinates are listed in [link]. These equations will become handy as we proceed 
with solving problems using triple integrals. 


Circular 
cylinder Circular cone Sphere Paraboloid 


Rectangular et+y=c? fae (o* + y’) gat ae? 6" zZ=C io + y’) 


Cylindrical r=c Z=cr ries ¢ z=cr* 


Equations of Some Common Shapes 


As before, we start with the simplest bounded region B in R?, to describe in cylindrical coordinates, in the 
form of a cylindrical box, B = {(r,0,z)|a<r<b,a<6< B,c < z< d} ([link]). Suppose we divide 


each interval into 1, m and n subdivisions such that Ar = baa Ad = fa and Az = dae . Then we can 


state the following definition for a triple integral in cylindrical coordinates. 


Bie = (ia FX [0j-1, 9) X [2-15 24] 


A cylindrical box B described by 
cylindrical coordinates. 


Note: 

Definition 

Consider the cylindrical box (expressed in cylindrical coordinates) 
Equation: 


BO, aor a oO one 2 dy, 


If the function f (7,6, z) is continuous on B and if (risks Ges Zu) is any sample point in the cylindrical 
subbox By, = [ri-1,7i] < [0;-1,9;] < [Z-1, Ze] ([link]), then we can define the triple integral in 
cylindrical coordinates as the limit of a triple Riemann sum, provided the following limit exists: 
Equation: 


n 


lm * * * * 
lim » DOO Sie et pO eae 


j=1 j=l k=1 


Note that if g(a, y, z) is the function in rectangular coordinates and the box B is expressed in rectangular 


coordinates, then the triple integral i I / g(x, y, z)dV is equal to the triple integral 


B 
Il g(rcos 6,r sin 0, z)r dr d0 dz and we have 
B 


Equation: 
[[fsceuarav = fff a (7 cos0,rsind, 2)rar ap de = fff #(r,0,2)r dr ad az 
B B B 


As mentioned in the preceding section, all the properties of a double integral work well in triple integrals, 
whether in rectangular coordinates or cylindrical coordinates. They also hold for iterated integrals. To 
reiterate, in cylindrical coordinates, Fubini’s theorem takes the following form: 


Note: 

Fubini’s Theorem in Cylindrical Coordinates 

Suppose that g (x, y, z) is continuous on a rectangular box B, which when described in cylindrical 
coordinates looks like B = {(r,0,z)|a<r<ba<0<B,c<z<d}. 

Then g (z, y, z) = g(rcos6,rsin 6, z) = f (r, 90, z) and 


Equation: 
d B b 
|[fseue )dV = || | peeancae. 
B 


The iterated integral may be replaced equivalently by any one of the other five iterated integrals obtained 
by integrating with respect to the three variables in other orders. 


Cylindrical coordinate systems work well for solids that are symmetric around an axis, such as cylinders 
and cones. Let us look at some examples before we define the triple integral in cylindrical coordinates on 
general cylindrical regions. 


Example: 
Exercise: 


Problem: 
Evaluating a Triple Integral over a Cylindrical Box 


Evaluate the triple integral | i) / (zr sin 6)r dr d6 dz where the cylindrical box B is 
B 


B=A (re. 20S 20 8 7/2, 0s 4A 


Solution: 


As stated in Fubini’s theorem, we can write the triple integral as the iterated integral 


Equation: 
O=7/2 pr=2 pz=4 
iff (zr sin 0) \rdr dade = f i i. (zr sin 0)r dz dr dé. 
= r=0 Jz=0 


The evaluation of the iterated integral is straightforward. Each variable in the integral is independent 
of the others, so we can integrate each variable separately and multiply the results together. This 
makes the computation much easier: 

Equation: 


=n /2 z=4 
iL, ie | (zr sin 6)r dz dr dO 
d= r= z=0 
m/2 2 4 
= ul sade) (/ rar) ( zdz) = (- cos 60”) (5 
0 0 0 


bo 


4\ 64 
oJ 3° 


0) (3 


Note: 
Exercise: 


6= 
Problem: Evaluate the triple integral i) 
= 


i ii rzsin Or dz dr dé. 
=) 2=0) 


Solution: 


8 
Hint 


Follow the same steps as in the previous example. 


If the cylindrical region over which we have to integrate is a general solid, we look at the projections onto 
the coordinate planes. Hence the triple integral of a continuous function f (r, 6, z) over a general solid 
region E = {(r, 6, z)| (r,0) € D,ui(r, 0) < z < us (r,6)} in R3, where D is the projection of E onto 
the r6-plane, is 

Equation: 


u2(r,8) 


{ff r,6 Ones), [i Ga nae aeal 


ui(r,0) 


In particular, if D = {(r,6)|gi (0) <r < g2(0),a <6 < G}, then we have 
Equation: 


0=8 r=92(0) z=u2(r,0) 


[[[tosarara= [ / : f (r, 0, z)r dz dr dO. 


0=a r=gi\(0) z=u1 (7,0) 


Similar formulas exist for projections onto the other coordinate planes. We can use polar coordinates in 
those planes if necessary. 


Example: 
Exercise: 


Problem: 
Setting up a Triple Integral in Cylindrical Coordinates over a General Region 


Consider the region F& inside the right circular cylinder with equation r = 2 sin 0, bounded below by 
the r@-plane and bounded above by the sphere with radius 4 centered at the origin ([link]). Set up a 


triple integral over this region with a function f (7, 6, z) in cylindrical coordinates. 
z 


0,0, 4 
( ) r= 2sing 


r+z%=16 


Setting up a triple integral in cylindrical coordinates 
over a cylindrical region. 


Solution: 


First, identify that the equation for the sphere is r? + z? = 16. We can see that the limits for z are 


from 0 to z = V 16 — r?. Then the limits for r are from 0 to r = 2 sin @. Finally, the limits for 6 are 
from 0 to 7. Hence the region is 
Equation: 


B= {(r,8,z)|0 <6<7,0<7 < 2smn6,0<2< V'16 = 7}. 


Therefore, the triple integral is 
Equation: 


O=n r=2sin0 z=/16—r?2 
i / / f(r, 6, z)r dz dr dé. 
=0 0 


70 Z| 


II f (r, 0, z)r dz dr dO = 


0 


Note: 
Exercise: 


Problem: 
Consider the region F inside the right circular cylinder with equation r = 2 sin 0, bounded below by 


the r6-plane and bounded above by z = 4 — y. Set up a triple integral with a function f (7, , z) in 
cylindrical coordinates. 


Solution: 
O=n r=2sin@ z=4—rsin@ 
[[f 8.2 dedras = i / f (r, 6, z)r dz dr dé. 
E 6=0 7—0) = 
Hint 


Analyze the region, and draw a sketch. 


Example: 
Exercise: 


Problem: 
Setting up a Triple Integral in Two Ways 


Let & be the region bounded below by the cone z = vy x? + y? and above by the paraboloid 
z= 2-2? — y’. ([link]). Set up a triple integral in cylindrical coordinates to find the volume of the 
region, using the following orders of integration: 


a. dz dr dé 
b. dr dz dé. 


Setting up a triple integral in cylindrical coordinates over a 
conical region. 


Solution: 


a. The cone is of radius 1 where it meets the paraboloid. Since z = 2 — 2? — y* = 2— r” and 
z= \/x2 + y? =r (assuming r is nonnegative), we have 2 — r? = r. Solving, we have 
r? +7 —2= (r+ 2)(r—1) =0. Since r > 0, we have r = 1. Therefore z = 1. So the 
intersection of these two surfaces is a circle of radius 1 in the plane z = 1. The cone is the lower 
bound for z and the paraboloid is the upper bound. The projection of the region onto the ry- 
plane is the circle of radius 1 centered at the origin. 
Thus, we can describe the region as 
Equation: 


E={(r,6,z)|0<0<27,0<r<1r<z<2-r'}. 


Hence the integral for the volume is 
Equation: 


(=e geil ea 


= / i) i r dz dr dé. 


6=0 n=0) Z2=P 


b. We can also write the cone surface as r = z and the paraboloid as r? = 2 — z. The lower bound 
for r is zero, but the upper bound is sometimes the cone and the other times it is the paraboloid. 
The plane z = 1 divides the region into two regions. Then the region can be described as 
Equation: 


=A G2) |0 0 = 27,0 lO eh 
Uf (r,0,2)10 <8 < 2m,1<2<2,0<r< v2—2}. 


Now the integral for the volume becomes 


Equation: 
0—2 ae — 0=2n 2z=2 r=V2—-z 
v= / il [ rar dedi / / / r dr dz dé. 
6=0 =O 7=0 6=0 c= r=0 
Note: 
Exercise: 


Problem: Redo the previous example with the order of integration d6 dz dr. 


Solution: 


Hint 


Note that @ is independent of r and z. 


Example: 
Exercise: 


Problem: 
Finding a Volume with Triple Integrals in Two Ways 


Let E be the region bounded below by the r6-plane, above by the sphere x? + y* + z? = 4, and on 
the sides by the cylinder x? + y? = 1 ({link]). Set up a triple integral in cylindrical coordinates to 
find the volume of the region using the following orders of integration, and in each case find the 
volume and check that the answers are the same: 


a. dz dr d@ 
b. dr dz dé. 


x+y+227=4 


Finding a cylindrical volume with a triple integral in 
cylindrical coordinates. 


Solution: 


a. Note that the equation for the sphere is 
Equation: 


oe eee =4orr’?+2=4 
and the equation for the cylinder is 
Equation: 
x? +y? =lorr? =1. 


Thus, we have for the region # 
Equation: 


B= {(r,6,2)0 <2< V4—r?2,0<r< 1,0<6<2n} 


Hence the integral for the volume is 
Equation: 


V(E) = i r dz dr d6 
G—Omer—O) 2=0 
G=—2 7 o—l (=e  p=il 
— | bea | dr d§ = / / (rv 4— r?) dr d0 
6=0 r=0 6=0 r=0 
21 


b. Since the sphere is x? + y? + z” = 4, which is r? + z” = 4, and the cylinder is x? + y? = 1, 
which is r? = 1, we have 1 + z? = 4, that is, 2? = 3. Thus we have two regions, since the 


sphere and the cylinder intersect at (1, J 3) in the rz-plane 


Equation: 

Bi { (r,8,2)|0 <r<vV¥4—-73,V3<2<2,0<0< an} 
and 
Equation: 


i — {(r,8,2)0 <r < 1,0<2< V3,0<0< 2h. 


Hence the integral for the volume is 


Equation: 
0=2r 22 HV 4Sr" 6=27 z=V3 r=1 
VCE) i if ii r dr dzd0+ i i il r dr dz dO 
6-0 2-/3 7=0 (mec —() f=0) 
= V3n+ (2 _ 3V3)m = Oi (3 — v3) cubic units. 
Note: 
Exercise: 


Problem: Redo the previous example with the order of integration d6 dz dr. 


Solution: 


Ey = { (r,8,2)|0 SO eT Ona? lara = va—7?} and 
r=1 2z=V4—r? 0=20 
Vi= / / / rd dzdr. 
r=0-z=r ss 9=0 
Hint 


A figure can be helpful. Note that # is independent of r and z. 


Review of Spherical Coordinates 


In three-dimensional space R® in the spherical coordinate system, we specify a point P by its distance p 
from the origin, the polar angle 6 from the positive x-axis (same as in the cylindrical coordinate system), 
and the angle y from the positive z-axis and the line OP ([link]). Note that p > 0 and0 < » < a. (Refer 
to Cylindrical and Spherical Coordinates for a review.) Spherical coordinates are useful for triple integrals 
over regions that are symmetric with respect to the origin. 


P(x, y, 2) 
P(p, 9, ¢) 


The spherical coordinate system locates 
points with two angles and a distance from 
the origin. 


Recall the relationships that connect rectangular coordinates with spherical coordinates. 


From spherical coordinates to rectangular coordinates: 
Equation: 


x = psiny cos 0,y = psinysin 6, and z = pcos y. 


From rectangular coordinates to spherical coordinates: 
Equation: 


p=a?t+y?+27,tand = yy = arccos ey 
x VeP+yt+2 


Other relationships that are important to know for conversions are 


Equation: 
e r=psing 
§=8 These equations are used to convert from 
e = 
spherical coordinates to cylindrical coordinates 
°e z=pcosy 
and 
Equation: 
e p=Vvre4+22 
These equations are used to convert from 
e 60=0 cylindrical coordinates to spherical 


coordinates. 


e y=arccos (=) 
tf z 


The following figure shows a few solid regions that are convenient to express in spherical coordinates. 


o<0<> 5<c<e@ 


Sphere p = c (constant) Half plane @ = c (constant) Half cone ¢ = c (constant) 


Spherical coordinates are especially convenient for working with solids bounded by these types of 
surfaces. (The letter c indicates a constant.) 


Integration in Spherical Coordinates 


We now establish a triple integral in the spherical coordinate system, as we did before in the cylindrical 
coordinate system. Let the function f (~, 0, y) be continuous in a bounded spherical box, 
B= {(p,9,p)|a < p<ba<O0< B,y< y < qd}. We then divide each interval into 1,mandn 


subdivisions such that Ap = ba, Ab = fe Ay = oy 


Now we can illustrate the following theorem for triple integrals in spherical coordinates with 


(Dis 9 sus Pik) being any sample point in the spherical subbox B;;,. For the volume element of the 
subbox AV in spherical coordinates, we have AV = (Ap) (pAy) (p sin pAQ), , as shown in the 
following figure. 


p sin @ Ad 


AV = p* sin d Ap Ad AO 


The volume element of a box in spherical coordinates. 


Note: 


Definition 
The triple integral in spherical coordinates is the limit of a triple Riemann sum, 
Equation: 


I m 
4 * * * * » 
lim SS De i (Pijks Dies Lise) (Pisn) sin pApAdAy 


provided the limit exists. 


As with the other multiple integrals we have examined, all the properties work similarly for a triple integral 
in the spherical coordinate system, and so do the iterated integrals. Fubini’s theorem takes the following 
form. 


Note: 

Fubini’s Theorem for Spherical Coordinates 

If f (p, 9, p) is continuous on a spherical solid box B = [a,b] x [a, 6] x [y, a], then 
Equation: 


p=b 0=6 p=b 


/I/ f (0,9, p)p’sin v dp dy dd = ii / / f (0,9, p)p’sin v dp dy dé. 
B p= O=a p=a 


This iterated integral may be replaced by other iterated integrals by integrating with respect to the three 
variables in other orders. 


As stated before, spherical coordinate systems work well for solids that are symmetric around a point, such 
as spheres and cones. Let us look at some examples before we consider triple integrals in spherical 
coordinates on general spherical regions. 


Example: 
Exercise: 


Problem: 
Evaluating a Triple Integral in Spherical Coordinates 


0=2n y=r/2 p=l1 


Evaluate the iterated triple integral i / p’sin y dp dy dé. 


Solution: 


As before, in this case the variables in the iterated integral are actually independent of each other and 
hence we can integrate each piece and multiply: 


Equation: 
Qn m/2 1 Qn m/2 1 
QQ: ¢ 2 1 21 
psinydpdydé= | dé | sinydy | p*dp = (2n) (1) eae 
0 0 0 0 0 0 


The concept of triple integration in spherical coordinates can be extended to integration over a general 
solid, using the projections onto the coordinate planes. Note that dV and dA mean the increments in 
volume and area, respectively. The variables V and A are used as the variables for integration to express 
the integrals. 


The triple integral of a continuous function f (p, 8, y) over a general solid region 
Equation: 


E = {(,, ”)| (0,9) € D,ui (p, 9) < p < U2 (p, )} 


in R?, where D is the projection of E onto the p6-plane, is 
Equation: 


u2(p,0 


[ff soe [| P roeeaelaa 
# D | u(o,) 


In particular, if D = {(p,)|gi (8) < p < go (9),a < 6 < B}, then we have 
Equation: 


B  92(0) — u2(p,0) 


iI] le / / / f (p, 9, p)p*sin vp dep dp dé. 


a gi(O)  u1(,8) 


Similar formulas occur for projections onto the other coordinate planes. 


Example: 
Exercise: 


Problem: 
Setting up a Triple Integral in Spherical Coordinates 


Set up an integral for the volume of the region bounded by the cone z = ,/3 (x? + y2) and the 
hemisphere z = 1/4 — x? — y? (see the figure below). 
z 


z=\4-x-y 


A region bounded below by a cone and above by a 
hemisphere. 


Solution: 


Using the conversion formulas from rectangular coordinates to spherical coordinates, we have: 


For the cone: z = \/3 (x? + y2) or pcosy = V3psing or tan y = a orp=%- 


For the sphere: z = 4/4 — 22 — y2orz?+27+y? = 4orp? = 4orp=2. 
0=2n y=n7/6 p=2 
Thus, the triple integral for the volume is V (EZ) = il p’sin y dp dy dé. 


6=0 ¢=0 p=0 


Note: 
Exercise: 


Problem: 


Set up a triple integral for the volume of the solid region bounded above by the sphere p = 2 and 
bounded below by the cone y = 7/3. 


Solution: 


viey= f / | esin pd ap a8 


Hint 


Follow the steps of the previous example. 


Example: 
Exercise: 


Problem: 
Interchanging Order of Integration in Spherical Coordinates 


Let & be the region bounded below by the cone z = vy x? + y? and above by the sphere 
z= 27+ y? + 2? ([link]). Set up a triple integral in spherical coordinates and find the volume of the 
region using the following orders of integration: 


a. dp d¢ dé, 
b. dy dp dé. 


Sphere z = x? + y* + 2? 


Cone z = \x? + y? 


A region bounded below by a cone and above by a 
sphere. 


Solution: 


a. Use the conversion formulas to write the equations of the sphere and cone in spherical 


coordinates. 
For the sphere: 
Equation: 
te ee 
p> = pcos 
p = cosy. 
For the cone: 
Equation: 


z= vV2rre+y 
pcosp = V p2sin’y cos? + p2sin’y sin” 


V p’sin”y (cos? + sin*¢) 


pcosp = 

pcospy = psing 
cosy = sing 
a) ae aye 


Hence the integral for the volume of the solid region # becomes 
Equation: 


0=2n y=m/4 p=cosy 
Vie | i p’sin y dp dy dé. 
6=0 y=0 p=0 
b. Consider the yp-plane. Note that the ranges for y and p (from part a.) are 
Equation: 
0<y<77/4 
0<p<cosy. 


The curve p = cos y meets the line y = 7/4 at the point (7/4, v2/2) . Thus, to change the 


order of integration, we need to use two pieces: 
Equation: 


0<p<v2/2 V2/2 


p<l 
0<y<n/4 0 : 


at 
=P cose p: 


Hence the integral for the volume of the solid region & becomes 


Equation: 
6=20 p=V2/2 y=n/4 0=20 p= lero —CoOsmup 
a- f | p’sin y dy dp dé + i, | i p’sin y dy dp dé. 
6= p=0 y=0 C=) paw =v 


In each case, the integration results in V (EB) = 4. 


Before we end this section, we present a couple of examples that can illustrate the conversion from 
rectangular coordinates to cylindrical coordinates and from rectangular coordinates to spherical 
coordinates. 


Example: 
Exercise: 


Problem: 
Converting from Rectangular Coordinates to Cylindrical Coordinates 


Convert the following integral into cylindrical coordinates: 
Equation: 


=1 r=/1-7? z=r/ 2? +y? 


/ / i xyz dz dx dy. 
z=0 


< 


Solution: 


The ranges of the variables are 
Equation: 


AR 
IA 


oy sol 
< 2<Vl-y¥ 


gety? < z2</ar24+y?. 


fo) 
/\ 


The first two inequalities describe the right half of a circle of radius 1. Therefore, the ranges for 0 and 
r are 


Equation: 
1 T 
—— <@< —and0<r<l. 
2 2 
The limits of z are r2 < z< r, hence 
Equation: 
y=1 r= VJ1-y? 2=/a? +y? O=n/2 r=1  z=r 
/ i i xyz dz dx dy = i / r (rcos 8) (r sin 0)z dz dr dé. 
y=-1 z=0 z=a?+y? 6=—1n/2 r=0 z=r? 
Example: 
Exercise: 
Problem: 


Converting from Rectangular Coordinates to Spherical Coordinates 


Convert the following integral into spherical coordinates: 


Equation: 
y=3 w=/9-y? z= 4/18—2?-y? 
i | / (2 ahey ste 2) dz dx dy. 
v0 20 geal yy 
Solution: 


The ranges of the variables are 
Equation: 


IA 


0 y<3 
0 a</9-y 


Jert+y < z<V/18—2?—y?. 


IA 


The first two ranges of variables describe a quarter disk in the first quadrant of the zy-plane. Hence 
the range for 0 isO <0 < F. 


The lower bound z = af x? + y? is the upper half of a cone and the upper bound 


z = \/18 — x? — y? is the upper half of a sphere. Therefore, we have 0 < p < 18, which is 
0<p<3v2. 


For the ranges of y, we need to find where the cone and the sphere intersect, so solve the equation 
Equation: 


oe: lS 
2 
(v2? +9") +27 = 18 
ls 
2 aes 
oo 
p= & 
This gives 
Equation: 
3/2cosy = 3 
=, Ws 
cosp = a 
eae 
Putting this together, we obtain 
Equation: 
y=3 w=/9-y? z= 18-2? -y? y=n/4 0=n/2 p=3V2 
/ / i ie + y+ zy dz dz dy = i / / p'sin y dp dé dy. 
y=0 z=0 z=/erry? y=0 6=0 p=0 
Note: 
Exercise: 
Problem: 


Use rectangular, cylindrical, and spherical coordinates to set up triple integrals for finding the volume 
of the region inside the sphere x? + y” + z? = 4 but outside the cylinder x? + y? = 1. 


Solution: 


a2 y=V 4-2? t= y/4-o w=1 0 y=V 1a? z= 4-0? =? 
Rectangular: / / dz dy dx— i / dz dy dz 
w=-2 yo Vag? z=-y/4-2)-? e=—-1l y-— Vlg? z= /4-2?-y? 
0=2n  r=2 z=V/4—=7? 
Cylindrical: / r dz dr do. 
6=0 r=l 22 /ga7? 
y=5r/6 6=27 = 
Spherical: ih p’sin y dp dé dy. 
y=n/6 6=0 p=cscy 


Now that we are familiar with the spherical coordinate system, let’s find the volume of some known 
geometric figures, such as spheres and ellipsoids. 


Example: 
Exercise: 


Problem: 
Chapter Opener: Finding the Volume of Il’ Hemispheric 


Find the volume of the spherical planetarium in 1’ Hemispheric in Valencia, Spain, which is five 
stories tall and has a radius of approximately 50 ft, using the equation x” + y? + 22 =r? 


(credit: modification of work by 
Javier Yaya Tur, Wikimedia 
Commons) 


Solution: 


We calculate the volume of the ball in the first octant, where x > 0, y > 0, and z > 0, using 
spherical coordinates, and then multiply the result by 8 for symmetry. Since we consider the region D 
as the first octant in the integral, the ranges of the variables are 

Equation: 


0<p<5,0<p<r0<0< 


nw| 3 


Therefore, 
Equation: 


O=n/2  p=n p=n/2 


V = |[fazdyde=8 i / i p’sin 0 dy dp do 
D 6=0 p=0 y=0 


p=n/2 p=r d=1/2 
=8 | dp p'dp sin 6 dé 
y=0 p=0 0=0 
Tv r3 
=8 (5) (S) (1) 
3 


This exactly matches with what we knew. So for a sphere with a radius of approximately 50 ft, the 
volume is 47(50)° ~~ 523,600 ft®. 


For the next example we find the volume of an ellipsoid. 


Example: 
Exercise: 


Problem: 
Finding the Volume of an Ellipsoid 


2 


Find the volume of the ellipsoid _ + - + a = il, 


Solution: 


We again use symmetry and evaluate the volume of the ellipsoid using spherical coordinates. As 
before, we use the first octant z > 0, y > 0, and z > 0 and then multiply the result by 8. 


In this case the ranges of the variables are 
Equation: 


0< pS 7,0<p<>,0<p<1, and0<0< 


w/a 


Also, we need to change the rectangular to spherical coordinates in this way: 
Equation: 


x =apcosypsin#,y = bosin ysin 0, and z = cp cos 6. 


Then the volume of the ellipsoid becomes 


Equation: 
Y= | i} / dx dy dz 
D 
O0=n/2  p=1 y=n/2 
=8 ik / / abcp’sin 6 dy dp dé 
6=0 p=0 y=0 
y=n/2 pai 6=n/2 
= sabe f ap ff odp | sin 0 d0 
y=0 p=0 6=0 
= 8abe (F) (3) (1) 
= + nabe 
Example: 
Exercise: 
Problem: 


Finding the Volume of the Space Inside an Ellipsoid and Outside a Sphere 


22 
2 


90 


Find the volume of the space inside the ellipsoid aS ar & ae = 1 and outside the sphere 


pose see 5 0e 
Solution: 


This problem is directly related to the |’ Hemispheric structure. The volume of space inside the 
ellipsoid and outside the sphere might be useful to find the expense of heating or cooling that space. 
We can use the preceding two examples for the volume of the sphere and ellipsoid and then substract. 


First we find the volume of the ellipsoid using a = 75 ft, b = 80 ft, and c = 90 ft in the result from 


[link]. Hence the volume of the ellipsoid is 
Equation: 


4 
Vaid = 3 7(75)(80)(90) = 2,262,000 ft?. 


From [link], the volume of the sphere is 
Equation: 


Vephere © 523,600 ft?. 


x? y" 2 
757 1 80? + 90? 


Therefore, the volume of the space inside the ellipsoid = 1 and outside the sphere 


a? + y* + z? = 50? is approximately 
Equation: 


Vitemisferic = Vellipsoid = Vephere ar 1,738,400 it. 


Note: 

Hot air balloons 

Hot air ballooning is a relaxing, peaceful pastime that many people enjoy. Many balloonist gatherings take 
place around the world, such as the Albuquerque International Balloon Fiesta. The Albuquerque event is 
the largest hot air balloon festival in the world, with over 500 balloons participating each year. 


Balloons lift off at the 2001 Albuquerque International Balloon Fiesta. (credit: David Herrera, Flickr) 


As the name implies, hot air balloons use hot air to generate lift. (Hot air is less dense than cooler air, so 
the balloon floats as long as the hot air stays hot.) The heat is generated by a propane burner suspended 
below the opening of the basket. Once the balloon takes off, the pilot controls the altitude of the balloon, 
either by using the burner to heat the air and ascend or by using a vent near the top of the balloon to release 
heated air and descend. The pilot has very little control over where the balloon goes, however—balloons 
are at the mercy of the winds. The uncertainty over where we will end up is one of the reasons balloonists 
are attracted to the sport. 

In this project we use triple integrals to learn more about hot air balloons. We model the balloon in two 
pieces. The top of the balloon is modeled by a half sphere of radius 28 feet. The bottom of the balloon is 
modeled by a frustum of a cone (think of an ice cream cone with the pointy end cut off). The radius of the 
large end of the frustum is 28 feet and the radius of the small end of the frustum is 6 feet. A graph of our 
balloon model and a cross-sectional diagram showing the dimensions are shown in the following figure. 


(a) (b) 


(a) Use a half sphere to model the top part of the balloon and a frustum of a cone to model the 
bottom part of the balloon. (b) A cross section of the balloon showing its dimensions. 


We first want to find the volume of the balloon. If we look at the top part and the bottom part of the 
balloon separately, we see that they are geometric solids with known volume formulas. However, it is still 
worthwhile to set up and evaluate the integrals we would need to find the volume. If we calculate the 
volume using integration, we can use the known volume formulas to check our answers. This will help 
ensure that we have the integrals set up correctly for the later, more complicated stages of the project. 


1. Find the volume of the balloon in two ways. 


a. Use triple integrals to calculate the volume. Consider each part of the balloon separately. 
(Consider using spherical coordinates for the top part and cylindrical coordinates for the bottom 


part.) 
b. Verify the answer using the formulas for the volume of a sphere, V = +nrs, and for the volume 


of acone, V = $77r7h. 


In reality, calculating the temperature at a point inside the balloon is a tremendously complicated 
endeavor. In fact, an entire branch of physics (thermodynamics) is devoted to studying heat and 
temperature. For the purposes of this project, however, we are going to make some simplifying 
assumptions about how temperature varies from point to point within the balloon. Assume that just 
prior to liftoff, the temperature (in degrees Fahrenheit) of the air inside the balloon varies according to 
the function 

Equation: 


To(r, 6,2) = = a0e 


N 


. What is the average temperature of the air in the balloon just prior to liftoff? (Again, look at each part 
of the balloon separately, and do not forget to convert the function into spherical coordinates when 
looking at the top part of the balloon.) 


Now the pilot activates the burner for 10 seconds. This action affects the temperature in a 12-foot- 
wide column 20 feet high, directly above the burner. A cross section of the balloon depicting this 
column in shown in the following figure. 


Activating the bummer heats the air in a 20- 
foot-high, 12-foot-wide column directly 
above the burner. 


Assume that after the pilot activates the burner for 10 seconds, the temperature of the air in the 
column described above increases according to the formula 
Equation: 


H(r, 6, z) = —2z — 48. 


Then the temperature of the air in the column is given by 
Equation: 


Ti(r,0,z) = = “210-1 (= 22 — 45), 


while the temperature in the remainder of the balloon is still given by 
Equation: 


To(r, 6,2) = ae ce0s 


ice) 


. Find the average temperature of the air in the balloon after the pilot has activated the burner for 10 
seconds. 


Key Concepts 


e To evaluate a triple integral in cylindrical coordinates, use the iterated integral 
Equation: 


0=B8 r=g2(0) z=ua(r,0) 
f (r, 9, z)r dz dr dé. 


0=a r=gi(0)  z=u1(r,0) 


e To evaluate a triple integral in spherical coordinates, use the iterated integral 
Equation: 


0=B p=g92(9) p=ua(r,8) 
f (0,9, 9) p’ sin p dip dp dé. 


O=a p=g9i(9) y=ui(r,0) 


Key Equations 


¢ Triple integral in cylindrical coordinates 


Gane = | [ai aera naia | Gerais 


¢ Triple integral in spherical coordinates 
g=$ 0=8 p=b 


Il f (p,9, )p?sin y dp dy dO = / i / f (p,8, y)p*sin v dp dy dé 
B ~=7 b=a p=a 


In the following exercises, evaluate the triple integrals ‘ (i (i f(x, y, z)dV over the solid EB. 
E 


Exercise: 


Problem: f(z, y, 2) = z, B= {(2,y,2)|@’? +y? <9,2>0,y>0,0<2z<1} 


Exercise: 


Problem: f(z, y, 2) = x2’, B= {(a,y,z)|2’?>+y’ < 16,2 >0,y<0,-1<z< 1} 


Exercise: 


Problem: F(z, y, 2) =ay,B= {(@,9)2) 2? ey? a Le¢20,¢2y-lezcs 1} 


Solution: 


ool 


Exercise: 


Problem: f(z, y,z) = «7+ y’, B= {(x,y,z)|a? +? eae 0.290 a2 3} 


Exercise: 
Problem: f(x,y, z) =eV" ‘”, B= {(,y,2)|1 <a ty <4,y<0,¢ <yV3,2<2< 3} 


Solution: 


me” 


6 


Exercise: 


Problem: f(x,y, z) = \/z? + y?, B= { (oy, 2) [1 <ety<9,y<0,0<z<1} 
Exercise: 


Problem: 


a. Let B be a cylindrical shell with inner radius a, outer radius b, and height c, where 0 <a < 6 
and c > 0. Assume that a function F’ defined on B can be expressed in cylindrical coordinates as 


b 
F (x,y,z) = f(r) + h(2), where f and hare differentiable functions. If ‘| f(r)dr = 0 and 


h(0) = 0, where f and hare antiderivatives of f and h, respectively, show that 
Equation: 


[ff Peay = 2 (70) ~afla)) +26 able 


b. Use the previous result to show that II] (2 + siny/a2 + v) dx dy dz = 6n? (x — 2), where 
B 
Bisa cylindrical shell with inner radius 7, outer radius 27, and height 2. 


Exercise: 


Problem: 


a. Let B be a cylindrical shell with inner radius a, outer radius 6, and height c, where 0 < a < b 
and c > 0. Assume that a function Ff defined on B can be expressed in cylindrical coordinates as 


b 
F(a, y,z) = f(r)g(@)h(z), where f, 9, and h are differentiable functions. If [Fever = 0; 


where f is an antiderivative of f, show that 
Equation: 


[[f F @u2av = [670) — aFla)] (927) — 910) [ile) - 0), 


where g and A are antiderivatives of g and h, respectively. 


b. Use the previous result to show that | i} / zsiny/22 + y2dz dy dz = —12n?, where Bisa 


cylindrical shell with inner radius 7, outer radius 27, and height 2. 


In the following exercises, the boundaries of the solid & are given in cylindrical coordinates. 


a. Express the region & in cylindrical coordinates. 


b. Convert the integral f (x,y, z)dV to cylindrical coordinates. 


Exercise: 


Problem: 


E is bounded by the right circular cylinder r = 4 sin 6, the r@-plane, and the sphere r? + z? = 16. 


Solution: 


a B= {(r,0,2)|0<0< 0,0 <r<4sin8,0<2< VI6—r hb, 
a 4sin0 V16—r? 
f (r, 9, z)r dz dr d0 
0 60 0 
Exercise: 


Problem: 


E is bounded by the right circular cylinder r = cos 6, the r@-plane, and the sphere r? + z? = 9. 
Exercise: 


Problem: 


E is located in the first octant and is bounded by the circular paraboloid z = 9 — 3r?, the cylinder 
r = V3, and the plane r (cos 6 + sin 0) = 20 — z. 


Solution: 


= { (7,4, 2)]0 << 7,027S V3,9—-r<z< 10 ~ r (cos 6 + sin 6) }; b. 
1/2 4/3 10—r(cos 6+sin @) 


| / i Ae Bn dedr ab 


Exercise: 


Problem: 


Eis located in the first octant outside the circular paraboloid z = 10 — 2r? and inside the cylinder 
r = V5 and is bounded also by the planes z = 20 and 6 = 7. 


In the following exercises, the function f and region F are given. 


a. Express the region F and the function f in cylindrical coordinates. 


b. Convert the integral f (x,y, z)dV into cylindrical coordinates and evaluate it. 


Exercise: 


Problem: f (x, y, 2) = a, B= {(z,y,2)|0 <a? +y<9,2>0,y>0,0<z2<2+3} 
Solution: 


a. B= {(r,0,2)|0 <7 <3,0<0< $,0<2z<rcosd +3}, f(r,0,2) = 
3 1/2 rcos6+3 


r On 
ap : roi ae 
0 0 0 


1 : 
rcos0+3? b. 


Exercise: 


Problem: f (x,y,z) =a? +y’, B= {(2,y,2)|0< ae +y? <4,y>0,0<z< 3-2} 


Exercise: 


Problem: f (x,y,z) =2,E= {(z,y,2|1<yt+2<90<2<1-y-2} 
Solution: 


rcos#,z=rsin@,x = 2, 
(r,0,2)|L<r<3,0<0<27,0<2< ae? pF. 2) = ee be 


1-r? 
/ zrdzdédr = a 


0 0 


ll 
ys Il 


ee ese 


Exercise: 
Problem: f (x,y,z) = y, E= {(x, y, 2)|1 <a? 4+27<90<y<1-2 — 27} 


In the following exercises, find the volume of the solid F whose boundaries are given in rectangular 
coordinates. 


Exercise: 


Problem: £ is above the xy-plane, inside the cylinder x? + y? = 1, and below the plane z = 1. 


Solution: 


Tv 


Exercise: 


Problem: £ is below the plane z = 1 and inside the paraboloid z = x? + y?. 


Exercise: 


Problem: E is bounded by the circular cone z = \/x? + y? and z = 1. 


Solution: 


Coe) 


Exercise: 
Problem: 
F is located above the xy-plane, below z = 1, outside the one-sheeted hyperboloid 
x? + y? — z? = 1, and inside the cylinder x? + y? = 2. 

Exercise: 


Problem: 


2 


E is located inside the cylinder x” + y? = 1 and between the circular paraboloids z = 1 — x? — y? 


and z= a? + y?. 
Solution: 


TV 
Exercise: 


Problem: 


E is located inside the sphere x? + y? + z? = 1, above the xy-plane, and inside the circular cone 
z=vVarr2+y?. 
Exercise: 


Problem: 
E is located outside the circular cone x? + y? = (z— 1)? and between the planes z = 0 and z = 2. 


Solution: 


An 


3 


Exercise: 


Problem: 


F is located outside the circular cone z = 1 — J/ x? + y*, above the zy-plane, below the circular 
paraboloid, and between the planes z = 0 and z = 2. 


Exercise: 


Problem: 
[T] Use a computer algebra system (CAS) to graph the solid whose volume is given by the iterated 
m/2 1 


integral in cylindrical coordinates / / / r dz dr d@. Find the volume V of the solid. Round your 


—n/2 0 r 
answer to four decimal places. 


Solution: 


Exercise: 


Problem: 


[T] Use a CAS to graph the solid whose volume is given by the iterated integral in cylindrical 


m/2 1 or 
coordinates : / r dz dr dé. Find the volume V of the solid Round your answer to four decimal 
0 0 rf 
places. 
Exercise: 
Problem: 


1 Vi-y Var+y? 
Convert the integral / / i xz dz dz dy into an integral in cylindrical coordinates. 


0 —/1-¥ x+y? 


Solution: 


17 fF 
/ 7 i zr’cos 6 dz dé dr 
0 O Fr 


Exercise: 


2 #« it 
Problem: Convert the integral / / / (ay + z)dz dz dy into an integral in cylindrical coordinates. 
0 0 0 


In the following exercises, evaluate the triple integral i} (i (i f(a, y, z)dV over the solid B. 
B 
Exercise: 


Problem: f(z, y, z) = 1, B= {(z,y, z) |x? +4? 4+ 27 < 90,2> o} 


Solution: 


1807/10 


Exercise: 


Problem: f(z, y, z) =1—/2?+y?+22,B= {(x,y,2)|a? +4? +22 <9,y>0,2>0} 


Exercise: 


Problem: 


f(x,y, z) = \/x? + y?, B is bounded above by the half-sphere x? + y? + z? = 9 with z > 0 and 
below by the cone 22” = x? + y’. 
Solution: 


817(1—2) 
16 


Exercise: 
Problem: 
f(x, y, z) = 2, Bis bounded above by the half-sphere x” + y? + 27 = 16 with z > 0 and below by 
the cone 2z” = a2? + y’. 
Exercise: 
Problem: 


Show that if F'(p,0, ¢) = f (p)g (@)h (¢) is a continuous function on the spherical box 
B={(p,6,y)la<p<ba<O0<B,y<9 < }, then 


Equation: 
b B y 
[[fev=| [eroa)| | foe} | [nosing ae 
B a Qa Y 
Exercise: 
Problem: 


a. A function F is said to have spherical symmetry if it depends on the distance to the origin only, 
that is, it can be expressed in spherical coordinates as F'(x, y,z) = f(p), where 


p=v/ «2? + y? + z?. Show that 


Equation: 
b 
Il F(z,y, z)dV oo an f 0° Fo)de, 
B a 


where B is the region between the upper concentric hemispheres of radii a and 6 centered at the 
origin, with 0 < a < band F'a spherical function defined on B. 


b. Use the previous result to show that Il (e + y" + z*) Vx? + y? + 22 dV = 217, where 
B 
Equation: 


B= {(2,y,2)|1 <a? +y +2 <2,2>0}. 


Exercise: 


Problem: 


a. Let B be the region between the upper concentric hemispheres of radii a and b centered at the 
origin and situated in the first octant, where 0 < a < b. Consider F a function defined on B 
whose form in spherical coordinates (p, 0, y) is F (x,y, z) = f(p)cos y. Show that if 

b 


ageySoene fe pd 2 O:tieh 


I[[ Fe v,y2)4V =“ [ah(a) — bh(0) 


where g is an antiderivative of f and h is an antiderivative of g. 


Equation: 


Jety+2 2 
b. Use the previous result to show that / ii / ee Veter? wae dV = =, where B is the 
far ty? + 2? 


region between the upper concentric nena iene of radii 7 and 27 centered at the origin and 
situated in the first octant. 


In the following exercises, the function f and region E are given. 


a. Express the region F and function f in cylindrical coordinates. 


b. Convert the integral | i i f (x,y, z)dV into cylindrical coordinates and evaluate it. 


Exercise: 


Problem: f (x,y,z) = z; E= {(zx, y, 2) |0 <etyt+2<1,z>0} 


Exercise: 
Problem: f (x,y,z) =zr+y;E= { (x,y, 2) [1 Soo ep te a 9.2 > 0 > 0} 


Solution: 


a. f (p,9, 9) = psiny (cos@ + sin0), E = {(p,0,y)|1< p< 2,0<0<7,0<9K< Fh5b. 
an m/2 2 
3 : — 157 
j [e cos y sin y dp dip dO = =" 
0 0 1 


Exercise: 


Problem: f (x, y, z) = 2ry; E = {(2,y,2)| Va? +9? <z<vVl1l-2?-y,¢>0,y> 0} 


Exercise: 


Problem: f (x, y, z) = z; H = { (x,y, 2)? +y? +27 -22< 0,22 +y? < z} 


Solution: 


a. f (9,9, 9) = pcos y; E = {(p,9, )|0 < p< 2cosy,0<0< F,0<y< F}sb. 
m/2 1/4 2cosp 


psin ycos y dp dy dé = — 
0.2 <0. <0 


In the following exercises, find the volume of the solid F whose boundaries are given in rectangular 
coordinates. 
Exercise: 


Problem: £ = {(2.y,2)| Va +H <z2< J/16-2?—y?,2>0,y> 0} 


Exercise: 


Problem: E = {(2.y,2)|2” +y° + y —2z<0, V ae? + y? Ss z} 


Solution: 


ENE) 


Exercise: 


Problem: 


Use spherical coordinates to find the volume of the solid situated outside the sphere p = 1 and inside 
the sphere p = cos y, with y € [0, =. 


Exercise: 


Problem: 


Use spherical coordinates to find the volume of the ball » < 3 that is situated between the cones 


p=Fandy= fz. 


Solution: 
On (v2 _ 1) 


Exercise: 


Problem: 


4 /16—y? VJ/16—22-¥? 


Convert the integral (az ty? + z”) dz dz dy into an integral in spherical 


-4 /16 y? 4/16 x2—y? 


coordinates. 
Exercise: 


Problem: 


4 Vi6—2? V/16—a?-y? 
Convert the integral i, i / (x? Sea z’) dz dy dz into an integral in spherical 
eo —/16—2?—y? 


coordinates. 


Solution: 


w/2 m/2 4 
/ / [efi y dp dy dé 
0 0 0 


Exercise: 


Problem: 


2 Via? 16-2? 
Convert the integral dz dy dz into an integral in spherical coordinates and 
2 yee Vee 
evaluate it. 
Exercise: 


Problem: 


[T] Use a CAS to graph the solid whose volume is given by the iterated integral in spherical 


xn 7/6 2 
coordinates : i i. p’sin y dp dy dé. Find the volume V of the solid. Round your answer to 
m/2 57/6 0 


three decimal places. 


Solution: 


V = 408 ~ 7.255 


Exercise: 
Problem: 
[T] Use a CAS to graph the solid whose volume is given by the iterated integral in spherical 
2r o/4 
coordinates as / / / p’sin y dp dy dé. Find the volume V of the solid. Round your answer to 


0 37/4 0 
three decimal places. 


Exercise: 


Problem: 


[T] Use a CAS to evaluate the integral i (i / (a? +y’ )dV where F& lies above the paraboloid 
E 
z= a«* +? and below the plane z = 3y. 


Solution: 


3437 
32 


Exercise: 
Problem: [T] 
a. Evaluate the integral i (} evar dV, where EF is bounded by the spheres 
E 


4a? + 4y? + 42? = anda? +y?4 2? =1. 


b. Use a CAS to find an approximation of the previous integral. Round your answer to two decimal 
places. 


Exercise: 
Problem: 


Express the volume of the solid inside the sphere x? + y? + z? = 16 and outside the cylinder 
az? + y” = 4as triple integrals in cylindrical coordinates and spherical coordinates, respectively. 


Solution: 

2 4 Vi6—r? 5n/6 Qn 

ey i rdedras; / | e%sin pdp d9 dg 
0 2." Sige ee n/6 0 2cscp 
Exercise: 

Problem: 


Express the volume of the solid inside the sphere x? + y? + z? = 16 and outside the cylinder 
a? + y” = 4 that is located in the first octant as triple integrals in cylindrical coordinates and spherical 
coordinates, respectively. 


Exercise: 


Problem: 


The power emitted by an antenna has a power density per unit volume given in spherical coordinates 
by 


p(p,9, ~) = rcos"6 sin*y,where Pp is a constant with units in watts. The total power within a 


sphere B of radius r meters is defined as P = ‘| I fl p(p,9, y)dV. Find the total power P. 
B 


Solution: 


P= ae watts 


Exercise: 


Problem: 


Use the preceding exercise to find the total power within a sphere B of radius 5 meters when the 
power density per unit volume is given by p (p, 0, y) = 37 cos" sin*y. 


Exercise: 


Problem: 


A charge cloud contained in a sphere B of radius r centimeters centered at the origin has its charge 
density given by q (a, y, z) = ky/x? + y? + 2? He where k > 0. The total charge contained in B is 


given by Q = Il q(x, y, z)dV. Find the total charge Q. 
B 


Solution: 

Q = kr*npC 
Exercise: 

Problem: 


Use the preceding exercise to find the total charge cloud contained in the unit sphere if the charge 
density is g(a, y, z) = 20,/2?2 + y? + 24S 


cm3 ° 


Glossary 


triple integral in cylindrical coordinates 
the limit of a triple Riemann sum, provided the following limit exists: 
Equation: 


l mn 
* * * * 

jim | S F(T ijns Piger Zin)” igrATAPAZ 

2m gait 


triple integral in spherical coordinates 
the limit of a triple Riemann sum, provided the following limit exists: 
Equation: 


* * * 


LL 
; * \2., 
en > > F(Pigks Fins Pigk) (Pig) sin pApAdAy 


Calculating Centers of Mass and Moments of Inertia 


e Use double integrals to locate the center of mass of a two-dimensional object. 
e Use double integrals to find the moment of inertia of a two-dimensional object. 
e Use triple integrals to locate the center of mass of a three-dimensional object. 


We have already discussed a few applications of multiple integrals, such as finding areas, volumes, and the 
average value of a function over a bounded region. In this section we develop computational techniques for 
finding the center of mass and moments of inertia of several types of physical objects, using double integrals 
for a lamina (flat plate) and triple integrals for a three-dimensional object with variable density. The density 
is usually considered to be a constant number when the lamina or the object is homogeneous; that is, the 
object has uniform density. 


Center of Mass in Two Dimensions 


The center of mass is also known as the center of gravity if the object is in a uniform gravitational field. If the 
object has uniform density, the center of mass is the geometric center of the object, which is called the 
centroid. [link] shows a point P as the center of mass of a lamina. The lamina is perfectly balanced about its 
center of mass. 


A lamina is perfectly balanced on a spindle if the 
lamina’s center of mass sits on the spindle. 


To find the coordinates of the center of mass P(z, y) of a lamina, we need to find the moment M, of the 
lamina about the z-axis and the moment M, about the y-axis. We also need to find the mass m of the 
lamina. Then 

Equation: 


_ M, _ 
x= —andy = 
m 


Refer to Moments and Centers of Mass for the definitions and the methods of single integration to find the 
center of mass of a one-dimensional object (for example, a thin rod). We are going to use a similar idea here 
except that the object is a two-dimensional lamina and we use a double integral. 


M, 
m 


If we allow a constant density function, then z = Ms and y = give the centroid of the lamina. 


Suppose that the lamina occupies a region R in the zy-plane, and let p (z, y) be its density (in units of mass 
per unit area) at any point (a, y). Hence, p(x, y) = Jim, oe where Am and AA are the mass and area of 
> 


a small rectangle containing the point (z, y) and the limit is taken as the dimensions of the rectangle go to 0 
(see the following figure). 


(x, Y) 


Lamina 


The density of a lamina at a point is the limit of its 
mass per area in a small rectangle about the point 
as the area goes to zero. 


* * 
Just as before, we divide the region R into tiny rectangles R;; with area A.A and choose (x5, Vij) as sample 


points. Then the mass m,; of each R;; is equal to p (2;,, y;;) AA ([link]). Let & and I be the number of 


subintervals in x and y, respectively. Also, note that the shape might not always be rectangular but the limit 
works anyway, as seen in previous sections. 


(xj. Yi) Ri 


Subdividing the lamina into tiny rectangles R;;, 
* * 


each containing a sample point (z;;, y;;). 


Hence, the mass of the lamina is 
Equation: 


kool k ol 
m= fim Dm = in Dents )OA= ff oa 
q=1 7=1 i=l 9=1 
Let’s see an example now of finding the total mass of a triangular lamina. 


Example: 
Exercise: 


Problem: 
Finding the Total Mass of a Lamina 


Consider a triangular lamina R with vertices (0, 0), (0,3), (3,0) and with density 
Ce, y)—2y kg/m’. Find the total mass. 


Solution: 


A sketch of the region R is always helpful, as shown in the following figure. 


x+y=3 


dm = p(x, y)dA 


A lamina in the zy-plane with density 
p(z,y) = zy. 


Using the expression developed for mass, we see that 


Equation: 
2=3 y=3-zr p=8) 
y? 
[fam |f elena = / / cy dydz = / Ee 
R z=0 y=0 0 
3 


3 
| 


R 


1 =) 


2 _ | 9x? 3 De 
5 2(3 — 2) dx = |e -2 += 


I 


The computation is straightforward, giving the answer m = aL kg. 


Note: 
Exercise: 


Problem: 


Consider the same region R as in the previous example, and use the density function p(x, y) = ,/ry. 
Find the total mass. 


Solution: 


is 
“3 kg 


Now that we have established the expression for mass, we have the tools we need for calculating moments 
and centers of mass. The moment M,, about the x-axis for R is the limit of the sums of moments of the 
regions R,; about the z-axis. Hence 

Equation: 


Ma= mn 99> (H,)m= im D292 (7 )o (ones) a= [[ ween 


Similarly, the moment M, about the y-axis for R is the limit of the sums of moments of the regions R,; 
about the y-axis. Hence 


Equation: 
k ol ‘ k ol 
My = fim, 2297 (25) = tie, 29 (se (Poss) O4= ff soon 
Example: 
Exercise: 
Problem: 


Finding Moments 


Consider the same triangular lamina R with vertices (0,0), (0,3), (3,0) and with density 
p(x, y) = xy. Find the moments M, and My. 


Solution: 


Use double integrals for each moment and compute their values: 


Equation: 
2=3 y=3—-2 
9 81 
IM. = yp (z,y)dA = zy dy dz = 30” 
R e=0 G0 
Equation: 
z=3 y=3—-2 
9 81 
i zp(z,y)dA = x ydy dz = 5. 
R z=0 70 


The computation is quite straightforward. 


Note: 
Exercise: 


Problem: 


Consider the same lamina R as above, and use the density function p(x, y) = ,/xy. Find the moments 
M, and My. 


Solution: 


M, = 5 and M, = 3 


Finally we are ready to restate the expressions for the center of mass in terms of integrals. We denote the x- 


coordinate of the center of mass by x and the y-coordinate by y. Specifically, 


Equation: 
[[ro(waa [[wvenaa 
_ M - M, 
g=— = and y = 
m m 
[[eocouaa [[ecuaa 
R R 
Example: 
Exercise: 
Problem: 


Finding the Center of Mass 


Again consider the same triangular region R with vertices (0,0), (0,3), (3,0) and with density 
function p (x, y) = xy. Find the center of mass. 


Solution: 


Using the formulas we developed, we have 


Equation: 
fro z,y)dA 
- M, _ 81/20 6 
m NG 8 ie 
i i p(x, y)dA / 
R 
Equation: 


Therefore, the center of mass is the point (g, £), 
Analysis 


If we choose the density p (2, y) instead to be uniform throughout the region (i.e., constant), such as the 
value 1 (any constant will do), then we can compute the centroid, 
Equation: 


5? 9) is not exactly the same as the centroid (1, 1) of the triangular region. 
This is due to the variable density of R. If the density is constant, then we just use p (x, y) = c (constant). 
This value cancels out from the formulas, so for a constant density, the center of mass coincides with the 
centroid of the lamina. 


Notice that the center of mass (t 5 


Note: 
Exercise: 


Problem: 


Again use the same region R as above and the density function p (x, y) = ,/zy. Find the center of 
mass. 


Solution: 
—- My, _ 8in/64_ — _M, _ 81n/64 _ 9 
Cee Said 9n/8 = 3 andy = m 9n/8 8° 


Once again, based on the comments at the end of [link], we have expressions for the centroid of a region on 


the plane: 
Equation: 

ut fl xcdA wl / ydA 
and yo = 
ue 7 fl dA ™ fu faa dA 


We should use these formulas and verify the centroid of the triangular region R referred to in the last three 
examples. 


Le = 


Example: 
Exercise: 


Problem: 
Finding Mass, Moments, and Center of Mass 


Find the mass, moments, and the center of mass of the lamina of density p (x, y) = x + y occupying 


the region R under the curve y = 2” in the interval 0 < x < 2 (see the following figure). 
y 


Locating the center of mass of a 
lamina R with density 


p(z,y)=a2t+y. 


Solution: 


First we compute the mass m. We need to describe the region between the graph of y = x? and the 
vertical lines = 0 and x = 2: 


Equation: 
z=2 y=2? 2=2 2 y=2? 
m ce ae ff @+viyar= f Jev+¥ |i 
z=0 y=0 2=0 TM 
- 4 5] |e=2 
z=0 


Now compute the moments M, and M,: 
Equation: 


M, 


Equation: 


Finally, evaluate the center of mass, 
Equation: 


80 
y (a + y)dy dx = ae 


176 
dy dx = —. 
x(x + y)dydz ie 


[[eoemaa 


Pi M, _ 176/15 44 
Siri = ays — ore 
[[ocemaa / 
R 
[[ veya 
eo ie _, Sf _ i100 
US a = 36/5 — 63° 


Hence the center of mass is (x, y) = ( a 


Note: 
Exercise: 


Problem: 


Calculate the mass, moments, and the center of mass of the region between the curves y = x and 


44 100 
27? 63 


I play)dA 


i 


y = x’ with the density function p (a, y) = a in the interval 0 < x <1. 


Solution: 


Example: 
Exercise: 


Problem: 
Finding a Centroid 


Find the centroid of the region under the curve y = e” over the interval 1 < x < 3 (see the following 


figure). 


Finding a centroid of a region below the 
curve y = e”. 


Solution: 


To compute the centroid, we assume that the density function is constant and hence it cancels out: 
Equation: 


3|5 
r 
8 
= 
= 
< 
= 


c— = and y, Ms _ 
m 
// dA // dA 
z=3 y=e” 2=3 
[faa / / a dy dx / ze*dx 
Re = My, _ oR _ #=1_y=0 _ a= Je? 2e? 
Cc =, t= es = 2=3 a re ~~ PST? 
m [fea 3 y e'—e e2—1 
/ i dy dz e*dx 
oly) g=1 
z=3 y=e” 2=3 
2a 
[fvea / i) y dy dx ele 
12(.4 
_ Mrz _ RB __ 2=1_ y=0 meee _ (e4-1) _i 9 
c= a = $=0 yee" “  2=3 e(e?—1) ae (e + 1) 
dA 
/ dy dz e*dx 
cl 0: g=1 


Thus the centroid of the region is 
Equation: 


Yee «AN 
(Ze, Ye) = (= = ee (e ar i)). 


Note: 
Exercise: 


Problem: 


Calculate the centroid of the region between the curves y = az and y = ./z with uniform density in the 
interval0 < a2 <1. 


Solution: 
My, _ 1/18 _ 2 Mz _ 1/2 _ 4 
Vee a 1/6 5 and ye = =, 1/6 2 


Moments of Inertia 


For a clear understanding of how to calculate moments of inertia using double integrals, we need to go back 


to the general definition in Section 6.6. The moment of inertia of a particle of mass m about an axis is mr?, 


where r is the distance of the particle from the axis. We can see from [link] that the moment of inertia of the 
subrectangle R;; about the x-axis is (y;;)° p(X;;, yi;) MA. Similarly, the moment of inertia of the 


rae *\2 ‘ io . 
subrectangle R;; about the y-axis is (z,;) p(x;;, y;;) 4A. The moment of inertia is related to the rotation of 


the mass; specifically, it measures the tendency of the mass to resist a change in rotational motion about an 
axis. 


The moment of inertia 7, about the z-axis for the region R is the limit of the sum of moments of inertia of 
the regions R;; about the x-axis. Hence 
Equation: 


2 
I, = tim 3 (v:;) Miz = tim > > (v.,) p (2is.443) AA= i / yp (x, y)dA. 
R 


Similarly, the moment of inertia I, about the y-axis for FR is the limit of the sum of moments of inertia of the 
regions R,,; about the y-axis. Hence 
Equation: 


Sometimes, we need to find the moment of inertia of an object about the origin, which is known as the polar 
moment of inertia. We denote this by Jp and obtain it by adding the moments of inertia J, and I. Hence 
Equation: 


igp=i ed = ff + v)ole.waa. 
R 


All these expressions can be written in polar coordinates by substituting « = r cos 0, y = rsin @, and 
dA = r dr d@. For example, Ip = // r’p(rcos 6,7 sin 0)dA. 
R 


Example: 
Exercise: 


Problem: 
Finding Moments of Inertia for a Triangular Lamina 


Use the triangular region R with vertices (0, 0), (2, 2), and (2,0) and with density p(x, y) = ryas in 
previous examples. Find the moments of inertia. 


Solution: 


Using the expressions established above for the moments of inertia, we have 


Equation: 
a |[vote.naa= / | evtdyde = §, 
R z=0 y= 
C2 = 
a |[eeeaa = i | Pudyde = 3, 
R z=0 y=0 
7 iQ 
i — // (0? + y*)ole,y)da= ff (2? +v)aydyds 
R 0 0 
= I,+1,=8. 
Note: 
Exercise: 
Problem: 


Again use the same region R as above and the density function p(x, y) = ,/zy. Find the moments of 
inertia. 


Solution: 
a=2 y=" a=2 y=" 
z=0 y=0 z=0 y=0 
r=2 y=a 
iy (a? + y*),/aydy dx = 8. 


8 
ll 
= 
4 
ll 
i= 


As mentioned earlier, the moment of inertia of a particle of mass m about an axis is mr? where r is the 
distance of the particle from the axis, also known as the radius of gyration. 


Hence the radii of gyration with respect to the z-axis, the y-axis, and the origin are 


Equation: 
Ty [I Ty 
eg ee —¥ and Ry = 4/—, 
m m m 


respectively. In each case, the radius of gyration tells us how far (perpendicular distance) from the axis of 
rotation the entire mass of an object might be concentrated. The moments of an object are useful for finding 
information on the balance and torque of the object about an axis, but radii of gyration are used to describe 
the distribution of mass around its centroidal axis. There are many applications in engineering and physics. 
Sometimes it is necessary to find the radius of gyration, as in the next example. 


Example: 
Exercise: 


Problem: 
Finding the Radius of Gyration for a Triangular Lamina 


Consider the same triangular lamina R with vertices (0,0), (2, 2), and (2,0) and with density 
p(x, y) = xyas in previous examples. Find the radii of gyration with respect to the x-axis, the y-axis, 
and the origin. 


Solution: 
If we compute the mass of this region we find that m = 2. We found the moments of inertia of this 


lamina in [link]. From these data, the radii of gyration with respect to the x-axis, y-axis, and the origin 
are, respectively, 


Equation: 
R [Ie a= = (2-48 
16/3 2/6 
n= fe-\E=f8-¥ 
Note: 
Exercise: 
Problem: 


Use the same region R from [link] and the density function p (x, y) = ,/zy. Find the radii of gyration 
with respect to the z-axis, the y-axis, and the origin. 


Solution: 


_ 6/35 _ 6/15 _ 4/2 
Bett ar aN nS 


Hint 


Follow the steps shown in the previous example. 


Center of Mass and Moments of Inertia in Three Dimensions 


All the expressions of double integrals discussed so far can be modified to become triple integrals. 


Note: 
Definition 
If we have a solid object Q with a density function p (2, y, z) at any point (x, y, z) in space, then its mass is 


Equation: 
m= fffoeusav 
Q 


Its moments about the zy-plane, the xz-plane, and the yz-plane are 


Equation: 
Moy = [fou z)dV, M,, = [ff (x, y, z)dV, 
Q Q 
Ve = /I/ rp (x,y, z)dV. 
Q 


If the center of mass of the object is the point (2, Y; 2) , then 


Equation: 


Also, if the solid object is homogeneous (with constant density), then the center of mass becomes the 
centroid of the solid. Finally, the moments of inertia about the yz-plane, the xz-plane, and the ry-plane 


joe /If (y? + 27)o(2,y, 2)dV, 
Q 


Equation: 
i= /If (a? + 27) p(z,y, z)dV, 
Q 


— /If (x? + y*)p (zx, y, z)dV. 
Q 


Example: 
Exercise: 


Problem: 
Finding the Mass of a Solid 


Suppose that Q is a solid region bounded by x + 2y + 3z = 6 and the coordinate planes and has 
density p (x,y,z) = xyz. Find the total mass. 


Solution: 


The region Q is a tetrahedron ([link]) meeting the axes at the points (6, 0,0), (0, 3,0), and (0, 0,2). To 


find the limits of integration, let z = 0 in the slanted plane z = + (6 — g — 2y). Then for x and y find 


the projection of Q onto the zy-plane, which is bounded by the axes and the line x + 2y = 6. Hence 
the mass is 


Equation: 


z=6 y=1/2(6—-x) z=1/3(6—x—2y) 
108 


m= fff o(e.u.2av = i i / xyz dzdydx = a 
Q x 


=0 y=0 z=0 


= 3.086. 


Zz 


xX+2y+3z=6 


Finding the mass of a three- 
dimensional solid Q. 


Note: 
Exercise: 


Problem: 
Consider the same region Q ([link]), and use the density function p (2, y, z) = xy*z. Find the mass. 
Solution: 


54 __ 
54 — 1.543 


Hint 


Follow the steps in the previous example. 


Example: 
Exercise: 


Problem: 
Finding the Center of Mass of a Solid 


Suppose Q is a solid region bounded by the plane x + 2y + 3z = 6 and the coordinate planes with 
density p(x, y, z) = xyz (see [link]). Find the center of mass using decimal approximation. 


Solution: 


We have used this tetrahedron before and know the limits of integration, so we can proceed to the 


computations right away. First, we need to find the moments about the zy-plane, the xz-plane, and the 


yz-plane: 
Equation: 


z=6 y=1/2(6—z) 


May = [ff 20 (2.v,24V = 
Q 


z=0 


y=0 


z=1/3(6—z—2y) 
4 
a yz*dz dy dx = = = 1.543, 


z=0 


z=6 y=1/2(6—z) z=1/3(6—x—2y) 


Maz = [ff ve(e.u2av = / 
Q 


z=0 


y=0 


81 
xyz dz dy dz = ne w 2.314, 


2=0 


2z=6 y=1/2(6—z) z=1/3(6—x—2y) 


My. = fff 20 (2,y,24Vv = / 
Q x 


243 
a> yz dz dy dz = ae = 6.943. 


=0 y=0 z=0 
Hence the center of mass is 
Equation: 
ae My. Ts Mz, ee Myy 
| m a m z= m? 
= M, 243/35 243 
— ye — — 
i= f0s/35 «08 2.25, 
5 ey, — Se _ gt — 
Y= m= 108/35 — 108 = 0.75, 
= mM 54/35 54 
= Ly — — 
a= a = 10s/as 7 108 0.5. 


The center of mass for the tetrahedron Q is the point (2.25, 0.75, 0.5). 


Note: 


Exercise: 


Problem: 


Consider the same region Q ([link]) and use the density function p (x, y, z) = ry*z. Find the center of 
mass. 


Solution: 
3 ® il 
(ee) 
Hint 


Check that M,, = a. Me — — and M,, = = Then use m from a previous checkpoint question. 


We conclude this section with an example of finding moments of inertia J,, I, and I,. 


Example: 
Exercise: 


Problem: 
Finding the Moments of Inertia of a Solid 


Suppose that Q is a solid region and is bounded by x + 2y + 3z = 6 and the coordinate planes with 
density p(x, y, 2) = xyz (see [link]). Find the moments of inertia of the tetrahedron Q about the 
yz-plane, the xz-plane, and the ry-plane. 


Solution: 
Once again, we can almost immediately write the limits of integration and hence we can quickly 


proceed to evaluating the moments of inertia. Using the formula stated before, the moments of inertia 
of the tetrahedron @ about the xy-plane, the xz-plane, and the yz-plane are 


Equation: 
I, = II (y? Se 2’) p (x,y, z)dV, 
Q 
i= /I/ (x? =p 2 )p(a,y, z)dV, 
Q 
and 
Equation: 


I,= Ill (x? + y”)p (x, y, z)dV with p (a, y, z) = x7 yz. 
Q 


Proceeding with the computations, we have 
Equation: 


z=6 y=7(6—-2) 2=3(6—-2—2y) 


I, = I] (y? + z’)xyzdV = i / i (y? cc 2) a yz dz dy dx a alti ~ 3.343, 
Q xz=0 y=0 z=0 


z=6 y=4(6—-2) 2=%(6—2-2y) 


j= Il G. = 2) x? yz aV = / il / («? a 2) xyz dz dy dx = 684 ~ 19.543, 
Q xz=0 y=0 z=0 


a=6 y=z(6—a) 2=3(6—2—2y) 


I, = /I/ (ee = y’) a? yz dV = / / / (x? & y?) 2? yz dz dy dx = ie) ~ 20.829. 
Q z=0 y=0 z=0 


Thus, the moments of inertia of the tetrahedron Q about the yz-plane, the xz-plane, and the ry-plane 
are 117/35, 684/35, and 729/35, respectively. 


Note: 
Exercise: 


Problem: 


Consider the same region Q ({link]), and use the density function p (x, y, z) = xy”z. Find the moments 
of inertia about the three coordinate planes. 


Solution: 


The moments of inertia of the tetrahedron Q about the yz-plane, the xz-plane, and the xy-plane are 
99/35, 36/7, and 243/35, respectively. 


Key Concepts 
Finding the mass, center of mass, moments, and moments of inertia in double integrals: 
¢ Fora lamina R with a density function p (x, y) at any point (2, y) in the plane, the mass is 


m= [fo(anaa 


e The moments about the z-axis and y-axis are 
Equation: 


Me= [f vo(evtasnast = ff so(ex)aa 


i se — My ~ M, 
¢ The center of mass is given by x = —-,y= =. 


The center of mass becomes the centroid of the plane when the density is constant. 
The moments of inertia about the z — axis, y — axis, and the origin are 


Equation: 
LS |[Pote.naa, i= |[Pocnaa, and Ip = I, + I. -|/ (2" + y")p (a, y)dA. 
R R 


Finding the mass, center of mass, moments, and moments of inertia in triple integrals: 


¢ For a solid object Q with a density function p (2, y, z) at any point (z, y, z) in space, the mass is 


m= fff o(.waav. 


e¢ The moments about the zy-plane, the xz-plane, and the yz-plane are 


Equation: 
May = [ff 20(.4,24V, Mes = fff ve (e.4.24V, My = fff 20 (2,y,2aV 
Q Q Q 
e The center of mass is given by x = sale yr Me 2 ies 


The center of mass becomes the centroid of the solid when't the density is constant. 
The moments of inertia about the yz-plane, the xz-plane, and the xy-plane are 


Equation: 
te= fff w+ 2)o@uaavity= fff (+ 2)o@uaav, 
Q Q 


L= II (x? + y”)p(z,y, z)dV. 
Q 


Key Equations 


e Mass of a rae 
k ol 
m= im, 9) omy = tim. 790 play 43)4 = [fev 
4=1 79> tal st 
¢ Moment eel wes -axis 
k ol 

Mz = ay (vis) ma = Jim 37 (us) olin) = / yo(e, ud 

e Moment peu sa y-axis 


k I 
My, = gm OY (= i) my = im DS 


(xis) (wip Yi; )AA =, // rp(z,y)dA 
=1 
R 
e Center of mass of a lamina 


ee 
™ // p(z,y)dA m il oe 


In the following exercises, the region R occupied by a lamina is shown in a graph. Find the mass of R with 
the density function p. 
Exercise: 


Problem: RF is the triangular region with vertices (0,0), (0,3), and (6,0); p(z, y) = zy. 


Solution: 


2 
Exercise: 


Problem: R is the triangular region with vertices (0,0), (1,1), (0,5); p(z,y) =x+y. 


Oo 0204 0608 1%* 
Exercise: 


Problem: R is the rectangular region with vertices (0,0), (0,3), (6,3), and (6,0); p(z, y) = ./zy. 


Solution: 


24,/2 


Exercise: 


Problem: R is the rectangular region with vertices (0, 1), (0, 3), (3, 3), and (3, 1); p(x, y) = xy. 


y 
4 


Exercise: 


Problem: 


R is the trapezoidal region determined by the lines y = — ra + 34y =0,y = 2, and z = 0; 
p(z,y) = 3zy. 


Solution: 


76 
Exercise: 
Problem: 


RF is the trapezoidal region determined by the lines y = 0, y = 1, y = a, and 
y=—2+3;p(z,y) =2r+y. 


Exercise: 


Problem: R is the disk of radius 2 centered at (1,2); p(z,y) =2? + y? — 2x — 4y+ 5. 


A 


-1-05 0 05 115 2 25 3% 


Solution: 


8r 


Exercise: 


Problem: R is the unit disk; p (z, y) = 3x* + 6x7y? + 3y*. 


Exercise: 


Problem: R is the region enclosed by the ellipse x? + 4y? = 1; p(z,y) =1. 


Solution: 


wT 


2 


Exercise: 


Problem: R = {(x,y)|9x? + y? < 1,2 >0,y> 0}; p(x, y) = 9x? + 9. 


Exercise: 


Problem: R is the region bounded by y = z,y = —z,y=2+2,y=—2+2; p(z,y) =1. 


os 


Solution: 


2 


Exercise: 


Problem: RF is the region bounded by y ayy iy 1, and y = 2;p(z,y) =4(x+y). 


In the following exercises, consider a lamina occupying the region R and having the density function p given 
in the preceding group of exercises. Use a computer algebra system (CAS) to answer the following questions. 


a. Find the moments M, and M, about the z-axis and y-axis, respectively. 
b. Calculate and plot the center of mass of the lamina. 
c. [T] Use a CAS to locate the center of mass on the graph of R. 


Exercise: 
Problem: [T] F is the triangular region with vertices (0,0), (0,3), and (6,0); p(x, y) = zy. 


Solution: 


Exercise: 


Problem: [T] F is the triangular region with vertices (0,0), (1,1), and (0,5); p(z,y)=x+y. 
Exercise: 


Problem: 
[T] F is the rectangular region with vertices (0,0), (0,3), (6,3), and (6,0); p(x, y) = ./zy. 
Solution: 


_ 21672 oo ABI Pee. 2 AB See 
aM, = == My = Si bce y= 
C. 


ao 


? 


ws 


Exercise: 


Problem: [T] R is the rectangular region with vertices (0, 1), (0, 3), (3,3), and (3,1); p(z, y) = xy. 
Exercise: 


Problem: 


[T] FR is the trapezoidal region determined by the lines y = —f2 + 3, y=0,y = 2,andz = 0; 
p(z,y) = 3zy. 


Solution: 


_ 368 — 1552, Bice a Oa te coe DOO t 
a. M, = —=,M, = —";b.2= Fy = 3 
Gy 


Exercise: 


Problem: 


[T] FR is the trapezoidal region determined by the lines y = 0, y = 1, y = a, and 
y=—a+3;p(z,y) =2r+y. 


Exercise: 


Problem: [T] R is the disk of radius 2 centered at (1,2); p(z,y) = 2? +y? — 2x —4y+5. 
Solution: 


aM, = 1670; = 87s b: 2 1, 92; 
oF 


> — 
-1-05 0 05 115 2 25 3% 


Exercise: 


Problem: [T] R is the unit disk; p (x, y) = 3x4 + 6x7y? + 3y+. 


Exercise: 


Problem: [T] R is the region enclosed by the ellipse 2? + 4y” = 1; p(x, y) = 1. 


Solution: 


0.2 04 06 0.8 


Exercise: 


Problem: [T] R = {(x,y)|9x? + y? < 1,2 >0,y > 0}; p(z,y) = /9x? + y?. 


Exercise: 


Problem: [T] F is the region bounded by y = z,y = —2,y=2+2, andy = —x+4 2; p(z,y) = 1. 
Solution: 


a Mo 2, M0; bie = 0,1 
Cy 


Noss 


-1 —0.5 ) 0.5 1* 


Exercise: 


Problem: [T] # is the region bounded by y i, y ay 1,and y = 2; p(z,y) =4(@+ y). 


In the following exercises, consider a lamina occupying the region R and having the density function p given 
in the first two groups of Exercises. 


a. Find the moments of inertia I,, I, and Ip about the x-axis, y-axis, and origin, respectively. 
b. Find the radii of gyration with respect to the x-axis, y-axis, and origin, respectively. 


Exercise: 
Problem: RF is the triangular region with vertices (0,0), (0,3), and (6,0); p(z, y) = zy. 
Solution: 


al, = 22.7 


243. J, — 486. and Ip = 8; b. R, = 2¥5, R, = 83, and Ry =3 


Exercise: 


Problem: £ is the triangular region with vertices (0,0), (1,1), and (0,5); p(z,y) =a+y. 


Exercise: 


Problem: R is the rectangular region with vertices (0,0), (0,3), (6,3), and (6, 0); p (a, y) = ./zy. 


Solution: 


ani UAE eee 648/2 vand Ip = = 2?» R, = EE i 3V21 ,and Ry 3Vv105 
Exercise: 
Problem: R is the rectangular region with vertices (0, 1), (0,3), (3, 3), and (3, 1); p(x, y) = xy. 


Exercise: 


Problem: 


RF is the trapezoidal region determined by the lines y = — 42 + 3 ,y=0,y=2, and 
t= 0;p(x,y) = 3zy. 


Solution: 


a. I, = 88, Iy = 1560, and Ip = 1648; b. Rr = “#8, Ry = YO and Ry = 2¥4982 
Exercise: 
Problem: 
RF is the trapezoidal region determined by the lines y = 0, y = 1, y = a, and 
y=—a+3;p(z,y) =2r+y. 


Exercise: 


Problem: R is the disk of radius 2 centered at (1,2); p(z, y) = a? + y? — 2a —4y+5. 


Solution: 


_ 128 _ 56 _ 1847, _ 4v3 _ v2i _ vV69 
al, = 3 dy = 737, and Ip = —3*; b. Ry = =~, Ry = 4, and Ro = > 


Exercise: 


Problem: R is the unit disk; p (x, y) = 3x4 + 6x?y? + 3y%. 


Exercise: 


Problem: R is the region enclosed by the ellipse x” + 4y? = 1; p(a, y) = 1. 


Solution: 
Seep pa =) bre = i Ale — v5 
aI, = 31, = F,andIp = 5b. R, = 7, Ry = 7, and Ry = FY 
Exercise: 


Problem: R = {(zx,y)|9x? + y? < 1,2 >0,y > 0}; p(z,y) = /9x? + y?. 


Exercise: 


Problem: R is the region bounded by y = z,y = —2,y= 2+ 2,andy = —x+ 2; p(az,y) =1. 


Solution: 


Exercise: 


Problem: RF is the region bounded by y ayy yy 1,and y = 2;p(z,y) =4(x+ y). 


Exercise: 


Problem: 


Let Q be the solid unit cube. Find the mass of the solid if its density is equal to the square of the 
distance of an arbitrary point of Q to the xy-plane. 


Solution: 


a3, hl 
ih 3 
Exercise: 


Problem: 


Let Q be the solid unit hemisphere. Find the mass of the solid if its density p is proportional to the 
distance of an arbitrary point of Q to the origin. 


Exercise: 


Problem: 


The solid Q of constant density 1 is situated inside the sphere x? + y” + z” = 16 and outside the 
sphere 2? + y? + z? = 1. Show that the center of mass of the solid is not located within the solid. 


Exercise: 


Problem: 


Find the mass of the solid Q = {(x, y, z)|1 < a7 + 2? <5, <1 — 2? — z’\ whose density is 
p(x, y, z) = k, where k > 0. 


Exercise: 


Problem: 


[T] The solid Q = {(z, y, z)|z? + y? < 9,0 < z<1,2>0,y > 0} has density equal to the distance 
to the zy-plane. Use a CAS to answer the following questions. 


a. Find the mass of Q. 

b. Find the moments M,,, M,z,and M,, about the zy-plane, xz-plane, and yz-plane, respectively. 
c. Find the center of mass of Q. 

d. Graph Q and locate its center of mass. 


Solution: 


am=b My = >, Ma=  My,= Ste= 2, 9= 2.2 = 7d the solid Q and iis 


center of mass are shown in the following figure. 


Exercise: 


Problem: 


Consider the solid Q = {(z, y, z)|0 << @<1,0<y< 2,0 < z < 3} with the density function 
p(2,Y; 2) =ar+yt+1. 


a. Find the mass of Q. 
b. Find the moments M,,, M,z,and M,, about the xy-plane, xz-plane, and yz-plane, respectively. 
c. Find the center of mass of Q. 


Exercise: 


Problem: 
1. ob 
[T] The solid Q has the mass given by the triple integral 7 J / r’dr d0 dz. Use a CAS to answer 
-1 0 0 
the following questions. 


a. Show that the center of mass of Q is located in the zy-plane. 
b. Graph Q and locate its center of mass. 


Solution: 

- yg - __ 3(2-v2) ee : 7 : j 
at = 3>,y = zy, z = 0; b. the solid Q and its center of mass are shown in the following 
figure 


Exercise: 
Problem: 
The solid Q is bounded by the planes x + 4y + z= 8,2 = 0,y = 0, and z = 0. Its density at any 


point is equal to the distance to the xz-plane. Find the moments of inertia I, of the solid about the 
xz-plane. 


Exercise: 
Problem: 
The solid Q is bounded by the planes x + y+ z= 3, 4 = 0,y = 0, and z = 0. Its density is 


p(x, y, Z) = x + ay, where a > 0. Show that the center of mass of the solid is located in the plane 
z= 2 for any value of a. 


Exercise: 


Problem: 


oe Q pe the pone situated outside the sphere x? + y? + z? = z and inside the upper hemisphere 


x? +y? +z? = R?, where R > 1. If the density of the solid is p (2, y, z) = TS find R such 


that the mass of the solid is = 


Exercise: 
Problem: 
2 V4-a2 V/16—-2?-¥ 
The mass of a solid Q is given by i i, : (2? + y%+ Ze) "dz dy dx, where n is an 


0 0 ze +y2 
integer. Determine n such the mass of the solid is (2 — v2) Tr. 


Solution: 


n=-2 
Exercise: 
Problem: 
Let Q be the solid bounded above the cone x? + y? = z” and below the sphere 


x? + y* + 27 — 4z = 0. Its density is a constant k > 0. Find k such that the center of mass of the solid 
is situated 7 units from the origin. 


Exercise: 


Problem: 


The solid Q = {(a,y, z)|(0 < 27 +y < 16,2 >0,y > 0,0 < z < z} has the density 
p(x, y, z) = k. Show that the moment M,, about the zy-plane is half of the moment M,, about the 
yz-plane. 


Exercise: 
Problem: 


The solid Q is bounded by the cylinder x? + y? = a?, the paraboloid b? — z = x? + y’”, and the 
i es where 0 < a < b. Find the mass of the solid if its density is given by 


(x,y,z) = fa? +y?. 
Exercise: 


Problem: 


Let Q be a solid of constant density k, where k > 0, that is located in the first octant, inside the circular 
cone x? + y? = 9(z — 1)”, and above the plane z = 0. Show that the moment Mozy about the zy-plane 
is the same as the moment M,, about the xz-plane. 


Exercise: 


1 1/2 
Problem: The solid Q has the mass given by the triple integral i J rt r) \dz dé dr. 
0 0 0 


a. Find the density of the solid in rectangular coordinates. 
b. Find the moment M,,, about the zy-plane. 


Exercise: 


Problem: 


The solid Q has the moment of inertia J, about the yz-plane given by the triple integral 


2 view Vere 
/ / / (y° + Zz) (2 + y”)dz dx dy. 
0 Vay Het?) 


a. Find the density of Q. 
b. Find the moment of inertia J, about the zy-plane. 


Solution: 


a. p (x,y,z) = 2? + y";b. Bt 
Exercise: 


Problem: 


m/4 2sec@ 1 
The solid @ has the mass given by the triple integral / i (r° cos # sin 86 + 2r) dz dr dé. 
0 oOo oO 


a. Find the density of the solid in rectangular coordinates. 
b. Find the moment M,, about the xz-plane. 


Exercise: 
Problem: 


Let Q be the solid bounded by the xy-plane, the cylinder x? + y? = a”, and the plane z = 1, where 


a > 1is areal number. Find the moment Mz, of the solid about the zy-plane if its density given in 


cylindrical coordinates is p (r, 0, z) = = (r), where f is a differentiable function with the first and 


second derivatives continuous and differentiable on (0, a). 


Solution: 


Mz, = 7 (f (0) — f (a) + af! (a) 
Exercise: 


Problem: 


b 
A solid Q has a volume given by | / / dA dz, where D is the projection of the solid onto the 
D a 


xy-plane and a < bare real numbers, and its density does not depend on the variable z. Show that its 
center of mass lies in the plane z = arb 


Exercise: 
Problem: 
Consider the solid enclosed by the cylinder x? + z? = a? and the planes y = b and y = c, where a > 0 
and b < care real numbers. The density of Q is given by p (a, y, z) = f(y), where f is a differential 


function whose derivative is continuous on (6, c). Show that if f (b) = f (c), then the moment of inertia 
about the xz-plane of Q is null. 


Exercise: 


Problem: 


[T] The average density of a solid Q is defined as Pave = vig Il p(z,y,z)dV = Vo)? where 
Q 


V (Q) and mare the volume and the mass of Q, respectively. If the density of the unit ball centered at 


the origin is p(x, y, z) = ee case use a CAS to find its average density. Round your answer to three 


decimal places. 
Exercise: 


Problem: 


Show that the moments of inertia J, Iy, and I, about the yz-plane, xz-plane, and xy-plane, 


respectively, of the unit ball centered at the origin whose density is p(x, y, z) = e* —¥'—*" are the 


same. Round your answer to two decimal places. 
Solution: 


I, =I, = 1, ~ 0.84 


Glossary 


radius of gyration 
the distance from an object’s center of mass to its axis of rotation 


Change of Variables in Multiple Integrals 


e Determine the image of a region under a given transformation of variables. 
¢ Compute the Jacobian of a given transformation. 

e Evaluate a double integral using a change of variables. 

e Evaluate a triple integral using a change of variables. 


Recall from Substitution Rule the method of integration by substitution. When evaluating an integral such as 


3 
/ a(x? — 4) de, we substitute u = g(x) = x? — 4. Then du = 22 dz oraz dz = +du and the limits change to 
2 


5] 
u = g(2) = 2? —4= 0 andu = g(3) = 9 —4=5. Thus the integral becomes / audu and this integral is 
0 
much simpler to evaluate. In other words, when solving integration problems, we make appropriate substitutions to 


obtain an integral that becomes much simpler than the original integral. 


We also used this idea when we transformed double integrals in rectangular coordinates to polar coordinates and 
transformed triple integrals in rectangular coordinates to cylindrical or spherical coordinates to make the 
computations simpler. More generally, 

Equation: 


/ a / f (9(u))g"(u)du, 


Where z = g(u), dx = gi(u)du, and u = c and u = d satisfy c = g(a) andd = g(b). 


A similar result occurs in double integrals when we substitute z = h(r, 0) = rcos 0, y = g(r, 6) = rsin 9, and 
dA = dz dy = r dr dO. Then we get 


Equation: 
|] tena = ff t 0086, sin8)r dra 
R s 


where the domain R is replaced by the domain S in polar coordinates. Generally, the function that we use to 
change the variables to make the integration simpler is called a transformation or mapping. 


Planar Transformations 


A planar transformation T is a function that transforms a region G' in one plane into a region R in another plane 
by a change of variables. Both G and R are subsets of R?. For example, [link] shows a region G in the wv-plane 
transformed into a region R in the zy-plane by the change of variables x = g (u,v) and y = h (u,v), or 
sometimes we write z = x (u,v) and y = y(u, v). We shall typically assume that each of these functions has 
continuous first partial derivatives, which means g,,, gy, h,, and hy, exist and are also continuous. The need for this 
requirement will become clear soon. 


xX = g(u, Vv) 
y = hy, v) 


Cartesian uv-plane Cartesian xy-plane 


The transformation of a region G in the wv-plane into a region F in the zy-plane. 


Note: 

Definition 

A transformation T: G — R, defined as T (u, v) = (a, y), is said to be a one-to-one transformation if no two 
points map to the same image point. 


To show that T is a one-to-one transformation, we assume T' (ui, v1) = T (ue, v2) and show that as a 
consequence we obtain (wi, v1) = (we, v2). If the transformation T is one-to-one in the domain G, then the 
inverse T~' exists with the domain R such that T~! o T and T o T~? are identity functions. 


[link] shows the mapping T (u,v) = (a, y) where x and y are related to u and v by the equations x = g (u,v) and 
y = h(u, v). The region G is the domain of T' and the region R is the range of T’, also known as the image of G 
under the transformation T’. 


Example: 
Exercise: 


Problem: 
Determining How the Transformation Works 


Suppose a transformation T is defined as T (r, 0) = (x, y) where = rcos 0, y = r sin 9. Find the image 
of the polar rectangle G = {(r,0)|0 <r < 1,0 < 0 < 7/2} in the r@-plane to a region R in the zy-plane. 
Show that T is a one-to-one transformation in G and find T’“! (a, y). 


Solution: 


Since r varies from 0 to 1 in the r6-plane, we have a circular disc of radius 0 to 1 in the xy-plane. Because 
6 varies from 0 to 7/2 in the r6-plane, we end up getting a quarter circle of radius 1 in the first quadrant of 
the zy-plane ([link]). Hence R is a quarter circle bounded by xz” + y? = 1 in the first quadrant. 


xX =rcosé 
y=rsine 
7 
r 
Cartesian ré-plane Cartesian xy-plane 


A rectangle in the r@-plane is mapped into a quarter circle in the zy-plane. 


In order to show that T is a one-to-one transformation, assume T' (71,01) = T (r2, 02) and show as a 
consequence that (71,01) = (r2, 92). In this case, we have 
Equation: 


T (ri, 91) => T (r2, 92), 
(x1, 41) = (er yi); 


(ricos 61, 71sin 01) = (racos 6, rosin 02), 
rycos0; = r2cos 69,7 sin 6, = resin 9». 
Dividing, we obtain 
Equation: 
ricos@,; __ = rgcos 0 
risin@,; — rgsin@ 
cos6; _ cos 
sin 0, sin 0 
tan@; = tan6, 
0, = 4 


since the tangent function is one-one function in the interval 0 < 0 < 7/2. Also, since 0 < r < 1, we have 
11 = 12,01 = Oy. Therefore, (71,61) = (172,62) and T is a one-to-one transformation from G into R. 


To find T+ (z, y) solve for r, @ in terms of a, y. We already know that r? = x? + y? and tan 0 = x, Thus 
T~* (,y) = (r, 9) is defined as r = »/x? + y? and 6 = tan (4) 


a)* 


Example: 
Exercise: 


Problem: 
Finding the Image under T 


Let the transformation T' be defined by T (u,v) = (x,y) where z = u? — v” and y = uv. Find the image of 
the triangle in the wv-plane with vertices (0,0), (0, 1), and (1, 1). 


Solution: 


The triangle and its image are shown in [link]. To understand how the sides of the triangle transform, call the 
side that joins (0,0) and (0, 1) side A, the side that joins (0,0) and (1, 1) side B, and the side that joins 
(1,1) and (0,1) side C. 


A triangular region in the wv-plane is transformed into an image in the zy-plane. 


For the side A: u = 0,0 < v < 1 transforms to z = —v”, y = 0 so this is the side A/ that joins (—1, 0) and 
(0,0). 


For the side B: u = v, 0 < u < 1 transforms to z = 0, y = u” so this is the side B’ that joins (0, 0) and 
(0,1). 


For the side C:0 < u < 1,v = 1 transforms to x = u? — 1, y = u (hence x = y” — 1) so this is the side 
C’ that makes the upper half of the parabolic arc joining (—1, 0) and (0, 1). 


All the points in the entire region of the triangle in the uv-plane are mapped inside the parabolic region in 
the xy-plane. 


Note: 
Exercise: 


Problem: 
Let a transformation T be defined as T (u, v) = (x, y) where « = u+ v, y = 3v. Find the image of the 


rectangle G = {(u,v):0 <u < 1,0 < v < 2} from the wv-plane after the transformation into a region R 
in the zy-plane. Show that T is a one-to-one transformation and find T~! (BB). 


Solution: 


ees 
and v = 3 


—1 -, a 325 
T(x, y) = (u,v) where u = = 
Hint 


Follow the steps of [link]. 


Jacobians 


Recall that we mentioned near the beginning of this section that each of the component functions must have 
continuous first partial derivatives, which means that gy, gv, hy, and h, exist and are also continuous. A 
transformation that has this property is called a C’! transformation (here C’ denotes continuous). Let 

T (u,v) = (g (u,v), h (u,v)), where z = g(u,v) and y = h (u,v), be a one-to-one C’ transformation. We want 
to see how it transforms a small rectangular region S, Aw units by Av units, in the uv-plane (see the following 
figure). 


A small rectangle S in the wv-plane is transformed into a region R in the zy-plane. 


Since x = g(u,v) and y = h(u, v), we have the position vector r (u,v) = g(u, v)i + h (u, v)j of the image of 
the point (wu, v). Suppose that (uo, vo) is the coordinate of the point at the lower left corner that mapped to 

(x0, yo) = T (uo, vo). The line v = vp maps to the image curve with vector function r (w, vo), and the tangent 
vector at (2, yo) to the image curve is 

Equation: 


: . Ox, Oy, 
Tu = Gu (uo, vo)i + hy (uo, vo)J = Aa + Ses: 


Similarly, the line w = uo maps to the image curve with vector function r (wo, v), and the tangent vector at 
(0, yo) to the image curve is 

Equation: 

Ox Oy 


pees 


Py = Qy (uo, vo)i + hy (uo, Vo)j = Do Bu 


Now, note that 


Equation: 
r (up + Au, v9) — r (uo, vo) 
ry = dim, Ae sor (uo + Au, vo) — r (uo, vo) © Aury. 
Similarly, 
Equation: 
Ax) = 
r, = li nua Aye (959) sor (uo, Yo + Av) — r (uo, v0) © Avry. 


~~ A330 Av 


This allows us to estimate the area AA of the image R by finding the area of the parallelogram formed by the 
sides Avr, and Aur,,. By using the cross product of these two vectors by adding the kth component as 0, the area 
AA of the image R (refer to The Cross Product) is approximately |Aur,, x Avr,| = |ru x ry|AuAv. In 
determinant form, the cross product is 


Equation: 

i j k 
Ox oy 

: gee dx dy Ox 

xa le o -[e Se (Fm soe) 

iL 

ac yg) bw ne 

Ov Ov 


Since |k| = 1, we have AA & |r, x r,|AuAv = (= OY 2 Be St) AuAv, 


Note: 

Definition 

The Jacobian of the C’ transformation T (u,v) = (g (u,v), h (u,v)) is denoted by J (u,v) and is defined by the 
2 x 2 determinant 


Equation: 
Jur) = |2@o|_ |e 3 -(% Oy — Ow a) 
"1 A(ujv)} ja &) du dv dv du)’ 
Ov Ov 
Using the definition, we have 
Equation: 
O(a, 
AA = J(u, v)AuAv = (2,9) AuAv. 
O (u,v) 
Note that the Jacobian is frequently denoted simply by 
Equation: 
d(z,y) 
J (u,v) = . 
a O (u,v) 
Note also that 
Equation: 
ha 0 Ox Ox 
ie oe 7 Ox Oy Ox Oy _ oe av 
de Oy Ou dv Ov Ou dy oy 
Ov ov dv 


(x,y) 
O(u,v) 
first row and partials of y in the second row. 


Hence the notation J (u,v) = suggests that we can write the Jacobian determinant with partials of x in the 


Example: 


Exercise: 


Problem: 
Finding the Jacobian 


Find the Jacobian of the transformation given in [link]. 
Solution: 


The transformation in the example is T (r, 0) = (r cos 6, r sin 8) where « = r cos @ and y = r sin 6. Thus 
the Jacobian is 


Equation: 
Teo A(a,y) _ a aa _ |jcos6 = =—rsin# 
. ~ O(r,8) ~~ | Oy oy! |sin 6 rcos 0 
Or (ey) 
=rcos*6+rsin?é=r (cos?6 + sin’6) = Pp, 
Example: 
Exercise: 
Problem: 


Finding the Jacobian 
Find the Jacobian of the transformation given in [link]. 
Solution: 


The transformation in the example is T' (u,v) = (wu? — v?, wv) where x = u” — v? and y = uv. Thus the 
Jacobian is 


Equation: 
Ox Ox 
Olz,y) |e ov |_ |2u 
J (u,v) = = = Qu? + 2v?. 
( ? ) O(u, v) — & —2v 
Note: 
Exercise: 


Problem: Find the Jacobian of the transformation given in the previous checkpoint: T (wu, v) = (w+ v, 2v). 


Solution: 
Ox Ox 
Oxy) __ Ou ‘Ov a 1 1 _ 
J(u,%) = aay = Oy mln al =" 
Ou Ov 


Hint 


Follow the steps in the previous two examples. 


Change of Variables for Double Integrals 


We have already seen that, under the change of variables T (u,v) = (a, y) where = g(u,v) andy=h(u,v),a 
small region AA in the ry-plane is related to the area formed by the product AwAv in the wv-plane by the 


approximation 
Equation: 


AA = J (u,v)Au, Av. 


Now let’s go back to the definition of double integral for a minute: 
Equation: 


// f(x,y)dA = mila, > > f (wij, Yig AA. 
R 


i=1 j=l 


Referring to [link], observe that we divided the region S in the uv-plane into small subrectangles S;; and we let 
the subrectangles R,; in the zy-plane be the images of $;; under the transformation T (u,v) = (a, y). 


(Xj, Yij) 


The subrectangles $;; in the wv-plane transform into subrectangles R;; in the ry-plane. 


Then the double integral becomes 


Equation: 
|] fea = tim SOY Fleasuy)A = tim OF 
: i=1 j=l i=1 j=l 


Notice this is exactly the double Riemann sum for the integral 


Equation: 
ff fatearroom pea 


(9 (wiz, Vij), (uaz, Vig)) [J (wiz, vig) |AuAv 


au dv. 


Note: 

Change of Variables for Double Integrals 

Let T (u,v) = (x,y) where x = g(u, v) and y = h(u, v) be a one-to-one C' transformation, with a nonzero 
Jacobian on the interior of the region S$ in the wv-plane; it maps S into the region R in the xy-plane. If f is 


continuous on R, then 
= O(z,y) 
i f (2,y)dd = i F(a(uv)h(ue)) | 5% awa 


Equation: 


With this theorem for double integrals, we can change the variables from (2, y) to (w, v) in a double integral 
simply by replacing 

Equation: 

O(z,y) 
O(u, v) 


dA = dx dy = | tudy 


when we use the substitutions z = g(u, v) and y = h(w, v) and then change the limits of integration accordingly. 


This change of variables often makes any computations much simpler. 


Example: 
Exercise: 


Problem: 
Changing Variables from Rectangular to Polar Coordinates 


Consider the integral 


Equation: 
2 V2x—x2 
/ i Va +y? dydz. 
0 0 


Use the change of variables x = r cos # and y = r sin 8, and find the resulting integral. 


Solution: 


First we need to find the region of integration. This region is bounded below by y = 0 and above by 
y = V 2x — x? (see the following figure). 
y 


Changing a region from 
rectangular to polar 
coordinates. 


Squaring and collecting terms, we find that the region is the upper half of the circle x” + y? — 22 = 0, that 
is, y*? + (2 — 1 = 1. In polar coordinates, the circle is r = 2 cos @ so the region of integration in polar 
coordinates is bounded by 0 < r < cos@and0 <@< a 


The Jacobian is J (r,@) = r, as shown in [link]. Since r > 0, we have |J (r, @)| =r. 


The integrand \/ x? + y? changes to r in polar coordinates, so the double iterated integral is 
Equation: 


2 V2a—x? 7/2 2cosd m/2 2cosd 
i i! Ja? + ydy dr = / i r|J (r,0)|dr dé = i / r?dr dé. 
0 0 0 0 0 0 
Note: 
Exercise: 
Problem: 
V1—2? 


1 
Considering the integral i i) (a SF y’)dy dz, use the change of variables x = r cos @ and y = r sin 0, 
0 0 


and find the resulting integral. 


Solution: 


m/2 1 
i [ra do 
0 0 

Hint 


Follow the steps in the previous example. 


Notice in the next example that the region over which we are to integrate may suggest a suitable transformation for 
the integration. This is a common and important situation. 


Example: 
Exercise: 


Problem: 
Changing Variables 


Consider the integral | / (a — y)dy dx, where R is the parallelogram joining the points (1, 2), 
R 


(3, 4), (4,3), and (6, 5) ([link]). Make appropriate changes of variables, and write the resulting integral. 
ne (6,5) 


(3, 4) 


The region of integration for the 
given integral. 


Solution: 


First, we need to understand the region over which we are to integrate. The sides of the parallelogram are 
x-y+1=0,2-y-—-1=0,2-—3y+5=0,andz — 3y+ 9 = 0 ((link)). Another way to look at them 
ise = oj —= ae = — Iles — oi) = ay, aintal ae — sin) = W) 


Clearly the parallelogram is bounded by the lines y= 2+ 1,y=a2—1,y= = (x +5), and y= =(x + 9). 


Notice that if we were to make u = x — yand v = x — 3y, then the limits on the integral would be 
—1<u<land—9<v<-—5B. 


To solve for x and y, we multiply the first equation by 3 and subtract the second equation, 
3u — v = (3a — 3y) — (a — 3y) = 2a. Then we have x = 7 * Moreover, if we simply subtract the 
second equation from the first, we get u — v = (x — y) — (a — 3y) = 2yandy = 45°. 


4 y=x+1 


A parallelogram in the zy-plane that we want to transform by a change in 


variables. 


Thus, we can choose the transformation 
Equation: 


and compute the Jacobian J (u, v). We have 


Equation: 
d(e,y) | 2] 3/2 -1/2) 3 1 1 
De) a a — =—-——+—=-——_, 
A(u,v) |% | |1/2 -1/2 cee 2 
Ou a) 
Therefore, | J (u,v)| = +. Also, the original integrand becomes 
Equation: 
1 1 
£ y= 5 8u v u+vr = >[su u| = —[2u] = u. 
Therefore, by the use of the transformation 7’, the integral changes to 
Equation: 
= il =—§ i ; 
|[@-vdyar - i [1 (ue)udude = / [(G)uaua 
R =) =il =) =il 


which is much simpler to compute. 


Note: 
Exercise: 


Problem: 


4 
ay dz, where R is the trapezoid 
(x — y) 
bounded by the lines  — y = 2,4 — y= 4, x2 = 0, and y = 0. Write the resulting integral. 


Make appropriate changes of variables in the integral | i! 


Solution: 
4 2 
mat — ij AS (1 on 
z= 5(u+u) andy = >(v— 4) and lie au dv. 
=i 29) 
Hint 


Follow the steps in the previous example. 


We are ready to give a problem-solving strategy for change of variables. 


Note: 
Problem-Solving Strategy: Change of Variables 


1. Sketch the region given by the problem in the zy-plane and then write the equations of the curves that form 
the boundary. 

2. Depending on the region or the integrand, choose the transformations x = g(u, v) andy = h (u,v). 

3. Determine the new limits of integration in the wv-plane. 

4. Find the Jacobian J (u, v). 

5. In the integrand, replace the variables to obtain the new integrand. 

6. Replace dy dx or dx dy, whichever occurs, by J (u, v)du dv. 


In the next example, we find a substitution that makes the integrand much simpler to compute. 


Example: 
Exercise: 


Problem: 
Evaluating an Integral 


Using the change of variables u = x — yandv = z + y, evaluate the integral 
Equation: 
R 


where R is the region bounded by the lines z + y = 1 and x + y = 3 and the curves x? — y? = —1 and 
Ne y" = 1 Gee the first region in [link]). 


Solution: 
As before, first find the region R and picture the transformation so it becomes easier to obtain the limits of 


integration after the transformations are made ([link]). 
Yh 


x+y=1 


Transforming the region R into the region S to simplify the computation of an integral. 


Given u = x —yandv=2+ y, we have x = a and y = +;* and hence the transformation to use is 
(0) = (S, =. The lines « + y= 1 anda + y = 3 become v = 1 and v = 3, respectively. The 
curves 2? — y* = 1 and x” — y? = —1 become wv = 1 and uv = —1, respectively. 


Thus we can describe the region S (see the second region [link]) as 
Equation: 


=I 1 
s={ (wit svs3,— sus ct, 
v v 


The Jacobian for this transformation is 


Equation: 
Ox Ox 
, Si) FS 22 oe 


Therefore, by using the transformation T’, the integral changes to 


Equation: 
A 3 1fv 
// (x —y)e™ ¥dA= s/ / ue’ du du 
1 -1/v 
Doing the evaluation, we have 
Equation: 
F 3 I/v F 
3 / / ue“’du dv = — ~ 0.490. 
2, 3e 
1 -1/v 
Note: 
Exercise: 
Problem: 


Using the substitutions z = v and y = /u + v, evaluate the integral | / y sin (y? = «)dA where R is the 


R 
region bounded by the lines y = »/z,x = 2,andy = 0. 


Solution: 
5 (sin 2 — 2) 
Hint 


Sketch a picture and find the limits of integration. 


Change of Variables for Triple Integrals 


Changing variables in triple integrals works in exactly the same way. Cylindrical and spherical coordinate 
substitutions are special cases of this method, which we demonstrate here. 


Suppose that G is a region in www-space and is mapped to D in xyz-space ([link]) by a one-to-one C! 
transformation T (u,v, w) = (x, y, z) where z = g(u,v, w), y= h(u,v, w), andz = k (u,v, w). 


w z 


X = g(u, Vv, w) 
y = Aly, v, w) 
Zz = ku, v, w) 


SS 


Cartesian uvw-space Cartesian xyz-space 


A region G in wuw-space mapped to a region D in xyz-space. 


Then any function F' (x, y, z) defined on D can be thought of as another function H (wu, v, w) that is defined on G: 
Equation: 


F (z,y,z) = F(g(u,v, w), h (u,v, w), k (u,v, w)) = A (u, v, w). 


Now we need to define the Jacobian for three variables. 


Note: 
Definition 
The Jacobian determinant J (uw, v, w) in three variables is defined as follows: 
Equation: 
Ox oy Oz 
Ou Ou Ou 
_— | dx oy Oz 
J(u, Us w) Ov Ov Ov |° 
Ox oy Oz 
Ow dw Ow 


This is also the same as 
Equation: 


Ou Ov Ow 
— | Oy Oy Oy 
J(u, Oo, w) Ou Ou Ow |" 
Oz Oz Oz 
Ou Ov Ow 


The Jacobian can also be simply denoted as ae 


With the transformations and the Jacobian for three variables, we are ready to establish the theorem that describes 
change of variables for triple integrals. 


Note: 

Change of Variables for Triple Integrals 

Let T (u,v, w) = (2, y, z) where z = g(u,v,w),y = h(u,v,w), and z = k(u, v, w), be a one-to-one C! 
transformation, with a nonzero Jacobian, that maps the region G in the uvw-plane into the region D in the 
xyz-plane. As in the two-dimensional case, if F' is continuous on D, then 

Equation: 


[ff Ftemsar = [ff Fotwowy nw seik(us)|srerray tude 


_ |[[# scan) [si eaegcan|febale ai. 
G 


Let us now see how changes in triple integrals for cylindrical and spherical coordinates are affected by this 


Example: 
Exercise: 


Problem: 
Obtaining Formulas in Triple Integrals for Cylindrical and Spherical Coordinates 


Derive the formula in triple integrals for 


a. cylindrical and 
b. spherical coordinates. 


Solution: 


a. For cylindrical coordinates, the transformation is T(r, 0, z) = (a, y, z) from the Cartesian r6z-plane to 
the Cartesian zyz-plane ((link]). Here x = rcos 0, y = rsin 9, and z = z. The Jacobian for the 
transformation is 
Equation: 


Ox Ox Ox 


‘Or 60 Oz 
_ Ax,y,z) __ | dy Oy Oy 
J(r,9,2) = Gaz Or BG CBe 
Oz Oz 
ar 30 Bz 
cos 0 —rsin@ 0 
=lsin0  rcos@ 0| = rcos?6+rsin26 =r (cos?6 4b sin’@) =T. 
0 0 il 


We know that r > 0, so | J (r, 0, z)| = r. Then the triple integral is 


Equation: 
[ff ten Z)dV = Jf #0050, rsin 0, 2)r dra de 
D G 
Cube with sides 
parallel to the 
z coordinate axes Zz 
Z = constant 
D 
xX = rcosé 
y =rsino 
zZ=Z 
r = constant 
@ = constant 
x 
Cartesian réz-space Cartesian xyz-space 


The transformation from rectangular coordinates to cylindrical coordinates can be treated as a 
change of variables from region G in r0z-space to region D in xyz-space. 


oO 


. For spherical coordinates, the transformation is T (p, 6, y) = (2, y, z) from the Cartesian pOy-plane to 
the Cartesian xyz-plane ((link]). Here x = psin y cos 0, y = psin y sin 0, and z = pcos wy. The 
Jacobian for the transformation is 


Equation: 
cee 
a( ’ op 08 dp sinycos9  —psinysinOd pcosypcosé 
Lez : : ; : 
J, 2) = a(p 5 = 7 oy ze =|singsinO —psinycos@ pcosysin§@|. 
a Oz Oz Oz cos 8 0 —psiny 
Op 00 Op 


Expanding the determinant with respect to the third row: 
Equation: 


—psinysinO pcosycosé singycos@ -—psinysin#@ 


= COS 


psin y sin 0 pcos y sin 8 snysin@O psinwcosé 
= cos Y (—p’sin y cos y sin? — p’sin y cos y cos”6) 
—psiny (0 sin cos?6 + psin?y sin”@) 
= —p’sin y cos? (sin70 = cos’6) — p’sin y sin*p (sin?0 + cos’6) 
= —p’sin y cos*y — p*sin y sin? 


=p sini (cosy = sin’) = =p sino. 


Since 0 < y < zm, we must have sin y > 0. Thus |J (p, 6, »)| = |—p’sin y| = p’sin . 
Cube with sides 
parallel to the @ = constant 
g coordinate axes z 


p = constant 


X =psingcosé 
y=psingsing 
Z=pcos¢ 


Cartesian pgé-space Cartesian xyz-space 


The transformation from rectangular coordinates to spherical coordinates can be treated as a 
change of variables from region G in p0y-space to region D in xyz-space. 


Then the triple integral becomes 
Equation: 


[]f swaav = fff t(esin ¢ e056, psin g sind, pos ¢)p*sin y dp dp d8. 
D G 


Let’s try another example with a different substitution. 


Example: 
Exercise: 


Problem: 
Evaluating a Triple Integral with a Change of Variables 


Evaluate the triple integral 


Equation: 


3 4 (y/2)+1 


(« ar =) de dy dz 
0 (0 y/2 


in xyz-space by using the transformation 
Equation: 


u = (2a — y)/2,v = y/2, andw = z/3. 


Then integrate over an appropriate region in www-space. 
Solution: 


As before, some kind of sketch of the region G in xyz-space over which we have to perform the integration 
can help identify the region D in uvw-space ([link]). Clearly G in xyz-space is bounded by the planes 
z=y/2,c¢ = (y/2)+1,y=0, y = 4, z = 0, and z = 4. We also know that we have to use 

u = (2x — y)/2,v = y/2, and w = z/3 for the transformations. We need to solve for x, y, and z. Here we 
find that 7 = w-- vu, yi— 2, and z — Sw. 


Using elementary algebra, we can find the corresponding surfaces for the region G and the limits of 
integration in wuw-space. It is convenient to list these equations in a table. 


Equations in xyz for the Corresponding equations in ww for Limits for the 
region D the region G integration in wow 
cy 2 u+v=2u/2=v u=0 

i= v2 U0 — (20/2) 4 =o, | Ul 

y=0 2vu=0 v=0 

y=A4 2v=4 U— 2 

z=0 3w = 0 w=0 


p= so 3w = 3 ay = Il 


Rear plane: 
x= Z,ory = 2x 


Front plane: 
=2+1ory=2x-2 


The region G' in wuw-space is transformed to region D in ryz-space. 


Now we can calculate the Jacobian for the transformation: 


Equation: 
Ox Ox Ox 
Ou Ov Ow 1 1 0 
F(ujv,u)=|% % &=|9 2 of=6 
oz Oz Oz 0 oO 3 
du dv dw 


The function to be integrated becomes 
Equation: 


z 3w 
fayz=ats St a Aare =ut+v+w. 


We are now ready to put everything together and complete the problem. 
Equation: 


3 4 
Zz 
ah / (w+ =)de dy dz 
0 
Tia eet 1p 
=f J foorrrmutenmiddede= ff [corre etd 


oO © 
il 


0 0 
on a Log a 
=i) (utv+ujdudedu=6f [|S + ou+wu| du dw 


0 0 0 0 0 0 
2 


i 9 1 
-6f (5 +0 w)dodw = 6 f [5 +S tw] dw 


0 0 0 0 


= [e+ 20ydu= fous u* pars 
0 


Note: 
Exercise: 


Problem: Let D be the region in xyz-space defined by 1 < x < 2,0< ay<2,and0<z< 1. 


Evaluate /I/ (xy ae 3zyz) dx dy dz by using the transformation u = xz, v = zy, and w = 3z. 


Solution: 


Boy 9 
If{G+ du dv dw = 2+1n8 
0 1 


0 
Hint 


Make a table for each surface of the regions and decide on the limits, as shown in the example. 


Key Concepts 


e A transformation T’ is a function that transforms a region G in one plane (space) into a region # in another 
plane (space) by a change of variables. 

¢ A transformation T : G — R defined as T (u, v) = (a, y) (or T (u,v, w) = (2, y, z)) is said to be a one-to- 
one transformation if no two points map to the same image point. 


¢ If f is continuous on R, then |[seuaa = |[ te (u,v), h(u, v)) | cay 
R Ss 


= 


= 
eS 


e If Fis continuous on R, then 
Equation: 


fF ge = [ff Po (u,v, 1), h (u,v, w), (us v5 w)) | ass 


= JI H (u,v, w) |J (u, v, w)|du du dw. 
G 


In the following exercises, the function T : S — R,T (u,v) = (a, y) on the region 
S ={(u,v)|0 <u <1,0 < v < 1} bounded by the unit square is given, where R C R? is the image of S under 
so 


a. Justify that the function T' is a C! transformation. 
b. Find the images of the vertices of the unit square S through the function T. 
c. Determine the image R of the unit square S and graph it. 


Exercise: 


Problem: x = 2u, y = 3v 


Exercise: 
Problem: z = >,y = 


Solution: 


a. T (u,v) = (g (u,v), h(u,v)), 2 = g(u,v) = 5 andy = h(u,v) = 3. The functions g and h are 
continuous and differentiable, and the partial derivatives g, (u,v) = +, 


- : cas = Oph ha = sae (u,v) = $ are continuous on S; b. T' (0,0) = (0,0), 


= (5, 0),T = (0, +) and T' (1,1) = (5 ; +); c. R is the rectangle of vertices 

a = (i 5 30); (c ae ar 1) in the zy-plane; the following figure. 

y 
0.4 
0.3 
0.2 
0.1 

0 0.1 0.2 0.3 0.4 0.5* 

Exercise: 


Problem: z = u—v,y=u+vu 


Exercise: 


Problem: z = 2u — v,y = u+ 2v 


Solution: 


a. T (u,v) = (g (u,v), h(u,v)), 2 = g(u,v) = 2u—v, andy =h(u, aes The functions g and h 
are continuous and differentiable, and the partial derivatives a ,v) = 2, gv ee v) = -1, ha (u,v) = 1, 
and hy (u,v) = 2 are continuous on S; b. T' (0,0) = (0,0), T (1,0) = (2,1), T (0,1) = (—1,2), and 

T (1,1) = (1,3); c. B is the parallelogram of vertices (0, 0), (2,1), (1,3), and (—1, 2) in the zy-plane; see 
the following figure. 


y 
3 


—2 -1 0 1 2* 
Exercise: 


Problem: x = wu”, y = v” 

Exercise: 
Problem: x = u®, y = v® 
Solution: 
a. T (u,v) = (g(u,v),h(u,v)), 2 = g(u,v) =u, and y = h(u,v) = v®. The functions g and h are 
continuous and differentiable, and the partial derivatives g,, (u,v) = 3u?, g, (u,v) = 0, h, (u,v) = 0, and 
hy (u,v) = 3v? are continuous on S; b. T (0,0) = (0,0), T (1,0) = (1,0), T (0, 1) = (0,1), and 


T (1,1) = (1,1); c. B is the unit square in the zy-plane; see the figure in the answer to the previous 
exercise. 


In the following exercises, determine whether the transformations T’: S — R are one-to-one or not. 
Exercise: 


Problem: z = u”, y = v, where S is the rectangle of vertices (—1, 0), (1,0), (1,1), and (—1, 1). 


Exercise: 
Problem: z = u‘, y = u + v, where S is the triangle of vertices (—2, 0), (2,0), and (0, 2). 


Solution: 


T is not one-to-one: two points of S have the same image. Indeed, T (—2,0) = T (2,0) = (16, 4). 


Exercise: 


Problem: « = 2u, y = 3v, where S is the square of vertices (—1, 1), (—1, —1), (1, —1), and (1,1). 


Exercise: 


Problem: T (u,v) = (2u — v, wu), where S is the triangle of vertices (—1, 1), (—1, —1), and (1, —1). 
Solution: 


T is one-to-one: We argue by contradiction. T (ui, v1) = T (uz, v2) implies 2u, — v1 = 2u2g — v2 and 
Uy = U2. Thus, uy = ug and vy = vo. 


Exercise: 


Problem: « = u+v+w,y=u-+v,z = w, where S = R=R?. 
Exercise: 

Problem: x = u? +v+w,y =u? + v, z= w, where S = R= R?. 

Solution: 


T is not one-to-one: T (1, v, w) = (—1,v, w) 


In the following exercises, the transformations T’: S — # are one-to-one. Find their related inverse 
transformations T’' : R — S. 
Exercise: 


Problem: x = 4u, y = 5v, where S = R= R?. 
Exercise: 

Problem: x = u + 2v,y = —u+ v, where S = R=R?. 

Solution: 

ah 


Exercise: 


Problem: x = e”"*”, y = e””, where S = R? and R = {(z, y)|a > 0, y > 0} 
Exercise: 

Problem: z = Inu, y = In (uv), where S = {(u, v)|u > 0,v > 0} and R= R?. 

Solution: 


u=e*,vu=e 7 


Exercise: 


Problem: « = u+v-+w,y = 3v,z = 2w, where S = R=R’. 


Exercise: 


Problem: « = u+v,y = v+w,z=u-+uw, where S = R= R’. 


Solution: 


In the following exercises, the transformation T : S + R,T (u,v) = (a, y) and the region R C R? are given. 
Find the region S C R?. 
Exercise: 


Problem: z = au, y = bv, R = {(z,y)|x? + y? < a7b"}, where a,b > 0 


Exercise: 


Problem: x = au, y = bv, R {(z,y)|2 + 4 <1}, where a,b > 0 


Solution: 
S= {(u, v) |u? +ur< 1} 
Exercise: 


U. 


*y=t,2=4, R= {(z,y)|x? +y? +27 < 1}, wherea,b,c >0 


Problem: x 


Exercise: 


Problem: x = au, y = bv,z = cw, R {(c,y)|& — & - & <1,2>0}, wherea,d,c > 0 


Solution: 


R= {(u,v, w)|u? — v? — w? <lw> Oo} 


In the following exercises, find the Jacobian J of the transformation. 
Exercise: 


Problem: « = u+ 2v,y = —u+v 


Exercise: 


3 
Problem: z = + ,y= 


Solution: 

3 

2 
Exercise: 

Problem: z = e yore 
Exercise: 

Problem: z = ue’, y = e~ 

Solution: 


1 


Exercise: 


Problem: z = ucos(e”), y = usin (e”) 
Exercise: 

Problem: z = vsin (u’), y = VCOS (u”) 

Solution: 

2uv 


Exercise: 


Problem: z = ucoshv, y = usinhv, z = w 


Exercise: 
Problem: xz = v cosh (=). y = vsinh (—), z=ut+u’? 


Solution: 


UV 


uz 


Exercise: 


Problem: zc =u+v,y=v+w,z=u 


Exercise: 


Problem: c = u—v,y=u+v,z=ut+tv+w 
Solution: 


2 


Exercise: 


Problem: The triangular region R with the vertices (0,0), (1,1), and (1, 2) is shown in the following figure. 


0 0.2 0.4 0.6 0.8 1* 


a. Find a transformation T : S > R, T (u,v) = (x,y) = (au + bu, cu + dv), where a, b,c, and d are real 
numbers with ad — bc # 0 such that T~! (0,0) = (0,0), 7+ (1, 1) = (1,0), and T? (1, 2) = (0,1). 


b. Use the transformation T to find the area A (R) of the region R. 
Exercise: 
Problem: The triangular region R with the vertices (0,0), (2,0), and (1,3) is shown in the following figure. 


y 
3 


oO 


1 2* 
a. Find a transformation T : S + R, T (u,v) = (x,y) = (au + bv, cu + dv), where a, b,c and d are real 
numbers with ad — be # 0 such that T’~! (0,0) = (0,0), T’~! (2,0) = (1,0), and T’~! (1,3) = (0,1). 
b. Use the transformation T to find the area A (R) of the region R. 


Solution: 


a. T (u,v) = (2u + v, 3v); b. = area of R is 


7 y)/3 5 1 1-wu 
A= / / a= ian (2,9) avdu= ff sdvdu—3. 
0 (u, v) 
0 y¥/3 0 0 


In the following exercises, use the transformation u = y — x, v = y, to evaluate the integrals on the parallelogram 
R of vertices (0,0), (1,0), (2,1), and (1, 1) shown in the following figure. 


y 
1 
0.8 
0.6 


0.4 


0.2 


0 0.5 1 15 


Exercise: 


Problem: // (y—a)dA 
R 


Exercise: 
Problem: | fl (y? _ zy) dA 
R 


Solution: 


wl 


In the following exercises, use the transformation y — z = u, x + y = v to evaluate the integrals on the square R 
determined by the lines y = 2, y = —4% + 2,y = x + 2, and y = —z shown in the following figure. 


y 
2 


=i —0.5 0 0.5 
Exercise: 
Problem: | / en dA 
R 
Exercise: 
Problem: | / sin (a — y)dA 
R 
Solution: 
—1+cos2 


In the following exercises, use the transformation z = u, 5y = v to evaluate the integrals on the region R bounded 
by the ellipse x” + 25y” = 1 shown in the following figure. 


Exercise: 


Problem: // v/a? + 25y2 dA 
R 


Exercise: 
2 
Problem: | / (a? + 25y”) dA 
R 


Solution: 
7 


15 


In the following exercises, use the transformation u = 2 + y, v = x — y to evaluate the integrals on the 
trapezoidal region R determined by the points (1,0), (2,0), (0,2), and (0, 1) shown in the following figure. 


y 
2 


0 


Exercise: 


Problem: | / (a? — Qey+ y”) et 4dA 
R 


Exercise: 


Problem: // (x? + 3a7y + 3ay? + y°) dA 
R 


Solution: 


31 


5 
Exercise: 

Problem: 

The circular annulus sector R bounded by the circles 42? + 4y* = 1 and 9x? + 9y? = 64, the line 


x = yV3, and the y-axis is shown in the following figure. Find a transformation T' from a rectangular region 
S in the r6-plane to the region R in the zy-plane. Graph S. 


y 
3 


2.5 


0 05 115 2 25 3% 


Exercise: 
Problem: 
The solid R bounded by the circular cylinder x? + y* = 9 and the planes z = 0,z = 1, x = 0, andy = Ois 


shown in the following figure. Find a transformation T from a cylindrical box S in r@z-space to the solid R 
in xyz-space. 


Solution: 


T (r,0,z) = (r-cos6,rsin 6, z);S = [0,3] x [0,2] x [0,1] inthe réz-space 


Exercise: 


Problem: 


= 1 
2 2 _ 
Show that |[s (Vz - aa = avi | F (pp dp, where f is a continuous function on (0, 1] and 
R 0 


R is the region bounded by the ellipse 5x? + 3y? = 15. 
Exercise: 


Problem: 


1 
Show that I f (v 16a? +- 4y? + 2)dv =7F (E (p)p7dp, where f is a continuous function on (0, 1] 
R 0 


and R is the region bounded by the ellipsoid 16a? + 4y? + z? = 1. 
Exercise: 
Problem: 
[T] Find the area of the region bounded by the curves zy = 1, ry = 3, y = 2a, and y = 3z by using the 


transformation u = ry and v = a Use a computer algebra system (CAS) to graph the boundary curves of 
the region R. 


Exercise: 


Problem: 


[T] Find the area of the region bounded by the curves x?y = 2, x?y = 3, y = 2, and y = 2z by using the 
transformation u = x7y and v = ae Use a CAS to graph the boundary curves of the region R. 


Solution: 


The area of R is 10 — 4/6; the boundary curves of R are graphed in the following figure. 


0 "08 0.9 1.0 11 12 13 1.4* 


Exercise: 


Problem: 


z+1 


1 2 
Evaluate the triple integral / / / (y + 1)dx dy dz by using the transformation u = x — z, 
01 


z 


v = $y, and w= 4. 


Exercise: 


Problem: 
2 6 32z+2 

Evaluate the triple integral / i / (5 — 4y)dx dz dy by using the transformation 
0 4 32 


u= 2 — 3z,v = 4y,andw = z. 
Solution: 


8 
Exercise: 
Problem: 
A transformation T : R? + R?,T (u,v) = (2, y) of the form x = au + bu, y = cu + dv, where 


a, b,c, and d are real numbers, is called linear. Show that a linear transformation for which ad — bc 4 0 
maps parallelograms to parallelograms. 


Exercise: 
Problem: 
The transformation Ty : R? > R?, Ty (u, v) = (2, y), where x = ucos 6 — vsin 0, y = usin + vcos8, 


is called a rotation of angle 6. Show that the inverse transformation of Tg satisfies Ty t= T_9, where T_9 is 
the rotation of angle —0. 


Exercise: 
Problem: 
[T] Find the region S in the uv-plane whose image through a rotation of angle 7 is the region R enclosed by 
the ellipse x? + 4y? = 1. Use a CAS to answer the following questions. 
a. Graph the region S. 
b. Evaluate the integral | / e *“’du dv. Round your answer to two decimal places. 


Exercise: 
Problem: 
[T] The transformations T; : R? > R?,i = 1,..., 4, defined by Ty (u,v) = (u, —v), 


T2 (u,v) = (—u, v), T3 (u, v) = (—u, —v), and Ty (u, v) = (v, w) are called reflections about the 
x-axis, y-axis, origin, and the line y = z, respectively. 


a. Find the image of the region S = {(u, v)|u? + v? — 2u — 4u + 1 < 0} in the zy-plane through the 
transformation T; 0 T) o T3 0 T4. 
b. Use a CAS to graph R. 


c. Evaluate the integral sin(u”)du dv by using a CAS. Round your answer to two decimal places. 


Solution: 


a R= { (2, y)|y? te? —Qy—4da+1< 0}; b. R is graphed in the following figure; 


c. 3.16 
Exercise: 
Problem: 
[T] The transformation T;,1,1 : R? > R?,Ti1,1 (u,v, w) = (2, y, z) of the form z = ku, y= v,z= wu, 
where & # 1 is a positive real number, is called a stretch if k > 1 and a compression if 0 < k < 1 inthe 


x-direction. Use a CAS to evaluate the integral i i / e (427+ 99° +252") Gp dy dz on the solid 


Ss 
S = {(z,y, z)|4a? + 9y? + 252? < 1} by considering the compression T2,3,5 (u,v, w) = (a, y, z) defined 
by x = >,y = 3, and z= =. Round your answer to four decimal places. 


Exercise: 


Problem: 


[T] The transformation Tyo : R? > R’, Tao (u,v) = (u+ av, v), where a # 0 is areal number, is called a 
shear in the z-direction. The transformation, Tyo : R? > R?,T.» (u,v) = (u, bu + v), where b 4 Oisa 
real number, is called a shear in the y-direction. 


a. Find transformations To o T3 9. 


b. Find the image # of the trapezoidal region S bounded by u = 0,v = 0,v = 1, andv = 2 — wu through 
the transformation To 2 0 T’3 9. 


c. Use a CAS to graph the image R in the zy-plane. 
d. Find the area of the region R by using the area of region S. 
Solution: 


a. To,2 0 T3,9 (u, v) = (u+ 3v, 2u + 7v); b. The image S is the quadrilateral of vertices 
(0, 0), (3,7), (2,4), and (4, 9); c. S is graphed in the following figure; 


3 
d.3 


Exercise: 


Problem: 


Use the transformation, x = au, y = av, z = cw and spherical coordinates to show that the volume of a 
arty? 2 «. Ana?c 
ae ta als 3". 


region bounded by the spheroid 
Exercise: 


Problem: 


Find the volume of a football whose shape is a spheroid ae + £ = 1 whose length from tip to tip is 11 


inches and circumference at the center is 22 inches. Round your answer to two decimal places. 


Solution: 

202 ~ 282.45 in® 
Exercise: 

Problem: 


[T] Lamé ovals (or superellipses) are plane curves of equations (2) _ (4) " — 1, where a, b, and n are 
positive real numbers. 


a. Use a CAS to graph the regions R bounded by Lamé ovals fora = 1,b = 2,n = 4andn = 6, 
respectively. 

b. Find the transformations that map the region R bounded by the Lamé oval «4 + y* = 1, also called a 
squircle and graphed in the following figure, into the unit disk. 


c. Use a CAS to find an approximation of the area A(R) of the region R bounded by x* + y* = 1. Round 
your answer to two decimal places. 


Exercise: 


Problem: 


[T] Lamé ovals have been consistently used by designers and architects. For instance, Gerald Robinson, a 
Canadian architect, has designed a parking garage in a shopping center in Peterborough, Ontario, in the shape 
of a superellipse of the equation (2) we (¥) " = 1 with -= $ and n = e. Use a CAS to find an 
approximation of the area of the parking garage in the case a = 900 yards, b = 700 yards, and n = 2.72 
yards. 


Solution: 


A(R) ~ 83,999.2 


Chapter Review Exercises 


True or False? Justify your answer with a proof or a counterexample. 


Exercise: 
b d d b 
Problem: | [ f(c,y)dydx = [| #(0,y)ayae 
a Cc c a 
Exercise: 


Problem: Fubini’s theorem can be extended to three dimensions, as long as f is continuous in all variables. 


Solution: 


True. 


Exercise: 


2rn 1 1 


Problem: The integral / / i, dz dr dé represents the volume of a right cone. 
0 oO fr 


Exercise: 


Problem: The Jacobian of the transformation for z = u? — 2v, y = 3u — 2uv is given by —4u? + 6u + 4v. 
Solution: 


False. 


Evaluate the following integrals. 
Exercise: 


Problem: // (5a°y? — y*)dA, R= {(2,y)|0< 2 <2,1<y<4} 
R 


Exercise: 


y 
Problem: —“"__ dA, D= {(a2,y)]0<a<1l,-r<y<a 
// 3e2 41 {(z,y)| y Ni 


Solution: 


0 


Exercise: 


Problem: | / sin (a? + y’)dA where D is a disk of radius 2 centered at the origin 
D 


Exercise: 


1 1 
Problem: / / aye® dx dy 
0 y 


Solution: 


1 


4 
Exercise: 


l 2 2=zZ 


Problem: / i i. 6dy dx dz 


aD oD 


Exercise: 


Problem: | ]f suav, where r= {(z,y,2)|0<@<10<y<2,0<z< 9—y} 
R 


Solution: 


1.475 


Exercise: 


2 
Problem: / 
0 


Exercise: 


I m/2 3 

Problem: / / [ esin(o)dp ap a0 
0 0 1 

Solution: 


52 


3 0 


Exercise: 


1 View V1-o 
Problem: / : i dz dy dx 
0 Vine? —./1-2?-y 


For the following problems, find the specified area or volume. 
Exercise: 


Problem: The area of region enclosed by one petal of r = cos (48). 


Solution: 


ome 
16 


Exercise: 


Problem: The volume of the solid that lies between the paraboloid z = 2”? + 2y? and the plane z = 8. 


Exercise: 


Problem: The volume of the solid bounded by the cylinder x? + y” = 16 and from z = 1toz +2 =2. 


Solution: 


93.291 
Exercise: 


Problem: 


The volume of the intersection between two spheres of radius 1, the top whose center is (0,0, 0.25) and the 
bottom, which is centered at (0, 0, 0). 


For the following problems, find the center of mass of the region. 
Exercise: 


Problem: p(x, y) = zy on the circle with radius 1 in the first quadrant only. 


Solution: 


(a5 a5) 


Exercise: 


Problem: p(z, y) = (y + 1),/z in the region bounded by y = e*, y = 0, andz = 1. 


Exercise: 


Problem: p(x, y, z) = z on the inverted cone with radius 2 and height 2. 


Solution: 


(0,0, ) 
Exercise: 


Problem: 


The volume an ice cream cone that is given by the solid above z = ,/(x? + y”) and below 
2+arty? =z. 


The following problems examine Mount Holly in the state of Michigan. Mount Holly is a landfill that was 
converted into a ski resort. The shape of Mount Holly can be approximated by a right circular cone of height 1100 
ft and radius 6000 ft. 

Exercise: 


Problem: 


If the compacted trash used to build Mount Holly on average has a density 400 lb/ ft?, find the amount of 
work required to build the mountain. 


Solution: 


1.4527 x 101° ft-lb 
Exercise: 
Problem: 
In reality, it is very likely that the trash at the bottom of Mount Holly has become more compacted with all 
the weight of the above trash. Consider a density function with respect to height: the density at the top of the 


mountain is still density 400 lb/ ft and the density increases. Every 100 feet deeper, the density doubles. 
What is the total weight of Mount Holly? 


The following problems consider the temperature and density of Earth’s layers. 
Exercise: 


Problem: 
[T] The temperature of Earth’s layers is exhibited in the table below. Use your calculator to fit a polynomial 


of degree 3 to the temperature along the radius of the Earth. Then find the average temperature of Earth. 
(Hint: begin at 0 in the inner core and increase outward toward the surface) 


Layer Depth from center (km) Temperature “C 


Rocky Crust 0 to 40 0 
Upper Mantle 40 to 150 870 
Mantle 400 to 650 870 
Inner Mantel 650 to 2700 870 
Molten Outer Core 2890 to 5150 4300 
Inner Core 5150 to 6378 7200 


Source: http://www.enchantedlearning.com/subjects/astronomy/planets/earth/Inside.shtml 


Solution: 


y = —1.238 x 10-‘x* + 0.001196x? — 3.666z + 7208; average temperature approximately 2800°C’ 
Exercise: 
Problem: 


[T] The density of Earth’s layers is displayed in the table below. Using your calculator or a computer 
program, find the best-fit quadratic equation to the density. Using this equation, find the total mass of Earth. 


Layer Depth from center (km) Density (g/cm3) 
Inner Core 0 12.95 

Outer Core 1228 11.05 

Mantle 3488 5.00 

Upper Mantle 6338 3.90 

Crust 6378 2.55 


Source: http://hyperphysics. phy-astr.gsu.edu/hbase/geophys/earthstruct.html 


The following problems concern the Theorem of Pappus (see Moments and Centers of Mass for a refresher), a 
method for calculating volume using centroids. Assuming a region R, when you revolve around the x-axis the 
volume is given by V, = 27Ay, and when you revolve around the y-axis the volume is given by V, = 27 Az, 
where A is the area of R. Consider the region bounded by x” + y? = 1 and abovey = z+ 1. 

Exercise: 


Problem: Find the volume when you revolve the region around the z-axis. 


Solution: 


COE) 


Exercise: 


Problem: Find the volume when you revolve the region around the y-axis. 


Glossary 
Jacobian 
the Jacobian J (u, v) in two variables isa 2 x 2 determinant: 
Equation: 
Or Oy 
_ | Ou Ou |, 
J (u,v) = i oy 
Ov Ov 


the Jacobian J (wu, v, w) in three variables isa 3 x 3 determinant: 


Equation: 
Ox oy Oz 
Ou Ou Ou 
—. || dz Oy Oz 
J(u, U5 w) Ov Ov Ov 
Ox oy Oz 


Ow Ow Ow 


one-to-one transformation 
a transformation T : G — R defined as T (u, v) = (a, y) is said to be one-to-one if no two points map to the 
same image point 


planar transformation 
a function T that transforms a region G in one plane into a region R in another plane by a change of variables 


transformation 
a function that transforms a region G in one plane into a region R in another plane by a change of variables 


Introduction 
class="introduction' 


Hurricanes 
form from 
rotating winds 
driven by 
warm 
temperatures 
over the 
ocean. 
Meteorologists 
forecast the 
motion of 
hurricanes by 
studying the 
rotating vector 
fields of their 
wind velocity. 
Shown is 
Cyclone 
Catarina in the 
South Atlantic 
Ocean in 
2004, as seen 
from the 
International 
Space Station. 
(credit: 
modification 
of work by 
NASA) 


Hurricanes are huge storms that can produce tremendous amounts of 
damage to life and property, especially when they reach land. Predicting 
where and when they will strike and how strong the winds will be is of 
great importance for preparing for protection or evacuation. Scientists rely 
on studies of rotational vector fields for their forecasts (see [link]). 


In this chapter, we learn to model new kinds of integrals over fields such as 
magnetic fields, gravitational fields, or velocity fields. We also learn how to 
calculate the work done on a charged particle traveling through a magnetic 
field, the work done on a particle with mass traveling through a 
gravitational field, and the volume per unit time of water flowing through a 
net dropped in a river. 


All these applications are based on the concept of a vector field, which we 
explore in this chapter. Vector fields have many applications because they 
can be used to model real fields such as electromagnetic or gravitational 
fields. A deep understanding of physics or engineering is impossible 
without an understanding of vector fields. Furthermore, vector fields have 
mathematical properties that are worthy of study in their own right. In 
particular, vector fields can be used to develop several higher-dimensional 
versions of the Fundamental Theorem of Calculus. 


Vector Fields 


e Recognize a vector field in a plane or in space. 
e Sketch a vector field from a given equation. 
e Identify a conservative field and its associated potential function. 


Vector fields are an important tool for describing many physical concepts, such as 
gravitation and electromagnetism, which affect the behavior of objects over a large 
region of a plane or of space. They are also useful for dealing with large-scale behavior 
such as atmospheric storms or deep-sea ocean currents. In this section, we examine the 
basic definitions and graphs of vector fields so we can study them in more detail in the 
rest of this chapter. 


Examples of Vector Fields 


How can we model the gravitational force exerted by multiple astronomical objects? 
How can we model the velocity of water particles on the surface of a river? [link] gives 
visual representations of such phenomena. 


[link](a) shows a gravitational field exerted by two astronomical objects, such as a star 
and a planet or a planet and a moon. At any point in the figure, the vector associated with 
a point gives the net gravitational force exerted by the two objects on an object of unit 
mass. The vectors of largest magnitude in the figure are the vectors closest to the larger 
object. The larger object has greater mass, so it exerts a gravitational force of greater 
magnitude than the smaller object. 


[link](b) shows the velocity of a river at points on its surface. The vector associated with 
a given point on the river’s surface gives the velocity of the water at that point. Since the 
vectors to the left of the figure are small in magnitude, the water is flowing slowly on 
that part of the surface. As the water moves from left to right, it encounters some rapids 
around a rock. The speed of the water increases, and a whirlpool occurs in part of the 
rapids. 


(b) 


(a) The gravitational field exerted by two astronomical bodies on a small object. (b) 
The vector velocity field of water on the surface of a river shows the varied speeds 
of water. Red indicates that the magnitude of the vector is greater, so the water 
flows more quickly; blue indicates a lesser magnitude and a slower speed of water 
flow. 


Each figure illustrates an example of a vector field. Intuitively, a vector field is a map of 
vectors. In this section, we study vector fields in R? and R°. 


Note: 

Definition 

A vector field F in R? is an assignment of a two-dimensional vector F (z, y) to each 
point (2, y) of a subset D of R?. The subset D is the domain of the vector field. 

A vector field F in R? is an assignment of a three-dimensional vector F (x, y, z) to each 
point (x, y, z) of a subset D of R?. The subset D is the domain of the vector field. 


Vector Fields in R? 


A vector field in R? can be represented in either of two equivalent ways. The first way is 
to use a vector with components that are two-variable functions: 
Equation: 


F(z, y) = (P(a, y), Q(z, y)). 


The second way is to use the standard unit vectors: 
Equation: 


F(z, y) = P(a, y)i ls Q(z, yi. 


A vector field is said to be continuous if its component functions are continuous. 


Example: 
Exercise: 


Problem: 
Finding a Vector Associated with a Given Point 


Let F(z, y) = (2y? + x — 4)i+ cos(x)j be a vector field in R?. Note that this is 
an example of a continuous vector field since both component functions are 
continuous. What vector is associated with point (0, —1)? 


Solution: 


Substitute the point values for x and y: 


Equation: 
F(0,1) = (2(—1)? + 0 — 4)i+ cos(0)j 
= —2i+j. 
Note: 
Exercise: 
Problem: 


Let G (x, y) = x*yi — (x + y)j be a vector field in R?. What vector is associated 
with the point (—2, 3)? 


Solution: 
12i —j 
Hint 


Substitute the point values into the vector function. 


Drawing a Vector Field 


We can now represent a vector field in terms of its components of functions or unit 
vectors, but representing it visually by sketching it is more complex because the domain 
of a vector field is in R?, as is the range. Therefore the “graph” of a vector field in R? 
lives in four-dimensional space. Since we cannot represent four-dimensional space 
visually, we instead draw vector fields in R? in a plane itself. To do this, draw the vector 
associated with a given point at the point in a plane. For example, suppose the vector 
associated with point (4, —1) is (3, 1). Then, we would draw vector (3, 1) at point 
(4,—1). 


We should plot enough vectors to see the general shape, but not so many that the sketch 
becomes a jumbled mess. If we were to plot the image vector at each point in the region, 
it would fill the region completely and is useless. Instead, we can choose points at the 
intersections of grid lines and plot a sample of several vectors from each quadrant of a 
rectangular coordinate system in R?. 


There are two types of vector fields in R? on which this chapter focuses: radial fields and 
rotational fields. Radial fields model certain gravitational fields and energy source fields, 
and rotational fields model the movement of a fluid in a vortex. In a radial field, all 
vectors either point directly toward or directly away from the origin. Furthermore, the 
magnitude of any vector depends only on its distance from the origin. In a radial field, 
the vector located at point («, y) is perpendicular to the circle centered at the origin that 
contains point (a, y), and all other vectors on this circle have the same magnitude. 


Example: 
Exercise: 


Problem: 
Drawing a Radial Vector Field 


Sketch the vector field F(a, y) = $i+ $j. 


Solution: 


To sketch this vector field, choose a sample of points from each quadrant and 
compute the corresponding vector. The following table gives a representative 
sample of points in a plane and the corresponding vectors. 


(x,y) F (x,y) (x,y) F(z,y) (x,y) F (x,y) 
(1,0) | (4,0) | (2,0) (1, 0) (1,1) (32) 
(0,1) @,& (0, 2) (0, 1) i) =o) 
(-1,0) (-4,0) (-2,0)  (-1,0) (-1,-1) (-4,-4) 
(0,-1) (0,-$) (0-2) @,-1) (4-1) (3-4) 


[link](a) shows the vector field. To see that each vector is perpendicular to the 
corresponding circle, [link](b) shows circles overlain on the vector field. 


(b) 


(a) A visual representation of the radial vector field 
F(x, y) = $i+ $j. (b) The radial vector field 
F(x, y) = $i+ $j with overlaid circles. Notice that each 
vector is perpendicular to the circle on which it is located. 


Note: 


Exercise: 


Problem: Draw the radial field F(x, y) = — 


Solution: 


Hint 


Sketch enough vectors to get an idea of the shape. 


In contrast to radial fields, in a rotational field, the vector at point (a, y) is tangent (not 
perpendicular) to a circle with radius r = ae x? + y?. Ina standard rotational field, all 
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vectors point either in a clockwise direction or in a counterclockwise direction, and the 
magnitude of a vector depends only on its distance from the origin. Both of the following 
examples are clockwise rotational fields, and we see from their visual representations 
that the vectors appear to rotate around the origin. 


Example: 
Exercise: 


Problem: 
Chapter Opener: Drawing a Rotational Vector Field 


(credit: modification of work by 
NASA) 


Sketch the vector field F (x, y) = (y, —2). 
Solution: 


Create a table (see the one that follows) using a representative sample of points in a 
plane and their corresponding vectors. [link] shows the resulting vector field. 


(x,y) F(z,y) (x,y) F(z,y) (x,y) F (x,y) 
(1, 0) (0, =) (2, 0) (0, —2) (1, 1) ce = 1!) 


(0, 1) (1,0) (0, 2) (2, 0) (ek 1) ee 1) 


(—1,0) (0, 1) (—2, 0) (0, 2) le) (Geilo 


(0, —1) als 0) (0, —2) (25 0) (1, —1) (si, St) 


(a) A visual representation of vector field F (x, y) = (y, —x). (b) Vector field 
F (x, y) = (y, —«) with circles centered at the origin. (c) Vector F (a, b) is 
perpendicular to radial vector (a, b) at point (a, b). 


Analysis 


Note that vector F (a, b) = (b, —a) points clockwise and is perpendicular to radial 
vector (a, b). (We can verify this assertion by computing the dot product of the two 
vectors: (a,b) - (—b, a) = —ab + ab = 0.) Furthermore, vector (b, —a) has length 

r = Va? + b?. Thus, we have a complete description of this rotational vector field: the 
vector associated with point (a, b) is the vector with length r tangent to the circle with 
radius r, and it points in the clockwise direction. 


Sketches such as that in [link] are often used to analyze major storm systems, including 
hurricanes and cyclones. In the northern hemisphere, storms rotate counterclockwise; in 
the southern hemisphere, storms rotate clockwise. (This is an effect caused by Earth’s 
rotation about its axis and is called the Coriolis Effect.) 


Example: 
Exercise: 


Problem: 
Sketching a Vector Field 


Sketch vector field F(x, y) = oe earners 


Solution: 


To visualize this vector field, first note that the dot product F(a, b) - (ai + bj) is 
zero for any point (a, b). Therefore, each vector is tangent to the circle on which it 
is located. Also, as (a,b) — (0,0), the magnitude of F (a, b) goes to infinity. To 
see this, note that 

Equation: 


a? + b? 1 
IF oy) = 4/2 *, = J. 
(Gama) a? +b 


Since — — ooas (a,b) — (0,0), then ||F (a, b)|| + co as (a, b) — (0,0). 
This vector field looks similar to the vector field in [link], but in this case the 
magnitudes of the vectors close to the origin are large. The table below shows a 
sample of points and the corresponding vectors, and [link] shows the vector field. 
Note that this vector field models the whirlpool motion of the river in [link](b). The 
domain of this vector field is all of R? except for point (0, 0). 


(x,y) F(z,y) = (z,y) F (x,y) (x, y) F (2, y) 


(1,0) (0,-1) (2,0) (-3) G1) (79-2) 
(0, 1) (1, 0) (0, 2) (3,0) (—1,1) (399) 
(—1,0) (0,1) (—2,0) (0,5 (—1,-1) | (-3:2) 
(0,—1) | (-1,0) | (0,-2) | (-3,0) | G,—1) ma) 
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A visual representation of vector field 
Biz, 4) = ay — 33;;7 4. This vector field could be 
used to model whirlpool motion of a fluid. 


Note: 
Exercise: 


Problem: 


Sketch vector field F (x, y) = (—2y, 22). Is the vector field radial, rotational, or 
neither? 


Solution: 


Rotational 


Hint 


Substitute enough points into F to get an idea of the shape. 


Example: 
Exercise: 


Problem: 
Velocity Field of a Fluid 


aera i+ ae j is the velocity field of a fluid. How 
fast is the fluid moving at point (1, —1)? (Assume the units of speed are meters per 


second.) 


Suppose that v (x, y) = — 


Solution: 


To find the velocity of the fluid at point (1, —1), substitute the point into v: 
Equation: 


Zi olen ec asls), seem ears 
eal —— ——— — ° 
v (1, —1) Fo oY eae hee 


The speed of the fluid at (1, —1) is the magnitude of this vector. Therefore, the 
speed is ||i + j]| = V2 m/sec. 


Note: 
Exercise: 


Problem: 


Vector field v(x, y) = (4 |x|, 1) models the velocity of water on the surface of a 
river. What is the speed of the water at point (2,3)? Use meters per second as the 
units. 


Solution: 
/ 65 m/sec 
Hint 


Remember, speed is the magnitude of velocity. 


We have examined vector fields that contain vectors of various magnitudes, but just as 
we have unit vectors, we can also have a unit vector field. A vector field F is a unit 
vector field if the magnitude of each vector in the field is 1. In a unit vector field, the 
only relevant information is the direction of each vector. 


Example: 
Exercise: 


Problem: 
A Unit Vector Field 


Show that vector field F (x, y) = ( ) is a unit vector field. 


7] ae 
Solution: 


To show that F is a unit field, we must show that the magnitude of each vector is 1. 
Note that 


Equation: 
y z £ : aS 2 x? 
/p2+y? Ja+y? —— r+y? ee+y? 
= x+y? 
ae r+ye 
a 


Therefore, F is a unit vector field. 


Note: 
Exercise: 


Problem: Is vector field F (x, y) = (—y, x) a unit vector field? 


Solution: 
No. 
Hint 


Calculate the magnitude of F at an arbitrary point (a, y). 


Why are unit vector fields important? Suppose we are studying the flow of a fluid, and 
we care only about the direction in which the fluid is flowing at a given point. In this 
case, the speed of the fluid (which is the magnitude of the corresponding velocity vector) 


is irrelevant, because all we care about is the direction of each vector. Therefore, the unit 
vector field associated with velocity is the field we would study. 


If F = (P,Q, R) is a vector field, then the corresponding unit vector field is 


Ca THe tt). Notice that if F (x, y) = (y, —2) is the vector field from [link], then 


the magnitude of F is of x* + y?, and therefore the corresponding unit vector field is the 
field G from the previous example. 


If F is a vector field, then the process of dividing F by its magnitude to form unit vector 
field F'/ ||F|| is called normalizing the field F. 


Vector Fields in R® 


We have seen several examples of vector fields in R?; let’s now turn our attention to 
vector fields in R*. These vector fields can be used to model gravitational or 
electromagnetic fields, and they can also be used to model fluid flow or heat flow in 
three dimensions. A two-dimensional vector field can really only model the movement of 
water on a two-dimensional slice of a river (such as the river’s surface). Since a river 
flows through three spatial dimensions, to model the flow of the entire depth of the river, 
we need a vector field in three dimensions. 


The extra dimension of a three-dimensional field can make vector fields in R* more 
difficult to visualize, but the idea is the same. To visualize a vector field in R°, plot 
enough vectors to show the overall shape. We can use a similar method to visualizing a 
vector field in R? by choosing points in each octant. 


Just as with vector fields in R?, we can represent vector fields in R* with component 
functions. We simply need an extra component function for the extra dimension. We 
write either 

Equation: 


F (x,y, z) _ (P (x, ¥, z),Q (a9, 2) ;H (ey 4; z)) 


or 
Equation: 


F (z,y,z) = P(a,y,z)it+ Q(z, y,z)j+R(z,y, z)k. 


Example: 
Exercise: 


Problem: 
Sketching a Vector Field in Three Dimensions 


Describe vector field F (x, y, z) = (1, 1, z). 
Solution: 


For this vector field, the x and y components are constant, so every point in R® has 
an associated vector with x and y components equal to one. To visualize F, we first 
consider what the field looks like in the xy-plane. In the xy-plane, z = 0. Hence, 
each point of the form (a, b, 0) has vector (1, 1, 0) associated with it. For points 
not in the xy-plane but slightly above it, the associated vector has a small but 
positive z component, and therefore the associated vector points slightly upward. 
For points that are far above the xy-plane, the z component is large, so the vector is 
almost vertical. [link] shows this vector field. 


A visual representation of vector field 
Bias) — elie) 


Note: 


Exercise: 


Problem: Sketch vector field G (z, y, z) = =O. on if 


Solution: 


Hint 


Substitute enough points into the vector field to get an idea of the general shape. 


In the next example, we explore one of the classic cases of a three-dimensional vector 
field: a gravitational field. 


Example: 
Exercise: 


Problem: 
Describing a Gravitational Vector Field 


m 


ar fr, where G is the universal 


gravitational constant. It describes the gravitational field exerted by an object 
(object 1) of mass ™, located at the origin on another object (object 2) of mass m2 
located at point (x, y, z). Field F denotes the gravitational force that object 1 exerts 
on object 2, r is the distance between the two objects, and r indicates the unit 
vector from the first object to the second. The minus sign shows that the 
gravitational force attracts toward the origin; that is, the force of object 1 is 
attractive. Sketch the vector field associated with this equation. 


Newton’s law of gravitation states that F = —G 


Solution: 


Since object 1 is located at the origin, the distance between the objects is given by 


r= 1/22 + y? + 22. The unit vector from object 1 to object 2 ist = TERA 
Ue 


and hence f = ca =a 2 Therefore, gravitational vector field F exerted by object 
1 on object 2 is 
Equation: 


= x y z 
F= —Gm\m2 > moe =) 


This is an example of a radial vector field in R®. 


[link] shows what this gravitational field looks like for a large mass at the origin. 
Note that the magnitudes of the vectors increase as the vectors get closer to the 
origin. 


A visual representation of gravitational 
vector field 
B—_—Grim (4 -,,) ora large 
mass at the origin. 


Note: 
Exercise: 


Problem: 

The mass of asteroid 1 is 750,000 kg and the mass of asteroid 2 is 130,000 kg. 
Assume asteroid 1 is located at the origin, and asteroid 2 is located at (15, —5, 10), 
measured in units of 10 to the eighth power kilometers. Given that the universal 


gravitational constant is G = 6.67384 x 10° m*kg~!s~?, find the gravitational 
force vector that asteroid 1 exerts on asteroid 2. 


Solution: 


1.49063 x 10-18, 4.96876 x 10719, 9.93752 x 10°-19N 
Hint 


Follow [link] and first compute the distance between the asteroids. 


Gradient Fields 


In this section, we study a special kind of vector field called a gradient field or a 
conservative field. These vector fields are extremely important in physics because they 
can be used to model physical systems in which energy is conserved. Gravitational fields 
and electric fields associated with a static charge are examples of gradient fields. 


Recall that if f is a (scalar) function of x and y, then the gradient of f is 
Equation: 


grad f= Vf = fa(x,y)it fy(z, yi. 


We can see from the form in which the gradient is written that Vf is a vector field in R?. 
Similarly, if f is a function of x, y, and z, then the gradient of f is 
Equation: 


grad f = Vi = fo(@,¥; z)i + TAD G) z)j os fAGY; z)k. 


The gradient of a three-variable function is a vector field in R?. 


A gradient field is a vector field that can be written as the gradient of a function, and we 
have the following definition. 


Note: 

Definition 

A vector field F in R? or in R? is a gradient field if there exists a scalar function f 
such that Vf = F. 


Example: 
Exercise: 


Problem: 
Sketching a Gradient Vector Field 


Use technology to plot the gradient vector field of f (x, y) = xy’. 


Solution: 


The gradient of f is Vf = ous, 20). To sketch the vector field, use a 
computer algebra system such as Mathematica. [link] shows V f. 
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The gradient vector field is Vf, where f (x,y) = xy’. 

Note: 

Exercise: 

Problem: 


Use technology to plot the gradient vector field of f (x, y) = sin x cos y. 


Solution: 
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Hint 


Find the gradient of f. 


Consider the function f (x, y) = x?y? from [link]. [link] shows the level curves of this 
function overlaid on the function’s gradient vector field. The gradient vectors are 
perpendicular to the level curves, and the magnitudes of the vectors get larger as the level 
curves get closer together, because closely grouped level curves indicate the graph is 
steep, and the magnitude of the gradient vector is the largest value of the directional 
derivative. Therefore, you can see the local steepness of a graph by investigating the 
corresponding function’s gradient field. 


The gradient field of f (x, y) = xy? and several level curves of f. Notice 
that as the level curves get closer together, the magnitude of the gradient 
vectors increases. 


As we learned earlier, a vector field F is a conservative vector field, or a gradient field if 
there exists a scalar function f such that V f = F. In this situation, f is called a 
potential function for F. Conservative vector fields arise in many applications, 
particularly in physics. The reason such fields are called conservative is that they model 
forces of physical systems in which energy is conserved. We study conservative vector 
fields in more detail later in this chapter. 


You might notice that, in some applications, a potential function f for F is defined 
instead as a function such that —V f = F. This is the case for certain contexts in physics, 
for example. 


Example: 
Exercise: 


Problem: 
Verifying a Potential Function 


Is f (x,y, z) = xyz — sin (xy) a potential function for vector field 


Equation: 


F(a, y, 2) = (2xyz — ycos(zy),2?z — x cos(xy), x7y)? 


Solution: 


We need to confirm whether V f = F. We have 
Equation: 


fo = 2xyz — ycos (zy), fy = 22z — x cos (xy), and f, = z’y. 
y 


Therefore, V f = F and f is a potential function for F. 


Note: 
Exercise: 


Problem: 


Ista 2) — ax? cos(yz) + yz? a potential function for 
F(x, y, z) = (2x cos(yz), —2?zsin(yz) + 2y2”,y*)? 


Solution: 


No 
Hint 


Compute the gradient of f. 


Example: 
Exercise: 


Problem: 
Verifying a Potential Function 


The velocity of a fluid is modeled by field v (x, y) = (ay, © - y). Verify that 


na ey ys ial f ion f 
f (x,y) = —* — * isa potential function for v. 


Solution: 


To show that f is a potential function, we must show that Vf = v. Note that 
jf eMC = — y. Therefore, Vf = (ay, = — y) and f is a potential 


function for v ([link)). 
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Velocity field v (z, y) has a potential function and is a conservative field. 


Note: 
Exercise: 


Problem: 


Verify that f (x, y) = x?y? + @ is a potential function for velocity field 
v (x,y) = (307y? + 1, 2x%y). 


Solution: 


ay 
Hint 


Calculate the gradient. 


If F is a conservative vector field, then there is at least one potential function f such that 
V f = F. But, could there be more than one potential function? If so, is there any 
relationship between two potential functions for the same vector field? Before answering 
these questions, let’s recall some facts from single-variable calculus to guide our 
intuition. Recall that if k (a) is an integrable function, then k has infinitely many 
antiderivatives. Furthermore, if F and G are both antiderivatives of k, then F and G differ 
only by a constant. That is, there is some number C such that F' (x) = G(x) +C. 


Now let F be a conservative vector field and let f and g be potential functions for F. 
Since the gradient is like a derivative, F being conservative means that F is “integrable” 
with “antiderivatives” f and g. Therefore, if the analogy with single-variable calculus is 
valid, we expect there is some constant C such that f (x) = g(x) + C. The next 
theorem says that this is indeed the case. 


To state the next theorem with precision, we need to assume the domain of the vector 
field is connected and open. To be connected means if P; and P, are any two points in 
the domain, then you can walk from P; to P2 along a path that stays entirely inside the 
domain. 


Note: 

Uniqueness of Potential Functions 

Let F be a conservative vector field on an open and connected domain and let f and g be 
functions such that V f = F and Vg = F. Then, there is a constant C such that 
fHg+c. 


Proof 


Since f and g are both potential functions for F, then 
V(f—-9)=Vf—-Vg=F —F =0.Leth = f — g, then we have Vh = 0. We 
would like to show that h is a constant function. 


Assume h is a function of x and y (the logic of this proof extends to any number of 
independent variables). Since Vh = 0, we have hz = 0 and h, = 0. The expression 

h, = 0 implies that h is a constant function with respect to x—that is, h (2, y) = ki (y) 
for some function k;. Similarly, h, = 0 implies h (x, y) = k2 (x) for some function kp. 
Therefore, function h depends only on y and also depends only on x. Thus, h (xz, y) = C 


for some constant C on the connected domain of F. Note that we really do need 
connectedness at this point; if the domain of F came in two separate pieces, then k could 
be a constant C, on one piece but could be a different constant C> on the other piece. 
Since f —-g=h=C, we have that f = g+ C, as desired. 


Conservative vector fields also have a special property called the cross-partial property. 
This property helps test whether a given vector field is conservative. 


Note: 

The Cross-Partial Property of Conservative Vector Fields 

Let F be a vector field in two or three dimensions such that the component functions of 
F have continuous second-order mixed-partial derivatives on the domain of F. 


If F(x, y) = (P(z,y), Q(z, y)) is a conservative vector field in R?, then S = #2 If 


F (x,y,z) = (P(2,y, z), Q(z, y, z), R(z, y, 2)) is a conservative vector field in R°, 
then 
Equation: 

OP  0Q 0Q_ OR OR OP 


i Cele OR acu ere 


Proof 


Since F is conservative, there is a function f(z, y) such that Vf = F. Therefore, by the 
definition of the gradient, f; = P and f, = Q. By Clairaut’s theorem, fz, = fyx, But, 
fey = P, and fy, = Qz, and thus P, = Q>. 


Clairaut’s theorem gives a fast proof of the cross-partial property of conservative vector 
fields in R°, just as it did for vector fields in R?. 


[link] shows that most vector fields are not conservative. The cross-partial property is 
difficult to satisfy in general, so most vector fields won’t have equal cross-partials. 


Example: 


Exercise: 


Problem: 
Showing a Vector Field Is Not Conservative 


Show that rotational vector field F (x, y) = (y, —x) is not conservative. 


Solution: 


Let P(x, y) = yand Q (a, y) = —z. If F is conservative, then the cross-partials 
would be equal—that is, Py would equal @,. Therefore, to show that F is not 
conservative, check that P, # Q,. Since P, = 1 and Q, = —1, the vector field is 
not conservative. 


Note: 
Exercise: 


Problem: Show that vector field F (x, y)xyi — zyj is not conservative. 


Solution: 
Py=2F#Qz = —2ry 
Hint 


Check the cross-partials. 


Example: 
Exercise: 


Problem: 
Showing a Vector Field Is Not Conservative 


Is vector field F (x, y, z) = (7, —2, 2°) conservative? 


Solution: 


Let P(z, y, z) = 7, Q(z, y, z) = —2, and R(z, y, z) = z°. If F is conservative, 
then all three cross-partial equations will be satisfied—that is, if F is conservative, 
then P, would equal Q,, @, would equal R,, and R, would equal P,. Note that 


Py = Qz = Ry = Q, = 0, so the first two necessary equalities hold. However, 
R,, = 3x3 and P, = 0so R, # P,,. Therefore, F is not conservative. 


Note: 
Exercise: 


Problem: Is vector field G (2, y, z) = (y, x, xyz) conservative? 


Solution: 


No 
Hint 


Check the cross-partials. 


We conclude this section with a word of warning: [link] says that if F is conservative, 
then F has the cross-partial property. The theorem does not say that, if F has the cross- 
partial property, then F is conservative (the converse of an implication is not logically 
equivalent to the original implication). In other words, [link] can only help determine 
that a field is not conservative; it does not let you conclude that a vector field is 


conservative. For example, consider vector field F(z, y) = (2y, x ): This field has 


the cross-partial property, so it is natural to try to use [link] to conclude this vector field 
is conservative. However, this is a misapplication of the theorem. We learn later how to 
conclude that F is conservative. 


Key Concepts 


e A vector field assigns a vector F(z, y) to each point (a, y) in a subset D of 
R? or R®. F(z, y, z) to each point (x, y, z) in a subset D of R°. 

e Vector fields can describe the distribution of vector quantities such as forces or 
velocities over a region of the plane or of space. They are in common use in such 
areas as physics, engineering, meteorology, oceanography. 

e We can sketch a vector field by examining its defining equation to determine 
relative magnitudes in various locations and then drawing enough vectors to 
determine a pattern. 

e A vector field F is called conservative if there exists a scalar function f such that 


VF=F. 


Key Equations 


¢ Vector field in R2 


F(z, y) = (P(z, y), Q(2, y)) 


F(a, y) — P(x, y)i si Q(x, y)j 
e Vector field in R® 


F (x, y, 2) = CP (as9; 2), 0 (ey, Z)y RG, YZ) 
or 
F (x,y,z) = P(z,y,z)it+ Q (x,y, 2)§+ R(z,y, z)k 


Exercise: 


Problem: 


The domain of vector field F = F (z, y) is a set of points (a, y) in a plane, and the 
range of F is a set of what in the plane? 


Solution: 


Vectors 


For the following exercises, determine whether the statement is true or false. 
Exercise: 


Problem: 


Vector field F = (3x7, 1) is a gradient field for both ¢; (x, y) = x? + y and 
b2(z,y) = y+ 2° + 100. 


Exercise: 


Problem: 
Vector field F = rica is constant in direction and magnitude on a unit circle. 
a*ty 


Solution: 


False 


Exercise: 


Problem: Vector field F = (ye) is neither a radial field nor a rotation. 


For the following exercises, describe each vector field by drawing some of its vectors. 
Exercise: 


Problem: [T] F(z, y) = xi-+ yj 


Solution: 


Exercise: 


Problem: [T] F(z, y) = —yi+ aj 


Exercise: 
Problem: [T] F(z, y) = xi — yj 


Solution: 


Exercise: 


Problem: [T] F(z, y) =i+j 


Exercise: 


Problem: [T] F(z, y) = 2xi + 3yj 


Solution: 


a - a sg Le 4 ~ /~ ~~ _ 


a ae ee ae l,l 
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Exercise: 


Problem: [T] F(z, y) = 3i+ aj 


Exercise: 


Problem: [T] F(z, y) = yi-+ sin xj 


Solution: 


Exercise: 


Problem: [T] F(z, y, z) = zi+ yj + zk 


Exercise: 


Problem: [T] F(z, y, z) = 2xi — 2yj — 2zk 


Solution: 


Exercise: 


Problem: [T] F(z, y, z) = 2i- =i 


z 


For the following exercises, find the gradient vector field of each function f. 
Exercise: 


Problem: f(x,y) = xsin y+ cosy 
Solution: 


F(z, y) = sin(y)i+ (x cos y — sin y)j 


Exercise: 


Problem: f(x, y, z) = ze~*4 


Exercise: 


Problem: f(z, y,z) = z?y+ay+ y?z 


Solution: 


F(x, y,z) = (2ey+ y)it (2? +2 + 2yz)j+y’k 


Exercise: 


Problem: f(x,y) = x”sin(5y) 


Exercise: 
Problem: f(x,y) = In (1 +a? + 2y’) 


Solution: 


x s 4 ° 
F(z, y) - ( ao )i ( ieee )j 


Exercise: 


Problem: S259; z) = £ COS (4) 
Exercise: 


Problem: 


What is vector field F (z, y) with a value at (a, y) that is of unit length and points 
toward (1,0)? 


Solution: 


F(2,y) = 


y (l-a)’+y? 


For the following exercises, write formulas for the vector fields with the given 
properties. 
Exercise: 


Problem: 


All vectors are parallel to the x-axis and all vectors on a vertical line have the same 
magnitude. 


Exercise: 


Problem: All vectors point toward the origin and have constant length. 
Solution: 


F(2,9) = GS 


a?ty? 


Exercise: 
Problem: 
All vectors are of unit length and are perpendicular to the position vector at that 
point. 
Exercise: 
Problem: 
Give a formula F(z, y) = M(a, y)i+ N(a, y)j for the vector field in a plane that 


has the properties that F = 0 at (0,0) and that at any other point (a, b), F is tangent 
to circle x? + y? = a? + b? and points in the clockwise direction with magnitude 


|F | = Va? + b?2. 
Solution: 


F(z,y) = yi—2zj 
Exercise: 


Problem: 


Is vector field F(x, y) = (P(z, y), Q(z, y)) = (sing + y)i+ (cosy+ ax)ja 
gradient field? 


Exercise: 


Problem: 


Find a formula for vector field F(z, y) = M(z, y)i+ N(z, y)j given the fact that 


for all points (a, y), F points toward the origin and |F| = ea 


Solution: 


F(x,y) = Baa (xi + yj) 


For the following exercises, assume that an electric field in the xy-plane caused by an 
infinite line of charge along the x-axis is a gradient field with potential function 


as To . . . 
V 4) cla = , where c > 0 is a constant and rg is a reference distance at 
which the potential is assumed to be zero. 

Exercise: 


Problem: 


Find the components of the electric field in the x- and y-directions, where 
E (x, y) =a (x, y). 


Exercise: 


Problem: 


Show that the electric field at a point in the xy-plane is directed outward from the 


origin and has magnitude E|= +, where r = fx? = y. 


Solution: 


os, Cc at» AG. Tr 
E=- r= 22 
| 


A flow line (or streamline) of a vector field F is a curve r (t) such that 

dr /dt = F (r (t)). If F represents the velocity field of a moving particle, then the flow 
lines are paths taken by the particle. Therefore, flow lines are tangent to the vector field. 
For the following exercises, show that the given curve c (t) is a flow line of the given 
velocity vector field F (x, y, z). 

Exercise: 


Problem: c (t) = (e” In |¢|, +),t AOE (ey 2) = 2; % —2?) 


Exercise: 
Problem: c (t) = (sin ¢, cost, e’); F (x, y, z) = (y, —2, 2) 
Solution: 


c/ (t) = (cost, —sint,e*) = F (c(t) 


For the following exercises, let F = xi+ yj, G = —yi+ aj, and H = zi — yj. Match 
F, G, and H with their graphs. 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Exercise: 


Problem: 


For the following exercises, let F = zi+ yj, G = —yi+ xj, and H = zi- yj. Match 
the vector fields with their graphs in (I) — (IV). 


a F+G 
b.F+H 
cG+H 
d.-F+G 


Exercise: 


Problem: 


Solution: 


d.—-F+G 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


aF+G 
Exercise: 


Problem: 


Glossary 


conservative field 
a vector field for which there exists a scalar function f such that Vf = F 


gradient field 
a vector field F for which there exists a scalar function f such that Vf = F; in 
other words, a vector field that is the gradient of a function; such vector fields are 
also called conservative 


potential function 
a scalar function f such that Vf = F 


radial field 
a vector field in which all vectors either point directly toward or directly away from 
the origin; the magnitude of any vector depends only on its distance from the origin 


rotational field 
a vector field in which the vector at point (x, y) is tangent to a circle with radius 
r= 4/2? + y?; ina rotational field, all vectors flow either clockwise or 
counterclockwise, and the magnitude of a vector depends only on its distance from 
the origin 


unit vector field 
a vector field in which the magnitude of every vector is 1 


vector field 
measured in R?, an assignment of a vector F (z, y) to each point (x, y) of a subset 
D of R?; in R®, an assignment of a vector F (2, y, z) to each point (z, y, z) of a 


subset D of R? 


Line Integrals 


Calculate a scalar line integral along a curve. 

Calculate a vector line integral along an oriented curve in space. 

Use a line integral to compute the work done in moving an object along a curve 
in a vector field. 

e Describe the flux and circulation of a vector field. 


b 
We are familiar with single-variable integrals of the form / f (x)dzx, where the 


domain of integration is an interval |a, 6]. Such an interval can be thought of as a 
curve in the xy-plane, since the interval defines a line segment with endpoints (a, 0) 
and (b, 0)—in other words, a line segment located on the x-axis. Suppose we want 
to integrate over any curve in the plane, not just over a line segment on the x-axis. 
Such a task requires a new kind of integral, called a line integral. 


Line integrals have many applications to engineering and physics. They also allow 
us to make several useful generalizations of the Fundamental Theorem of Calculus. 
And, they are closely connected to the properties of vector fields, as we shall see. 


Scalar Line Integrals 


A line integral gives us the ability to integrate multivariable functions and vector 
fields over arbitrary curves in a plane or in space. There are two types of line 
integrals: scalar line integrals and vector line integrals. Scalar line integrals are 
integrals of a scalar function over a curve in a plane or in space. Vector line integrals 
are integrals of a vector field over a curve in a plane or in space. Let’s look at scalar 
line integrals first. 


A scalar line integral is defined just as a single-variable integral is defined, except 
that for a scalar line integral, the integrand is a function of more than one variable 
and the domain of integration is a curve in a plane or in space, as opposed to a curve 
on the x-axis. 


For a scalar line integral, we let C be a smooth curve in a plane or in space and let f 
be a function with a domain that includes C. We chop the curve into small pieces. 
For each piece, we choose point P in that piece and evaluate f at P. (We can do this 
because all the points in the curve are in the domain of f.) We multiply f (P) by the 
arc length of the piece As, add the product f (P)As over all the pieces, and then let 
the arc length of the pieces shrink to zero by taking a limit. The result is the scalar 
line integral of the function over the curve. 


For a formal description of a scalar line integral, let C be a smooth curve in space 
given by the parameterization r (t) = (x(t), y(t), z(t)),a<t < b. Let f (z, y, z) 
be a function with a domain that includes curve C’. To define the line integral of the 
function f over C’, we begin as most definitions of an integral begin: we chop the 
curve into small pieces. Partition the parameter interval [a, b] into n subintervals 


[ti_1, t;] of equal width for 1 < i < n, where to = a andt, = 6 ((link)). Let t; bea 
value in the ith interval |t;_;,¢;]. Denote the endpoints of r (to), r (¢1),..., r (tn) by 
Po,..-; Pn. Points P; divide curve C’ into n pieces C1, C2,..., Cn, with lengths 


* 
Asy, Aso,..., ASn, respectively. Let P, denote the endpoint of r(¢,; ) for 
* 
1 <iz< n. Now, we evaluate the function f at point P, for 1 <2 <n. Note that 


P. is in piece C;, and therefore P, is in the domain of f. Multiply f (P; ) by the 


t 


length As, of C,, which gives the area of the “sheet” with base C’,, and height 


f (P, ie This is analogous to using rectangles to approximate area in a single- 
I * 
variable integral. Now, we form the sum S° i (P, ) Asi. Note the similarity of this 
i=1 


sum versus a Riemann sum; in fact, this definition is a generalization of a Riemann 
sum to arbitrary curves in space. Just as with Riemann sums and integrals of form 


/ g (a)dz, we define an integral by letting the width of the pieces of the curve 


shrink to zero by taking a limit. The result is the scalar line integral of f along Cs 


Curve C has been divided into n pieces, and a point inside 


each piece has been chosen. 


You may have noticed a difference between this definition of a scalar line integral 
and a single-variable integral. In this definition, the arc lengths As, Asg,..., As, 
aren’t necessarily the same; in the definition of a single-variable integral, the curve 
in the x-axis is partitioned into pieces of equal length. This difference does not have 
any effect in the limit. As we shrink the arc lengths to zero, their values become 
close enough that any small difference becomes irrelevant. 


Note: 

Definition 

Let f be a function with a domain that includes the smooth curve C that is 
parameterized by r (t) = (a (t), y(t), z(t)), a < t < b. The scalar line integral 
of f along C is 

Equation: 


[few z)ds = dim, 2 f (P; )Asi 


if this limit exists (t, and As; are defined as in the previous paragraphs). If C is a 
planar curve, then C can be represented by the parametric equations 

x= 2«(t),y= y(t), anda <t < b. If Cis smooth and f (2, y) is a function of 
two variables, then the scalar line integral of f along C is defined similarly as 
Equation: 


iE f(a,y)ds = lim » é (P; )Asi, 


if this limit exists. 


If f is a continuous function on a smooth curve C, then fds always exists. Since 
C 


i fds is defined as a limit of Riemann sums, the continuity of f is enough to 
C 


b 


guarantee the existence of the limit, just as the integral / g (x)dz exists if g is 
a 


continuous over [a, 5]. 


Before looking at how to compute a line integral, we need to examine the geometry 
captured by these integrals. Suppose that f (x, y) > 0 for all points (a, y) ona 
smooth planar curve C’. Imagine taking curve C’ and projecting it “up” to the surface 
defined by f (z, y), thereby creating a new curve C” that lies in the graph of 

f (x, y) ([link]). Now we drop a “sheet” from C’ down to the xy-plane. The area of 


this sheet is / f (x, y)ds. If f (x, y) < 0 for some points in C, then the value of 
e 


| f (x, y)ds is the area above the xy-plane less the area below the xy-plane. (Note 
C 


b 
the similarity with integrals of the form / g(x)dz. ) 


a 


“Cc 2.0 y 


The area of the blue sheet is / f (x, y)ds. 
C 


From this geometry, we can see that line integral / f (x, y)ds does not depend on 
C 


the parameterization r (t) of C. As long as the curve is traversed exactly once by the 
parameterization, the area of the sheet formed by the function and the curve is the 
same. This same kind of geometric argument can be extended to show that the line 
integral of a three-variable function over a curve in space does not depend on the 
parameterization of the curve. 


Example: 
Exercise: 


Problem: 
Finding the Value of a Line Integral 


Find the value of integral | 2ds, where Cis the upper half of the unit circle. 
@ 


Solution: 


The integrand is f (x, y) = 2. [link] shows the graph of f (x, y) = 2, curve C, 
and the sheet formed by them. Notice that this sheet has the same area as a 
rectangle with width z and length 2. Therefore, | 205 — oT 


C 
4 


ra 
an 


y 


The sheet that is formed by the upper half of 
the unit circle in a plane and the graph of 


f(z, y) = 2. 


To see that | 2ds = 27 using the definition of line integral, we let r (t) bea 


C 
parameterization of C. Then, f (r (t;)) = 2 for any number ¢; in the domain of 
r. Therefore, 


Equation: 
fds = lim if (r (t;) )Asi 
= Be 
= 2 lim pe 2As; 
= 2 (length of C) 
=i 
Note: 
Exercise: 
Problem: 


Find the value of it (x + y)ds, where C is the curve parameterized by z = f, 
@ 
y=t,0<t<1. 


Solution: 


V2 


Hint 


Find the shape formed by C and the graph of function f (z, y) = # + y. 


Note that in a scalar line integral, the integration is done with respect to arc length s, 
which can make a scalar line integral difficult to calculate. To make the calculations 


easier, we can translate / fds to an integral with a variable of integration that is t. 
C 


Let r (t) = (a (t), y(t), z(t)) fora < t < b bea parameterization of C’. Since we 
are assuming that Cis smooth, r’ (t) = (a’ (t), y’ (t), 2’ (€)) is continuous for all t 
in [a, |. In particular, x/ (t), y/(¢), and z/ (¢) exist for all ¢ in [a, b]. According to 
the arc length formula, we have 

Equation: 


tj 
iach (C) = As= i ir’ (t) lide. 
tj-1 


t; : 
If width At; = t; — t;_1 is small, then function / Ix’ (t)lldt ~ Ilr (t, ) pure 

ti-1 
llr’ (t) || is almost constant over the interval [¢;_1, t;]. Therefore, 
Equation: 


tj * 
/ lir’(t)lidt ~ r'(t; )Aty, 


tj_-4 


and we have 
Equation: 


See [link]. 


Small segment of 
curve is almost linear 


If we zoom in on the curve enough by making 
At; very small, then the corresponding piece 
of the curve is approximately linear. 


Note that 
Equation: 


Jim, > 10 e(eats = fo se f(r(t)) llr’ (t)lldt. 


i other words, as the widths of intervals |t;_1, ¢;| shrink to zero, the sum 
ye f(r (t, At; converges to the integral [se f(r(€)) llr’(¢)|ldt. Therefore, 


we ae the following theorem. 


Note: 

Evaluating a Scalar Line Integral 

Let f be a continuous function with a domain that includes the smooth curve C’ 
with parameterization r (t),a < t < b. Then 

Equation: 


b 
[tas= | f(x(t)) lin’ (#) lidt. 


Although we have labeled [link] as an equation, it is more accurately considered an 
approximation because we can show that the left-hand side of [link] approaches the 
right-hand side as n — oo. In other words, letting the widths of the pieces shrink to 
zero makes the right-hand sum arbitrarily close to the left-hand sum. Since 
Equation: 


in" (2) = ¥ (anlt))? + (WO)? + HOY’, 


we obtain the following theorem, which we use to compute scalar line integrals. 


Note: 

Scalar Line Integral Calculation 

Let f be a continuous function with a domain that includes the smooth curve C 
with parameterization r (¢) = (a (t), y(t), z(t)),a <t < b. Then 

Equation: 


b 
[tenad=f reo or + voy +e oye. 


Similarly, 
Equation: 


b es 
[tenas= [seme w+ ora 
C a 


if C is a planar curve and f is a function of two variables. 


Note that a consequence of this theorem is the equation ds = |Ir’ (¢)|Idt. In other 
words, the change in arc length can be viewed as a change in the t domain, scaled by 
the magnitude of vector r’ (t). 


Example: 
Exercise: 


Problem: 


Evaluating a Line Integral 


Find the value of integral / (ee diy? dk z) ds, where C’ is part of the helix 
C 


parameterized by r (t) = (cost, sint,t),0<t < 2zn. 
Solution: 


To compute a scalar line integral, we start by converting the variable of 
integration from arc length s to t. Then, we can use [link] to compute the 
integral with respect to ¢. Note that f (r (t)) = cost + sin*t + t = 14+ t and 
Equation: 


V2)? + YO)? + (2 OY? = a/(—sin (9)? + cos? () +1 
=i 


Therefore, 
Equation: 


[ (2? +y° + z)ds = [ (1+ t)v2d¢. 


Notice that [link] translated the original difficult line integral into a 
manageable single-variable integral. Since 


Equation: 
2a = 32 on 
| (1+t)V2dt = | v2t + oa 
0 
= 2/2 + 2V2r?, 
we have 
Equation: 


| (x? ieee z)ds = 2V2n + 2V2r". 
C 


Note: 
Exercise: 


Problem: 


Evaluate | (ae Jey z) ds, where C is the curve with parameterization 
e 
E(¢) — (sim (3t),cos\(3t)), 02% = 4. 
Solution: 
1 V2 3m 
ag te eye abe ea 
Hint 


Use the two-variable version of [link]. 


Example: 
Exercise: 


Problem: 
Independence of Parameterization 


Find the value of integral | (ae dye de z) ds, where C’ is part of the helix 
C 


parameterized by r (t) = (cos (2t), sin (2t), 2t),0 < t < m. Notice that this 
function and curve are the same as in the previous example; the only 
difference is that the curve has been reparameterized so that time runs twice as 
fast. 


Solution: 


As with the previous example, we use [link] to compute the integral with 
respect to t. Note that f (r (t)) = cos? (2t) + sin? (2t) + 2t = 2t + 1 and 
Equation: 


(2 ()? + & ()? + @@)?_ = /Csint + cost +4) 
= 2/2 


so we have 
Equation: 


[@+P+2es =2v3 [1+ 20a¢ 
C 0 


=vile+e; 
= 2/2 (7 +7). 


Notice that this agrees with the answer in the previous example. Changing the 
parameterization did not change the value of the line integral. Scalar line 
integrals are independent of parameterization, as long as the curve is traversed 
exactly once by the parameterization. 


Note: 
Exercise: 


Problem: 


Evaluate line integral | (Ge + yz) ds, where C is the line with 
@ 


parameterization r(t) = (2t, 5t, —t),0 <t < 10. Reparameterize C with 
parameterization s(t) = (4t, 10t, —2t),0 < t < 5, recalculate line integral 


| (x? + yz) ds, and notice that the change of parameterization had no effect 
@ 


on the value of the integral. 


Solution: 
ee 100030 
Both line integrals equal -——7—. 
Hint 
Use [link]. 


Now that we can evaluate line integrals, we can use them to calculate arc length. If 
f (%,y,2) =1, then 


Equation: 


[ fleas = Jin, oF (4) ds 


a 
= lim length (C) 
= length (C). 


Therefore, / 1ds is the arc length of C’. 
C 


Example: 
Exercise: 


Problem: 
Calculating Arc Length 


A wire has a shape that can be modeled with the parameterization 
Ee — (cos t, sin t, vi), 0 <t < 4n. Find the length of the wire. 


Solution: 


The length of the wire is given by i 1ds, where C is the curve with 
C 


parameterization r. Therefore, 
Equation: 


The length of the wire = | lds 


= iP llr’ (t)lldt 
0 


An 
= / \/ (sin t)* + cos?t + tdt 
0 


Note: 
Exercise: 


Problem: 


Find the length of a wire with parameterization 
r(t) = (3¢+1,4— 2¢,5+2t),0<t<4. 


Solution: 
4/17 
Hint 


Find the line integral of one over the corresponding curve. 


Vector Line Integrals 


The second type of line integrals are vector line integrals, in which we integrate 
along a curve through a vector field. For example, let 
Equation: 


F (z,y,z) = P(a,y,z)i+Q(z,y,z)j+R(z,y,z)k 


be a continuous vector field in R? that represents a force on a particle, and let C be a 
smooth curve in IR? contained in the domain of F. How would we compute the 
work done by F in moving a particle along C? 


To answer this question, first note that a particle could travel in two directions along 
a curve: a forward direction and a backward direction. The work done by the vector 
field depends on the direction in which the particle is moving. Therefore, we must 
specify a direction along curve C; such a specified direction is called an orientation 
of a curve. The specified direction is the positive direction along C; the opposite 
direction is the negative direction along C. When C has been given an orientation, C 
is called an oriented curve ({link]). The work done on the particle depends on the 
direction along the curve in which the particle is moving. 


A closed curve is one for which there exists a parameterization r (t),a <t <b, 
such that r (a) = r (6), and the curve is traversed exactly once. In other words, the 
parameterization is one-to-one on the domain (a, b). 


Curve C 


Curve C 


(a) Oriented curve (b) Closed curve 


(a) An oriented curve between two points. (b) A closed 
oriented curve. 


Letr (t) be a parameterization of C for a < t < b such that the curve is traversed 
exactly once by the particle and the particle moves in the positive direction along C. 
Divide the parameter interval [a, 6] into n subintervals [t;_1,¢;],0 <7 < n, of equal 
width. Denote the endpoints of r (to), r (t1),..., 2 (tn) by Po,..., Pn. Points P; 
divide C into n pieces. Denote the length of the piece from P;_, to P; by As,;. For 


each i, choose a value t; in the subinterval |t;_1,¢,;]. Then, the endpoint of r(¢; ) is a 


point in the piece of C between P;_; and P; ([link]). If As; is small, then as the 
particle moves from P;_; to P; along C, it moves approximately in the direction of 
T (P;), the unit tangent vector at the endpoint of r(t, ). Let P, denote the endpoint 
of r(t,). Then, the work done by the force vector field in moving the particle from 
P,_; to P;is F (P, ) - (As;T (PJ), so the total work done along C is 

Equation: 


vr (P,)-(Asit (P;)) = s r(P’)-(P') As. 


Curve C is divided into n pieces, and a 
point inside each piece is chosen. The 
dot product of any tangent vector in 
the ith piece with the corresponding 
vector F is approximated by 


F(P,)-T(P,). 


1 1 


Letting the arc length of the pieces of C get arbitrarily small by taking a limit as 
nm —> oo gives us the work done by the field in moving the particle along C. 


Therefore, the work done by F in moving the particle in the positive direction along 
C is defined as 
Equation: 


w= | P-Tas, 
C 


which gives us the concept of a vector line integral. 


Note: 

Definition 

The vector line integral of vector field F along oriented smooth curve C is 
Equation: 


ie * * 
[P tas = jim F(P,)-T(P, )As, 
CO n-00 = 


if that limit exists. 


With scalar line integrals, neither the orientation nor the parameterization of the 
curve matters. As long as the curve is traversed exactly once by the 
parameterization, the value of the line integral is unchanged. With vector line 
integrals, the orientation of the curve does matter. If we think of the line integral as 
computing work, then this makes sense: if you hike up a mountain, then the 
gravitational force of Earth does negative work on you. If you walk down the 
mountain by the exact same path, then Earth’s gravitational force does positive work 
on you. In other words, reversing the path changes the work value from negative to 
positive in this case. Note that if C is an oriented curve, then we let —C represent the 
same curve but with opposite orientation. 


As with scalar line integrals, it is easier to compute a vector line integral if we 
express it in terms of the parameterization function r and the variable t. To translate 
the integral / F - Tds in terms of t, note that unit tangent vector T along C is 

C 
r’(t) 


lix’(¢) I 
when discussing scalar line integrals, we have 


given by T = (assuming |Ir’ (t)|| 4 0). Since ds = llr’ (¢)|idt, as we saw 


Equation: 


F .Tds = F(r(t)) - rt , lir’ (t)\ldt = F (x (t)) - x’ (¢)dt. 


Thus, we have the following formula for computing vector line integrals: 
Equation: 


[F /Tds = [Fe (t)) «x! (t)dt. 


Because of [link], we often use the notation / F - dr for the line integral 


C 
| F - Tds. 
C 
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Example: 
Exercise: 


Problem: 
Evaluating a Vector Line Integral 


Find the value of integral | F - dr, where C’ is the semicircle parameterized 
C 
by r(t) = (cost,sint),0 <t < wand F = (-y,z). 


Solution: 
We can use [link] to convert the variable of integration from s to t. We then 
have 


Equation: 


F(r(t)) = (—sint, cost) and r’(t) = (—sint, cost). 


Therefore, 


Equation: 
/ Fd — / (—sin t, cos t) - (—sin t, cos t)dt 
C 0 
=| sin’t + cos”tdt 
0 
=/| ldt=7 
0 
See [link]. 


This figure shows curve r (t) = (cost,sint),0O<t<7 
in vector field F = (—y, x). 


Example: 
Exercise: 


Problem: 
Reversing Orientation 


Find the value of integral | F - dr, where C is the semicircle parameterized 
C 
by r(¢) = (cost +7, sint),0 <t < mand F = (-y,z). 


Solution: 


Notice that this is the same problem as [link], except the orientation of the 
curve has been traversed. In this example, the parameterization starts at 
r (0) = (7,0) and ends at r (77) = (0,0). By [link], 
Equation: 
| F-dr = | (—sin t, cost + 7) - (—sint + 7, cos t)dt 
C 0 


= || (—sin t, —cos t) - (sin t, cos t)dt 
0 
=| (—sin?t — cost)dt 

0 


[ona 
0 


= —lle 


Notice that this is the negative of the answer in [link]. It makes sense that this 
answer is negative because the orientation of the curve goes against the “flow” 
of the vector field. 


Let C be an oriented curve and let —C denote the same curve but with the orientation 
reversed. Then, the previous two examples illustrate the following fact: 


Equation: 
/ Pedr=~ [ Pdr, 
-C C 


That is, reversing the orientation of a curve changes the sign of a line integral. 


Note: 
Exercise: 


Problem: 


Let F = xi+ yj be a vector field and let C be the curve with parameterization 
re), for 0 < t < 2. Which is greater: i; F.Tds or | F . Tds? 
o 8 


Solution: 


[PTs 
C 


Hint 


Imagine moving along the path and computing the dot product F - T as you go. 


Another standard notation for integral / F - dr is iy Pdx + Qdy + Rdz. In this 
C C 
notation, P, Q, and R are functions, and we think of dr as vector (dz, dy, dz). To 


justify this convention, recall that dr = Tds = r’ (t)dt = (@, a 4 Nat. 
Therefore, 
Equation: 
F - dr = (P,Q, R) - (dz, dy, dz) = Pdx + Qdy + Rdz. 
If dr = (dz, dy, dz), then ae = (2, ae a), which implies that 
dr = €2 ie a \ dt Therefore 
Equation: 


[Fa ee + Qdy + Rdz 
C 


oi de + Q (r(t)) 4 + R (x(t) at. 


Example: 
Exercise: 


Problem: 


Finding the Value of an Integral of the Form | Pdz + Qdy + Rdz 
6 


Find the value of integral / zdx + ady + ydz, where C is the curve 
C 


parameterized by r (t) = eo vit), eee rae 


Solution: 


As with our previous examples, to compute this line integral we should 
perform a change of variables to write everything in terms of t. In this case, 
[link] allows us to make this change: 


Equation: 
: 1 
/ zdx + ady+ydz = / (: (O)) ee (—) - vi)at 
C 1 Qv/t 
4 43/2 
=| (20? + — + vt) at 
1 2 
243 43/2 2943/2 t=4 
a [3 Tis Ie | 
_ 793 
i 
Note: 


Exercise: 


Problem: 


Find the value of / Ardx + zdy + 4ydz, where C is the curve 
e 
parameterized by r (t) = (4 cos (2t), 2sin (2t),3),0 <t < 7. 


Solution: 


—26 
Hint 


Write the integral in terms of t using [link]. 


We have learned how to integrate smooth oriented curves. Now, suppose that C is an 
oriented curve that is not smooth, but can be written as the union of finitely many 
smooth curves. In this case, we say that C is a piecewise smooth curve. To be 
precise, curve C is piecewise smooth if C can be written as a union of n smooth 
curves C', C2,..., Cn such that the endpoint of C; is the starting point of C1 
({link]). When curves C;; satisfy the condition that the endpoint of C;; is the starting 
point of C11, we write their union as Cy + Cp +---+Cy. 


C3 


C2 


Cy 


The union of 
C 1) C 2) C' 3 isa 
piecewise smooth 
curve. 


The next theorem summarizes several key properties of vector line integrals. 


Note: 

Properties of Vector Line Integrals 

Let F and G be continuous vector fields with domains that include the oriented 
smooth curve C. Then 


i [(P+@)-ae= fp de+ | G-dr 
C e C 


ii. | KE -dr =k | F.- dr, where k is a constant 
C ‘Ss 


ii, f Pedr=— / Pde 
—C C 


iv. Suppose instead that C is a piecewise smooth curve in the domains of F and 
G, where C = C, + Cp +---+C,, and C,, Co,...,C;,, are smooth curves 
such that the endpoint of C; is the starting point of C;;,,. Then 
Equation: 


[F-a= | F-ds+ | Peds+--+ [ F - ds. 
C CF Cc @ 


n 


Notice the similarities between these items and the properties of single-variable 
integrals. Properties i. and ii. say that line integrals are linear, which is true of 
single-variable integrals as well. Property iii. says that reversing the orientation of a 
curve changes the sign of the integral. If we think of the integral as computing the 
work done on a particle traveling along C, then this makes sense. If the particle 
moves backward rather than forward, then the value of the work done has the 


b a 
opposite sign. This is analogous to the equation / feds - / jf (ede: 
a b 


Finally, if [a1, ag], [a2, a3],..., [@n—1, Gn] are intervals, then 
Equation: 


[Oo teyae= fo sleydes [fete + fo f (x)dz, 


—1 


which is analogous to property iv. 


Example: 
Exercise: 


Problem: 
Using Properties to Compute a Vector Line Integral 
Find the value of integral / F - Tds, where C is the rectangle (oriented 


6 
counterclockwise) in a plane with vertices (0,0), (2,0), (2,1), and (0,1), 
and where F = (x — 2y, y — 2) ([link]). 
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Rectangle and vector field for [link]. 


Solution: 


Note that curve C is the union of its four sides, and each side is smooth. 
Therefore C is piecewise smooth. Let C; represent the side from (0, 0) to 
(2,0), let Cz represent the side from (2, 0) to (2, 1), let C3 represent the side 
from (2,1) to (0,1), and let C's represent the side from (0, 1) to (0, 0) 
([link]). Then, 

Equation: 


[eta = | P.Tar + [ P.Tar + [ F.Tar + [ F - Tar. 
C Ch C4 C3 C4 


We want to compute each of the four integrals on the right-hand side using 
[link]. Before doing this, we need a parameterization of each side of the 
rectangle. Here are four parameterizations (note that they traverse C 


counterclockwise): 
Equation: 
Cr e0) Ort 2 
OG OLE US 
Cy2 27 at 2 
Ce: UO 1—f,0<7= be 
Therefore, 
Equation: 


Notice that the value of this integral is positive, which should not be 
surprising. As we move along curve C, from left to right, our movement flows 
in the general direction of the vector field itself. At any point along C;, the 


tangent vector to the curve and the corresponding vector in the field form an 
angle that is less than 90°. Therefore, the tangent vector and the force vector 
have a positive dot product all along C;, and the line integral will have 
positive value. 


The calculations for the three other line integrals are done similarly: 
Equation: 


1 
[Pa =| (2 — 2, t — 2) - (0, 1)dt 
C2 0 


=f e-24 


v 3 
E(e ep e8 
Equation: 
2 
JF Tds =| (ee) er etoe: 
C3 0 
2 
=| tdt = 2, 
0 
and 
Equation: 


Thus, we have / Ki dr=-2, 
6, 


Note: 
Exercise: 


Problem: 


Calculate line integral ‘| F - dr, where F is vector field (y?, Pa Tt 1) and C 


eg 
is a triangle with vertices (0,0), (4,0), and (0,5), oriented counterclockwise. 


Solution: 


0 
Hint 


Write the triangle as a union of its three sides, then calculate three separate line 
integrals. 


Applications of Line Integrals 


Scalar line integrals have many applications. They can be used to calculate the 
length or mass of a wire, the surface area of a sheet of a given height, or the electric 
potential of a charged wire given a linear charge density. Vector line integrals are 
extremely useful in physics. They can be used to calculate the work done on a 
particle as it moves through a force field, or the flow rate of a fluid across a curve. 
Here, we calculate the mass of a wire using a scalar line integral and the work done 
by a force using a vector line integral. 


Suppose that a piece of wire is modeled by curve C in space. The mass per unit 
length (the linear density) of the wire is a continuous function p (2, y, z). We can 


calculate the total mass of the wire using the scalar line integral [| p(z, y, z)ds. 
C 


The reason is that mass is density multiplied by length, and therefore the density of 
a small piece of the wire can be approximated by p (x*, y*, z*)As for some point 
(x*, y*, z*) in the piece. Letting the length of the pieces shrink to zero with a limit 


yields the line integral | p(z, y, z)ds. 
CG 


Example: 


Exercise: 


Problem: 
Calculating the Mass of a Wire 


Calculate the mass of a spring in the shape of a curve parameterized by 
(t,2 cost, 2sint),0 <t< 4, with a density function given by 
p(x, y,z) = e* + yz kg/m ([link)). 


The wire from [link]. 


Solution: 


To calculate the mass of the spring, we must find the value of the scalar line 


integral i (e” + yz)ds, where C is the given helix. To calculate this integral, 
@ 


we write it in terms of t using [Link]: 


Equation: 
1/2 ——————— 
/ e*+yzds = i ((e! + 4 cost sin t) 1 eo cosh) ae sin) dt 
C 
m/2 = 
=| ((c* + 4cos t sin t) V5) dt 
0 


Therefore, the mass is V5 (e*/ 2+ 1) kg. 


Note: 
Exercise: 


Problem: 
Calculate the mass of a spring in the shape of a helix parameterized by 


r (t) = (cost, sin t, t),0 < t < 67, with a density function given by 
p(z,y,z) =x +y+zkg/m. 


Solution: 
18/27? kg 
Hint 


Calculate the line integral of p over the curve with parameterization r. 


When we first defined vector line integrals, we used the concept of work to motivate 
the definition. Therefore, it is not surprising that calculating the work done by a 
vector field representing a force is a standard use of vector line integrals. Recall that 
if an object moves along curve C in force field F, then the work required to move 


the object is given by / F - dr. 
C 


Example: 
Exercise: 


Problem: 
Calculating Work 


How much work is required to move an object in vector force field 
F = (yz, xy, 22) along path r(t) = (t?,t,t*),0 <t < 1? See [link]. 


Solution: 


Let C denote the given path. We need to find the value of / F - dr. To do 
G 

this, we use [link]: 

Equation: 


1 
[eee =/ (Grek) 426, ae var 
C 0 


1 
= / (26° + ¢° + 4¢°) dé 
0 


The curve and vector field for 
[link]. 


Flux and Circulation 


We close this section by discussing two key concepts related to line integrals: flux 
across a plane curve and circulation along a plane curve. Flux is used in applications 
to calculate fluid flow across a curve, and the concept of circulation is important for 
characterizing conservative gradient fields in terms of line integrals. Both these 
concepts are used heavily throughout the rest of this chapter. The idea of flux is 


especially important for Green’s theorem, and in higher dimensions for Stokes’ 
theorem and the divergence theorem. 


Let C be a plane curve and let F be a vector field in the plane. Imagine Cis a 
membrane across which fluid flows, but C does not impede the flow of the fluid. In 
other words, C is an idealized membrane invisible to the fluid. Suppose F represents 
the velocity field of the fluid. How could we quantify the rate at which the fluid is 
crossing C? 


Recall that the line integral of F along C is / F - Tds—in other words, the line 
C 
integral is the dot product of the vector field with the unit tangential vector with 


respect to arc length. If we replace the unit tangential vector with unit normal vector 


N(t) and instead compute integral {| F - Nds, we determine the flux across C. To 
C 


be precise, the definition of integral | 
6 

except the T in the Riemann sum is replaced with N. Therefore, the flux across C is 

defined as 

Equation: 


F - Nds is the same as integral | F - Tds, 
C 


[F /Nds = lim 3 F (P;) .N (P, As, 


4 


where P, and As; are defined as they were for integral | F - Tds. Therefore, a 
e 


flux integral is an integral that is perpendicular to a vector line integral, because N 
and T are perpendicular vectors. 


If F is a velocity field of a fluid and C is a curve that represents a membrane, then 
the flux of F across C is the quantity of fluid flowing across C per unit time, or the 
rate of flow. 


More formally, let C be a plane curve parameterized by r(t) = (x(t), y(t)), 
a<t<b.Letn(t) = (y(t), —2’(t)) be the vector that is normal to C at the 
endpoint of r(¢) and points to the right as we traverse C in the positive direction 


([{link]). Then, N(t) = TAL is the unit normal vector to C at the endpoint of r(t) 


that points to the right as we traverse C. 


Note: 
Definition 


i 
The flux of F across C is line integral i F. ne) 
C lIn(€) I! 


The flux of vector field F across curve C is computed by an 
integral similar to a vector line integral. 


We now give a formula for calculating the flux across a curve. This formula is 
analogous to the formula used to calculate a vector line integral (see [link]). 


Note: 
Calculating Flux across a Curve 


Let F be a vector field and let C be a smooth curve with parameterization 

r(t) = (x(t), y(t)),a <t <b. Letn(t) = (y(t), —a’(t)). The flux of F across C 
is 

Equation: 


[ones = [ Pe) na 


Proof 


The proof of [link] is similar to the proof of [link]. Before deriving the formula, note 


that Iln(t)I] = Il (y(t), —ar(t)) Il = 4/(y(t))? + (ar(t))? = Ilr’ (t)Il. Therefore, 


Equation: 
[ena = [ee 2a 
C C lIn(t) II 
b 
i 
= pO) eieyiat 
j In(t) II 
b 
= f Fe) -n(odt 
Example: 
Exercise: 
Problem: 


Flux across a Curve 


Calculate the flux of F = (2z, 2y) across a unit circle oriented 
counterclockwise ([link]). 


A unit circle in vector field F = (2z, 2y). 


Solution: 


To compute the flux, we first need a parameterization of the unit circle. We 
can use the standard parameterization r(t) = (cost, sint),0 < t < 27. The 
normal vector to a unit circle is (cos t, sin t). Therefore, the flux is 
Equation: 


27 
/ F-Nds = / (2 cos t, 2 sin t) - (cost, sin t) dt 
ie 0 


27 2a 
= / (2 cos*t + 2 sin”t) dt = 2 | (cost + sin*t) dt 
0 0 


27 
=5)) dt = 4n. 
0 


Note: 
Exercise: 


Problem: 


Calculate the flux of F = (x + y, 2y) across the line segment from (0, 0) to 
(2,3), where the curve is oriented from left to right. 


Solution: 


3/2 
Hint 


Use [link]. 


Let F(z, y) = (P(a, y), Q(z, y)) be a two-dimensional vector field. Recall that 


integral | F - Tds is sometimes written as | Pdx + Qdy. Analogously, flux 
C C 


F - Nds is sometimes written in the notation | —Qdzx + Pdy, because the unit 
C c 
normal vector N is perpendicular to the unit tangent T. Rotating the vector 


dr = (dz, dy) by 90° results in vector (dy, —dx). Therefore, the line integral in 


[link] can be written as —2ydx + 2xdy. 
c 


Now that we have defined flux, we can turn our attention to circulation. The line 
integral of vector field F along an oriented closed curve is called the circulation of 


F along C. Circulation line integrals have their own notation: f F - Tds. The 
C 


circle on the integral symbol denotes that C is “circular” in that it has no endpoints. 
[link] shows a calculation of circulation. 


To see where the term circulation comes from and what it measures, let v represent 
the velocity field of a fluid and let C be an oriented closed curve. At a particular 
point P, the closer the direction of v(P) is to the direction of T(P), the larger the 
value of the dot product v(P) - T(P). The maximum value of v(P) - T(P) occurs 
when the two vectors are pointing in the exact same direction; the minimum value of 
v(P) - T(P) occurs when the two vectors are pointing in opposite directions. Thus, 


the value of the circulation @ v -'Tds measures the tendency of the fluid to move 
6) 
in the direction of C. 


Example: 
Exercise: 


Problem: 
Calculating Circulation 


Let F = (—y, z) be the vector field from [link] and let C represent the unit 
circle oriented counterclockwise. Calculate the circulation of F along C. 


Solution: 
We use the standard parameterization of the unit circle: 
r(t) = (cost, sint),0 < t < 27. Then, F (r(t¢)) = (—sint, cost) and 


r’(t) = (—sint, cost). Therefore, the circulation of F along C is 
Equation: 


ar 
f F.Tds =// (—sin t, cost) - (—sin t, cos t)dt 
C 0 


2a 
= i (sin*t + cos*t) dt 
0 


an 
=// Ot — IT. 
0 


Notice that the circulation is positive. The reason for this is that the orientation 
of C “flows” with the direction of F. At any point along the circle, the tangent 
vector and the vector from F form an angle of less than 90°, and therefore the 
corresponding dot product is positive. 


In [link], what if we had oriented the unit circle clockwise? We denote the unit circle 
oriented clockwise by —C’. Then 
Equation: 


$ F-Tds =~  P.'Tds = —2n, 
—C C 


Notice that the circulation is negative in this case. The reason for this is that the 
orientation of the curve flows against the direction of F. 


Note: 
Exercise: 


Problem: 


Calculate the circulation of F(z, y) = ( ) along a unit circle 


a Ye 
x2+y? ? x+y? 
oriented counterclockwise. 


Solution: 


DA 
Hint 


Use [link]. 


Example: 
Exercise: 


Problem: 
Calculating Work 


Calculate the work done on a particle that traverses circle C of radius 2 
centered at the origin, oriented counterclockwise, by field F(z, y) = (—2, y). 
Assume the particle starts its movement at (1, 0). 


Solution: 


The work done by F on the particle is the circulation of F along C: 
F - Tds. We use the parameterization 
C 
r(t) = (2cost,2sint),0 < t < 2m forC. Then, r’(t) = (—2 sin t, 2 cos t) 


and F (r(t)) = (—2,2 sin t). Therefore, the circulation of F along C is 
Equation: 


21 
$ F-Tds = / (—2,2sint) - (—2 sin t, 2 cos t)dt 
é 0 


20 
= || (4sint + 4 sin t cos t)dt 
0 


= [-4 cost + 4 sin”t] A 
= (—4cos(2m) + 2 sin?(2m)) — (—4 cos(0) + 4 sin”(0)) 
— 4-4-0); 


The force field does zero work on the particle. 


Notice that the circulation of F along C is zero. Furthermore, notice that since 


2, 
F is the gradient of f(x, y) = —2a + =. F is conservative. We prove in a 
later section that under certain broad conditions, the circulation of a 
conservative vector field along a closed curve is zero. 


Note: 
Exercise: 


Problem: 


Calculate the work done by field F(z, y) = (2a, 3y) on a particle that 
traverses the unit circle. Assume the particle begins its movement at (—1, 0). 


Solution: 


0 
Hint 


Use [link]. 


Key Concepts 


e Line integrals generalize the notion of a single-variable integral to higher 
dimensions. The domain of integration in a single-variable integral is a line 


segment along the x-axis, but the domain of integration in a line integral is a 
curve in a plane or in space. 

e If Cis a curve, then the length of C is | ds. 

c 

e There are two kinds of line integral: scalar line integrals and vector line 
integrals. Scalar line integrals can be used to calculate the mass of a wire; 
vector line integrals can be used to calculate the work done on a particle 
traveling through a field. 

e Scalar line integrals can be calculated using [link]; vector line integrals can be 
calculated using [link]. 

e Two key concepts expressed in terms of line integrals are flux and circulation. 
Flux measures the rate that a field crosses a given line; circulation measures the 
tendency of a field to move in the same direction as a given closed curve. 


Key Equations 


¢ Calculating a scalar line integral 


b 
[ tewad =f re) @'o)? + vO)? +O) 
C a 


¢ Calculating a vector line integral 


[eae [eta [Pew -re 


[ re + Qdy + Rdz = [ (rows + Q(r(t))— + (v(t) = Jat 


¢ Calculating flux 


n b 
[*. aT as | F (r(t)) -n(¢)dt 


Exercise: 


Problem: 


True or False? Line integral | f(x, y)ds is equal to a definite integral if C is 
C 


a smooth curve defined on [a, b] and if function f is continuous on some region 
that contains curve C. 


Solution: 


True 
Exercise: 
Problem: 
True or False? Vector functions r; = ti + t?j, 0 < ¢t < 1, and 
ro = (1—t)i+(1—t)’j, 0 < t <1, define the same oriented curve. 


Exercise: 


Problem: True or False? | (Pdz + Qdy) = | (Pdz — Qdy) 
C C 


Solution: 


False 
Exercise: 


Problem: 


True or False? A piecewise smooth curve C consists of a finite number of 
smooth curves that are joined together end to end. 


Exercise: 


Problem: 


True or False? If C is given by x(t) = t, y(t) =t,0<t < 1, then 


1 
[ evas = [ t?dt. 
C 0 


Solution: 


False 


For the following exercises, use a computer algebra system (CAS) to evaluate the 
line integrals over the indicated path. 
Exercise: 


Problem: [T] / (x + y)ds 
Cc 


C:2 =t,y = (1-1), z = 0 from (0, 1, 0) to (1, 0, 0) 


Exercise: 


Problem: [T] / (x — y)ds 

C 
C:r(t) = 4ti + 3tj when 0 <t <2 
Solution: 


[ sie 40 


Exercise: 


Problem: [T] | (a? + y? + z”)ds 
C 


C:r(t) = sin ti + cos tj + 8tk when0 <t < F 
Exercise: 


Problem: 

[T] Evaluate i ay‘ds, where C is the right half of circle 2? + y* = 16 and is 
C 

traversed in the clockwise direction. 


Solution: 


[ eu'as = §192 
C 


Exercise: 


Problem: 


[T] Evaluate | 4a? ds, where C is the line segment from (—2, —1) to (1, 2). 
C 


For the following exercises, find the work done. 
Exercise: 


Problem: 


Find the work done by vector field F(z, y, z) = zi+ 3zyj — (x + z)kona 
particle moving along a line segment that goes from (1, 4, 2) to (0,5, 1). 


Solution: 


W=8 
Exercise: 
Problem: 
Find the work done by a person weighing 150 lb walking exactly one 
revolution up a circular, spiral staircase of radius 3 ft if the person rises 10 ft. 
Exercise: 


Problem: 


Find the work done by force field F(z, y, z) = ~s2i — sui -- zk ona 
particle as it moves along the helix r(t) = cos ti+ sin tj + tk from point 
(1,0, 0) to point (—1, 0, 37). 


Solution: 


Exercise: 


Problem: 


Find the work done by vector field F(x, y) = yi + 22j in moving an object 
along path C, which joins points (1, 0) and (0, 1). 


Exercise: 


Problem: 


Find the work done by force F(z, y) = 2yi+ 3aj + (a + y)k in moving an 
object along curve r(t) = cos(t)i + sin(t)j + ¢k, where 0 < t < 2r. 


Solution: 


W=7 


Exercise: 


Problem: 


Find the mass of a wire in the shape of a circle of radius 2 centered at (3, 4) 
with linear mass density p(x, y) = y?. 


For the following exercises, evaluate the line integrals. 
Exercise: 


Problem: 

Evaluate / F - dr, where F(z, y) = —1j, and Cis the part of the graph of 
CG 

y = +2° — x from (2, 2) to (—2, —2). 


Solution: 


[Pana 
C 


Exercise: 


Problem: 


Evaluate / (x? + y” + z”) “ds, where 7¥ is the helix 
2 
P= costa Sjsnt.2z— 101 <7): 
Exercise: 


Problem: 


Evaluate / yzdx + xzdy + xydz over the line segment from (1, 1, 1) to 
(3,.2,-0). 


Solution: 


/ yzdx + xzdy + xydz = —1 
C 


Exercise: 


Problem: 


Let C be the line segment from point (0, 1, 1) to point (2, 2, 3). Evaluate line 


integral i yds. 
C 


Exercise: 


Problem: 


[T] Use a computer algebra system to evaluate the line integral 
y’dx + xdy, where C is the arc of the parabola = 4 — y? from (-5, —3) 
C 
to (0, 2). 


Solution: 


| (y’) dx + (x)dy = —- 
C 


Exercise: 


Problem: 


[T] Use a computer algebra system to evaluate the line integral 


(x + 3y”) dy over the path C given by x = 2t, y = 10t, whereO0 < t <1. 
C 


Exercise: 


Problem: 


[T] Use a CAS to evaluate line integral | xydz + ydy over path C given by 
C 
x = 2t,y = 10t, where 0 < ¢ <1. 


Solution: 


190 
i; xydx + ydy = — 
C n) 


Exercise: 


Problem: 


Evaluate line integral | (2x — y)dx + (x + 3y)dy, where C lies along the x- 
C 


axis from x = Otoz = 5. 


Exercise: 
Problem: 
[T] Use a CAS to evaluate / sa rds, where C is 
C 42" —Y 


Ce OF at OU Ot 9 


Solution: 
ij ii, fg 9) 5 
c 2x2 — y? 
Exercise: 


Problem: 


[T] Use a CAS to evaluate | xyds, where Cis x = t?, y= 4t,0<t<1. 
Cc 


In the following exercises, find the work done by force field F on an object moving 


along the indicated path. 
Exercise: 


Problem: F(z, y) = —zi — 2yj 
C:y = z? from (0, 0) to (2, 8) 
Solution: 


W = —66 


Exercise: 


Problem: F(z, y) = 2x7 + yj 


C: counterclockwise around the triangle with vertices (0, 0), (1, 0), and (1, 1) 


Exercise: 


Problem: F(z, y, z) = zi+ yj — 5zk 
C:r(t) = 2costi+ 2sintj + tk,0<t< 27 
Solution: 


W = —107r? 
Exercise: 
Problem: 
Let F be vector field F(z, y) = (y? + 2ve¥ + 1)i+ (2xy+ 27e¥ + 2y)j. 
Compute the work of integral i F - dr, where C is the path 
r(t) = sin ti+ costj,0 <t om, 
Exercise: 


Problem: 


Compute the work done by force F(z, y, z) = 2xi + 3yj — zk along path 
r(t) = ti+ t?j + t°k, where 0 <t <1. 


Solution: 
W=2 


Exercise: 


Problem: 


Evaluate | F - dr, where F(z, y) = a i+ aa j and C is the segment of 
C 
the unit circle going counterclockwise from (1, 0) to (0, 1). 
Exercise: 


Problem: 


Force F(a, y, z) = zyi + aj + z?2k acts on a particle that travels from the 
origin to point (1, 2, 3). Calculate the work done if the particle travels: 


a. along the path (0,0,0) > (1,0,0) — (1, 2,0) — (1, 2,3) along 
straight-line segments joining each pair of endpoints; 

b. along the straight line joining the initial and final points. 

c. Is the work the same along the two paths? 


(1, 2, 3) 


Solution: 


a.W = 11;b. W = 11; c. Yes 
Exercise: 
Problem: 
Find the work done by vector field F(z, y, z) = zi+ 3xyj — (x + z)kona 
particle moving along a line segment that goes from (1, 4, 2) to (0, 5, 1). 


Exercise: 


Problem: 


How much work is required to move an object in vector field 

2 
F(x, y) = yi + 32j along the upper part of ellipse 4 + y” = 1 from (2, 0) to 
(—2,0)? 


Solution: 


W = 27 
Exercise: 
Problem: 
A vector field is given by F(z, y) = (2x + 3y)i+ (3% + 2y)j. Evaluate the 


line integral of the field around a circle of unit radius traversed in a clockwise 
fashion. 


Exercise: 
Problem: 


Evaluate the line integral of scalar function zy along parabolic path y = x? 
connecting the origin to point (1, 1). 


Solution: 
25V5+1 
C 120 
Exercise: 


Problem: Find | y'dz + (xy — x”) dy along C: y = 3x from (0, 0) to (1, 3). 
C 


Exercise: 


Problem: 
Find / yd + (xy — x’) dy along C: y? = 9x from (0, 0) to (1, 3). 
C 


Solution: 


i; y’dx + (xy — a”) dy =6.15 
e; 


For the following exercises, use a CAS to evaluate the given line integrals. 
Exercise: 


Problem: 


[T] Evaluate F(z, y, z) = x7zi + 6yj + yz7k, where C is represented by 
r(t) =ti+ ¢?j+Intk,1<t <3. 


Exercise: 


Problem: 


[T] Evaluate line integral / xe’ds where, ¥ is the arc of curve x = e¥ from 


(1, 0) to (e,1). : 


Solution: 
i ze’ds = 7.157 
7 


Exercise: 


Problem: 


[T] Evaluate the integral i! zy'ds, where 7¥ is a triangle with vertices (0, 1, 2), 
(1, 0, 3), and (0, —1, 0). 
Exercise: 
Problem: 
[T] Evaluate line integral / (y° — ay)dzx, where ¥ is curve y = In z from (1, 
y 


0) toward (e, 1). 


Solution: 


/ (y? — ay) dx ~ —1.379 
y 


Exercise: 


Problem: 


[T] Evaluate line integral / zy*ds, where 7¥ is the right half of circle 
Y 
gz? +y? = 16. 


Exercise: 


Problem: 
[T] Evaluate i F - dr, where F(z, y, z) = x”yi + (a — z)j + wyzk and 
C:r(t) =ti+tj+2k,0<t<1. 
Solution: 
i F - dr ~ —1.133 
6 


Exercise: 


Problem: 
Evaluate | F - dr, where F(z, y) = 22 sin(y)i+ (z’cos(y) — 3y”)j and 
GC 


C is any path from (—1, 0) to (5, 1). 
Exercise: 


Problem: 


Find the line integral of F(z, y, z) = 12”7i — 5xyj + xzk over path C 
defined by y = x”, z = x? from point (0, 0, 0) to point (2, 4, 8). 


Solution: 
i F . dr ~ 22.857 
c 


Exercise: 


Problem: 


Find the line integral of | (1 + x?y)ds, where C is ellipse 
C 
r(t) = 2costi+ 3sintjfrom0 <t< 7m. 


For the following exercises, find the flux. 
Exercise: 


Problem: 
Compute the flux of F = x7i-+ yj across a line segment from (0, 0) to (1, 2). 
Solution: 


ene © 
flux = 3 
Exercise: 


Problem: 


Let F = 5i and let C be curve y = 0,0 < a < 4. Find the flux across C. 
Exercise: 


Problem: 
Let F = 5j and let C be curve y = 0,0 < x < 4. Find the flux across C. 
Solution: 


flux = —20 
Exercise: 
Problem: 
Let F = —yi+ aj and let C: r(t) = cos ti-+ sin tj (0 < t < 27). Calculate 
the flux across C. 
Exercise: 


Problem: 


Let F = (2? + y*)i + (2xy)j. Calculate flux F orientated counterclockwise 
across curve C: 2” + y? = 9. 


Solution: 


flux = 0 
Exercise: 


Problem: 


Find the line integral of / z*dx + ydy + 2ydz, where C consists of two parts: 
c 


C, and C. C; is the intersection of cylinder x? + y? = 16 and plane z = 3 
from (0, 4, 3) to (—4, 0, 3). C2 is a line segment from (—4, 0,3) to (0, 1, 5). 


Exercise: 
Problem: 
A spring is made of a thin wire twisted into the shape of a circular helix 


x = 2cost, y = 2sint, z = t. Find the mass of two turns of the spring if the 
wire has constant mass density. 


Solution: 


m = 4npV/5 
Exercise: 
Problem: 
A thin wire is bent into the shape of a semicircle of radius a. If the linear mass 


density at point P is directly proportional to its distance from the line through 
the endpoints, find the mass of the wire. 


Exercise: 
Problem: 
An object moves in force field F(z, y, z) = y7i+ 2(x + 1)yj 
counterclockwise from point (2, 0) along elliptical path x” + 4y? = 4 to 


(—2, 0), and back to point (2, 0) along the x-axis. How much work is done by 
the force field on the object? 


Solution: 


W=0 


Exercise: 


Problem: 


Find the work done when an object moves in force field 
F(a, y, z) = 2xi — (x + z)j + (y — z)k along the path given by 
r(t) =t7i+ ( —t)j+ 3k,0<t<1. 


Exercise: 


Problem: 


If an inverse force field F is given by F(z, y, z) = Teas where kis a 


constant, find the work done by F as its point of application moves along the x- 
axis from A(1, 0,0) to B(2, 0,0). 


Solution: 


k 
W=-5 


Exercise: 


Problem: 


David and Sandra plan to evaluate line integral i F - dr along a path in the 
C 


xy-plane from (0, 0) to (1, 1). The force field is 

F(z, y) = (x + 2y)i+ (—2x + y*)j. David chooses the path that runs along 
the x-axis from (0, 0) to (1, 0) and then runs along the vertical line x = 1 from 
(1, 0) to the final point (1, 1). Sandra chooses the direct path along the diagonal 
line y = x from (0, 0) to (1, 1). Whose line integral is larger and by how much? 


Glossary 
circulation 
the tendency of a fluid to move in the direction of curve C. If C is a closed 


curve, then the circulation of F along C is line integral i: F - Tds, which we 
C 


also denote f F - Tds 
C 


closed curve 


a curve for which there exists a parameterization r (t), a < t < b, such that 
r (a) = r (b), and the curve is traversed exactly once 


flux 
the rate of a fluid flowing across a curve in a vector field; the flux of vector 


n(¢ 
field F across plane curve C is line integral | F. 0M 
C lIn(t) II 


line integral 
the integral of a function along a curve in a plane or in space 


orientation of a curve 
the orientation of a curve C is a specified direction of C 


piecewise smooth curve 
an oriented curve that is not smooth, but can be written as the union of finitely 
many smooth curves 


scalar line integral 
the scalar line integral of a function f along a curve C with respect to arc 


length is the integral | fds, it is the integral of a scalar function f along a 
C 


curve in a plane or in space; such an integral is defined in terms of a Riemann 
sum, as is a single-variable integral 


vector line integral 
the vector line integral of vector field F along curve C is the integral of the dot 
product of F with unit tangent vector T of C with respect to arc length, 


/ F - Tds; such an integral is defined in terms of a Riemann sum, similar to a 
C 


single-variable integral 


Conservative Vector Fields 


¢ Describe simple and closed curves; define connected and simply connected 
regions. 

e Explain how to find a potential function for a conservative vector field. 

¢ Use the Fundamental Theorem for Line Integrals to evaluate a line integral 
in a vector field. 

e Explain how to test a vector field to determine whether it is conservative. 


In this section, we continue the study of conservative vector fields. We examine 
the Fundamental Theorem for Line Integrals, which is a useful generalization of 
the Fundamental Theorem of Calculus to line integrals of conservative vector 
fields. We also discover show how to test whether a given vector field is 
conservative, and determine how to build a potential function for a vector field 
known to be conservative. 


Curves and Regions 


Before continuing our study of conservative vector fields, we need some 
geometric definitions. The theorems in the subsequent sections all rely on 
integrating over certain kinds of curves and regions, so we develop the 
definitions of those curves and regions here. 


We first define two special kinds of curves: closed curves and simple curves. As 
we have learned, a closed curve is one that begins and ends at the same point. A 
simple curve is one that does not cross itself. A curve that is both closed and 
simple is a simple closed curve ((link]). 


Note: 

Definition 

Curve C is a closed curve if there is a parameterization r (t),a <t < bof C 
such that the parameterization traverses the curve exactly once and 

r (a) =r (b). Curve C is a simple curve if C does not cross itself. That is, C is 
simple if there exists a parameterization r (t),a < t < bof C such that r is 
one-to-one over (a, b). It is possible for r (a) = r (b), meaning that the simple 
curve is also closed. 


Teste 


(a) Simple, not closed (b) Simple, closed (c) Not simple, (d) Not simple, 
closed not closed 


Types of curves that are simple or not simple and closed or not closed. 


Example: 
Exercise: 


Problem: 
Determining Whether a Curve Is Simple and Closed 


Is the curve with parameterization r(t) = (cos t =f), Ot Zia 


simple closed curve? 
Solution: 


Note that r (0) = (1,0) = r (27); therefore, the curve is closed. The 
curve is not simple, however. To see this, note that 
r () = (0,0) =r (37), and therefore the curve crosses itself at the 


origin ([link]). 


r(t) = (cost, SS) 


-0,5 


A curve that is closed but not simple. 


Note: 
Exercise: 


Problem: 


Is the curve given by parameterization 
r (t) = (2cost, 3sint),0 < t < 6m, a simple closed curve? 


Solution: 


Yes 
Hint 


Sketch the curve. 


Many of the theorems in this chapter relate an integral over a region to an 
integral over the boundary of the region, where the region’s boundary is a 
simple closed curve or a union of simple closed curves. To develop these 
theorems, we need two geometric definitions for regions: that of a connected 
region and that of a simply connected region. A connected region is one in 
which there is a path in the region that connects any two points that lie within 
that region. A simply connected region is a connected region that does not have 
any holes in it. These two notions, along with the notion of a simple closed 
curve, allow us to state several generalizations of the Fundamental Theorem of 
Calculus later in the chapter. These two definitions are valid for regions in any 
number of dimensions, but we are only concerned with regions in two or three 
dimensions. 


Note: 

Definition 

A region D is a connected region if, for any two points P; and Py», there is a 
path from P, to Pz with a trace contained entirely inside D. A region Dis a 
simply connected region if D is connected for any simple closed curve C that 
lies inside D, and curve C can be shrunk continuously to a point while staying 
entirely inside D. In two dimensions, a region is simply connected if it is 
connected and has no holes. 


All simply connected regions are connected, but not all connected regions are 
simply connected ((Link]). 


(a) Simply connected regions 


LA O@ 


(b) Connected regions that are not simply connected 


(c) Aregion that is not connected 


Not all connected regions are simply connected. (a) Simply 
connected regions have no holes. (b) Connected regions that 
are not simply connected may have holes but you can still find 
a path in the region between any two points. (c) A region that 
is not connected has some points that cannot be connected by a 
path in the region. 


Note: 
Exercise: 


Problem: 


Is the region in the below image connected? Is the region simply 
connected? 


Solution: 
The region in the figure is connected. The region in the figure is not 
simply connected. 


Hint 


Consider the definitions. 


Fundamental Theorem for Line Integrals 


Now that we understand some basic curves and regions, let’s generalize the 
Fundamental Theorem of Calculus to line integrals. Recall that the Fundamental 
Theorem of Calculus says that if a function f has an antiderivative F, then the 
integral of f from a to b depends only on the values of F at a and at b—that is, 
Equation: 


b 
[ fdr =F) -F@) 


If we think of the gradient as a derivative, then the same theorem holds for 
vector line integrals. We show how this works using a motivational example. 


Example: 
Exercise: 


Problem: 
Evaluating a Line Integral and the Antiderivatives of the Endpoints 


Let F (x, y) = (22, 4y). Calculate / F e dr, where C is the line segment 
@ 

from (0,0) to (2,2)([link]). 

Solution: 


We use [link] to calculate / F e dr. Curve C can be parameterized by 


G 
Tr (¢) — (25,26), 0 = 1 = 1 Then, Fr (t)) — 47 8e) and 
r’ (t) = (2, 2), which implies that 
Equation: 


1 
[pea = fo (at,se)- (2,2)at 
C 0 
1 1 
= | (st + 164)a¢ = | 24¢ dt 
0 0 


= [1227], = 12. 


bd 
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The value of line integral i F e dr depends only 
C 


on the value of the potential function of F at the 
endpoints of the curve. 


Notice that F = Vf, where f (a, y) = 2” + 2y’?. If we think of the 
gradient as a derivative, then f is an “antiderivative” of F. In the case of 
single-variable integrals, the integral of derivative g' (x) is g(b) — g(a), 
where a is the start point of the interval of integration and b is the 
endpoint. If vector line integrals work like single-variable integrals, then 
we would expect integral F to be f (P,) — f (Po), where P, is the 
endpoint of the curve of integration and Py is the start point. Notice that 
this is the case for this example: 

Equation: 


[Pea= | vfedr=12 
C G 


and 
Equation: 


f (2,2) — f (0,0) =4+8-0=12. 


In other words, the integral of a “derivative” can be calculated by 
evaluating an “antiderivative” at the endpoints of the curve and 
subtracting, just as for single-variable integrals. 


The following theorem says that, under certain conditions, what happened in the 
previous example holds for any gradient field. The same theorem holds for 
vector line integrals, which we call the Fundamental Theorem for Line 
Integrals. 


Note: 

The Fundamental Theorem for Line Integrals 

Let C be a piecewise smooth curve with parameterization r (t),a < t < b. Let 
f be a function of two or three variables with first-order partial derivatives that 
exist and are continuous on C. Then, 

Equation: 


[ viear= F@@)-F@(@) 


Proof 


By [link], 
Equation: 


[ viea= [ve @er (t)dt. 


By the chain rule, 
Equation: 


d | 
Fras (r(¢)) = VF (r(t)) er’ (@). 


Therefore, by the Fundamental Theorem of Calculus, 


Equation: 
b 
| Vifedr = Vf (r(t)) er’ (t)dt 
eC a 
° d 
=f Zuewe 
= (f(r) 
= f(r (0)) — f(r (@)) 
LJ 


We know that if F is a conservative vector field, there are potential functions f 


such that Vf = F. Therefore F- dr = / Vf-dr = f (r(b)) — f (r(@)). 
O C 
In other words, just as with the Fundamental Theorem of Calculus, computing 


the line integral / F - dr, where F is conservative, is a two-step process: (1) 
@ 
find a potential function (“antiderivative”) f for F and (2) compute the value of 


f at the endpoints of C and calculate their difference f (r (b)) — f (r (a)). Keep 
in mind, however, there is one major difference between the Fundamental 
Theorem of Calculus and the Fundamental Theorem for Line Integrals. A 
function of one variable that is continuous must have an antiderivative. 
However, a vector field, even if it is continuous, does not need to have a 
potential function. 


Example: 
Exercise: 


Problem: 
Applying the Fundamental Theorem 


Calculate integral / F e dr, where 
C 
Bayz) — (2a Iny, = + 2, 2yz) and C is a curve with 


parameterization r (t) = (t?,t,t),1<t<e 


a. without using the Fundamental Theorem of Line Integrals and 
b. using the Fundamental Theorem of Line Integrals. 


Solution: 


a. First, let’s calculate the integral without the Fundamental Theorem 
for Line Integrals and instead use [link]: 
Equation: 


[Fee = [ Fewer wa 


F 
=/" (20 hee — ae 2t *)e (tle lds 
1 


=// (4t*lnt + t° + 3t7) dé 


= [ 4t*Intdt + / (¢° + 327) dé 


1 
e€ 


t4 
= “belgie oe | ae 
i 4 1 


4 
5 
auf Plate sp tee = 


e 


Integral / t?In tdt requires integration by parts. Let uw = Int and 
1 


do—i sien int aos 
and 


Equation: 


t4 
du = —dt,v= —. 
4 
Therefore, 
Equation: 
(e e € 
/ ea = [fine] —i]| dt 
1 
1 i 
heal (= = 1) 
=a r\ 4 4 
Thus, 
Equation: 


ae e* alee 
Fedr =4 t’lntdt + — +e — — 
C 1 4 4 


. Given that f (x,y,z) = x”Iny + yz? is a potential function for F, 
let’s use the Fundamental Theorem for Line Integrals to calculate the 
integral. Note that 


Equation: 
[Fea < Vifedr 
@ 


Pe) S53 CE)) 
= as e) — f(1,1,1) 
Stee ede 


This calculation is much more straightforward than the calculation we 


did in (a). As long as we have a potential function, calculating a line 
integral using the Fundamental Theorem for Line Integrals is much 
easier than calculating without the theorem. 


[link] illustrates a nice feature of the Fundamental Theorem of Line Integrals: it 
allows us to calculate more easily many vector line integrals. As long as we 
have a potential function, calculating the line integral is only a matter of 
evaluating the potential function at the endpoints and subtracting. 


Note: 
Exercise: 


Problem: 


Given that f (x,y) = (« — 1)*y+ (y+ 1)’z isa potential function for 
r= (2ay —Qyt+(yt+ ie (x2 — 1)” + Qyx + 2x), calculate integral 


/ F - dr, where C is the lower half of the unit circle oriented 
(g 


counterclockwise. 
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Solution: 
2 
Hint 


The Fundamental Theorem for Line Intervals says this integral depends only on 
the value of f at the endpoints of C. 


The Fundamental Theorem for Line Integrals has two important consequences. 
The first consequence is that if F is conservative and C is a closed curve, then 


the circulation of F along C is zero—that is, / F - dr = 0. To see why this is 
‘6: 
true, let f be a potential function for F. Since C is a closed curve, the terminal 


point r(b) of C is the same as the initial point r(a) of C—that is, r (a) = r (6). 
Therefore, by the Fundamental Theorem for Line Integrals, 
Equation: 


Recall that the reason a conservative vector field F is called “conservative” is 
because such vector fields model forces in which energy is conserved. We have 
shown gravity to be an example of such a force. If we think of vector field F in 


integral @ F - dr asa gravitational field, then the equation f F -dr=0 


C 
follows. If a particle travels along a path that starts and ends at the same place, 
then the work done by gravity on the particle is zero. 


The second important consequence of the Fundamental Theorem for Line 
Integrals is that line integrals of conservative vector fields are independent of 
path—meaning, they depend only on the endpoints of the given curve, and do 
not depend on the path between the endpoints. 


Note: 

Definition 

Let F be a vector field with domain D. The vector field F is independent of 
path (or path independent) if / F -dr = / F - dr for any paths C; and 
C’, in D with the same initial and terminal points. 


The second consequence is stated formally in the following theorem. 


Note: 
Path Independence of Conservative Fields 
If F is a conservative vector field, then F is independent of path. 


Proof 


Let D denote the domain of F and let C’'; and C’z be two paths in D with the 
same initial and terminal points ((link]). Call the initial point P, and the 
terminal point P2. Since F is conservative, there is a potential function f for F. 
By the Fundamental Theorem for Line Integrals, 

Equation: 


[Fd = 1) - se) = [ F - dr. 


C2 


Therefore, / Fedr= / F - dr and F is independent of path. 
Ci C2 
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The vector field is conservative, and therefore independent of path. 


To visualize what independence of path means, imagine three hikers climbing 
from base camp to the top of a mountain. Hiker 1 takes a steep route directly 
from camp to the top. Hiker 2 takes a winding route that is not steep from camp 
to the top. Hiker 3 starts by taking the steep route but halfway to the top decides 
it is too difficult for him. Therefore he returns to camp and takes the non-steep 
path to the top. All three hikers are traveling along paths in a gravitational field. 
Since gravity is a force in which energy is conserved, the gravitational field is 
conservative. By independence of path, the total amount of work done by 
gravity on each of the hikers is the same because they all started in the same 
place and ended in the same place. The work done by the hikers includes other 
factors such as friction and muscle movement, so the total amount of energy 
each one expended is not the same, but the net energy expended against gravity 
is the same for all three hikers. 


We have shown that if F is conservative, then F is independent of path. It turns 
out that if the domain of F is open and connected, then the converse is also true. 
That is, if F is independent of path and the domain of F is open and connected, 
then F is conservative. Therefore, the set of conservative vector fields on open 
and connected domains is precisely the set of vector fields independent of path. 


Note: 

The Path Independence Test for Conservative Fields 

If F is a continuous vector field that is independent of path and the domain D of 
F is open and connected, then F is conservative. 


Proof 


We prove the theorem for vector fields in R?. The proof for vector fields in R® 
is similar. To show that F = (P, Q) is conservative, we must find a potential 
function f for F. To that end, let X be a fixed point in D. For any point (z, y) in 


D, let C be a path from X to (x, y). Define f(z, y) by f(z, y) = / F - dr. 
C 


(Note that this definition of f makes sense only because F is independent of 
path. If F was not independent of path, then it might be possible to find another 


path C” from X to (a, y) such that [ F-dr 4 / F - dr, and in such a case f 
C C 


(x, y) would not be a function.) We want to show that f has the property 
Vf=F. 


Since domain D is open, it is possible to find a disk centered at (x, y) such that 
the disk is contained entirely inside D. Let (a, y) with a < x be a point in that 
disk. Let C be a path from X to (a, y) that consists of two pieces: C and C2. 
The first piece, C';, is any path from C to (a, y) that stays inside D; C2 is the 
horizontal line segment from (a, y) to (a, y) ({link]). Then 

Equation: 


flay =f Pede+ ff Far 


The first integral does not depend on x, so 
Equation: 


If we parameterize C’2 by r (t) = (t,y),a <t < a, then 
Equation: 


fe -¢/ F edr 
C 


= al F (r (t)) er’ (t)dt 
=£ [ Pe@)+d(ey)ae 


By the Fundamental Theorem of Calculus (part 1), 
Equation: 


f= 5 [ Pltsa)dt = P (ay). 


x 


Here, C, is any path from C to (a, y) that stays 
inside D, and C4 is the horizontal line segment 
from (a, y) to (x,y). 


A similar argument using a vertical line segment rather than a horizontal line 
segment shows that f, = Q(z, y). 


Therefore V f = F and F is conservative. 


We have spent a lot of time discussing and proving [link] and [link], but we can 
summarize them simply: a vector field F on an open and connected domain is 
conservative if and only if it is independent of path. This is important to know 
because conservative vector fields are extremely important in applications, and 
these theorems give us a different way of viewing what it means to be 
conservative using path independence. 


Example: 
Exercise: 


Problem: 
Showing That a Vector Field Is Not Conservative 


Use path independence to show that vector field F(z, y) = (neg. y +5) 
is not conservative. 


Solution: 


We can indicate that F is not conservative by showing that F is not path 
independent. We do so by giving two different paths, Cy, and C2, that both 


start at (0,0) and end at (1,1), and yet | Fedr# / F ear. 
Ci C2 


Let C, be the curve with parameterization r1(t) = (t,t 
let C2 be the curve with parameterization r2(t) = (t,t? 
([link]). Then 

Equation: 


[Fa r= f Fo m!(t)det 
h #,t+5)-(1,1)dt = [ @+e+5)ae 


e ee =. OB 
+8458) = oe 


al 
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and 
Equation: 


wiles i o|) 57 
=|5 +5 +50) = i 


Since / Fedr+ F e dr, the value of a line integral of F depends 
Ci C2 
on the path between two given points. Therefore, F is not independent of 
path, and F is not conservative. 
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Curves C’; and C’> are both oriented 
from left to right. 


Note: 
Exercise: 


Problem: 


Show that F(z, y) = (ay, x”y”) is not path independent by considering 
2 


the line segment from (0, 0) to (0, 2) and the piece of the graph of y = +> 
that goes from (0, 0) to (0, 2). 


Solution: 


If C’; and C's represent the two curves, then / Fedr+ F edr. 
Ce C, 


Hint 


Calculate the corresponding line integrals. 


Conservative Vector Fields and Potential Functions 


As we have learned, the Fundamental Theorem for Line Integrals says that if F 


is conservative, then calculating i F - dr has two steps: first, find a potential 


C 
function f for F and, second, calculate f(P,) — f(Po), where P, is the 
endpoint of C and Pp is the starting point. To use this theorem for a conservative 
field F, we must be able to find a potential function f for F. Therefore, we must 
answer the following question: Given a conservative vector field F, how do we 
find a function f such that Vf = F? Before giving a general method for finding 
a potential function, let’s motivate the method with an example. 


Example: 
Exercise: 


Problem: 
Finding a Potential Function 


Find a potential function for F (x, y) = Cae. 327y? + cos (y)), thereby 
showing that F is conservative. 


Solution: 


Suppose that f(z, y) is a potential function for F. Then, Vf = F, and 
therefore 
Equation: 


2 = 2zy° and f, = 3x7y? + cosy. 
y 


Integrating the equation f,, = 2xy? with respect to x yields the equation 
Equation: 


f(x,y) =a*y? + hy). 


Notice that since we are integrating a two-variable function with respect to 
x, we must add a constant of integration that is a constant with respect to x, 
but may still be a function of y. The equation f(z, y) = 2*y® + h(y) can 
be confirmed by taking the partial derivative with respect to x: 
Equation: 

Of O 


— (zx*y’) ae co 


a 3 = 3 
dx Ox Ox Dart eet 


Since f is a potential function for F, 
Equation: 


fy = 3x*y’ + cos (y), 


and therefore 
Equation: 


3x7y" +h’ (y) = 3a? + cos (y). 


This implies that h/(y) = cosy, so h(y) = siny + C. Therefore, any 
function of the form f (x, y) = 2?y* + sin (y) + C is a potential 
function. Taking, in particular, C = 0 gives the potential function 

f (z,y) =2°y? + sin (y). 


To verify that f is a potential function, note that 
Vif = (2zy?, 3x?y? + cosy) = F. 


Note: 
Exercise: 


Problem: 
Find a potential function for F(a, y) = (e*y® + y, 3e"y” + @). 
Solution: 


f(z,y) =e"yi + ay 
Hint 


Follow the steps in [link]. 


The logic of the previous example extends to finding the potential function for 
any conservative vector field in R?. Thus, we have the following problem- 
solving strategy for finding potential functions: 


Note: 


Problem-Solving Stragegy: Finding a Potential Function for a Conservative 
Vector Field F (x, y) = (P (a, y), Q (2, y)) 


1. Integrate P with respect to x. This results in a function of the form 
g(x,y) +h(y), where h (y) is unknown. 


2. Take the partial derivative of g (x, y) + h (y) with respect to y, which 
results in the function gy (x, y) + h’ (y). 

3. Use the equation g, (x,y) +h’ (y) = Q (a, y) to find h’ (y). 

4. Integrate h’ (y) to find h (y). 

5. Any function of the form f (x, y) = g(x,y) + h(y) + C, where C isa 
constant, is a potential function for F. 


We can adapt this strategy to find potential functions for vector fields in R?, as 
shown in the next example. 


Example: 
Exercise: 


Problem: 
Finding a Potential Function in R* 


Find a potential function for F (x,y) = (2xy, 2? + 2yz3, 3y*z? + 2z), 
thereby showing that F is conservative. 


Solution: 


Suppose that f is a potential function. Then, Vf = F and therefore 

fe = 2zy. Integrating this equation with respect to x yields the equation 
f (x,y,z) = x*y + g(y, z) for some function g. Notice that, in this case, 
the constant of integration with respect to x is a function of y and z. 


Since f is a potential function, 
Equation: 


a? + Qyz? = fy = a? ar cae 


Therefore, 
Equation: 


dy = 2yz?. 
Integrating this function with respect to y yields 
Equation: 
eS 
g(y,z) =yz +h(z) 
for some function h (z) of z alone. (Notice that, because we know that g is 
a function of only y and z, we do not need to write 
g(y, 2) = y?z? + h(a, z).) Therefore, 
Equation: 
f(x,y, 2) = xy t+g(y,z) =27?y+ yz? + h(z). 
To find f, we now must only find h. Since f is a potential function, 
Equation: 
Nine 20 Sap Se Fai (ee) 
This implies that h’ (z) = 2z, so h(z) = z* + C. Letting C = 0 gives the 
potential function 
Equation: 
f (x,y,z) = z7y t+ yo? + 2’. 


To verify that f is a potential function, note that 
vy Cay, oye sue 22) tl Sh 


Note: 
Exercise: 


Problem: 


Find a potential function for 
F(a, 9,2) — MD oe cosy cos z,1 — siny sin z). 


Solution: 


f (z,y, z) = 4a? + siny cos z + z 
Hint 


Following [link], begin by integrating with respect to x. 


We can apply the process of finding a potential function to a gravitational force. 
Recall that, if an object has unit mass and is located at the origin, then the 
gravitational force in IR? that the object exerts on another object of unit mass at 
the point (a, y) is given by vector field 

Equation: 


x y 
F = —G ¢ ——————_, ————_ 
e ( (a? + y?)9?° (a? + y)9? ) 


where G is the universal gravitational constant. In the next example, we build a 
potential function for F, thus confirming what we already know: that gravity is 
conservative. 


Example: 
Exercise: 


Problem: 
Finding a Potential Function 


Find a potential function f for F (x,y) = —G ( ayy? : ETRE : 


Solution: 


Suppose that f is a potential function. Then, Vf = F and therefore 
Equation: 


—Gz 


© aa 


To integrate this function with respect to x, we can use u-substitution. If 
u=a*+y’, then fe = Oe SO 


Equation: 
i ee Hl baler, 
(x2 + y2)9/? 2u3/2 


Kes 


= —& h 
Taree 1 HW) 


for some function h(y). Therefore, 


Equation: 
G 
f(z, y) = —=— + hiy). 
Va? ty? 
Since f is a potential function for F, 
Equation: 
—Gy 
fy= —— 
@any 
a8 
Since f(x,y) = TF +h(y), fy also equals Gea +h'(y). 


Therefore, 


Equation: 


Cree 


(a? + y2)9?” 


+ hi(y) = 
which implies that h’(y) = 0. Thus, we can take h(y) to be any constant; 


in particular, we can let h(y) = 0. The function 
Equation: 


G 


f(z,y) = Wieears 


is a potential function for the gravitational field F. To confirm that f is a 
potential function, note that 


Equation: 
1 G 1 G 
VE = (3 Gag) —F Gage Pw) 
= —Gaz —Gy 
— oa y) (x2442)3/? ) 
= 
Note: 
Exercise: 
Problem: 


Find a potential function f for the three-dimensional gravitational force 


Sy ae ee CU ie, PG 
H(z, Y; z) 7a ( (x2+y2422)3/? ? (x24+-y2+22)3/? D (x2+-y24+22)3/? , 
Solution: 
G 
f(z, y, 2) 


arty 


Hint 


Use the Problem-Solving Strategy. 


Testing a Vector Field 


Until now, we have worked with vector fields that we know are conservative, 
but if we are not told that a vector field is conservative, we need to be able to 
test whether it is conservative. Recall that, if F is conservative, then F has the 
cross-partial property (see [link]). That is, if F = (P, Q, R) is conservative, 
then P, = Q;, P, = R,, and @, = R,. So, if F has the cross-partial property, 
then is F conservative? If the domain of F is open and simply connected, then 
the answer is yes. 


Note: 

The Cross-Partial Test for Conservative Fields 

If F = (P, Q, R) is a vector field on an open, simply connected region D and 
P, = Q;,P, = R,, and Q, = R, throughout D, then F is conservative. 


Although a proof of this theorem is beyond the scope of the text, we can 
discover its power with some examples. Later, we see why it is necessary for the 
region to be simply connected. 


Combining this theorem with the cross-partial property, we can determine 
whether a given vector field is conservative: 


Note: 

Cross-Partial Property of Conservative Fields 

Let F = (P,Q, R) be a vector field on an open, simply connected region D. 
Then P, = Q,,P, = R;z, and @, = R, throughout D if and only if F is 
conservative. 


The version of this theorem in R? is also true. If F = (P, Q) is a vector field on 
an open, simply connected domain in R?, then F is conservative if and only if 
y = Qz. 


Example: 
Exercise: 


Problem: 
Determining Whether a Vector Field Is Conservative 


Determine whether vector field F (2, y, z) = (Gee, xyz, ca) is 
conservative. 


Solution: 


Note that the domain of F is all of R? and R? is simply connected. 
Therefore, we can use [link] to determine whether F is conservative. Let 
Equation: 


JEM G3 Gy) == aa (0) (Gay, = ae, Buntel te (Gay) = 


Since Q, = x*y and R, = 0, the vector field is not conservative. 


Example: 
Exercise: 


Problem: 
Determining Whether a Vector Field Is Conservative 


2 


Determine vector field F (x, y) = (a In (y), =) is conservative. 


Solution: 


Note that the domain of F is the part of R? in which y > 0. Thus, the 
domain of F is part of a plane above the x-axis, and this domain is simply 


connected (there are no holes in this region and this region is connected). 
Therefore, we can use [link] to determine whether F is conservative. Let 
Equation: 


2 
P(z,y) = @In(y) and Q (2,y) = an 


Then Py = a = Q, and thus F is conservative. 


Note: 
Exercise: 


Problem: 


Determine whether F (xz, y) = (sing cosy, cosx siny) is conservative. 


Solution: 


It is conservative. 


Hint 


Use [link]. 


When using [link], it is important to remember that a theorem is a tool, and like 
any tool, it can be applied only under the right conditions. In the case of [link], 
the theorem can be applied only if the domain of the vector field is simply 
connected. 


To see what can go wrong when misapplying the theorem, consider the vector 
field from [link]: 
Equation: 


This vector field satisfies the cross-partial property, since 


Equation: 
8) 8). Bae 
Oy \ 2? +y? (x2 + y2) (x2 + y2)? 
and 
Equation: 


a ( _* ) — (a? + y”) +2 (22) 22 — | 
(a? + y?)? (a? + y?)” 


Ox. x? + y? = ~ 


Since F satisfies the cross-partial property, we might be tempted to conclude 
that F is conservative. However, F is not conservative. To see this, let 
Equation: 


r (t) = (cost, sint),0 <t<7a7 


be a parameterization of the upper half of a unit circle oriented counterclockwise 
(denote this C’,) and let 
Equation: 


s(t) = (cost, —sint),0O<t<7a7 


be a parameterization of the lower half of a unit circle oriented clockwise 
(denote this C'). Notice that C, and C2 have the same starting point and 
endpoint. Since sin?t + cos*t = 1, 

Equation: 


F (r (t)) er’ (t) = (sin (t), —cos(t)) e (—sin (t), cos (t)) = —1 


and 
Equation: 


F (s(t)) - s/(t) = (—sint, —cost) - (—sint, —cost) 
= sin*t + cost 
=1, 


Therefore, 
Equation: 


[ ea | -1dt=-mand | Pedr = [ 1ldt = x. 
C1 0 Cs 0 


Thus, C’; and Cy have the same starting point and endpoint, but 


Fvdrs / F - dr. Therefore, F is not independent of path and F is not 
Ci Co 
conservative. 


To summarize: F satisfies the cross-partial property and yet F is not 
conservative. What went wrong? Does this contradict [link]? The issue is that 
the domain of F is all of R? except for the origin. In other words, the domain of 
F has a hole at the origin, and therefore the domain is not simply connected. 
Since the domain is not simply connected, [link] does not apply to F. 


We close this section by looking at an example of the usefulness of the 
Fundamental Theorem for Line Integrals. Now that we can test whether a vector 
field is conservative, we can always decide whether the Fundamental Theorem 
for Line Integrals can be used to calculate a vector line integral. If we are asked 


to calculate an integral of the form / F - dr, then our first question should be: 
C 
Is F conservative? If the answer is yes, then we should find a potential function 


and use the Fundamental Theorem for Line Integrals to calculate the integral. If 
the answer is no, then the Fundamental Theorem for Line Integrals can’t help us 
and we have to use other methods, such as using [link]. 


Example: 
Exercise: 


Problem: 


Using the Fundamental Theorem for Line Integrals 


Calculate line integral / F - dr, where 


es 
Baeye2) = (2Qre¥z + e*z, x7e4z, we¥ + e*) and C is any smooth 
curve that goes from the origin to (1, 1, 1). 


Solution: 


Before trying to compute the integral, we need to determine whether F is 
conservative and whether the domain of F is simply connected. The 
domain of F is all of R°, which is connected and has no holes. Therefore, 
the domain of F is simply connected. Let 

Equation: 


P(x, y, z) = 2ae4z + e*z, Q(x, y,z) = ve¥z, and R(a, y, z) = x*e! + e* 


so that F = (P,Q, R). Since the domain of F is simply connected, we 
can check the cross partials to determine whether F is conservative. Note 
that 
Equation: 

P, = 22e4z=Q; 
2re¥ +e*° = R, 
CC, = ees Ry. 


a 
I 


Therefore, F is conservative. 


To evaluate i F - dr using the Fundamental Theorem for Line Integrals, 


C 

we need to find a potential function f for F. Let f be a potential function 
for F. Then, V f = F, and therefore f, = 2xe¥z + e* z. Integrating this 
equation with respect to x gives f (a, y,z) = #7e4¥z + e"z+h(y, z) for 
some function h. Differentiating this equation with respect to y gives 
xe¥z + hy = Q = «ez, which implies that h, = 0. Therefore, his a 
function of z only, and f(x, y, z) = 27e¥z + e*z + h(z). To find h, note 
that f, = 22e¥ + e® + hi(z) = R= xe¥ + e*. Therefore, hi(z) = 0 


and we can take h(z) = 0. A potential function for F is 
f(x, Y, z) S027 + e*Z. 


Now that we have a potential function, we can use the Fundamental 
Theorem for Line Integrals to evaluate the integral. By the theorem, 


Equation: 
[Pea = | vi-a 
C C 
= (1,51) a f(0, 0,0) 
—2e) 
Analysis 


Notice that if we hadn’t recognized that F is conservative, we would have had 
to parameterize C and use [link]. Since curve C is unknown, using the 
Fundamental Theorem for Line Integrals is much simpler. 


Note: 
Exercise: 


Problem: 


Calculate integral / F - dr, where 


€ 
F(z, y) = (sinz siny, 5 — cosx cosy) and C is a semicircle with starting 
point (0, 7) and endpoint (0, —7r). 


Solution: 


—107 
Hint 


Use the Fundamental Theorem for Line Integrals. 


Example: 
Exercise: 


Problem: 
Work Done on a Particle 


Let Raa y)— (au. ooe), be a force field. Suppose that a particle 
begins its motion at the origin and ends its movement at any point in a 
plane that is not on the x-axis or the y-axis. Furthermore, the particle’s 
motion can be modeled with a smooth parameterization. Show that F does 
positive work on the particle. 


Solution: 


We show that F does positive work on the particle by showing that F is 
conservative and then by using the Fundamental Theorem for Line 
Integrals. 


To show that F is conservative, suppose f (x, y) were a potential function 
tor Then, V7 =F = (Qye, Zn) and therefore f; = 2xy” and 

fy = 2x7y. Equation f, = 2xy? implies that f (x,y) = x7y”? + h(y). 
Deriving both sides with respect to y yields f, = Qa27y +h! (y). 
Therefore, h’(y) = 0 and we can take h (y) = 0. 


If f(x, y) = xy’, then note that Vf = aye 227y) = F, and therefore 
f is a potential function for F. 


Let (a, b) be the point at which the particle stops is motion, and let C 
denote the curve that models the particle’s motion. The work done by F on 


the particle is / F - dr. By the Fundamental Theorem for Line Integrals, 
C 


[Pea = | vied 


= f(a, 6) — f(0,0) 


= a’d?. 


Equation: 


Since a ~ 0 and b S 0, by assumption, a2b? > 0. Therefore, 
F - dr > 0, and F does positive work on the particle. 
C 
Analysis 


Notice that this problem would be much more difficult without using the 
Fundamental Theorem for Line Integrals. To apply the tools we have learned, 
we would need to give a curve parameterization and use [link]. Since the path 
of motion C can be as exotic as we wish (as long as it is smooth), it can be very 
difficult to parameterize the motion of the particle. 


Note: 
Exercise: 


Problem: 


Let F(a, y) = (4a°y*, 4*y*), and suppose that a particle moves from 
point (4, 4) to (1, 1) along any smooth curve. Is the work done by F on 
the particle positive, negative, or zero? 


Solution: 
Negative 
Hint 


Use the Fundamental Theorem for Line Integrals. 


Key Concepts 


e The theorems in this section require curves that are closed, simple, or both, 
and regions that are connected or simply connected. 

e The line integral of a conservative vector field can be calculated using the 
Fundamental Theorem for Line Integrals. This theorem is a generalization 
of the Fundamental Theorem of Calculus in higher dimensions. Using this 
theorem usually makes the calculation of the line integral easier. 


¢ Conservative fields are independent of path. The line integral of a 
conservative field depends only on the value of the potential function at the 
endpoints of the domain curve. 

¢ Given vector field F, we can test whether F is conservative by using the 
cross-partial property. If F has the cross-partial property and the domain is 
simply connected, then F is conservative (and thus has a potential 
function). If F is conservative, we can find a potential function by using the 
Problem-Solving Strategy. 

e The circulation of a conservative vector field on a simply connected 
domain over a closed curve is zero. 


Key Equations 


¢ Fundamental Theorem for Line Integrals 
[ Vf-dr = f (r(b)) — f (r(a)) 


¢ Circulation of a conservative field over curve C that encloses a simply 
connected region 


f Vf-ar=0 


Exercise: 
Problem: 
True or False? If vector field F is conservative on the open and connected 


region D, then line integrals of F are path independent on D, regardless of 
the shape of D. 


Solution: 


True 
Exercise: 
Problem: 
True or False? Function r (t) = a+ t(b— a), whereO0 <¢ <1, 
parameterizes the straight-line segment from a to b. 


Exercise: 


Problem: 


True or False? Vector field 
F (2, y, z) = (ysinz)i + (x sin z)j + (xy cos z)k is conservative. 


Solution: 


True 
Exercise: 
Problem: 
True or False? Vector field F (x, y, z) = yi+ (x + z)j — yk is 
conservative. 
Exercise: 


Problem: 


Justify the Fundamental Theorem of Line Integrals for / F - dr in the 

G 
case when F (a, y) = (2” + 2y)i + (2x + 2y)j and C is a portion of the 
positively oriented circle x? + y? = 25 from (5, 0) to (3, 4). 


Solution: 


[Pa =24 
C 


Exercise: 


Problem: 


[T] Find / F - dr, ,] where 
C 


1 


F(x, y) = (ye™ + cosx)i + (xe™ + aa 


y = sing from x = Otoxr = F. 


) j and C is a portion of curve 


Exercise: 


Problem: 


[T] Evaluate line integral / F - dr, where 


CG 
F(z, y) = (e*siny — y)i+ (e*cosy — x — 2)j, and C is the path given 


by r(t) = [t®sin 2 ]i — [Zcos (2 + 4) |jfor0 <t <1. 


2 


Solution: 


[Pane % 
C 


For the following exercises, determine whether the vector field is conservative 
and, if it is, find the potential function. 
Exercise: 


Problem: F(z, y) = 2xy?i + 3y°x7j 


Exercise: 


Problem: F(x, y) = (—y+ e’siny)i+ |(x + 2)e*cos yj 
Solution: 
Not conservative 


Exercise: 


Problem: F(z, y) = (e**siny)i + [e””cosy]j 
Exercise: 

Problem: F(z, y) = (6x + 5y)i+ (5a + 4y)j 

Solution: 


Conservative, f(x,y) = 3x7 + day + 2y/’ 


Exercise: 


Problem: F(x, y) = [2x cos(y) — ycos(x)]i+ | —x?sin(y) — sin(z)|j 


Exercise: 


Problem: F(x, y) = [ye” + sin(y)|i+ [e” + x cos(y)]j 
Solution: 


Conservative, f(z, y) = ye” + xsin(y) 


For the following exercises, evaluate the line integrals using the Fundamental 
Theorem of Line Integrals. 
Exercise: 


Problem: f (yi + xj) - dr, where C is any path from (0, 0) to (2, 4) 
C 


Exercise: 


Problem: 
f (2ydx + 2ady), where C is the line segment from (0, 0) to (4, 4) 
C 


Solution: 


§ (Qydx + 2xdy) = 32 
Cc 


Exercise: 


Problem: 


2 

y LY x _ 
T arctan — — dx + |——~ + e %(1—- y) | dy, 
mf | x aa Far a) 
where C is any smooth curve from (1, 1) to (—1, 2) 


Exercise: 


Problem: Find the conservative vector field for the potential function 
Equation: 


f(x,y) = 5a? + 3ay + 10y’. 
Solution: 
F(z, y) = (10x + 3y)i+ (32 + 10y)j 


For the following exercises, determine whether the vector field is conservative 
and, if so, find a potential function. 
Exercise: 


Problem: F(z, y) = (12zy)i+ 6 (x? + y’)j 


Exercise: 


Problem: F(z, y) = (e*cosy)i + 6 (e’siny)j 


Solution: 


F is not conservative. 


Exercise: 


Problem: F(z, y) = (2eye"™ Ji a0 (er) j 
Exercise: 
Problem: F(z, y, z) = (ye*)i + (xe*)j + (xye*)k 
Solution: 
F is conservative and a potential function is f(z, y, z) = rye’. 


Exercise: 


Problem: F(z, y, z) = (siny)i — (x cosy)j +k 


Exercise: 


Problem: F(z, y, z) = (- 1)i + (3) + (2z— 1)k 


Solution: 


2g 2 


F is conservative and a potential function is f(z, y, z) = z ; 


Exercise: 


Problem: F(z, y, z) = 3z7i — cosyj + 2azk 


Exercise: 
Problem: F(z, y, z) = (2cy)i+ (a? + 2yz)j+y’k 


Solution: 


F is conservative and a potential function is f(z, y, z) = x7y + yz. 


For the following exercises, determine whether the given vector field is 
conservative and find a potential function. 
Exercise: 


Problem: F (zx, y) = (e*cosy)i+ 6 (e”siny)j 


Exercise: 
Problem: F (x, y) = (2eye")i +6 (xe) j 


Solution: 


. . : A : 2 
F is conservative and a potential function is f (x, y) = e” ¥ 


For the following exercises, evaluate the integral using the Fundamental 
Theorem of Line Integrals. 
Exercise: 


Problem: 

Evaluate i Vf -dr, where f(z, y, z) = cos(zx) + sin(ay) — xyz and C 
3) 

is any path that starts at (1, +; 2) and ends at (2,1, —1). 


Exercise: 


Problem: 


[T] Evaluate i: Vf - dr, where f(z, y) = cy + e® and Cis a straight line 
C 
from (0, 0) to (2, 1). 


Solution: 


[Parae+ 
C 


Exercise: 


Problem: 


[T] Evaluate / Vf -dr, where f(x, y) = x*y — x and Cis any pathina 
a 
plane from (1, 2) to (3, 2). 
Exercise: 


Problem: 


Evaluate / Vf - dr, where f(x, y, 2) = xyz” — yz and C has initial point 
C 
(1, 2) and terminal point (3, 5). 


Solution: 


[Pana 
Cc 


For the following exercises, let F(a, y) = 2xy?i + (2yx? + 2y)j and 

G(x, y) = (y+x)i+ (y— 2x)j, and let C, be the curve consisting of the circle 
of radius 2, centered at the origin and oriented counterclockwise, and C2 be the 
curve consisting of a line segment from (0, 0) to (1, 1) followed by a line 
segment from (1, 1) to (3, 1). 


F(x, y) = 2xy?i + (2yx* + 2y)j 


Exercise: 


Problem: Calculate the line integral of F over C). 


Exercise: 


Problem: Calculate the line integral of G over C). 


Solution: 


G-dr = —8r 
Ci 


Exercise: 


Problem: Calculate the line integral of F over Cp. 


Exercise: 


Problem: Calculate the line integral of G over C>. 


Solution: 


§ F:dr=]7 
C2 


Exercise: 


Problem: 


[T] Let F(z, y, z) = x7i + zsin(yz)j + ysin(yz)k. Calculate f F - dr, 
; 
where C is a path from A = (0,0,1) to B = (3,1, 2). 
Exercise: 


Problem: 


[T] Find line integral g F - dr of vector field 

C 
F(z, y,z) = 3a72i + z*j + (x? + 2yz)k along curve C parameterized by 
r(t) = (25)i+ 87°j+tcos (mt), 1<t<4. 


Solution: 


[ae = 150 
C 


For the following exercises, show that the following vector fields are 


conservative by using a computer. Calculate / F - dr for the given curve. 
C 
Exercise: 


Problem: 


F = (ay? + 3x7y)i+ (x + y)x?j; C is the curve consisting of line 
segments from (1,1) to (0, 2) to (3,0). 


Exercise: 
Problem: 
—— 2n 2y(x?+1) oo 5 < 
r= pari GPa? j; Cis parameterized by 


pa gat =F 0 ee 


Solution: 


[Pa=-1 
C 


Exercise: 
Problem: 
[T] F = [cos (xy’) — gy’sin (xy*) ]i — 2x7ysin (ay’)j; C is curve 
(e,e"*"),-1<t <0. 
Exercise: 
Problem: 
The mass of Earth is approximately 6 x 10?’g and that of the Sun is 
330,000 times as much. The gravitational constant is 
6.7 x 10-°cm3/s? - g. The distance of Earth from the Sun is about 


1.5 x 10/2cm. Compute, approximately, the work necessary to increase 
the distance of Earth from the Sun by 1 cm. 


Solution: 


4 x 10*%erg 
Exercise: 


Problem: 


[T] Let F = (a, y, z) = (e”siny)i+ (e*cosy)j + 2*k. Evaluate the 


integral F - ds, where c(t) = (v4, #8,e¥*),0 <> = A, 
C 


Exercise: 


Problem: 

[T] Let c : [1,2] — R? be given by = e* !,y =sin (4). Use a 

computer to compute the integral / F-ds = / 2x cosydx — x”sin ydy, 
C C 


2 


where F = (2x cosy)i — (a’siny)j. 


Solution: 


/ F - ds = 0.4687 
C 


Exercise: 
Problem: 
[T] Use a computer algebra system to find the mass of a wire that lies 
along curve r(t) = (¢? — 1)j + 2tk,0 < t < 1, if the density is a. 
Exercise: 


Problem: 


Find the circulation and flux of field F = —yi + xj around and across the 
closed semicircular path that consists of semicircular arch 

r;(t) = (acost)i + (asint)j,0 < t < 7, followed by line segment 
ro(t)=ti,—a <t < a. 


Solution: 


circulation = 7a? and flux = 0 


Exercise: 


Problem: 


Compute / cosz cos ydxz — sinzx sinydy, where 
Cc 
CHa 0),02 ce. 


Exercise: 


Problem: Complete the proof of [link] by showing that f, = Q (x,y). 


Glossary 


closed curve 
a curve that begins and ends at the same point 


connected region 
a region in which any two points can be connected by a path with a trace 
contained entirely inside the region 

Fundamental Theorem for Line Integrals 


the value of line integral / V f - dr depends only on the value of f at the 
a 


endpoints of C: [vs -dr = f (r(b)) — f (r(a)) 


independence of path 


a vector field F has path independence if / 
C 


curves C’'; and C4 in the domain of F with the same initial points and 
terminal points 


F-dr= | F - dr for any 
1 Cz 


simple curve 
a curve that does not cross itself 


simply connected region 
a region that is connected and has the property that any closed curve that 
lies entirely inside the region encompasses points that are entirely inside 
the region 


Green’s Theorem 


e Apply the circulation form of Green’s theorem. 
e Apply the flux form of Green’s theorem. 
¢ Calculate circulation and flux on more general regions. 


In this section, we examine Green’s theorem, which is an extension of the Fundamental Theorem of Calculus to 
two dimensions. Green’s theorem has two forms: a circulation form and a flux form, both of which require region 
D in the double integral to be simply connected. However, we will extend Green’s theorem to regions that are not 
simply connected. 


Put simply, Green’s theorem relates a line integral around a simply closed plane curve C and a double integral over 
the region enclosed by C. The theorem is useful because it allows us to translate difficult line integrals into more 
simple double integrals, or difficult double integrals into more simple line integrals. 


Extending the Fundamental Theorem of Calculus 


Recall that the Fundamental Theorem of Calculus says that 
Equation: 


b 
/ F'(x)dz = F(b) — F(a). 


As a geometric statement, this equation says that the integral over the region below the graph of F(z) and above 
the line segment [a, b] depends only on the value of F at the endpoints a and b of that segment. Since the numbers 


b 
a and b are the boundary of the line segment [a, b], the theorem says we can calculate integral / F'(x)dz based 


on information about the boundary of line segment [a, }] ([link]). The same idea is true of the Fundamental 
Theorem for Line Integrals: 
Equation: 


[ Vf- dr = f(r(b)) — f(r(a)). 


When we have a potential function (an “antiderivative”), we can calculate the line integral based solely on 
information about the boundary of curve C. 


[2 f(x)ax 


f(x) 


a b x 


The Fundamental Theorem of Calculus says that 
the integral over line segment [a, b] depends only 


on the values of the antiderivative at the endpoints 
of [a, b]. 


Green’s theorem takes this idea and extends it to calculating double integrals. Green’s theorem says that we can 
calculate a double integral over region D based solely on information about the boundary of D. Green’s theorem 
also says we can calculate a line integral over a simple closed curve C based solely on information about the 
region that C encloses. In particular, Green’s theorem connects a double integral over region D to a line integral 
around the boundary of D. 


Circulation Form of Green’s Theorem 


The first form of Green’s theorem that we examine is the circulation form. This form of the theorem relates the 
vector line integral over a simple, closed plane curve C to a double integral over the region enclosed by C. 
Therefore, the circulation of a vector field along a simple closed curve can be transformed into a double integral 
and vice versa. 


Note: 

Green’s Theorem, Circulation Form 

Let D be an open, simply connected region with a boundary curve C that is a piecewise smooth, simple closed 
curve oriented counterclockwise ([link]). Let F = (P, Q) be a vector field with component functions that have 
continuous partial derivatives on D. Then, 


Equation: 
$ F. dr = $ Pdz + Qdy = // (Q. — P,)dA. 
C C D 


The circulation form of Green’s theorem relates a line 
integral over curve C to a double integral over region D. 


Notice that Green’s theorem can be used only for a two-dimensional vector field F. If F is a three-dimensional 
field, then Green’s theorem does not apply. Since 


Equation: 


[ Paes Qay= | ¥- Tas, 
Cc Cc 


this version of Green’s theorem is sometimes referred to as the tangential form of Green’s theorem. 
The proof of Green’s theorem is rather technical, and beyond the scope of this text. Here we examine a proof of the 
theorem in the special case that D is a rectangle. For now, notice that we can quickly confirm that the theorem is 


true for the special case in which F = (P, Q) is conservative. In this case, 
Equation: 


f Pde + Qdy=0 
Cc 


because the circulation is zero in conservative vector fields. By [link], F satisfies the cross-partial condition, so 


Py = Qz. Therefore, 
|[tae—Payaa = |f ota =0= § Pax + Qay, 
D D C 


Equation: 
which confirms Green’s theorem in the case of conservative vector fields. 


Proof 


Let’s now prove that the circulation form of Green’s theorem is true when the region D is a rectangle. Let D be the 
rectangle [a,b] x [c,d] oriented counterclockwise. Then, the boundary C of D consists of four piecewise smooth 
pieces C1, C'2, C3, and C’, ([link]). We parameterize each side of D as follows: 


Equation: 
Ci:ri(t) = (t,c)a<t<b 
Co: (t) = (b,t),¢ < t < d 
—C3:1r3(t) = (t,d),a<t<b 
—Cy: T4 (t) = (a,t),c <t< d 
Yh 
d+ - 
Cy Cy 
Ctr 
Cy 


Rectangle D is oriented 
counterclockwise. 


Then, 
Equation: 


C. 
= Pedr+ [ Pedr [ Pedr [ Fedr 
Ci Cy —C3 -C4 


b d 
-{ F (r3 (t)) erg (oat f F (r4 (t)) e rq (t)dt 
= [Poa [ena [Pwaa- [ena 
= [ (P (t,c) — P(t, ayac+ f (Q (6, t) — Q (a, t))dt 
Tos od 
= -{ (P (t, d) -P(o)de+ [ (Q (6, t) — Q (a, t))dt. 


By the Fundamental Theorem of Calculus, 


Equation: 
eo aa) 
P(t,d) —P(t,c)= / —P (t, y)dy and Q (b,t) — Q(a,t) = / —Q (a, t)dz. 
e Oy a OL 
Therefore, 
Equation: 
b d 
-[ (Pea- Paya [ (Q(t) - Q(ao)dt 
: b d f,) - b fa) 
= -{ / — Pitt, pdyats- | / —Q (a, t)daxdt. 
a c Oy Cc a Ox 
But, 
Equation: 


b fd f,) d fb f,) b rd fs) d fb f,) 
-{ / SP tu)ayat + [ i —Q(a,t)dxedt = -{ / SP (ay)dyde + [ i —Q (a, y)dx 
a Je OY c Jaq Ox a Je OY c Jaq Ox 


- [f (Q, — P,)dyde 


Therefore, / F edr = el (Q, — P,y)dA and we have proved Green’s theorem in the case of a rectangle. 
Cc D 


To prove Green’s theorem over a general region D, we can decompose D into many tiny rectangles and use the 
proof that the theorem works over rectangles. The details are technical, however, and beyond the scope of this text. 


Example: 
Exercise: 


Problem: 
Applying Green’s Theorem over a Rectangle 


Calculate the line integral 
Equation: 


$ at’ ydz + (y — 3)dy, 
C 


where C is a rectangle with vertices (1,1), (4, 1), (4,5), and (1, 5) oriented counterclockwise. 
Solution: 


Let F (x, y) = (P(2,y), Q(x, y)) = (2”y, y — 3). Then, Qz = 0 and Py = a”. Therefore, 
QO; =P, = —2". 


Let D be the rectangular region enclosed by C ([link]). By Green’s theorem, 
Equation: 


f aude + (y—3)dy =// (Q, — Py)dA 
C D 
5 pd 
=), -ada= [ / —a’dady 
D 1 Ji 
5 
= / —21dy = —84. 
1 


ee ee ! ' ‘ > nn. dl dll dl ode ee ee eee 


— 
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The line integral over the boundary of the rectangle can be transformed into a 
double integral over the rectangle. 


Analysis 


If we were to evaluate this line integral without using Green’s theorem, we would need to parameterize each side 
of the rectangle, break the line integral into four separate line integrals, and use the methods from Line Integrals 
to evaluate each integral. Furthermore, since the vector field here is not conservative, we cannot apply the 
Fundamental Theorem for Line Integrals. Green’s theorem makes the calculation much simpler. 


Example: 
Exercise: 


Problem: 
Applying Green’s Theorem to Calculate Work 


Calculate the work done on a particle by force field 
Equation: 


F(z, y) = (y+ sing, e¥ — z) 


as the particle traverses circle x? + y? = 4 exactly once in the counterclockwise direction, starting and 
ending at point (2,0). 


Solution: 


Let C denote the circle and let D be the disk enclosed by C. The work done on the particle is 
Equation: 


W= $ (y+ sin x)dx + (e¥ — x)dy. 
Cc 


As with [link], this integral can be calculated using tools we have learned, but it is easier to use the double 
integral given by Green’s theorem ((link]). 


Let F (x, y) = (P (x,y), Q(z, y)) = {y+ sing, e¥ — z). Then, 2, = —1 and P, = 1. Therefore, 
Q; — Py = —2. 


By Green’s theorem, 
Equation: 


W = dw + sin(x))dx + (e¥ — x)dy 


= ff (aera ff 2a 


=-2 (area (D)) = 20 (27) = —8r. 


uo 
x 


a 


ba Mie. ee “eben 
mh. Ay Ke ee, 
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The line integral over the boundary circle can be transformed into a double integral 
over the disk enclosed by the circle. 


Note: 
Exercise: 


Problem: Use Green’s theorem to calculate line integral 
Equation: 


$ sin(x”)dx + (3a — y)dy, 
Cc 


where C is a right triangle with vertices (—1, 2), (4,2), and (4, 5) oriented counterclockwise. 


Solution: 


45 
2 


Hint 


Transform the line integral into a double integral. 


In the preceding two examples, the double integral in Green’s theorem was easier to calculate than the line 
integral, so we used the theorem to calculate the line integral. In the next example, the double integral is more 
difficult to calculate than the line integral, so we use Green’s theorem to translate a double integral into a line 
integral. 


Example: 
Exercise: 


Problem: 
Applying Green’s Theorem over an Ellipse 


Calculate the area enclosed by ellipse & + a, = 1 ((link)). 


Ellipse a aP ue = 1 is denoted by C. 


Solution: 


Let C denote the ellipse and let D be the region enclosed by C. Recall that ellipse C can be parameterized by 
Equation: 


z=acost,y = bsint,0 <t < 2n. 


Calculating the area of D is equivalent to computing double integral | i dA. To calculate this integral 
D 
without Green’s theorem, we would need to divide D into two regions: the region above the x-axis and the 


region below. The area of the ellipse is 


Equation: 
a 4/b?—(ba/a)? a 0 
/ / dydz + i i ______ dydz. 
-a J0 -a — 4/0? =(be/a)? 


These two integrals are not straightforward to calculate (although when we know the value of the first 
integral, we know the value of the second by symmetry). Instead of trying to calculate them, we use Green’s 


theorem to transform | / dA into a line integral around the boundary C. 
D 


Consider vector field 
Equation: 


y 2 
F(a, = (P,Q) =(-3,=). 
(z,y) = (P,Q) ms 
Then, Q, = + and Py = —+, and therefore Q,, — P, = 1. Notice that F was chosen to have the property 


that Q, — Py = 1. Since this is the case, Green’s theorem transforms the line integral of F over C into the 
double integral of 1 over D. 


By Green’s theorem, 


Equation: 
[fie = ff (Q.- Pda 


= [ pede=5 [ yin +2dy 
Cc Cc 


20 


=4 f bsin t(—a sin t) + a (cost)b cos tdt 


20 20 
== / abcos*t + absin*tdt = + i abdt = rab. 
0 0 


Therefore, the area of the ellipse is zab. 


In [link], we used vector field F(z, y) = (P,Q) = (- oe 2) to find the area of any ellipse. The logic of the 
previous example can be extended to derive a formula for the area of any region D. Let D be any region with a 
boundary that is a simple closed curve C oriented counterclockwise. If F(x, y) = (P,Q) = (—4, =), then 


Q, — Py = 1. Therefore, by the same logic as in [link], 


Equation: 
1 
area of D = // dA= sf —ydx + xdy. 
D 2 Jc 


It’s worth noting that if F = (P, Q) is any vector field with Q, — Py = 1, then the logic of the previous 


paragraph works. So. [link] is not the only equation that uses a vector field’s mixed partials to get the area of a 
region. 


Note: 
Exercise: 


Problem: 


Find the area of the region enclosed by the curve with parameterization 
r(t) = (sintcost,sint),0<t< 7. 


y 


Solution: 


4 


3 
Hint 


Use [link]. 


Flux Form of Green’s Theorem 


The circulation form of Green’s theorem relates a double integral over region D to line integral f F - Tds, where 
Cc 


C is the boundary of D. The flux form of Green’s theorem relates a double integral over region D to the flux across 
boundary C. The flux of a fluid across a curve can be difficult to calculate using the flux line integral. This form of 
Green’s theorem allows us to translate a difficult flux integral into a double integral that is often easier to calculate. 


Note: 

Green’s Theorem, Flux Form 

Let D be an open, simply connected region with a boundary curve C that is a piecewise smooth, simple closed 
curve that is oriented counterclockwise ([link]). Let F = (P, Q) be a vector field with component functions that 
have continuous partial derivatives on an open region containing D. Then, 


Equation: 
f B-Nas = | P,+Q,dA. 
© D 


The flux form of Green’s theorem relates a double 
integral over region D to the flux across curve C. 


Because this form of Green’s theorem contains unit normal vector N, it is sometimes referred to as the normal 
form of Green’s theorem. 


Proof 


Recall that f F .Nds = f —Qdz + Pdy. Let M = —Q and N = P. By the circulation form of Green’s 
C C 


theorem, 


Equation: 
§ —Qdz+ Pdy = $ Mdz + Ndy 
C C 
= ij / N, — M,dA 
D 
= ff Paya 
D 
x | il P, +Q,aA. 
D 
Example: 
Exercise: 
Problem: 


Applying Green’s Theorem for Flux across a Circle 


Let C be a circle of radius r centered at the origin ([link]) and let F(x, y) = (a, y). Calculate the flux across 
CG. 


Curve C is a circle of radius r centered at the origin. 


Solution: 


Let D be the disk enclosed by C. The flux across C is $ F - Nds. We could evaluate this integral using 
C 


tools we have learned, but Green’s theorem makes the calculation much more simple. Let P (z, y) = # and 
Q (a, y) = yso that F = (P,Q). Note that P, = 1 = Q,, and therefore P, + Q, = 2. By Green’s 


theorem, 
[rends= ff raa=2f faa. 
Cc D D 


Equation: 
Since i i dA is the area of the circle, / / dA = mr?. Therefore, the flux across C is 27r?. 
D D 


Example: 
Exercise: 


Problem: 
Applying Green’s Theorem for Flux across a Triangle 


Let S be the triangle with vertices (0,0), (1,0), and (0, 3) oriented clockwise ([link]). Calculate the flux of 
F (z,y) = (P(z,y),Q (x, y)) = (2? + e4, 2 + y) across S. 
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Curve S is a triangle with vertices (0,0), (1,0), and (0,3) oriented clockwise. 


Solution: 


To calculate the flux without Green’s theorem, we would need to break the flux integral into three line 
integrals, one integral for each side of the triangle. Using Green’s theorem to translate the flux line integral 


into a single double integral is much more simple. 


Let D be the region enclosed by S. Note that P, = 2x and @, = 1; therefore, P; + Qy = 2x + 1. Green’s 
theorem applies only to simple closed curves oriented counterclockwise, but we can still apply the theorem 


because ® F- Nds = — § F - Nds and —S is oriented counterclockwise. By Green’s theorem, the flux 
Cc =) 


is 
Equation: 


J F-Nas =f F-Nas 
=- ff (.+0,)aa 
=- ff @e+naa. 


Notice that the top edge of the triangle is the line y = —3za + 3. Therefore, in the iterated double integral, 
the y-values run from y = 0 to y = —3z + 3, and we have 
Equation: 


- If (24 +1)dA 


u —324+3 
-{ / (2x + 1)dydx 
0 Jo 
1 


-{ (2” + 1) (—32 + 3)dx = -f (—6a? + 3x + 3)da 


= [-22° 4 ue + 32 =— 


Note: 
Exercise: 


Problem: Calculate the flux of F(z, y) = Ce y’) across a unit circle oriented counterclockwise. 


Solution: 


3m 
2 


Hint 


Apply Green’s theorem and use polar coordinates. 


Example: 
Exercise: 
Problem: 
Applying Green’s Theorem for Water Flow across a Rectangle 


Water flows from a spring located at the origin. The velocity of the water is modeled by vector field 
v (x,y) = (5a + y, £ + 3y) m/sec. Find the amount of water per second that flows across the rectangle with 
vertices (—1, —2), (1, —2), (1,3), and (—1, 3), oriented counterclockwise ([link)). 
(1, —3) 
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Water flows across the rectangle with vertices 
(—1, —2), (1, —2), (1,3), and (—1, 3), oriented counterclockwise. 


Solution: 


Let C represent the given rectangle and let D be the rectangular region enclosed by C. To find the amount of 


water flowing across C, we calculate flux i, vedr. Let P(z,y) =5x+yandQ (az, y) = x + 3yso that 
C 
v = (P,Q). Then, P, = 5 and Q, = 3. By Green’s theorem, 


Equation: 
[ved =|) (P, +Q,)dA 
C D 


“fs 


= 8 (area of D) = 80. 


Therefore, the water flux is 80 m/sec. 


Recall that if vector field F is conservative, then F does no work around closed curves—that is, the circulation of F 
around a closed curve is zero. In fact, if the domain of F is simply connected, then F is conservative if and only if 
the circulation of F around any closed curve is zero. If we replace “circulation of F” with “flux of F,” then we get a 
definition of a source-free vector field. The following statements are all equivalent ways of defining a source-free 
field F = (P, Q) ona simply connected domain (note the similarities with properties of conservative vector 
fields): 


1. The flux f F - Nds across any closed curve C is zero. 
C 
2. If Cy and C2 are curves in the domain of F with the same starting points and endpoints, then 


i F.Nds = i F - Nds. In other words, flux is independent of path. 
Ci Cy 


3. There is a stream function g(x, y) for F. A stream function for F = (P, Q) is a function g such that P = g, 
and Q = —g,. Geometrically, F = (a, b) is tangential to the level curve of g at (a, b). Since the gradient of g 
is perpendicular to the level curve of g at (a, b), stream function g has the property F (a, b) e Vg(a,b) =0 
for any point (a, b) in the domain of g. (Stream functions play the same role for source-free fields that 
potential functions play for conservative fields.) 


4.P,+Q,=0 


Example: 
Exercise: 


Problem: 
Finding a Stream Function 


Verify that rotation vector field F(a, y) = (y, —«) is source free, and find a stream function for F. 


Solution: 


Note that the domain of F is all of R?, which is simply connected. Therefore, to show that F is source free, 
we can show any of items 1 through 4 from the previous list to be true. In this example, we show that item 4 
is true. Let P(x, y) = y and Q (x, y) = —x. Then P, + 0 = Q,, and therefore P,; + Q, = 0. Thus, F is 
source free. 


To find a stream function for F, proceed in the same manner as finding a potential function for a conservative 
field. Let g be a stream function for F. Then g, = y, which implies that 


Equation: 
y? 
9(2,y) = > +h). 
Since —g, = Q = —x, we have hi (x) = zx. Therefore, 
Equation: 
2 
h(c)=— +C. 
2) 
Letting C' = 0 gives stream function 
Equation: 
2 2 
cee oe 
g (2, y) = 2 oF 2 : 
To confirm that g is a stream function for F, note that g, = y = P and —g, = —%@ = Q). 


Notice that source-free rotation vector field F(a, y) = (y, —«) is perpendicular to conservative radial vector 
field Vg = (x, y) ((link)). 


(b) 


(a) In this image, we see the three-level curves of g and vector field F. Note that 
the F vectors on a given level curve are tangent to the level curve. (b) In this 
image, we see the three-level curves of g and vector field Vg. The gradient vectors 
are perpendicular to the corresponding level curve. Therefore, 

F (a, b) e Vg (a, b) = 0 for any point in the domain of g. 


Note: 


Exercise: 


Problem: Find a stream function for vector field F (x, y) = (a sin y, cos y). 
Solution: 


g(x,y) = —2£ cos y 
Hint 


Follow the outline provided in the previous example. 


Vector fields that are both conservative and source free are important vector fields. One important feature of 
conservative and source-free vector fields on a simply connected domain is that any potential function f of such a 
field satisfies Laplace’s equation fz. + fyy = 0. Laplace’s equation is foundational in the field of partial 
differential equations because it models such phenomena as gravitational and magnetic potentials in space, and the 
velocity potential of an ideal fluid. A function that satisfies Laplace’s equation is called a harmonic function. 
Therefore any potential function of a conservative and source-free vector field is harmonic. 


To see that any potential function of a conservative and source-free vector field on a simply connected domain is 
harmonic, let f be such a potential function of vector field F = (P,Q). Then, f; = P and f, = Q because 
Vf =F. Therefore, fz, = Pz and fy, = Qy. Since F is source free, fxr + fyy = Px + Qy = 0, and we have 
that f is harmonic. 


Example: 
Exercise: 


Problem: 
Satisfying Laplace’s Equation 


For vector field F (x, y) = (e*sin y, e”cos y), verify that the field is both conservative and source free, find 
a potential function for F, and verify that the potential function is harmonic. 


Solution: 


Let P(z, y) = e*sin y and Q (, y) = e*cos y. Notice that the domain of F is all of two-space, which is 
simply connected. Therefore, we can check the cross-partials of F to determine whether F is conservative. 
Note that P, = e*cos y = Qz, So F is conservative. Since P; = e*sin y and Q, = e*sin y, Pz + Q, = 0 
and the field is source free. 


To find a potential function for F, let f be a potential function. Then, Vf = F, so f, = e’sin y. Integrating 
this equation with respect to x gives f (x,y) = e*sin y + A(y). Since f, = e*cos y, differentiating f with 
respect to y gives e*cos y = e*cos y + hi (y). Therefore, we can take h (y) = 0, and f (x, y) = e*sin yisa 
potential function for f. 


To verify that f is a harmonic function, note that fr, = £ (e*sin y) = e*sin y and 


a= £ (ecos y) = —e*sin y. Therefore, frz + fyy = 0, and f satisfies Laplace’s equation. 


Note: 
Exercise: 


Problem: Is the function f (x, y) = e?+*¥ harmonic? 


Solution: 


No 
Hint 


Determine whether the function satisfies Laplace’s equation. 


Green’s Theorem on General Regions 


Green’s theorem, as stated, applies only to regions that are simply connected—that is, Green’s theorem as stated so 
far cannot handle regions with holes. Here, we extend Green’s theorem so that it does work on regions with finitely 
many holes ([Link]). 


Green’s theorem, as stated, 
does not apply to a 
nonsimply connected region 
with three holes like this 
one. 


Before discussing extensions of Green’s theorem, we need to go over some terminology regarding the boundary of 
a region. Let D be a region and let C be a component of the boundary of D. We say that C is positively oriented if, 
as we walk along C in the direction of orientation, region D is always on our left. Therefore, the counterclockwise 
orientation of the boundary of a disk is a positive orientation, for example. Curve C is negatively oriented if, as we 
walk along C in the direction of orientation, region D is always on our right. The clockwise orientation of the 
boundary of a disk is a negative orientation, for example. 


Let D be a region with finitely many holes (so that D has finitely many boundary curves), and denote the boundary 
of D by OD ({link]). To extend Green’s theorem so it can handle D, we divide region D into two regions, D, and 
Dy (with respective boundaries 0D, and OD), in such a way that D = D, U Dy and neither D, nor D2 has any 


holes ({link]). 


(a) (b) 


(a) Region D with an oriented boundary has three holes. (b) Region D split 
into two simply connected regions has no holes. 


Assume the boundary of D is oriented as in the figure, with the inner holes given a negative orientation and the 
outer boundary given a positive orientation. The boundary of each simply connected region D, and Do is 
positively oriented. If F is a vector field defined on D, then Green’s theorem says that 


Equation: 
$ F -.dr -4 Pedr p F -dr 
OD OD, OD2 
= | Qz — PydA+ // Qz — PydA 
D, Dz 
= | / (Q, — P,)dA. 
D 


Therefore, Green’s theorem still works on a region with holes. 


To see how this works in practice, consider annulus D in [link] and suppose that F = iP, Q) is a vector field 
defined on this annulus. Region D has a hole, so it is not simply connected. Orient the outer circle of the annulus 
counterclockwise and the inner circle clockwise ([link]) so that, when we divide the region into D; and D2, we are 
able to keep the region on our left as we walk along a path that traverses the boundary. Let D, be the upper half of 
the annulus and D>» be the lower half. Neither of these regions has holes, so we have divided D into two simply 
connected regions. 


We label each piece of these new boundaries as P; for some i, as in [link]. If we begin at P and travel along the 
oriented boundary, the first segment is P;, then P2, P3, and Py. Now we have traversed D, and returned to P. 
Next, we start at P again and traverse D3. Since the first piece of the boundary is the same as P, in D;, but 
oriented in the opposite direction, the first piece of Dz is —P4. Next, we have Ps, then —P2, and finally Pg. 


P3 
P 
P, P, 
Po 
—P» —P, 
P 
Ps 
Pg 


Breaking the annulus into two separate regions gives us two simply connected regions. The 
line integrals over the common boundaries cancel out. 


[link] shows a path that traverses the boundary of D. Notice that this path traverses the boundary of region Dj, 
returns to the starting point, and then traverses the boundary of region D2. Furthermore, as we walk along the 
path, the region is always on our left. Notice that this traversal of the P; paths covers the entire boundary of region 
D. If we had only traversed one portion of the boundary of D, then we cannot apply Green’s theorem to D. 


The boundary of the upper half of the annulus, therefore, is P; U P, U P3 U P, and the boundary of the lower half 
of the annulus is —P, U Ps; U —P, U Pg. Then, Green’s theorem implies 
Equation: 


| F -dr =f F-dr+ f F-dr+ [ Fede + f Pedr + [ F-dr+ [ F-dr [ Fede + f 
aD P, P, P; Py -P, P; P, P; 
af F-dr+ f F-dr+ [ Fede +f F-dr— [ F-dr+ f F-dr— [ F-dr+ [ I 
P, P, P; Py Py P; P, P; 
-| F-dr+ [ F-dr+ f Fede + f F -dr 
P, P, P; Ps 
- | F-dr+ [ F -dr 
aD, aD, 
= // (Q2 — P,)dA+ // (Q,—P,)dA 
D, D, 
= ff (a. —Pyaa 
D 


Therefore, we arrive at the equation found in Green’s theorem—namely, 


Equation: 
$ Pedr = // (Q, — Py)dA. 
aD D 


The same logic implies that the flux form of Green’s theorem can also be extended to a region with finitely many 


holes: 
fEnas= |f (P+ ena 


Equation: 


Example: 
Exercise: 


Problem: 
Using Green’s Theorem on a Region with Holes 


Calculate integral 
Equation: 


3 3 
$ (sin ae ) a ( 2 + sin v) dy, 
aD 3 3 


where D is the annulus given by the polar inequalities 1 < r < 2,0 <0 < 2rz. 


Solution: 


Although D is not simply connected, we can use the extended form of Green’s theorem to calculate the 
integral. Since the integration occurs over an annulus, we convert to polar coordinates: 


Equation: 
y Be 
$ (sins ) ae | ( siny) dy =i (Q, — Py)dA 
aD 3 3 D 
D 
20 2, Qn 1 
=| i rdrao = [ a, 
0 Jt i Me 
— ibm 
one 
Example: 
Exercise: 
Problem: 


Using the Extended Form of Green’s Theorem 


Lege) = U2, = (aia, _ sir) and let C be any simple closed curve in a plane oriented 


counterclockwise. What are the possible values of $ F -dr? 
C 


Solution: 


We use the extended form of Green’s theorem to show that § F - dr is either 0 or —27—tthat is, no matter 
C 
how crazy curve C is, the line integral of F along C can have only one of two possible values. We consider 


two cases: the case when C encompasses the origin and the case when C does not encompass the origin. 


Case 1: C Does Not Encompass the Origin 
In this case, the region enclosed by C is simply connected because the only hole in the domain of F is at the 
origin. We showed in our discussion of cross-partials that F satisfies the cross-partial condition. If we restrict 


the domain of F just to C and the region it encloses, then F with this restricted domain is now defined on a 
simply connected domain. Since F satisfies the cross-partial property on its restricted domain, the field F is 


conservative on this simply connected region and hence the circulation p F - dr is zero. 
Cc 


Case 2: C Does Encompass the Origin 


In this case, the region enclosed by C is not simply connected because this region contains a hole at the 
origin. Let C; be a circle of radius a centered at the origin so that C’; is entirely inside the region enclosed by 
C ([link]). Give Ci a clockwise orientation. 


Cc 


Choose circle C’; centered at the origin that is 
contained entirely inside C. 


Let D be the region between C{ and C, and C is orientated counterclockwise. By the extended version of 


Green’s theorem, 
[reas [ F -dr =| Qz — PydA 
Cc Ci D 


Equation: 
2 2 
= —— 
Nera Or 


= 


and therefore 
Equation: 


[ra--f F - adr. 
Cc CQ; 


Since C’, is a specific curve, we can evaluate ih F - dr. Let 
Ci 
Equation: 


z=acost,y=asint,0<t< 27 


be a parameterization of C;. Then, 
Equation: 


Es | x see a) aia ene 


a a 


Qn Qn 
= / sin?(t) + cos*(t)dt = / dt = 2n. 
0 0 


Therefore, [ F-.ds = —2n. 
C 


Note: 
Exercise: 


Problem: 


Calculate integral F - dr, where D is the annulus given by the polar inequalities 


dD 
2<r<5,0<6< Qn, andF (a,y) = (x3, 5x + eYsiny). 


Solution: 


1057 
Hint 


Use the extended version of Green’s theorem. 


Note: 
Measuring Area from a Boundary: The Planimeter 


This magnetic resonance image of 
a patient’s brain shows a tumor, 
which is highlighted in red. (credit: 
modification of work by Christaras 
A, Wikimedia Commons) 


Imagine you are a doctor who has just received a magnetic resonance image of your patient’s brain. The brain has 
a tumor ({link]). How large is the tumor? To be precise, what is the area of the red region? The red cross-section 
of the tumor has an irregular shape, and therefore it is unlikely that you would be able to find a set of equations or 
inequalities for the region and then be able to calculate its area by conventional means. You could approximate the 
area by chopping the region into tiny squares (a Riemann sum approach), but this method always gives an answer 
with some error. 

Instead of trying to measure the area of the region directly, we can use a device called a rolling planimeter to 
calculate the area of the region exactly, simply by measuring its boundary. In this project you investigate how a 
planimeter works, and you use Green’s theorem to show the device calculates area correctly. 

A rolling planimeter is a device that measures the area of a planar region by tracing out the boundary of that 
region ({link]). To measure the area of a region, we simply run the tracer of the planimeter around the boundary of 
the region. The planimeter measures the number of turns through which the wheel rotates as we trace the 
boundary; the area of the shape is proportional to this number of wheel turns. We can derive the precise 
proportionality equation using Green’s theorem. As the tracer moves around the boundary of the region, the tracer 
arm rotates and the roller moves back and forth (but does not rotate). 


Tracer 


Wheel 
(a) (b) 


(a) A rolling planimeter. The pivot allows the tracer arm to rotate. The roller itself does not rotate; it only 
moves back and forth. (b) An interior view of a rolling planimeter. Notice that the wheel cannot turn if the 
planimeter is moving back and forth with the tracer arm perpendicular to the roller. 


Let C denote the boundary of region D, the area to be calculated. As the tracer traverses curve C, assume the roller 
moves along the y-axis (since the roller does not rotate, one can assume it moves along a straight line). Use the 
coordinates (z, y) to represent points on boundary C, and coordinates (0, Y) to represent the position of the pivot. 
As the planimeter traces C, the pivot moves along the y-axis while the tracer arm rotates on the pivot. 


Note: 
Watch a short animation of a planimeter in action. 


Begin the analysis by considering the motion of the tracer as it moves from point (x, y) counterclockwise to point 
(x + dz, y + dy) that is close to (a, y) ({link]). The pivot also moves, from point (0, Y) to nearby point 

(0, Y + dY). How much does the wheel turn as a result of this motion? To answer this question, break the motion 
into two parts. First, roll the pivot along the y-axis from (0, Y) to (0, Y + dY) without rotating the tracer arm. 
The tracer arm then ends up at point (#, y + dY) while maintaining a constant angle ¢ with the x-axis. Second, 
rotate the tracer arm by an angle d6 without moving the roller. Now the tracer is at point (x + dx, y + dy). Let / 
be the distance from the pivot to the wheel and let L be the distance from the pivot to the tracer (the length of the 
tracer arm). 


(x + dx, y + dy) 
a 


Mathematical analysis of the motion of the 
planimeter. 


— 


Explain why the total distance through which the wheel rolls the small motion just described is 
sin ¢dY + Id? = +dY + Id0. 


. Show that al) = (0. 


win 


C 
Use step 2 to show that the total rolling distance of the wheel as the tracer traverses curve C is 
Total wheel roll = ~ $ xdY. 
C 


Now that you have an equation for the total rolling distance of the wheel, connect this equation to Green’s 
theorem to calculate area D enclosed by C. 


4. Show that x? + (y— Y)? = L?. 
5. Assume the orientation of the planimeter is as shown in [link]. Explain why Y < y, and use this inequality to 
show there is a unique value of Y for each point (2, y): Y = y= VL? — 2?. 


. Use step 5 to show that dY = dy + Fur ae. 

. Use Green’s theorem to show that f ae = (l), 
c VL? — 2 

. Use step 7 to show that the total wheel roll is 


n 


CO ™N 


Total wheel roll = + ¢ xdy. 
It took a bit of work, but this equation says that the variable of integration Y in step 3 can be replaced with y. 


9. Use Green’s theorem to show that the area of D is $ xdy. The logic is similar to the logic used to show that 
C 


the area of D = + $ —ydz + ady. 
C 


10. Conclude that the area of D equals the length of the tracer arm multiplied by the total rolling distance of the 
wheel. 
‘You now know how a planimeter works and you have used Green’s theorem to justify that it works. To 
calculate the area of a planar region D, use a planimeter to trace the boundary of the region. The area of the 
region is the length of the tracer arm multiplied by the distance the wheel rolled. 
Key Concepts 


e Green’s theorem relates the integral over a connected region to an integral over the boundary of the region. 
Green’s theorem is a version of the Fundamental Theorem of Calculus in one higher dimension. 

e Green’s Theorem comes in two forms: a circulation form and a flux form. In the circulation form, the 
integrand is F - T. In the flux form, the integrand is F - N. 

e Green’s theorem can be used to transform a difficult line integral into an easier double integral, or to 
transform a difficult double integral into an easier line integral. 

e A vector field is source free if it has a stream function. The flux of a source-free vector field across a closed 
curve is zero, just as the circulation of a conservative vector field across a closed curve is zero. 


Key Equations 
e Green’s theorem, circulation form 
f Pdz + Qdy = // Q. — PydA, where C is the boundary of D 
C D 


e Green’s theorem, flux form 
$ F-dr= // Q, — PydA, where C is the boundary of D 
C D 


e Green’s theorem, extended version 
$ Pedr = /f Q.—Pyaa 
aD D 


For the following exercises, evaluate the line integrals by applying Green’s theorem. 
Exercise: 


Problem: 


[ 2rydzx + (x + y)dy, where C is the path from (0, 0) to (1, 1) along the graph of y = x? and from (1, 1) to 
C 


(0, 0) along the graph of y = z oriented in the counterclockwise direction 


Exercise: 


Problem: 


/ 2xeydx + (x + y)dy, where C is the boundary of the region lying between the graphs of y = 0 and 
C 


y = 4— x? oriented in the counterclockwise direction 
Solution: 


/ 2eyda + (a+ y)dy = 2 
C 


Exercise: 


Problem: 


/ 2 arctan ( = )de + In (a? | y’)dy, where C is defined by x = 4+ 2cos 0, y = 4sin @ oriented in the 
C xv 

counterclockwise direction 
Exercise: 


Problem: 

/ sin x cos ydx + (xy + cos x sin y)dy, where C is the boundary of the region lying between the graphs of 
C 

y = x and y = ,/Z oriented in the counterclockwise direction 

Solution: 


i sin x cos ydx + («y+ cos x sin y)dy = a 
C 


Exercise: 


Problem: 


/ xydx + (x + y)dy, where C is the boundary of the region lying between the graphs of x? + y” = 1 and 
C 


x? + y? = 9 oriented in the counterclockwise direction 
Exercise: 


Problem: 


$ (—ydx + xdy), where C consists of line segment C, from (—1, 0) to (1, 0), followed by the semicircular 
C 
arc C> from (1, 0) back to (1, 0) 


Solution: 
§ (—ydx + ady) = 1 
C 


For the following exercises, use Green’s theorem. 
Exercise: 


Problem: 


Let C be the curve consisting of line segments from (0, 0) to (1, 1) to (0, 1) and back to (0, 0). Find the value 
of | aydae + +/y? + Idy. 
Cc 
Exercise: 


Problem: 


Evaluate line integral / ze "dx + (x + 2x7y") dy, where C is the boundary of the region between circles 
a? + y* = land a? + y? = 4, and is a positively oriented curve. 


Solution: 
/ ae “dx + (or + 2x7y") dy =0 
C 


Exercise: 


Problem: 


Find the counterclockwise circulation of field F (x, y) = xyi+ yj around and over the boundary of the 


region enclosed by curves y = x” and y = 2 in the first quadrant and oriented in the counterclockwise 
direction. 


Exercise: 


Problem: 


Evaluate f y>dx — x*y"dy, where C is the positively oriented circle of radius 2 centered at the origin. 
Cc 


Solution: 


f yedx — x°dy = —24r 
C 


Exercise: 


Problem: 


Evaluate f y°da — «°dy, where C includes the two circles of radius 2 and radius 1 centered at the origin, 
C 


both with positive orientation. 


Exercise: 


Problem: 

Calculate § —x*ydx + xy”dy, where C is a circle of radius 2 centered at the origin and oriented in the 
Cc 

counterclockwise direction. 


Solution: 


f —a?ydx + xy’dy = 8 
Cc 


Exercise: 


Problem: 


Calculate integral $ 2/y+ <2 sin (y)|dx + [x*cos(y) - 3y”| dy along triangle C with vertices (0, 0), (1, 0) 
C 


and (1, 1), oriented counterclockwise, using Green’s theorem. 
Exercise: 


Problem: 


Evaluate integral § (x? + y’) dx + 2xydy, where C is the curve that follows parabola 
Cc 
y = x’ from (0,0) (2, 4), then the line from (2, 4) to (2, 0), and finally the line from (2, 0) to (0, 0). 


Solution: 


f (a = y’)dax + 2aydy = 0 


Exercise: 


Problem: 


Evaluate line integral § (y — sin(y)cos(y))dx + 2x sin?(y)dy, where C is oriented in a counterclockwise 
Cc 


path around the region bounded by x = —1,2 = 2,y= 4-27, andy= 2-2. 


For the following exercises, use Green’s theorem to find the area. 
Exercise: 


Problem: Find the area between ellipse _ + ¥ = 1 and circle x? + y? = 25. 


Solution: 


A=197 


Exercise: 


Problem: Find the area of the region enclosed by parametric equation 
Equation: 


p(9) = (cos(6) — cos?(9))i + (sin(9) — cos(#)sin(6))j for 0 < 6 < 2n. 


Exercise: 


Problem: 


Find the area of the region bounded by hypocycloid r(t) = cos? (t)i + sin3(t)j. The curve is parameterized 
by t € (0, 27]. 


Solution: 


= 3. 
A=, 


Exercise: 


Problem: Find the area of a pentagon with vertices (0, 4), (4, 1), (3,0), (—1, —1), and (—2, 2). 
Exercise: 


Problem: 


Use Green’s theorem to evaluate | (y? + x*)dax + a*dy, where C’* is the perimeter of square 
C+ 
[0,1] x [0, 1] oriented counterclockwise. 


Solution: 
} (y? + x*)dax + x*dy =0 
C+ 
Exercise: 


Problem: Use Green’s theorem to prove the area of a disk with radius a is A = 7ra?. 


Exercise: 


Problem: 


Use Green’s theorem to find the area of one loop of a four-leaf rose r = 3 sin 26. (Hint: xdy — ydx = r7d@). 
Solution: 


_ On 
A= y 
Exercise: 
Problem: 
Use Green’s theorem to find the area under one arch of the cycloid given by parametric plane 
z=t-—sint,y=1-—-cost,t>0. 


Exercise: 


Problem: Use Green’s theorem to find the area of the region enclosed by curve 
Equation: 


n= tis (4 t)i V3 < tv3. 


Solution: 


8v3 
A= 


Exercise: 


Problem: 


[T] Evaluate Green’s theorem using a computer algebra system to evaluate the integral / ze’dx + e* dy, 


where C is the circle given by x? + y? = 4 and is oriented in the counterclockwise direction. 
Exercise: 


Problem: 


Evaluate / (x*y — Qay+ y’)ds, where C is the boundary of the unit squareO <7 < 1,0<y<1, 
Cc 


traversed counterclockwise. 


Solution: 


[ (x?y — 2ey+ y’)ds =o 
Cc 


Exercise: 


Problem: 


+ 2)dx + 1)d 

Evaluate / ia a cS ee where C is any simple closed curve with an interior that does not 
c (#—1)°+(y+2) 

contain point (1, —2) traversed counterclockwise. 


Exercise: 


Problem: 


xdx + yd 
Evaluate / oe where C is any piecewise, smooth simple closed curve enclosing the origin, 
c t +y 


traversed counterclockwise. 


Solution: 
/ xdx + ydy 
Sey 
c ety 


For the following exercises, use Green’s theorem to calculate the work done by force F on a particle that is moving 
counterclockwise around closed path C. 
Exercise: 
Problem: F(z, y) = zyi+ (7+ y)j,C: 27 +y%=4 
Exercise: 
Problem: 


F(z, y) = (x3/? — 3y)i + (6x + 5V/y)d; C: boundary of a triangle with vertices (0, 0), (5, 0), and (0, 5) 


Solution: 


— 225 
W=4 
Exercise: 


Problem: 


Evaluate i (22° y°)dax (a + y? )dy, where C is a unit circle oriented in the counterclockwise 
Cc 


direction. 
Exercise: 


Problem: 


A particle starts at point (—2, 0), moves along the x-axis to (2, 0), and then travels along semicircle 


y= V4 — x? to the starting point. Use Green’s theorem to find the work done on this particle by force field 
F(z, y) = vi+ (a + 3ay’)j. 


Solution: 


W = 127 


Exercise: 


Problem: 


David and Sandra are skating on a frictionless pond in the wind. David skates on the inside, going along a 
circle of radius 2 in a counterclockwise direction. Sandra skates once around a circle of radius 3, also in the 
counterclockwise direction. Suppose the force of the wind at point (x, y) (a, y) (, y) is 

F(z, y) = (xy + 10y)i + («3 = 2ry’)j. Use Green’s theorem to determine who does more work. 


Exercise: 


Problem: 


Use Green’s theorem to find the work done by force field F(x, y) = (3y — 4x)i+ (4a — y)j when an object 
moves once counterclockwise around ellipse 4a? + y? = 4. 


Solution: 


W =2n 
Exercise: 


Problem: 


Use Green’s theorem to evaluate line integral § e”* sin 2ydx + e**cos 2ydy, where C is ellipse 
Cc 


9(@ — 1)? + 4(y — 3)” = 36 oriented counterclockwise. 
Exercise: 


Problem: 
Evaluate line integral $ y’dx + x7 dy, where C is the boundary of a triangle with vertices 
(0,0), (1,1), and (1, 0), with the counterclockwise orientation. 
Solution: 
f 2 2 1 
y dz + a°dy = — 
C 3 


Exercise: 


Problem: 


Use Green’s theorem to evaluate line integral / h- dr if h(z, y) = e¥i — sin raj, where C is a triangle 


with vertices (1, 0), (0, 1), and (—1, 0) (—1, 0) traversed counterclockwise. 
Exercise: 


Problem: 


Use Green’s theorem to evaluate line integral / J 1+ a3dx + 2xydy where C is a triangle with vertices (0, 
Cc 


0), (4, 0), and (1, 3) oriented clockwise. 
Solution: 
/ V1 + x3dz + 2xydy = 3 

C 


Exercise: 


Problem: 


Use Green’s theorem to evaluate line integral i x*ydx — zy”dy where C isa circle x? + y? = 4 oriented 
C 
counterclockwise. 


Exercise: 


Problem: 

Use Green’s theorem to evaluate line integral / (3y — eda + (72 + J yi +1) dy where C is circle 
az? + y* = 9 oriented in the counterclockwise ection 

Solution: 

i (3y — en) dx + (72 + Vy +1) dy = 36 


Exercise: 


Problem: 


Use Green’s theorem to evaluate line integral / (3a — 5y)dx + (x — 6y)dy, where C is ellipse 
Cc 


2 
a + y” = 1 and is oriented in the counterclockwise direction. 


Exercise: 


Problem: 


Let C be a triangular closed curve from (0, 0) to (1, 0) to (1, 1) and finally back to (0, 0). Let 
F(z, y) = 4yi + 6x?j. Use Green’s theorem to evaluate @ F- ds. 
C 


Solution: 


fP-de=2 
Cc 


Exercise: 


Problem: 


2 oriented in the 


Use Green’s theorem to evaluate line integral $ ydx — «dy, where Cis circle x? + y? =a 
Cc 
clockwise direction. 


Exercise: 


Problem: 

Use Green’s theorem to evaluate line integral § (y+ x)dx + (x + sin y)dy, where C is any smooth simple 
Cc 

closed curve joining the origin to itself oriented in the counterclockwise direction. 


Solution: 


AC +a)dx+ (x +sin y)dy = 0 
C 


Exercise: 


Problem: 


Use Green’s theorem to evaluate line integral $ (y —In (x? + y’))dx + (2 arctan 2) dy, where C is the 
C x 
positively oriented circle (2 — ae +(y- 3)? =1. 
Exercise: 


Problem: 


Use Green’s theorem to evaluate f xydx + ay dy, where C is a triangle with vertices (0, 0), (1, 0), and (1, 
C 


2) with positive orientation. 


Solution: 
22 
§ aydz + x y3dy = — 
C 21 
Exercise: 
Problem: 


Use Green’s theorem to evaluate line integral / sin ydx + x cos ydy, where Cis ellipse 2? + zy+ y? = 1 
Cc 
oriented in the counterclockwise direction. 


Exercise: 


Problem: 


Let F(x, y) = (cos (x*)) — $y°i + 42°j. Find the counterclockwise circulation $ F - dr, where Cisa 
C 

curve consisting of the line segment joining (—2,0) and (—1, 0), half circle y = V1 — 2?, the line segment 

joining (1, 0) and (2, 0), and half circle y = /4 — 2?. 


Solution: 


fF dr = 
Cc 


Exercise: 


Problem: 


. 2 . * 
Use Green’s theorem to evaluate line integral / sin (x?)da + 2ye* dy, where C is a triangular closed curve 
Cc 


that connects the points (0, 0), (2, 2), and (0, 2) counterclockwise. 
Exercise: 


Problem: 


Let C be the boundary of square 0 < x < 7,0 < y < 7, traversed counterclockwise. Use Green’s theorem to 


find [ sin(a + y)dx + cos(x + y)dy. 
Cc 


Solution: 


[sn + y)dx + cos(x + y)dy = 4 
Cc 


Exercise: 


Problem: 


Use Green’s theorem to evaluate line integral [ F - dr, where F(z, y) = (y? aad x*)i + (a? + y’)j, and C 
Cc 


is a triangle bounded by y = 0, = 3, and y = 2, oriented counterclockwise. 
Exercise: 


Problem: 


Use Green’s Theorem to evaluate integral / F - dr, where F(z, y) = (xy?)i + aj, and Cis a unit circle 
Cc 
oriented in the counterclockwise direction. 


Solution: 


[reawan 
Cc 


Exercise: 


Problem: 


Use Green’s theorem in a plane to evaluate line integral $ (xy + y’) dx + a? dy, where C is a closed curve 
Cc 


2 oriented in the counterclockwise direction. 


of a region bounded by y = xandy= 2 
Exercise: 
Problem: 


Calculate the outward flux of F = —xi+ 2yj over a square with comers (+1, +1), where the unit normal is 
outward pointing and oriented in the counterclockwise direction. 


Solution: 


fF -fids = 4 
Cc 


Exercise: 


Problem: 


[T] Let C be circle x? + y? = 4 oriented in the counterclockwise direction. Evaluate 
§ (34 — eur’ de + (7 + J yt + i) ay using a computer algebra system. 
C 


Exercise: 


Problem: 
Find the flux of field F = —xi + yj across x” + y? = 16 oriented in the counterclockwise direction. 


Solution: 


ff B- nds = 32x 
Cc 


Exercise: 
Problem: 


Let F = (y? — e)i + (a? + y)j, and let C be a triangle bounded by y = 0, x = 3, and y = 2 oriented in 
the counterclockwise direction. Find the outward flux of F through C. 


Exercise: 


Problem: 

[T] Let C be unit circle x? + y? = 1 traversed once counterclockwise. Evaluate 

[ [-y° + sin (xy) + xy cos (xy) dx + [x* + «cos (cy) dy by using a computer algebra system. 
C 


Solution: 


i [-y* + sin (zy) + xy cos (xy) |dx + [x* + «cos (xy)|dy = 4.7124 
C 
Exercise: 


Problem: 


[T] Find the outward flux of vector field F = xy*i + x?yj across the boundary of annulus 
R= {(2,y):1<a%?+y? <4} = {(r,0):1 <7 < 2,0 < 6 < 27} using a computer algebra system. 


Exercise: 


Problem: 


Consider region R bounded by parabolas y = x? and a = y’. Let C be the boundary of R oriented 
counterclockwise. Use Green’s theorem to evaluate § (y + eV") dx + (2a + cos (y”) dy. 
Cc 


Solution: 


f (yt+ev*)de+ (22 + cos (y”) )dy = 


Glossary 


Green’s theorem 


relates the integral over a connected region to an integral over the boundary of the region 


stream function 
if F = (P,Q) is a source-free vector field, then stream function g is a function such that P = gy and 


Q = -Gx 


Divergence and Curl 


e Determine divergence from the formula for a given vector field. 
e Determine curl from the formula for a given vector field. 
e Use the properties of curl and divergence to determine whether a vector field is conservative. 


In this section, we examine two important operations on a vector field: divergence and curl. They are important to 
the field of calculus for several reasons, including the use of curl and divergence to develop some higher- 
dimensional versions of the Fundamental Theorem of Calculus. In addition, curl and divergence appear in 
mathematical descriptions of fluid mechanics, electromagnetism, and elasticity theory, which are important 
concepts in physics and engineering. We can also apply curl and divergence to other concepts we already 
explored. For example, under certain conditions, a vector field is conservative if and only if its curl is zero. 


In addition to defining curl and divergence, we look at some physical interpretations of them, and show their 
relationship to conservative and source-free vector fields. 


Divergence 


Divergence is an operation on a vector field that tells us how the field behaves toward or away from a point. 
Locally, the divergence of a vector field F in R? or R? at a particular point P is a measure of the “outflowing- 
ness” of the vector field at P. If F represents the velocity of a fluid, then the divergence of F at P measures the net 
rate of change with respect to time of the amount of fluid flowing away from P (the tendency of the fluid to flow 
“out of” P). In particular, if the amount of fluid flowing into P is the same as the amount flowing out, then the 
divergence at P is zero. 


Note: 
Definition 
If F = (P, Q, R) is a vector field in R? and P,, Q,, and R, all exist, then the divergence of F is defined by 
Equation: 
OP 0Q OR 
T 


div F = P, he | : 
ae Rh Ou ee 


Note the divergence of a vector field is not a vector field, but a scalar function. In terms of the gradient operator 
V= (Z, ee =), divergence can be written symbolically as the dot product 


Equation: 


divF=V-F. 


Note this is merely helpful notation, because the dot product of a vector of operators and a vector of functions is 
not meaningfully defined given our current definition of dot product. 


If F = (P,Q) is a vector field in R*, and P, and Q,, both exist, then the divergence of F is defined similarly as 
Equation: 
OP OQ | 


divF =P, +Qy= 5-4 
xe 
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has zero divergence. 
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. a a a ae eS 
(a) Vector field (1, 2) has zero divergence. (b) Vector field (—y, x) also 


By contrast, consider radial vector field R (x, y) = (—a, —y) in [link]. At any given point, more fluid is flowing 
in than is flowing out, and therefore the “outgoingness” of the field is negative. We expect the divergence of this 
field to be negative, and this is indeed the case, as div (R) = #(-z) 4 £( y) = 2. 
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This vector field has negative divergence. 


To get a global sense of what divergence is telling us, suppose that a vector field in R? represents the velocity of a 
fluid. Imagine taking an elastic circle (a circle with a shape that can be changed by the vector field) and dropping 
it into a fluid. If the circle maintains its exact area as it flows through the fluid, then the divergence is zero. This 
would occur for both vector fields in [link]. On the other hand, if the circle’s shape is distorted so that its area 
shrinks or expands, then the divergence is not zero. Imagine dropping such an elastic circle into the radial vector 
field in [link] so that the center of the circle lands at point (3, 3). The circle would flow toward the origin, and as 
it did so the front of the circle would travel more slowly than the back, causing the circle to “scrunch” and lose 
area. This is how you can see a negative divergence. 


Example: 
Exercise: 


Problem: 
Calculating Divergence at a Point 


If F (z, y, z) = e*i+ yzj — y’k, then find the divergence of F at (0, 2, —1). 
Solution: 


The divergence of F is 
Equation: 


oe rs) PS aoe 
ga Uap)» oe) © + z— yz. 


Therefore, the divergence at (0, 2, —1) is e? - 1 +4 = 4. If F represents the velocity of a fluid, then more 
fluid is flowing out than flowing in at point (0, 2, —1). 


Note: 
Exercise: 


Problem: Find div F for F (zx, y, z) = (xy,5 — z’y,x* +’). 


Solution: 
Dae 
Hint 


Follow [link]. 


One application for divergence occurs in physics, when working with magnetic fields. A magnetic field is a 
vector field that models the influence of electric currents and magnetic materials. Physicists use divergence in 
Gauss’s law for magnetism, which states that if B is a magnetic field, then V - B = 0; in other words, the 
divergence of a magnetic field is zero. 


Example: 
Exercise: 


Problem: 
Determining Whether a Field Is Magnetic 


Is it possible for F (x,y) = (ay, y — xy”) to be a magnetic field? 
Solution: 


If F were magnetic, then its divergence would be zero. The divergence of F is 
Equation: 


(x?y) ale ey’) = 2eyt+1—2cy=1 


and therefore F cannot model a magnetic field ({link]). 
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The divergence of vector field F (x, y) = (x?y, y — xy”) is one, so it cannot model 
a magnetic field. 


Another application for divergence is detecting whether a field is source free. Recall that a source-free field is a 
vector field that has a stream function; equivalently, a source-free field is a field with a flux that is zero along any 


closed curve. The next two theorems say that, under certain conditions, source-free vector fields are precisely the 
vector fields with zero divergence. 


Note: 
Divergence of a Source-Free Vector Field 
If F = (P, Q) is a source-free continuous vector field with differentiable component functions, then div F = 0. 


Proof 


Since F is source free, there is a function g(x, y) with g, = P and —g, = Q. Therefore, F = (g,, —gz) and 
div F = gyz — gzy = 0 by Clairaut’s theorem. 


The converse of [link] is true on simply connected regions, but the proof is too technical to include here. Thus, 
we have the following theorem, which can test whether a vector field in R? is source free. 


Note: 

Divergence Test for Source-Free Vector Fields 

Let F = (P, Q) be a continuous vector field with differentiable component functions with a domain that is 
simply connected. Then, div F = 0 if and only if F is source free. 


Example: 
Exercise: 


Problem: 
Determining Whether a Field Is Source Free 


Is field F (x, y) = ae y, 5- zy’) source free? 


Solution: 


Note the domain of F is R?, which is simply connected. Furthermore, F is continuous with differentiable 
component functions. Therefore, we can use [link] to analyze F. The divergence of F is 
Equation: 


6) 6) 
Da (xy) By (5 zy”) = 2zry — 2ry = 0. 


Therefore, F is source free by [link]. 


Note: 
Exercise: 


Problem: 


Let F (x, y) = (—ay, bz) be a rotational field where a and b are positive constants. Is F source free? 


Solution: 


Yes 
Hint 


Calculate the divergence. 


Recall that the flux form of Green’s theorem says that 


Equation: 
$ F.Nas= [/ P,+ Q,dA, 
Cc D 


where C is a simple closed curve and D is the region enclosed by C. Since P, + Q, = div F, Green’s theorem is 


sometimes written as 
Equation: 


Nas = |/ div FdA. 
Cc D 


Therefore, Green’s theorem can be written in terms of divergence. If we think of divergence as a derivative of 
sorts, then Green’s theorem says the “derivative” of F on a region can be translated into a line integral of F along 
the boundary of the region. This is analogous to the Fundamental Theorem of Calculus, in which the derivative of 
a function f on a line segment [a, b] can be translated into a statement about f on the boundary of [a, b]. Using 
divergence, we can see that Green’s theorem is a higher-dimensional analog of the Fundamental Theorem of 
Calculus. 


We can use all of what we have learned in the application of divergence. Let v be a vector field modeling the 
velocity of a fluid. Since the divergence of v at point P measures the “outflowing-ness” of the fluid at P, 

div v(P) > 0 implies that more fluid is flowing out of P than flowing in. Similarly, div v(P) < 0 implies the 
more fluid is flowing in to P than is flowing out, and div v(P) = 0 implies the same amount of fluid is flowing 
in as flowing out. 


Example: 
Exercise: 


Problem: 
Determining Flow of a Fluid 


Suppose v(x, y) = (—xy, y), y > 0 models the flow of a fluid. Is more fluid flowing into point (1, 4) than 
flowing out? 


Solution: 
To determine whether more fluid is flowing into (1, 4) than is flowing out, we calculate the divergence of v 


at (1, 4): 
Equation: 


div (v) = 2 (-2y) + =u) = yet. 


To find the divergence at (1, 4), substitute the point into the divergence: —4 + 1 = —3. Since the 
divergence of v at (1, 4) is negative, more fluid is flowing in than flowing out ([link)). 
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Vector field v(x, y) = (—ay, y) has negative divergence at (1, 4). 

Note: 

Exercise: 

Problem: 


For vector field v(x, y) = (—xy, y),y > 0, find all points P such that the amount of fluid flowing in to P 
equals the amount of fluid flowing out of P. 


Solution: 


All points on line y = 1. 
Hint 


Find where the divergence is zero. 


Curl 


The second operation on a vector field that we examine is the curl, which measures the extent of rotation of the 
field about a point. Suppose that F represents the velocity field of a fluid. Then, the curl of F at point P is a vector 
that measures the tendency of particles near P to rotate about the axis that points in the direction of this vector. 
The magnitude of the curl vector at P measures how quickly the particles rotate around this axis. In other words, 
the curl at a point is a measure of the vector field’s “spin” at that point. Visually, imagine placing a paddlewheel 
into a fluid at P, with the axis of the paddlewheel aligned with the curl vector ({link]). The curl measures the 
tendency of the paddlewheel to rotate. 


To visualize curl at a point, imagine placing a small 
paddlewheel into the vector field at a point. 


Consider the vector fields in [link]. In part (a), the vector field is constant and there is no spin at any point. 
Therefore, we expect the curl of the field to be zero, and this is indeed the case. Part (b) shows a rotational field, 
so the field has spin. In particular, if you place a paddlewheel into a field at any point so that the axis of the wheel 
is perpendicular to a plane, the wheel rotates counterclockwise. Therefore, we expect the curl of the field to be 
nonzero, and this is indeed the case (the curl is 2k). 


To see what curl is measuring globally, imagine dropping a leaf into the fluid. As the leaf moves along with the 
fluid flow, the curl measures the tendency of the leaf to rotate. If the curl is zero, then the leaf doesn’t rotate as it 
moves through the fluid. 


Note: 

Definition 

If F = (P,Q, R) isa vector field in R*, and P,, Q,, and R, all exist, then the curl of F is defined by 
Equation: 


iW IE SU SO aa 1 ii a ne Ils 
= (#-@)i+(E- By+(B-#)e 


Note that the curl of a vector field is a vector field, in contrast to divergence. 


The definition of curl can be difficult to remember. To help with remembering, we use the notation V x F to 
stand for a “determinant” that gives the curl formula: 
Equation: 


QI 
8 

O gee 
e 


The determinant of this matrix is 
Equation: 


(R, — Q,)i- (Rz — P,)j + (Qz2 — Py)k = (R, — Q,)i+ (P, — Rz)j+ (Qz — Py)k = curl F. 


Thus, this matrix is a way to help remember the formula for curl. Keep in mind, though, that the word 
determinant is used very loosely. A determinant is not really defined on a matrix with entries that are three 
vectors, three operators, and three functions. 


If F = (P, Q) is a vector field in R?, then the curl of F, by definition, is 


Equation: 
0Q OP 
1F = (Q, - k= | — - — 
cur (Q i) ( An =) 
Example: 
Exercise: 
Problem: 


Finding the Curl of a Three-Dimensional Vector Field 


Find the curl of F (P,Q, R) = Coe eY + £2, Zyz). 


Solution: 
The curl is 
Equation: 
curllF =V x F 
i j k 
=|0/dc 0/dy 0/0dz 
P Q R 
= (Ry Q.)i (P, Ry)j (Q:2 P,)k 
= (xz—a)i+ (2? — yz)jt+ zk. 
Note: 
Exercise: 


Problem: Find the curl of F = (sinz cos z, siny sin z, cos z cosy) at point (0, oe +). 


Solution: 


—i 
Hint 


Find the determinant of matrix V x F. 


Example: 
Exercise: 


Problem: 
Finding the Curl of a Two-Dimensional Vector Field 
Find the curl of F = (P,Q) = (y,0). 


Solution: 

Notice that this vector field consists of vectors that are all parallel. In fact, each vector in the field is parallel 
to the x-axis. This fact might lead us to the conclusion that the field has no spin and that the curl is zero. To 
test this theory, note that 

Equation: 


curl F = (Q, — P,)k = —k £0. 


Therefore, this vector field does have spin. To see why, imagine placing a paddlewheel at any point in the 
first quadrant ([link]). The larger magnitudes of the vectors at the top of the wheel cause the wheel to rotate. 
The wheel rotates in the clockwise (negative) direction, causing the coefficient of the curl to be negative. 
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Vector field F(x, y) = (y, 0) consists of vectors that 
are all parallel. 


Note that if F = (P, Q) is a vector field in a plane, then curl F -k = (Q, — Py)k-k = Q, — Py. Therefore, 
the circulation form of Green’s theorem is sometimes written as 


Equation: 
$ Pdr = | curl F - kdA, 
Cc D 


where C is a simple closed curve and D is the region enclosed by C. Therefore, the circulation form of Green’s 
theorem can be written in terms of the curl. If we think of curl as a derivative of sorts, then Green’s theorem says 
that the “derivative” of F on a region can be translated into a line integral of F along the boundary of the region. 
This is analogous to the Fundamental Theorem of Calculus, in which the derivative of a function f on line 
segment [a, b] can be translated into a statement about f on the boundary of |a, b]. Using curl, we can see the 
circulation form of Green’s theorem is a higher-dimensional analog of the Fundamental Theorem of Calculus. 


We can now use what we have learned about curl to show that gravitational fields have no “spin.” Suppose there 
is an object at the origin with mass ™, at the origin and an object with mass mz. Recall that the gravitational 
force that object 1 exerts on object 2 is given by field 

Equation: 


F(z,y, z) = —Gm2m2 3/2? v 3/2” 3/2 |° 
(et shy? see) (4 seyAcige) (pAb aye apo?) 


Example: 
Exercise: 


Problem: 
Determining the Spin of a Gravitational Field 


Show that a gravitational field has no spin. 


Solution: 

To show that F has no spin, we calculate its curl. Let P(x, y, z) = Gap 
= y ~ z 

ON ra par gin? and R(a, y, z) aan Then, 

Equation: 


cur Gini, ne @ to ee | 


(ate - (atten) 
(w2+y24+22)°? (x2+y24+22)°? 

= =32z =aue : 
pre (Gua (eee) 


—3x =32 
( ro ( ara” . 


Since the curl of the gravitational field is zero, the field has no spin. 


Note: 


Exercise: 


Problem: 


Field v(a, y) = (- ere xy) models the flow of a fluid. Show that if you drop a leaf into this fluid, 


as the leaf moves over time, the leaf does not rotate. 


Solution: 


curlv = 0 


Hint 


Calculate the curl. 


Using Divergence and Curl 


Now that we understand the basic concepts of divergence and curl, we can discuss their properties and establish 
relationships between them and conservative vector fields. 


If F is a vector field in R?, then the curl of F is also a vector field in R*. Therefore, we can take the divergence of 
a curl. The next theorem says that the result is always zero. This result is useful because it gives us a way to show 
that some vector fields are not the curl of any other field. To give this result a physical interpretation, recall that 
divergence of a velocity field v at point P measures the tendency of the corresponding fluid to flow out of P. 
Since div curl (v) = 0, the net rate of flow in vector field curl(v) at any point is zero. Taking the curl of vector 
field F eliminates whatever divergence was present in F. 


Note: 

Divergence of the Curl 

Let F = (P, Q, R) be a vector field in R* such that the component functions all have continuous second-order 
partial derivatives. Then, div curl (F) = V-(V x F) =0. 


Proof 
By the definitions of divergence and curl, and by Clairaut’s theorem, 
Equation: 
divcurlF = div ((R, — Q,)i+ (P. — Rz)j + (Qz — P,)kj 
= Ryz Qez Py: Rye Q-x Py 
=0. 
Example: 
Exercise: 
Problem: 


Showing That a Vector Field Is Not the Curl of Another 


Show that F (x, y, z) = e"i+ yzj + v2°k is not the curl of another vector field. That is, show that there is 
no other vector G with curl G = F. 


Solution: 


Notice that the domain of F is all of R* and the second-order partials of F are all continuous. Therefore, we 
can apply the previous theorem to F. 


The divergence of F is e” + z+ 2az. If F were the curl of vector field G, then div F = div curl G = 0. 
But, the divergence of F is not zero, and therefore F is not the curl of any other vector field. 


Note: 
Exercise: 


Problem: Is it possible for G(a, y, z) = (sina, cosy, sin (ayz)) to be the curl of a vector field? 


Solution: 
No 
Hint 


Find the divergence of G. 


With the next two theorems, we show that if F is a conservative vector field then its curl is zero, and if the 
domain of F is simply connected then the converse is also true. This gives us another way to test whether a vector 
field is conservative. 


Note: 
Curl of a Conservative Vector Field 
If F = (P, Q, R) is conservative, then curl F = 0. 


Proof 


Since conservative vector fields satisfy the cross-partials property, all the cross-partials of F are equal. Therefore, 
Equation: 


culF =(R,-Q.)i+ (P.— Rz)j+(Qz— P,)k 
=0. 


The same theorem is true for vector fields in a plane. 


Since a conservative vector field is the gradient of a scalar function, the previous theorem says that 
curl (Vf) = 0 for any scalar function f. In terms of our curl notation, V x V (f) = 0. This equation makes 


sense because the cross product of a vector with itself is always the zero vector. Sometimes equation 
V x V(f) = 0issimplifiedasV x V =0. 


Note: 

Curl Test for a Conservative Field 

Let F = (P,Q, R) bea vector field in space on a simply connected domain. If curl F = 0, then F is 
conservative. 


Proof 


Since curl F = 0, we have that R, = Q., P. = Rz, and Q, = Py. Therefore, F satisfies the cross-partials 
property on a simply connected domain, and [link] implies that F is conservative. 


The same theorem is also true in a plane. Therefore, if F is a vector field in a plane or in space and the domain is 
simply connected, then F is conservative if and only if curl F = 0. 


Example: 
Exercise: 


Problem: 
Testing Whether a Vector Field Is Conservative 


Use the curl to determine whether F (a, y, z) = (yz, xz, zy) is conservative. 
Solution: 


Note that the domain of F is all of R?, which is simply connected ([link]). Therefore, we can test whether F 
is conservative by calculating its curl. 
0 
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The curl of vector field 
F (a, y, z) = (yz, £2, cy) is zero. 


The curl of F is 
Equation: 


6) 6) 6) 6) 6) 6) 
hy) = i —yz- — j —2rz- —yz)k= i ji k=0. 
( Oy a Oz vz) 7 ( Oy ue Oz vu); oy ( Oy Gis Oz v2) CSN 4 


Thus, F is conservative. 


We have seen that the curl of a gradient is zero. What is the divergence of a gradient? If f is a function of two 
variables, then div(V f) = V - (Vf) = fax + fyy. We abbreviate this “double dot product” as V?. This operator 
is called the Laplace operator, and in this notation Laplace’s equation becomes V?f = 0. Therefore, a harmonic 
function is a function that becomes zero after taking the divergence of a gradient. 


Similarly, if f is a function of three variables then 
Equation: 


div(V f) =V- (Vf) = fx + fuy “ly faz 
Using this notation we get Laplace’s equation for harmonic functions of three variables: 
Equation: 
Vf =0. 


Harmonic functions arise in many applications. For example, the potential function of an electrostatic field in a 
region of space that has no static charge is harmonic. 


Example: 
Exercise: 


Problem: 
Analyzing a Function 


Is it possible for f(z, y) = a” + 2 — y to be the potential function of an electrostatic field that is located in 
a region of R? free of static charge? 


Solution: 


If f were such a potential function, then f would be harmonic. Note that f,, = 2 and fy, = 0, and so 
fax + fyy # 0. Therefore, f is not harmonic and f cannot represent an electrostatic potential. 


Note: 
Exercise: 


Problem: 


Is it possible for function f(x, y) = x? — y* + 2 to be the potential function of an electrostatic field 
located in a region of R? free of static charge? 


Solution: 


Yes 
Hint 


Determine whether the function is harmonic. 


Key Concepts 


e The divergence of a vector field is a scalar function. Divergence measures the “outflowing-ness” of a vector 
field. If v is the velocity field of a fluid, then the divergence of v at a point is the outflow of the fluid less the 
inflow at the point. 

e The curl of a vector field is a vector field. The curl of a vector field at point P measures the tendency of 
particles at P to rotate about the axis that points in the direction of the curl at P. 

e A vector field with a simply connected domain is conservative if and only if its curl is zero. 


Key Equations 


¢ Curl 
VX F=@,-0714 (2. — 825+ (G2 2)kK 
e Divergence 
Vek] P.O, eR, 
¢ Divergence of curl is zero 
V-(V x F)=0 
¢ Curl of a gradient is the zero vector 


Vx AV f= 
For the following exercises, determine whether the statement is true or false. 
Exercise: 
Problem: 


If the coordinate functions of F : R* —> R® have continuous second partial derivatives, then curl (div(F)) 
equals zero. 


Exercise: 
Problem: V - (i+ yj + zk) = 1. 


Solution: 


False 


Exercise: 


Problem: All vector fields of the form F (a, y, z) = f (x)it+ g(y)j + h (z)k are conservative. 


Exercise: 


Problem: If curl F = 0, then F is conservative. 
Solution: 


True 


Exercise: 


Problem: If F is a constant vector field then div F = 0. 


Exercise: 


Problem: If F is a constant vector field then curl F = 0. 
Solution: 


True 


For the following exercises, find the curl of F. 
Exercise: 


Problem: F (a, Y; z) = ay? zi a (207 sie z)j of y2k 
Exercise: 

Problem: F (x,y, z) = 222i + y’aj + (y+ 2z)k 

Solution: 


curl F =i4+ 2?j+y7’k 


Exercise: 


Problem: F (z, y, z) = 3xyz7i + y’sinzj + xe?*k 


Exercise: 
Problem: F(z, y, z) = «yzi + xy?2j + ryz”k 


Solution: 


curl F = (xz y’)i (x?y yz’)j (y Zz a*z)k 


Exercise: 


Problem: F(z, y, z) = (z cosy)i + xy?j 


Exercise: 


Problem: F(z, y, z) = (x — y)i+ (y— 2j+(z-2)k 


Solution: 


curlF =i+j+k 


Exercise: 


Problem: F(z, y, 2) = ryzi+ x7y*z7j + y’2°k 
Exercise: 

Problem: F(z, y, z) = xyi + yzj + ezk 

Solution: 


curl F = —yi — zj — zk 


Exercise: 


Problem: F(z, y, 2) = 27i+ y?j+ 27k 


Exercise: 


Problem: F(z, y, z) = axi + byj + ck for constants a, b, c 
Solution: 


curlF = 0 


For the following exercises, find the divergence of F. 
Exercise: 


Problem: F(z, y, z) = x*zi+ y’?aj+ (y+ 2z)k 
Exercise: 

Problem: F(z, y, z) = 3ryz7i+ y’sin zj + ze”’k 

Solution: 

div F = 3yz? + 2ysinz + 2xe?* 


Exercise: 


Problem: F(x, y) = (sinx)i-+ (cosy)j 
Exercise: 

Problem: F(z, y, z) = «7i + y?j + 27k 

Solution: 


div F = 2(4+ y+ 2) 


Exercise: 


Problem: F(z, y, z) = (x — y)i+ (y— z)j+(z-—2)k 


Exercise: 


Problem: F(z, y) = Warr Tea 


Solution: 


div F = i 
Vrrty? 
Exercise: 


Problem: F(z, y) = zi— yj 


Exercise: 


Problem: F(z, y, z) = axi + byj + ck for constants a, b, c 


Solution: 


divF =a+b 


Exercise: 


a ay 


Problem: F(z, y, z) = ryzi+ x°y°2z*j+ y2k 


Exercise: 
Problem: F(z, y, z) = xyi+ yzj + xzk 
Solution: 


divF=x+y+z 


For the following exercises, determine whether each of the given scalar functions is harmonic. 
Exercise: 


Problem: u(z, y, z) = e~-*(cosy — siny) 
Exercise: 


Problem: w(z, y, z) = (x? 4 y+ 2) -1/2 


Solution: 


Harmonic 


Exercise: 


Problem: If F(z, y, z) = 2i + 2zj + 3yk and G(z, y, z) = xi — yj + zk, findcurl (F x G). 
Exercise: 

Problem: If F(z, y, z) = 2i + 2zj + 3yk and G(z, y, z) = zi — yj + zk, finddiv(F x G). 

Solution: 


div (F x G) = 2z+ 32 


Exercise: 


Problem: Find div F, given that F = Vf, where f(z, y, z) = ry?z?. 
Exercise: 


Problem: 


Find the divergence of F for vector field 
F(z, y, 2) = (y? + 27) (w+ y)it (22 +27) (y 


z)j+ (2? + y?) (z+ 2)k. 
Solution: 
div F = 2r? 

Exercise: 


Problem: Find the divergence of F for vector field F(a, y, z) = fi(y,z)i+ fo(a, z)j + f3(a, y)k. 


For the following exercises, use r = |r| andr = (2, y, z). 
Exercise: 


Problem: Find the curl r. 
Solution: 


curlr = 0 


Exercise: 


Problem: Find the curl me 


Exercise: 
Problem: Find the curl a: 


Solution: 
curl a =0 


Exercise: 


Problem: Let F(x, y) = —4**), where F is defined on {(, y) € R|(x, y) 4 (0, 0)}. Find curl F. 


ety? 


For the following exercises, use a computer algebra system to find the curl of the given vector fields. 
Exercise: 


Problem: [T] F(z, y, z) = arctan (s)i + Ina? +y?j+k 


Solution: 


curl F = 2k 


x+y? 


Exercise: 


Problem: [T] F(z, y, z) = sin(x — y)i+ sin(y — z)j + sin(z — z)k 


For the following exercises, find the divergence of F at the given point. 
Exercise: 


Problem: F(z, y, z) =i+j+ kat (2,—1,3) 


Solution: 


div F =0 


Exercise: 


Problem: F(x, y, z) = xyzi+ yj + zk at (1, 2,3) 


Exercise: 
Problem: F(x, y, z) = e *%i + e**j + e”k at (3, 2, 0) 


Solution: 


div F = 2 — 2e~® 


Exercise: 


Problem: F(z, y, z) = ryzi + yj + zk at (1, 2, 1) 


Exercise: 
Problem: F(z, y, z) = e*sin yi — e*cosyj at (0, 0, 3) 
Solution: 


div F =0 


For the following exercises, find the curl of F at the given point. 
Exercise: 


Problem: F(x, y, z) =i+j+ kat (2,—1,3) 


Exercise: 
Problem: F(x, y, z) = xyzi + yj + xk at (1, 2, 3) 


Solution: 


curl F = j — 3k 


Exercise: 


Problem: F(z, y, z) = e *%i + e**j + e”k at (3, 2, 0) 


Exercise: 


Problem: F(z, y, z) = ryzi + yj + zk at (1, 2, 1) 


Solution: 
curl F = 2j —k 
Exercise: 


Problem: F(z, y, z) = e*sin yi — e*cosyj at (0, 0, 3) 


Exercise: 


Problem: Let F(z, y, z) = (32?y + az)i+ 2°j + (3a + 3z?)k. For what value of a is F conservative? 


Solution: 


a=3 
Exercise: 


Problem: 


Given vector field F(z, y) = per) x) on domain D = Teo) = {(x,y) € R?|(a,y) F (0,0)}, is F 
conservative? 


Exercise: 


Problem: Given vector field F(z, y) = x,y) on domain D = GuNe is F conservative? 


1 
x 2 ty? ( 
Solution: 


F is conservative. 
Exercise: 


Problem: 


Find the work done by force field F(x, y) = e~¥i — xe ¥j in moving an object from P(0, 1) to Q(2, 0). Is 
the force field conservative? 


Exercise: 


Problem: Compute divergence F = (sinh x)i + (cosh y)j — ryzk. 


Solution: 
div F = cosh z + sinh y — zy 
Exercise: 


Problem: Compute curl F = (sinh x)i + (cosh y)j — xyzk. 


For the following exercises, consider a rigid body that is rotating about the x-axis counterclockwise with constant 
angular velocity w = (a, b,c). If P is a point in the body located at r = xi + yj + zk, the velocity at P is given 
by vector field F = w x r. 


Exercise: 


Problem: Express F in terms of i, j, and k vectors. 
Solution: 
(bz — cy)i(cx — az)j + (ay — bx)k 


Exercise: 


Problem: Find div F. 
Exercise: 

Problem: Find curl F 

Solution: 


curl F = 2w 


In the following exercises, suppose that V- F = 0OandV-G=0. 
Exercise: 


Problem: Does F + G necessarily have zero divergence? 


Exercise: 
Problem: Does F x G necessarily have zero divergence? 


Solution: 


F x G does not have zero divergence. 


In the following exercises, suppose a solid object in R* has a temperature distribution given by T(z, y, z). The 
heat flow vector field in the object is F = —kVT’, where k > 0 is a property of the material. The heat flow 
vector points in the direction opposite to that of the gradient, which is the direction of greatest temperature 
decrease. The divergence of the heat flow vector is V -F = —kV - VT = —kV°T. 

Exercise: 


Problem: Compute the heat flow vector field. 


Exercise: 


Problem: Compute the divergence. 

Solution: 

V-F=—200k(14+2(2? +y?+27)Jerw + 
Exercise: 

Problem: 


[T] Consider rotational velocity field v = (0, 10z, —10y). If a paddlewheel is placed in plane 
x -+y-+ z= 1 with its axis normal to this plane, using a computer algebra system, calculate how fast the 
paddlewheel spins in revolutions per unit time. 


Glossary 
curl 
i j 
the curl of vector field F = (P,Q, R), denoted V x F, is the “determinant” of the matrix ~ a 
P Q 


and is given by the expression (Ry — Q,)i+ (Pz — Rz)j + (Qz — Py)k; it measures the tendency of 
particles at a point to rotate about the axis that points in the direction of the curl at the point 


divergence 
the divergence of a vector field F = (P,Q, R), denoted V x F, is P, + Qy + R-; it measures the 


“outflowing-ness” of a vector field 


by Slo 


Surface Integrals 


e Find the parametric representations of a cylinder, a cone, and a sphere. 

¢ Describe the surface integral of a scalar-valued function over a parametric surface. 
¢ Use a surface integral to calculate the area of a given surface. 

e Explain the meaning of an oriented surface, giving an example. 

e Describe the surface integral of a vector field. 

e Use surface integrals to solve applied problems. 


We have seen that a line integral is an integral over a path in a plane or in space. However, if we 
wish to integrate over a surface (a two-dimensional object) rather than a path (a one-dimensional 
object) in space, then we need a new kind of integral that can handle integration over objects in 
higher dimensions. We can extend the concept of a line integral to a surface integral to allow us to 
perform this integration. 


Surface integrals are important for the same reasons that line integrals are important. They have 
many applications to physics and engineering, and they allow us to develop higher dimensional 
versions of the Fundamental Theorem of Calculus. In particular, surface integrals allow us to 
generalize Green’s theorem to higher dimensions, and they appear in some important theorems we 
discuss in later sections. 


Parametric Surfaces 


A surface integral is similar to a line integral, except the integration is done over a surface rather 
than a path. In this sense, surface integrals expand on our study of line integrals. Just as with line 
integrals, there are two kinds of surface integrals: a surface integral of a scalar-valued function and a 
surface integral of a vector field. 


However, before we can integrate over a surface, we need to consider the surface itself. Recall that 
to calculate a scalar or vector line integral over curve C, we first need to parameterize C. In a similar 
way, to calculate a surface integral over surface S, we need to parameterize S. That is, we need a 
working concept of a parameterized surface (or a parametric surface), in the same way that we 
already have a concept of a parameterized curve. 


A parameterized surface is given by a description of the form 
Equation: 


r (u, v) = (x (u,v), y (u,v), z (u, v)). 


Notice that this parameterization involves two parameters, u and v, because a surface is two- 
dimensional, and therefore two variables are needed to trace out the surface. The parameters u and v 
vary over a region called the parameter domain, or parameter space—the set of points in the uv- 
plane that can be substituted into r. Each choice of u and v in the parameter domain gives a point on 
the surface, just as each choice of a parameter t gives a point on a parameterized curve. The entire 
surface is created by making all possible choices of u and v over the parameter domain. 


Note: 


Definition 
Given a parameterization of surface r (u,v) = (x (u,v), y(u, v), z (u, v)), the parameter domain 
of the parameterization is the set of points in the uv-plane that can be substituted into r. 


Example: 
Exercise: 


Problem: 
Parameterizing a Cylinder 


Describe surface S parameterized by 
Equation: 


r (u,v) = (cos u, sin u, v), —0o < u < 00, —00 < U < 00. 


Solution: 


To get an idea of the shape of the surface, we first plot some points. Since the parameter 
domain is all of R?, we can choose any value for u and v and plot the corresponding point. If 
u = v= 0, thenr (0,0) = (1,0, 0), so point (1, 0, 0) is on S. Similarly, points 

r(x, 2) = (—1,0, 2) andr (4,4) = (0,1, 4) are onS. 


Although plotting points may give us an idea of the shape of the surface, we usually need 
quite a few points to see the shape. Since it is time-consuming to plot dozens or hundreds of 
points, we use another strategy. To visualize S, we visualize two families of curves that lie on 
S. In the first family of curves we hold u constant; in the second family of curves we hold v 
constant. This allows us to build a “skeleton” of the surface, thereby getting an idea of its 
shape. 


First, suppose that u is a constant K. Then the curve traced out by the parameterization is 
(cos K, sin K,v), which gives a vertical line that goes through point (cos K, sin K, v) in the 
xy-plane. 


Now suppose that v is a constant K. Then the curve traced out by the parameterization is 
(cos u, sin u, K’), which gives a circle in plane z = K with radius 1 and center (0, 0, K). 


If u is held constant, then we get vertical lines; if v is held constant, then we get circles of 
radius 1 centered around the vertical line that goes through the origin. Therefore the surface 
traced out by the parameterization is cylinder x? + y? = 1 ({link)). 


(a) (b) (c) 


(a) Lines (cos K, sin K, v) for K = 0, 5,7, and a (b) Circles (cos u, sin u, K) for 
K = —2,-1,1, and 2. (c) The lines and circles together. As u and v vary, they describe 
a cylinder. 


Notice that if z = cos u and y = sin u, then x” + y” = 1, so points from S do indeed lie on 
the cylinder. Conversely, each point on the cylinder is contained in some circle 
(cos u, sin u, k) for some k, and therefore each point on the cylinder is contained in the 
parameterized surface ([Llink]). 

Zz 


Cylinder x? + y* = r” has 
parameterization 
r (u,v) = (rcosu,rsin u,v), 
0<u< 27,-c <vu< oo. 


Analysis 


Notice that if we change the parameter domain, we could get a different surface. For example, if we 
restricted the domain to 0 < wu < 7,0 < v < 6, then the surface would be a half-cylinder of height 
6. 


Note: 
Exercise: 


Problem: 


Describe the surface with parameterization 
r(u, v) = (2cosu, 2sin u,v),0 <u < 2m, —00 < uv < oo. 


Solution: 
Cylinder x? + y? = 4 
Hint 


Hold u and v constant, and see what kind of curves result. 


It follows from [link] that we can parameterize all cylinders of the form x? + y? = R?. If Sisa 
cylinder given by equation x? + y? = R?, then a parameterization of S is 
Equation: 


r (u,v) = (Rcosu, Rsin u, v),0 <u < 2m,-00 <u< w. 


We can also find different types of surfaces given their parameterization, or we can find a 
parameterization when we are given a surface. 


Example: 
Exercise: 


Problem: 
Describing a Surface 


Describe surface S parameterized by 
Equation: 


rd.) — (ucos v, usin v, u”), 0 a <6, 0) <0) < 27, 


Solution: 


Notice that if u is held constant, then the resulting curve is a circle of radius u in plane z = wu. 
Therefore, as u increases, the radius of the resulting circle increases. If v is held constant, then 
the resulting curve is a vertical parabola. Therefore, we expect the surface to be an elliptic 
paraboloid. To confirm this, notice that 

Equation: 


(u cos v)? + (wsin v)? 


u’cos2u + u?sin2u 


2 


g? + y? 


=U 


Therefore, the surface is elliptic paraboloid x? + y? = z ([link]). 


x 
y 
(a) (b) 
(a) Circles arise from holding u constant; the vertical parabolas arise 
from holding v constant. (b) An elliptic paraboloid results from all 
choices of u and v in the parameter domain. 
Note: 


Exercise: 


Problem: 


Describe the surface parameterized by 
r(t, 0) = (UY cos v, usin U,u),—co =< & < co, 0l= v < 27, 
Solution: 


Cone 2? + y? = 2? 


Hint 


Hold u constant and see what kind of curves result. Imagine what happens as u increases or 
decreases. 


Example: 
Exercise: 


Problem: 
Finding a Parameterization 


Give a parameterization of the cone x? + y”? = z? lying on or above the plane z = —2. 
Solution: 


The horizontal cross-section of the cone at height z = w is circle x? + y” = u?. Therefore, a 
point on the cone at height u has coordinates (u cos v, u sin v, u) for angle v. Hence, a 
parameterization of the cone is r(u, v) = (wcos v, usin v, u). Since we are not interested in 
the entire cone, only the portion on or above plane z = —2, the parameter domain is given by 
=2= u =< 0,0 <0 < 27 (link). 

Zz 


Cone x? + y? = z? has parameterization 


TA (u cos v, usin v, u), —00 a oO.0 0 or 


Note: 
Exercise: 


Problem: 


Give a parameterization for the portion of cone x? + y” = z? lying in the first octant. 


Solution: 
r(u,v) = (ucosv, usin v, u),0<u<0oo,0<u< F 
Hint 


Consider the parameter domain for this surface. 


We have discussed parameterizations of various surfaces, but two important types of surfaces need a 
separate discussion: spheres and graphs of two-variable functions. To parameterize a sphere, it is 
easiest to use spherical coordinates. The sphere of radius p centered at the origin is given by the 
parameterization 

Equation: 


r (¢,0) = (pcos 6 sin ¢, psin 6 sin ¢, pcos ¢),0< O0< 27,0< <7. 


The idea of this parameterization is that as @ sweeps downward from the positive z-axis, a circle of 
radius p sin @ is traced out by letting 0 run from 0 to 27. To see this, let ¢ be fixed. Then 
Equation: 
z*+y* = (pcos@sin ¢)” + (psin@sin ¢)* 
= p*sin’¢ (cos? + sin”6) 
= p’sin* 
= (psin 4)’. 


This results in the desired circle ([link]). 


The sphere of radius p has parameterization 


r (¢,0) = (pcos @ sin ¢, p sin sin ¢, p cos ¢), 
0<0<2n,0<d<7. 


Finally, to parameterize the graph of a two-variable function, we first let z = f (x, y) be a function 
of two variables. The simplest parameterization of the graph of f is r(x, y) = (x,y, f (x, y)), 
where x and y vary over the domain of f ([link]). For example, the graph of f(z, y) = zy can be 
parameterized by r(x, y) = (x,y, x”y), where the parameters x and y vary over the domain of f. If 
we only care about a piece of the graph of f—say, the piece of the graph over rectangle 

[1,3] x |2,5]—then we can restrict the parameter domain to give this piece of the surface: 
Equation: 


r(e,9) = (ay,e"y), 1S 2<3,2<y< 5. 


Similarly, if S is a surface given by equation x = g(y, z) or equation y = h(a, z), thena 
parameterization of S is 


r(y, z) = (g(y,z), y, z) orr(z, z) = (a, h(a, z), z), respectively. For example, the graph of 
paraboloid 2y = x? + z? can be parameterized by 


t(¢,2) = (x, a ,2),0 < x < 00,0 < z< oo. Notice that we do not need to vary over the 


entire domain of y because x and z are squared. 


Zz = f(x, y) 


The simplest parameterization of the graph of a 
function is r(x, y) = (2, y, f(z, y)). 


Let’s now generalize the notions of smoothness and regularity to a parametric surface. Recall that 
curve parameterization r(t),a < t < bis regular if r/(t) # 0 for all t in [a, bj. For a curve, this 
condition ensures that the image of r really is a curve, and not just a point. For example, consider 
curve parameterization r(t) = (1,2),0 < t < 5. The image of this parameterization is simply point 
(1, 2), which is not a curve. Notice also that r/(t) = 0. The fact that the derivative is zero indicates 
we are not actually looking at a curve. 


Analogously, we would like a notion of regularity for surfaces so that a surface parameterization 
really does trace out a surface. To motivate the definition of regularity of a surface parameterization, 
consider parameterization 

Equation: 


r(u,v) = (0,cosv,1),0<u<1O0<vu<z7. 


Although this parameterization appears to be the parameterization of a surface, notice that the image 
is actually a line ({link]). How could we avoid parameterizations such as this? Parameterizations 
that do not give an actual surface? Notice that r,, = (0, 0,0) andr, = (0, —sin v, 0), and the 
corresponding cross product is zero. The analog of the condition r/(t) = 0 is thatr,, x ry is not 
zero for point (w, v) in the parameter domain, which is a regular parameterization. 


The image of parameterization 
r(u,v) = (0,cosv,1),0<u<1lO<uvu<a 
is a line. 


Note: 

Definition 

Parameterization r(u, v) = (x(u, v), y(u, v), 2(u, v)) is a regular parameterization ifr,  r, 
is not zero for point (u, v) in the parameter domain. 


If parameterization r is regular, then the image of r is a two-dimensional object, as a surface should 
be. Throughout this chapter, parameterizations r(u, v) = (x(u, v), y(u, v), z(u, v)) are assumed to 
be regular. 


Recall that curve parameterization r(t),a < t < bis smooth if r/(t) is continuous and r/(t) ¥ 0 for 
all t in [a, b]. Informally, a curve parameterization is smooth if the resulting curve has no sharp 
corners. The definition of a smooth surface parameterization is similar. Informally, a surface 
parameterization is smooth if the resulting surface has no sharp corners. 


Note: 

Definition 

A surface parameterization r(u, v) = (x(u, v), y(u, v), z(u, v)) is smooth if vectorr, x Ty is not 
zero for any choice of u and v in the parameter domain. 


A surface may also be piecewise smooth if it has smooth faces but also has locations where the 
directional derivatives do not exist. 


Example: 
Exercise: 


Problem: 
Identifying Smooth and Nonsmooth Surfaces 


Which of the figures in [link] is smooth? 


(a) (b) 


(a) This surface is smooth. (b) This surface is piecewise smooth. 


Solution: 


The surface in [link](a) can be parameterized by 
Equation: 


r(u,v) = ((2 + cos v)cos u, (2 + cos v)sin u, sin v),0 < u < 27,0 <u < Qn 
(we can use technology to verify). Notice that vectors 
Equation: 
ry, = (—(2 + cos v)sin u, (2 + cos v)cos u, 0) andr, = (—sin v cos u, —sin v sin u, cos v) 


exist for any choice of u and v in the parameter domain, and 
Equation: 


i j k 
Ty X fy =|—(2+cosv)sinu (2+cosv)cosu 0 

—sin v Cos u —sinvsinu  cosv 

= [(2 + cos v)cos ucos vji + [(2 + cos v)sin u cos vj 
+ [(2 + cos v)sin v sin?u + (2 + cos v)sin v cos”u|k 


= [(2 + cos v)cos ucos v]i + [(2 + cos v)sin u cos vj + [(2 + cos v)sin v]k. 


The k component of this vector is zero only if v = 0 or v = z. If v = 0 or v = 77, then the 
only choices for u that make the j component zero are u = 0 or u = 7. But, these choices of u 
do not make the i component zero. Therefore, r,, < Yr, is not zero for any choice of u and v in 
the parameter domain, and the parameterization is smooth. Notice that the corresponding 
surface has no sharp corners. 


In the pyramid in [link](b), the sharpness of the corners ensures that directional derivatives do 
not exist at those locations. Therefore, the pyramid has no smooth parameterization. However, 
the pyramid consists of four smooth faces, and thus this surface is piecewise smooth. 


Note: 
Exercise: 


Problem: 


Is the surface parameterization r (u,v) = gs v+1,sin wu), 0<u< 2,0 <v< 3 smooth? 


Solution: 


Yes 
Hint 


Investigate the cross product r, X Ty. 


Surface Area of a Parametric Surface 


Our goal is to define a surface integral, and as a first step we have examined how to parameterize a 
surface. The second step is to define the surface area of a parametric surface. The notation needed to 
develop this definition is used throughout the rest of this chapter. 


Let S be a surface with parameterization r (u,v) = (x (u,v), y (u, v), z(u, v)) over some 
parameter domain D. We assume here and throughout that the surface parameterization 

r (u,v) = (# (u,v), y(u, v), z(u, v)) is continuously differentiable—meaning, each component 
function has continuous partial derivatives. Assume for the sake of simplicity that D is a rectangle 
(although the following material can be extended to handle nonrectangular parameter domains). 
Divide rectangle D into subrectangles D;; with horizontal width Au and vertical length Av. 


Suppose that i ranges from 1 to m and j ranges from 1 to n so that D is subdivided into mn 
rectangles. This division of D into subrectangles gives a corresponding division of surface S into 
pieces S;;. Choose point P;; in each piece S;;. Point P;; corresponds to point (ita; i) in the 
parameter domain. 


Note that we can form a grid with lines that are parallel to the u-axis and the v-axis in the uv-plane. 
These grid lines correspond to a set of grid curves on surface S that is parameterized by r (u, v). 
Without loss of generality, we assume that P;; is located at the corner of two grid curves, as in 
[link]. If we think of r as a mapping from the uv-plane to R°, the grid curves are the image of the 
grid lines under r. To be precise, consider the grid lines that go through point (u;, vj). One line is 
given by x = uj, y = v; the other is given by x = u, y = vj. In the first grid line, the horizontal 
component is held constant, yielding a vertical line through (u;, v;). In the second grid line, the 
vertical component is held constant, yielding a horizontal line through (u,;, v;). The corresponding 
grid curves are r(u;,v) and r(u, v;), and these curves intersect at point P;;. 


Grid lines on a parameter domain correspond to grid curves on a surface. 


Now consider the vectors that are tangent to these grid curves. For grid curve r(u;, v), the tangent 
vector at P;; is 
Equation: 


tig Pg) Sy (Ws) Sey (Ug Uy) i (as 05) Sn (7) 
For grid curve r(u, v,;), the tangent vector at P;; is 
Equation: 

ty (Pay) =a (ius) =< ey (0s 0) Ya (0) ys (OD) 


If vector N = t, (P;;) x ty (Pj;) exists and is not zero, then the tangent plane at P;; exists 
([link]). If piece Sj; is small enough, then the tangent plane at point P;; is a good approximation of 


piece 5;,;. 


r(U, vo) 


0 Up u r(Up, v) 


If the cross product of vectors t,, and t,, exists, then there is a tangent 
plane. 


The tangent plane at P;; contains vectors t,, (P;;) and t, (P;;), and therefore the parallelogram 
spanned by t,, (P;;) and t, (P;;) is in the tangent plane. Since the original rectangle in the uv-plane 
corresponding to $;; has width Aw and length Av, the parallelogram that we use to approximate 
Si; is the parallelogram spanned by Aut, (P;;) and Avt, (P;;). In other words, we scale the 
tangent vectors by the constants Aw and Av to match the scale of the original division of rectangles 
in the parameter domain. Therefore, the area of the parallelogram used to approximate the area of 
Si; is 

Equation: 


AS; ~~] | (Aut, (Py) x (Avt, (Py) Il = |It, (Py) x ty (P,;) |AuAv. 


Varying point P,; over all pieces S;; and the previous approximation leads to the following 
definition of surface area of a parametric surface ([link]). 


tAv 


The parallelogram 
spanned by t,, and t, 
approximates the piece of 
surface Sj;. 


Note: 

Definition 

Let r(u, v) = (x(u, v), y(u, v), z(u, v)) with parameter domain D be a smooth parameterization of 
surface S. Furthermore, assume that S is traced out only once as (u, v) varies over D. The surface 


area of S is 
// ty x ty lleaA, 
D 


Equation: 
= (oc Oy be — (du Oy dz 
where ty = (22, 32, 2) andt, = ( 2, SH, 2). 


Example: 
Exercise: 


Problem: 
Calculating Surface Area 


Calculate the lateral surface area (the area of the “side,” not including the base) of the right 
circular cone with height h and radius r. 


Solution: 


Before calculating the surface area of this cone using [link], we need a parameterization. We 
assume this cone is in IR? with its vertex at the origin ({link]). To obtain a parameterization, let 
a be the angle that is swept out by starting at the positive z-axis and ending at the cone, and let 
k = tana. For a height value v with 0 < v < h, the radius of the circle formed by 
intersecting the cone with plane z = v is kv. Therefore, a parameterization of this cone is 
Equation: 


s(u,v) = (kvcosu, kvsin u,v),0 <u < 27,0<u<h. 
The idea behind this parameterization is that for a fixed v value, the circle swept out by letting 


u vary is the circle at height v and radius kv. As v increases, the parameterization sweeps out a 
“stack” of circles, resulting in the desired cone. 


x y 


The right circular cone with radius r = kh and height h has 
parameterization 
s(u, v) = (kucosu, kusin u,v),0 <u < 27,0<u<h. 


With a parameterization in hand, we can calculate the surface area of the cone using [link]. 
The tangent vectors are t,, = (—kv sin u, ku cos u, 0) and t, = (kos u, ksin u, 1). 
Therefore, 

Equation: 


i ek 
t, xX t, = |-kvsinu kvcosu 0 
kcosu. ksinu 1 

= (kv cos u, kv sin u, —k?v sin?u — kv cos?u) 


= (kv cos u, kv sin u, —k?v). 
( ) 


The magnitude of this vector is 
Equation: 


(kv cos u, kv sin u, —k?v) = V k2y2cos2u + k2v2sin2u + k4v? 
= Vk2v2 + k4v?2 
= kuV1+ k?. 


By [link], the surface area of the cone is 


Equation: 
h Qn 
// lit, x tylidA = | kuV 1+ kdudv 
D 0 0 


F 
= Inkv1 +e f udu 
0 


= ankVi+ |S] 


= tkh?V/1 + k?. 


Since k = tana = r/h, 
Equation: 


mkh?eV1+k2 =ath'4/1+ 5 
= mh + 


= my? +h? (=) 


=arvh2 4+ r?. 


Therefore, the lateral surface area of the cone is rh? + r?. 


Analysis 


The surface area of a right circular cone with radius r and height h is usually given as 
ar? + arx/h2 + r?. The reason for this is that the circular base is included as part of the cone, and 
therefore the area of the base mr” is added to the lateral surface area mrvV h? + r? that we found. 


Note: 
Exercise: 


Problem: 


Find the surface area of the surface with parameterization 
r(u,v) = (u+v,u*, 2v),0<u<3,0<v<2. 


Solution: 


IAS. 02 
Hint 


Use [link]. 


Example: 
Exercise: 


Problem: 
Calculating Surface Area 


Show that the surface area of the sphere x? + y? + 2? = r? is 4rr?. 
Solution: 


The sphere has parameterization 
Equation: 


(r cos @ sin ¢, r sin 0 sin ¢,rcos ¢),0<0< 27,0<o<T. 


The tangent vectors are 
Equation: 


to = (—rsin 6 sin ¢,r cos 0 sin ¢, 0) and ty = (r cos 6 cos ¢,r sin 0 cos ¢, —r sin @). 


Therefore, 
Equation: 
tg x te = (r?cos Osin’¢, r’sin 6 sin?¢, r2sin76 sin ¢ cos ¢ + r2cos?0 sin ¢ cos d) 
= (r?cos 6sin’?¢, r’sin 6 sin”¢, r2sin ¢ cos d). 
Now, 
Equation: 


lite x te = /rsin'¢ cos20 + r4sin*¢ sin?0 + r4sin?¢ cos? 


= 4/r4sin‘’d + r4sin”¢ cos?¢ 
= r24/sin2¢ 


=rsin @¢. 


Notice that sin ¢ > 0 on the parameter domain because 0 < ¢ < 7, and this justifies equation 


/ sin?¢ = sin ¢. The surface area of the sphere is 
Equation: 


2a 7 2a 
i. / r’sin dd¢dé = r? i 2d0 = Anr?. 
0 Jo 0 


We have derived the familiar formula for the surface area of a sphere using surface integrals. 


Note: 
Exercise: 


Problem: 


Show that the surface area of cylinder 2? + y? = r?,0 < z < his 2arh. Notice that this 
cylinder does not include the top and bottom circles. 


Solution: 


With the standard parameterization of a cylinder, [link] shows that the surface area is 27rh. 
Hint 


Use the standard parameterization of a cylinder and follow the previous example. 


In addition to parameterizing surfaces given by equations or standard geometric shapes such as 
cones and spheres, we can also parameterize surfaces of revolution. Therefore, we can calculate the 
surface area of a surface of revolution by using the same techniques. Let y = f (x) > 0 bea 
positive single-variable function on the domain a < x < band let S be the surface obtained by 
rotating f about the x-axis ([link]). Let 0 be the angle of rotation. Then, S can be parameterized with 
parameters x and 0 by 

Equation: 


r (z,0) = (a, f (x)cos 8, f (x)sin6),a <2 <b,0<2 < 2Qz. 


(a) (b) 


We can parameterize a surface of revolution by 
r(z, 6) = (a, f (x)cos 0, f (x)sin0),a<a2<b0<2< 2r. 


Example: 
Exercise: 


Problem: 
Calculating Surface Area 


Find the area of the surface of revolution obtained by rotating y = 27,0 < x < b about the x- 
axis ([link]). 


A surface integral can be used to calculate the 


surface area of this solid of revolution. 


Solution: 


This surface has parameterization 
Equation: 


r(z,0) = (x, x*cos 6, x7sin 0),0 2 Dw = = 2. 


The tangent vectors are t, = (1, 2x cos 0, 2x sin 0) and tg = (0, —z"sin 0, —x”cos 0). 
Therefore, 


Equation: 
Ge Ko = (2a°cos?6 + 223sin76, —x’cos 0, —xsin 0) 
= Or —2z?cos 0, —xsin 0) 
and 
Equation: 


tt) = 4x8 + 24cos26 + x4sin?6 
V 4x5 + x4 
= 2?V/4e? +1. 


The area of the surface of revolution is 
Equation: 


b 7 b 
/ / zg’ 42 + 1d6dx = an f a2 / 4a? + 1ldzx 
0 Jo 0 


= In E (2V4a7 +1 (82° + x)sinh * (22) | 


= 2m | de (2vV40? +1 (86° + 6)sinh (26))]. 


Note: 
Exercise: 


Problem: 


Use [link] to find the area of the surface of revolution obtained by rotating curve 
y = sin z,0 < x < 7 about the x-axis. 


Solution: 


Qn (v2 + sinh 1(1)) 
Hint 


Use the parameterization of surfaces of revolution given before [link]. 


Surface Integral of a Scalar-Valued Function 


Now that we can parameterize surfaces and we can calculate their surface areas, we are able to 
define surface integrals. First, let’s look at the surface integral of a scalar-valued function. 
Informally, the surface integral of a scalar-valued function is an analog of a scalar line integral in 
one higher dimension. The domain of integration of a scalar line integral is a parameterized curve (a 
one-dimensional object); the domain of integration of a scalar surface integral is a parameterized 
surface (a two-dimensional object). Therefore, the definition of a surface integral follows the 
definition of a line integral quite closely. For scalar line integrals, we chopped the domain curve into 
tiny pieces, chose a point in each piece, computed the function at that point, and took a limit of the 
corresponding Riemann sum. For scalar surface integrals, we chop the domain region (no longer a 
curve) into tiny pieces and proceed in the same fashion. 


Let S be a piecewise smooth surface with parameterization r (u,v) = (x (u,v), y(u, v), z(u, v)) 
with parameter domain D and let f (x, y, z) be a function with a domain that contains S. For now, 
assume the parameter domain D is a rectangle, but we can extend the basic logic of how we proceed 
to any parameter domain (the choice of a rectangle is simply to make the notation more 
manageable). Divide rectangle D into subrectangles D;; with horizontal width Aw and vertical 
length Av. Suppose that i ranges from 1 to m and j ranges from 1 to n so that D is subdivided into 
mn rectangles. This division of D into subrectangles gives a corresponding division of S into pieces 
S,;. Choose point P;; in each piece S;;, evaluate P;; at f, and multiply by area AS;; to form the 
Riemann sum 

Equation: 


To define a surface integral of a scalar-valued function, we let the areas of the pieces of S shrink to 
zero by taking a limit. 


Note: 

Definition 

The surface integral of a scalar-valued function of f over a piecewise smooth surface S is 
Equation: 


|[ #@u2aas = lim Se ; PA Ss 5 
Ss 


> 
a gt 


Again, notice the similarities between this definition and the definition of a scalar line integral. In 
the definition of a line integral we chop a curve into pieces, evaluate a function at a point in each 
piece, and let the length of the pieces shrink to zero by taking the limit of the corresponding 
Riemann sum. In the definition of a surface integral, we chop a surface into pieces, evaluate a 
function at a point in each piece, and let the area of the pieces shrink to zero by taking the limit of 
the corresponding Riemann sum. Thus, a surface integral is similar to a line integral but in one 
higher dimension. 


The definition of a scalar line integral can be extended to parameter domains that are not rectangles 
by using the same logic used earlier. The basic idea is to chop the parameter domain into small 
pieces, choose a sample point in each piece, and so on. The exact shape of each piece in the sample 
domain becomes irrelevant as the areas of the pieces shrink to zero. 


Scalar surface integrals are difficult to compute from the definition, just as scalar line integrals are. 
To develop a method that makes surface integrals easier to compute, we approximate surface areas 
AS}; with small pieces of a tangent plane, just as we did in the previous subsection. Recall the 
definition of vectors t,, and t,: 


Equation: 
t= (S Oy = ) and ty = (= Oy x). 


Ou’ Ou’ Ou Ov’ Av’ Ov 


From the material we have already studied, we know that 
Equation: 


ASi; ~ It, (Pi) x ty (Pi;) | AuAv. 


Therefore, 
Equation: 


n 


S i=1 


m,n—->oo . 
j=l 


m n 
This approximation becomes arbitrarily close to mit, 2 iS f (Pi;)ASi; as we increase the 
w=1 j= 
number of pieces S;; by letting m and n go to infinity. Therefore, we have the following equation to 
calculate scalar surface integrals: 
Equation: 


ff seus = ff 16 (u,v)) Itty x tylldA. 


[link] allows us to calculate a surface integral by transforming it into a double integral. This 
equation for surface integrals is analogous to [link] for line integrals: 


Equation: 
II f(x,y, z)ds = [fe (t)) lie! (t)Ild¢. 


In this case, vector t,, < t, is perpendicular to the surface, whereas vector r’ (t) is tangent to the 
curve. 


Example: 
Exercise: 


Problem: 

Calculating a Surface Integral 

Calculate surface integral | | 5dS, where S is the surface with parameterization 
r(u,0) = (u, u?, v) for0 <u<2and0<v< u. 

Solution: 


Notice that this parameter domain D is a triangle, and therefore the parameter domain is not 
rectangular. This is not an issue though, because [link] does not place any restrictions on the 
shape of the parameter domain. 


To use [link] to calculate the surface integral, we first find vector t,, and t,. Note that 
t,, = (1, 2u, 0) andt, = (0,0, 1). Therefore, 


Equation: 
ij k 
10) ee SL) 
0 0 1 
and 
Equation: 


It, X tyll = ~1+ 4u?. 


By [link], 


Equation: 


|| sas =5 ff uvV/1+4u2dA 
S D 
2 u 2 ———_s 
=5 [0 [Viv adedu=s | uv/1 + 4u2du 
0 Jo 0 


wy? ]? — 5(179/?-1 
- 5) oa = Cun) x 28.79. 
0 


Example: 
Exercise: 


Problem: 
Calculating the Surface Integral of a Cylinder 


Calculate surface integral i i) (x + y*)dS, where S is cylinder 2? + y? = 4,0<z<3 
s 


([link]). 
r 4 


Integrating function 
f(x,y, z) =2+y? overa 
cylinder. 


Solution: 


To calculate the surface integral, we first need a parameterization of the cylinder. Following 


[link], a parameterization is 


Equation: 


r (u,v) = (2cos u, 2sin u,v),0 <u < 27,0 < v <3. 


The tangent vectors are t,, = (sin u, cos u, 0) and t, = (0,0, 1). Then, 
Equation: 


i j k 
t, x ty =|—sinu cosu 0| = (cosu,sin u, 0) 
0 0 1 


and lite ob) | — /cos?u + sin?u = 1. By [link], 


Equation: 
// fla,y,2)as = ff f (r(u, v)) lity x tylldA 
S D 
3 Qn 
=} i (cos u + sin?u) dudv 
0 Jo 
3 in(2 27 3 
=} sinus 5 fal a av = f adv = 37. 
0 2 4 0 0 
Note: 
Exercise: 
Problem: 


Calculate i | (ge = z) dS, where S is the surface with parameterization 


Ss 
r= Oe 2 Ol re 8, 


Solution: 
24 
Hint 


Use [link]. 


Example: 
Exercise: 


Problem: 
Calculating the Surface Integral of a Piece of a Sphere 


Calculate surface integral i / f(x,y, z)dS, where f(z, y, z) = z? and S is the surface that 
S 


consists of the piece of sphere x? + y? + z? = 4 that lies on or above plane z = 1 and the 


disk that is enclosed by intersection plane z = 1 and the given sphere ([link]). 
Zz 


Calculating a surface integral over surface S. 


Solution: 


Notice that S is not smooth but is piecewise smooth; S can be written as the union of its base 


S, and its spherical top S2, and both S$; and Sz are smooth. Therefore, to calculate 2°dS, 
Ss 


we write this integral as | | z7dS + i i, z*dS and we calculate integrals | / z*dS and 
Gi S Si 


27dS. 
So 


First, we calculate | / z7d§. To calculate this integral we need a parameterization of $}. 
Si 


This surface is a disk in plane z = 1 centered at (0,0, 1). To parameterize this disk, we need 
to know its radius. Since the disk is formed where plane z = 1 intersects sphere 

x” + y” + z? = 4, we can substitute z = 1 into equation x? + y? + z? = 4: 

Equation: 


et+y41=4527%4+y =3. 


Therefore, the radius of the disk is \/ 3anda parameterization of Sj is 

r(u,v) = (ucosv, usin v, 1),0 < u < V3,0 < v < 2a. The tangent vectors are 
t,, = (cos v, sin v, 0) and t,, = (—usin v, ucosv, 0), and thus 

Equation: 


i j &k 
t, < ty =| cosv sinv 0| = (0,0, ucos’v + usin?v) = (0,0, u). 


—usinv ucosuv 0 


The magnitude of this vector is u. Therefore, 


Equation: 
V3 2a 
// 2°dS =} | f (r(u, v)) Ilt, x tyll dudu 
Si 0 0 
V3 2a 
=} / u du du 
0 0 
v3 
= an f udu 
0 


= nV 3h 


Now we calculate | i) dS. To calculate this integral, we need a parameterization of Sz. The 
Sy 


parameterization of full sphere 2? + y? + z? = 4 is 
Equation: 


r (¢, 0) = (2 cos sin ¢, 2 sin @ sin ¢,2 cos ¢),0<0< 27,0< <7. 


Since we are only taking the piece of the sphere on or above plane z = 1, we have to restrict 
the domain of ¢. To see how far this angle sweeps, notice that the angle can be located in a 
right triangle, as shown in [link] (the /3 comes from the fact that the base of S is a disk with 
radius V3). Therefore, the tangent of ¢ is V3, which implies that ¢ is 7 /6. We now have a 
parameterization of So: 

Equation: 


r (¢, 9) = (2 cos @sin ¢, 2 sin # sin ¢, 2cos ¢),0 <0 < 27,0< ¢< 7/3. 


Point on sphere 


The maximum value of ¢ has a tangent value 


of J/3. 


The tangent vectors are 
Equation: 


ty = (2 cos 0 cos ¢, 2 sin 6 cos ¢, —2 sin d) and tg = (—2 sin 6 sin ¢, u cos 8 sin ¢, 0), 


and thus 
Equation: 
i j k 
ty x tg =|2cos@cosd 2sinfOcosd —2sing 


—2sin@sing 2cosOsin gd 0 
= (4 cos 6 sin’¢, 4 sin 0 sin’¢, 4 cos? cos ¢ sin ¢ + 4sin76 cos ¢ sin d) 
= (4 cos 6 sin’?¢, 4 sin 0 sin?¢, 4 cos ¢sin d). 


The magnitude of this vector is 


Equation: 
lity x toll = 4/16 cos?@sin*¢ + 16 sin?0 sin*¢ + 16 cos*¢ sin” 
= 4y/sin'¢ + cos*¢ sin’ ¢. 
Therefore, 


Equation: 


7/6 pda 
// 2d =} f (r(¢,6)) lity x toll dO dd 
So 0 0 


7/6 pdr 
= / i 16 cos*py/sin*g + cos?¢ sin?¢d0 dd 
0 0 
me ———— 
= aan | cos’) sine + cos2¢ sin’¢ dd 
0 


n/6 ———s 
= aan | cos’¢ sin by/sin’¢ + cos*¢ dd 
0 


1/6 
= aan [ cos’¢ sin ¢ d¢ 
0 
— 32 cos*¢ ae =i 1 V3 | _ 329 41/3 
a n|-S92 | = n[4—8] oe 
Since II Zas = ff Zas+ ff z’dS, we have II 27 daS = (On —4)/3 + — 
S Si S2 Ss 


Analysis 


In this example we broke a surface integral over a piecewise surface into the addition of surface 
integrals over smooth subsurfaces. There were only two smooth subsurfaces in this example, but 
this technique extends to finitely many smooth subsurfaces. 


Note: 
Exercise: 


Problem: 

Calculate line integral // (x — y)dS, where S is cylinder Dees AN ee ey 
Ss 

including the circular top and bottom. 

Solution: 


0 
Hint 


Break the integral into three separate surface integrals. 


Scalar surface integrals have several real-world applications. Recall that scalar line integrals can be 
used to compute the mass of a wire given its density function. In a similar fashion, we can use scalar 
surface integrals to compute the mass of a sheet given its density function. If a thin sheet of metal 


has the shape of surface S and the density of the sheet at point (2, y, z) is p (a, y, z), then mass m of 


the sheet ism = [fees z)dS. 
S 


Example: 
Exercise: 


Problem: 
Calculating the Mass of a Sheet 


A flat sheet of metal has the shape of surface z = 1 + x + 2y that lies above rectangle 
0 <2 <4and0 < y < 2. If the density of the sheet is given by p (2, y, z) = 2”yz, what is 
the mass of the sheet? 


Solution: 


Let S be the surface that describes the sheet. Then, the mass of the sheet is given by 


i | / z”yzdS. To compute this surface integral, we first need a parameterization of S. 
Ss 
Since S is given by the function f (x, y) = 1+ x + 2y, a parameterization of S is 


roy) ey Oe oe A ay 2: 


The tangent vectors are tz = (1,0,1) andt, = (1,0, 2). Therefore, t, x ty = (—1, —2,1) 
and lit, x tyll = /6. By [linkl, 


Equation: 
m =f a’ yzdS 
S 
_ pa 2 
= ve [ / ay (1+2+ 2y)dydx 
0 JO 
4 2 
= 22 
= v6 | i + Qa dx 
0 3 
_ 2560/6 
9 
~ 696.74. 
Note: 
Exercise: 
Problem: 


A piece of metal has a shape that is modeled by paraboloid z = x? + y?,0 < z < 4, and the 
density of the metal is given by p(z, y, z) = z + 1. Find the mass of the piece of metal. 


Solution: 


38.4017 = 120.640 
Hint 


The mass of a sheet is given by m = | / p(a, y, z)dS. A useful parameterization of a paraboloid 
S 


was given in a previous example. 


Orientation of a Surface 


Recall that when we defined a scalar line integral, we did not need to worry about an orientation of 
the curve of integration. The same was true for scalar surface integrals: we did not need to worry 
about an “orientation” of the surface of integration. 


On the other hand, when we defined vector line integrals, the curve of integration needed an 
orientation. That is, we needed the notion of an oriented curve to define a vector line integral 
without ambiguity. Similarly, when we define a surface integral of a vector field, we need the notion 
of an oriented surface. An oriented surface is given an “upward” or “downward” orientation or, in 
the case of surfaces such as a sphere or cylinder, an “outward” or “inward” orientation. 


Let S be a smooth surface. For any point (2, y, z) on S, we can identify two unit normal vectors N 
and —N. If it is possible to choose a unit normal vector N at every point (x, y, z) on S so that N 
varies continuously over S, then S is “orientable.” Such a choice of unit normal vector at each point 
gives the orientation of a surface S. If you think of the normal field as describing water flow, then 
the side of the surface that water flows toward is the “negative” side and the side of the surface at 
which the water flows away is the “positive” side. Informally, a choice of orientation gives S an 
“outer” side and an “inner” side (or an “upward” side and a “downward” side), just as a choice of 
orientation of a curve gives the curve “forward” and “backward” directions. 


Closed surfaces such as spheres are orientable: if we choose the outward normal vector at each point 
on the surface of the sphere, then the unit normal vectors vary continuously. This is called the 
positive orientation of the closed surface ([link]). We also could choose the inward normal vector at 
each point to give an “inward” orientation, which is the negative orientation of the surface. 


An oriented sphere with positive orientation. 


A portion of the graph of any smooth function z = f(z, y) is also orientable. If we choose the unit 
normal vector that points “above” the surface at each point, then the unit normal vectors vary 
continuously over the surface. We could also choose the unit normal vector that points “below” the 
surface at each point. To get such an orientation, we parameterize the graph of f in the standard 
way: r(x, y) = (x,y, f(z, y)), where x and y vary over the domain of f. Then, t; = (1,0, f,) and 
t, = (0,1, fy), and therefore the cross product tz x ty (which is normal to the surface at any 
point on the surface) is (— fz, — fy, 1). Since the z component of this vector is one, the 
corresponding unit normal vector points “upward,” and the upward side of the surface is chosen to 
be the “positive” side. 


Let S be a smooth orientable surface with parameterization r (wu, v). For each point r (a, b) on the 
surface, vectors t,, and t, lie in the tangent plane at that point. Vector t,, x t, is normal to the 
tangent plane at r (a, b) and is therefore normal to S at that point. Therefore, the choice of unit 
normal vector 

Equation: 


t, X ty 
Itty X tyll 


gives an orientation of surface S. 


Example: 
Exercise: 


Problem: 
Choosing an Orientation 


Give an orientation of cylinder x? + y2 =7?,0<z<h. 
Solution: 


This surface has parameterization 
Equation: 


r(u,v) = (rcosu,rsinu,v),0<u<27,0<u<h. 


The tangent vectors are t,, = (—rsinu,rcos u, 0) and t, = (0,0, 1). To get an orientation 
of the surface, we compute the unit normal vector 
Equation: 


_ trexts 
Siiee een 


In this case, t, X ty = (rcos u,r sin u, 0) and therefore 
Equation: 


ken Se Gall = Vr2cos2u + rsin2u = r. 


An orientation of the cylinder is 
Equation: 


(r cos u, r sin u, 0) 


N(u, v) = = (cos u, sin u, 0). 


r 


Notice that all vectors are parallel to the xy-plane, which should be the case with vectors that 
are normal to the cylinder. Furthermore, all the vectors point outward, and therefore this is an 
outward orientation of the cylinder ({link]). 


Outward-pointing 
normal 


If all the vectors normal to a 
cylinder point outward, then this is 
an outward orientation of the 
cylinder. 


Note: 
Exercise: 


Problem: Give the “upward” orientation of the graph of f(x, y) = zy. 


Solution: 


il 


N@g) = ( = Vil Stat 1 5/ epee ) 
Hint 


Parameterize the surface and use the fact that the surface is the graph of a function. 


Since every curve has a “forward” and “backward” direction (or, in the case of a closed curve, a 
clockwise and counterclockwise direction), it is possible to give an orientation to any curve. Hence, 
it is possible to think of every curve as an oriented curve. This is not the case with surfaces, 
however. Some surfaces cannot be oriented; such surfaces are called nonorientable. Essentially, a 
surface can be oriented if the surface has an “inner” side and an “outer” side, or an “upward” side 
and a “downward” side. Some surfaces are twisted in such a fashion that there is no well-defined 
notion of an “inner” or “outer” side. 


The classic example of a nonorientable surface is the Mobius strip. To create a Mobius strip, take a 
rectangular strip of paper, give the piece of paper a half-twist, and the glue the ends together 
([link]). Because of the half-twist in the strip, the surface has no “outer” side or “inner” side. If you 
imagine placing a normal vector at a point on the strip and having the vector travel all the way 
around the band, then (because of the half-twist) the vector points in the opposite direction when it 
gets back to its original position. Therefore, the strip really only has one side. 


B OD 
_ 
B Cc B D — 
rr hi”7_OareClree CUE ee 
A DA Cc 
The construction of a Mobius strip. 


Since some surfaces are nonorientable, it is not possible to define a vector surface integral on all 
piecewise smooth surfaces. This is in contrast to vector line integrals, which can be defined on any 


piecewise smooth curve. 


Surface Integral of a Vector Field 


With the idea of orientable surfaces in place, we are now ready to define a surface integral of a 
vector field. The definition is analogous to the definition of the flux of a vector field along a plane 
curve. Recall that if F is a two-dimensional vector field and C is a plane curve, then the definition of 
the flux of F along C involved chopping C into small pieces, choosing a point inside each piece, and 
calculating F - N at the point (where N is the unit normal vector at the point). The definition of a 
surface integral of a vector field proceeds in the same fashion, except now we chop surface S into 
small pieces, choose a point in the small (two-dimensional) piece, and calculate F - N at the point. 


To place this definition in a real-world setting, let S be an oriented surface with unit normal vector 
N. Let v be a velocity field of a fluid flowing through S, and suppose the fluid has density 

p(x, y, z). Imagine the fluid flows through S, but S is completely permeable so that it does not 
impede the fluid flow ([link]). The mass flux of the fluid is the rate of mass flow per unit area. The 
mass flux is measured in mass per unit time per unit area. How could we calculate the mass flux of 
the fluid across S? 


Fluid flows across a 
completely permeable 
surface S. 


The rate of flow, measured in mass per unit time per unit area, is pN. To calculate the mass flux 
across S, chop S into small pieces S;,;. If S;; is small enough, then it can be approximated by a 
tangent plane at some point P in S;;. Therefore, the unit normal vector at P can be used to 
approximate N (z, y, z) across the entire piece S;;, because the normal vector to a plane does not 
change as we move across the plane. The component of the vector pv at P in the direction of N is 
pv - Nat P. Since S;; is small, the dot product pv - N changes very little as we vary across S;;, 
and therefore pv - N can be taken as approximately constant across S;;. To approximate the mass 
of fluid per unit time flowing across S',; (and not just locally at point P), we need to multiply 

(pv - N) (P) by the area of S;;. Therefore, the mass of fluid per unit time flowing across S;; in the 
direction of N can be approximated by (pv - N)AS;;, where N, p, and v are all evaluated at P 
([link]). This is analogous to the flux of two-dimensional vector field F across plane curve C, in 
which we approximated flux across a small piece of C with the expression (F - N)As. To 


m n 
approximate the mass flux across S, form the sum > a (pv - N)AS,,. As pieces S;; get smaller, 
i=1 j=l 


m n 

the sum > > (pv - N)AS,, gets arbitrarily close to the mass flux. Therefore, the mass flux is 
i=1 j=l 

Equation: 


This is a surface integral of a vector field. Letting the vector field pv be an arbitrary vector field F 
leads to the following definition. 


The mass of fluid per unit time flowing across S;; in the 


“ws 


direction of N can be approximated by (pv -N)AS;;. 


Note: 

Definition 

Let F be a continuous vector field with a domain that contains oriented surface S with unit normal 
vector N. The surface integral of F over S is 


Equation: 
[[ # a= [fe as, 
S iS 


Notice the parallel between this definition and the definition of vector line integral / F-Nds.A 
C 
surface integral of a vector field is defined in a similar way to a flux line integral across a curve, 


except the domain of integration is a surface (a two-dimensional object) rather than a curve (a one- 


dimensional object). Integral | / F - NdS is called the flux of F across S, just as integral 
Ss 


[ F - Nds is the flux of F across curve C. A surface integral over a vector field is also called a 
C 


flux integral. 


Just as with vector line integrals, surface integral | / F - NdS is easier to compute after surface S 
Ss 


has been parameterized. Let r (uw, v) be a parameterization of S with parameter domain D. Then, the 


t ; 
Tt-xtr and, from [link], we have 
UU v 


[[ # Nes = [| ¥-Nas 
S S 
Sf 
g It, X tyll 
t, x t 
= F -—4_* _ lt, x tylldA 
Ih (r (u,v) It, a} . 


_ If (F (r(u,v)) + (ty x ty))dA. 


unit normal vector is given by N = 
Equation: 


Therefore, to compute a surface integral over a vector field we can use the equation 
Equation: 


[f= nas = ff eer) (ty ee Wa 


Example: 
Exercise: 


Problem: 
Calculating a Surface Integral 


Calculate the surface integral | i F - NdS, where F = (—y, x, 0) and S is the surface with 
Ss 

parameterization r(u, v) = (u, v2 —uyut v), C23, 02 1 a4 

Solution: 


The tangent vectors are t,, = (1, —1,1) andt, = (0, 2v, 1). Therefore, 
Equation: 


ty x ty, = (—1— 2v, —1, 2v). 


By [link], 
Equation: 


iS 
wo 


F (r(u,v))- (tu x ty)dudv 


— 
Fey 
& 
\| 


iS 
wo 


(u—v’,u,0) -(—1— 2u, —1, 2v) dudv 


“——™~ 
SS 
S 
i) 
” 
— 
pare 
i) 
S 
wa 


u| dudv 


iS 


So Se 


ow 


(2v° + y* — 2uv — 2u) dudv 


3 
[2uu + vu — vu? — u?| dv 
0 


iS 


iS 


Be Ba Sa Sk Ee 


(6v° + 3y” — 9 — 9) du 


3 Qv? : 
Oa — 90] 
0 


| 
ao rm 
o~ lf 
oO nie 

+ 


Therefore, the flux of F across S is 340. 


Note: 
Exercise: 


Problem: 
Calculate surface integral i i F - dS, where F = (0, —z, y) and S is the portion of the unit 


S 
sphere in the first octant with outward orientation. 


Solution: 
0 
Hint 


Use [link]. 


Example: 
Exercise: 


Problem: 
Calculating Mass Flow Rate 


Let v (a, y, z) = (22, 2y, z) represent a velocity field (with units of meters per second) of a 
fluid with constant density 80 kg/m?. Let S be hemisphere x? + y? + z” = 9 with z > 0 such 
that S is oriented outward. Find the mass flow rate of the fluid across S. 


Solution: 


A parameterization of the surface is 
Equation: 


r (¢, 9) = (3cos @sin ¢, 3 sin # sin ¢,3.cos ¢),0 <0 < 27,0< ¢@< 7/2. 


As in [link], the tangent vectors are 
Equation: 


to (—3 sin 6 sin ¢, 3 cos 6 sin ¢, 0) and tg (3 cos 0 cos ¢, 3 sin 0 cos ¢, —3 sin ¢), 
and their cross product is 
Equation: 
tte — (9 cos 6 sin’¢, 9 sin 6 sin’¢, 9 sin ¢ cos d). 
Notice that each component of the cross product is positive, and therefore this vector gives the 


outward orientation. Therefore we use the orientation 
N= (9 cos 6 sin’? ¢, 9 sin @ sin”¢, 9 sin ¢ cos d) for the sphere. 


By [link], 
Equation: 


80 / “ [vr $,0)) + (ty x t»)dede 


0 


20 
80 / [ 
a a a (6 cos @sin ¢, 6 sin 6 sin ¢, 3 cos ¢) 
9 cos @ sin’ ¢, 9 sin 6 sin”¢, 9 sin ¢ cos d) dodé 
20 
80 / [ 


27 
80 / L* (1 — cos”¢)sin ¢ + 27 cos’¢ sin ddddd 


S 


Ss 
Ss 


Oo 


54 sin? + 27 cos’*¢ sin dd¢dO 


S 
S 


S 
oO 


20 
80 a ” 4 sin ¢ — 27 cos’¢ sin ¢dddO 


Ss 
o 


20 
so | [- 54 cos ¢ + 9 cos ‘ole >" 40 


SS 


= 20 45d = 72007. 


Therefore, the mass flow rate is 72007 kg/sec/m?. 


Note: 
Exercise: 


Problem: 


Let va, 9:2) = (ee + y", z, 4y) m/sec represent a velocity field of a fluid with constant 
density 100 kg/m?. Let S be the half-cylinder 

r(u, v) = (cos u, sin u, v),0 <u < 7,0 < v < 2 oriented outward. Calculate the mass flux 
of the fluid across S. 


Solution: 


400 kg/sec/m 
Hint 


Use [link]. 


In [link], we computed the mass flux, which is the rate of mass flow per unit area. If we want to find 


the flow rate (measured in volume per time) instead, we can use flux integral / i v e NdS, which 
Ss 


leaves out the density. Since the flow rate of a fluid is measured in volume per unit time, flow rate 
does not take mass into account. Therefore, we have the following characterization of the flow rate 
of a fluid with velocity v across a surface S: 

Equation: 


Flow rate of fluid across S = If veds. 
Ss 


To compute the flow rate of the fluid in [link], we simply remove the density constant, which gives 
a flow rate of 907 m3 /sec. 


Both mass flux and flow rate are important in physics and engineering. Mass flux measures how 
much mass is flowing across a surface; flow rate measures how much volume of fluid is flowing 
across a surface. 


In addition to modeling fluid flow, surface integrals can be used to model heat flow. Suppose that 
the temperature at point (, y, z) in an object is T(z, y, z). Then the heat flow is a vector field 
proportional to the negative temperature gradient in the object. To be precise, the heat flow is 
defined as vector field F = —kVT’, where the constant k is the thermal conductivity of the 
substance from which the object is made (this constant is determined experimentally). The rate of 
heat flow across surface S in the object is given by the flux integral 


Equation: 
[[ # = |f -wr-as. 
Ss Ss 


Example: 
Exercise: 


Problem: 
Calculating Heat Flow 


A cast-iron solid cylinder is given by inequalities x? + y? < 1,1 < z < 4. The temperature 
at point (x, y, z) in a region containing the cylinder is T(x, y, z) = (a? + y”)z. Given that 
the thermal conductivity of cast iron is 55, find the heat flow across the boundary of the solid 
if this boundary is oriented outward. 


Solution: 


Let S denote the boundary of the object. To find the heat flow, we need to calculate flux 


integral | | —kWVT - dS. Notice that S is not a smooth surface but is piecewise smooth, since 
S 


S is the union of three smooth surfaces (the circular top and bottom, and the cylindrical side). 


Therefore, we calculate three separate integrals, one for each smooth piece of S. Before 
calculating any integrals, note that the gradient of the temperature is 
Vi= (Bis Qyz, 27 + OP) 


First we consider the circular bottom of the object, which we denote S;. We can see that Sj is 
a circle of radius 1 centered at point (0,0, 1), sitting in plane z = 1. This surface has 
parameterization r(u, v) = (vcosu, vsin u,1),0 < u < 27,0 < vu < 1. Therefore, 
Equation: 


t, = (—vsin u,vcos u, 0) andt, = (cos u, usin u, 0), 
and 
Equation: 
t, x t, = (0,0, —vsin?u — vcos*u) = (0,0, —v). 
Since the surface is oriented outward and S is the bottom of the object, it makes sense that 


this vector points downward. By [link], the heat flow across S} is 
Equation: 


2m 1 
II —-kVT-dS = -55 | / VT(u,v)-(t, x t,)dudu 
Sy 0 Jo 


20 1 
= —55 / fl (2u cos u, 2u sin u, v?cos2u + v’sin’u) - (0,0, —v)dudu 
0 Jo 


20 1 
= -55 | i (2u cos u, 2v sin u, v*) - (0,0, —v)dudu 
0 Jo 


Pus 1 21 1 
= -55 | / —y*dudu = -55 | ——du = 32. 
0 0 0 4 


Now let’s consider the circular top of the object, which we denote S2. We see that Sg is a 
circle of radius 1 centered at point (0,0, 4), sitting in plane z = 4. This surface has 
parameterization r(u, v) = (vcosu, vsin u, 4),0 < u < 27,0 < v < 1. Therefore, 
Equation: 


t, = (—vsin u,vcos u,0) andt, = (cos u, usin u, 0), 
and 
Equation: 
ty x ty = (0,0, —vsin?u — vcos*u) = (0,0, —v). 


Since the surface is oriented outward and Sj is the top of the object, we instead take vector 
t, x t, = (0,0, v). By [link], the heat flow across S} is 


Equation: 


21 1 
ii. —kVTedS = -55 | / VT (u,v) @(t, x t,)dudu 
So 0 Jo 


(8v cos u, 8v sin u, v’cos”u + v’sin*u) e (0,0, v)dudu 


Last, let’s consider the cylindrical side of the object. This surface has parameterization 
r(u, v) = (cos u, sin u, v),0 <u < 2m,1 < v < 4. By [link], we know that 

t, x ty, = (cos u,sin u, 0). By [link], 

Equation: 


2x A 
// —-kVTedS = 55 | i VT(u,v) e(ty x t,)dvdu 
Ss 


Qn 4 
: 2 a) : 
ie (2u cos u, 2u sin u, cos” u + sin wu) e (cos u, sin u, 0)dudu 
1 


5) 
P79 1 
= —55 / i (2v cos u, 2v sin u, 1) e (cos u, sin u, 0)dudu 
0 Jo 
I 


20 1 
= —55 i (2u cos7u + 2v sin*u) dudu 
0 
21 27 
= -55 [ [ 2udvudu = -55 | du = —1107. 
0 0 0 
Therefore, the rate of heat flow across S is == = = — 1107 = —1107. 
Note: 
Exercise: 
Problem: 


A cast-iron solid ball is given by inequality x? + y? + z? < 1. The temperature at a point ina 
region containing the ball is T(z, y, z) = = (Ge Bye oe Ze Find the heat flow across the 
boundary of the solid if this boundary is oriented outward. 


Solution: 


_ 4407 
3 


Hint 


Follow the steps of [link]. 


Key Concepts 


e Surfaces can be parameterized, just as curves can be parameterized. In general, surfaces must 
be parameterized with two parameters. 

e Surfaces can sometimes be oriented, just as curves can be oriented. Some surfaces, such as a 
Mobius strip, cannot be oriented. 

¢ A surface integral is like a line integral in one higher dimension. The domain of integration of 
a surface integral is a surface in a plane or space, rather than a curve in a plane or space. 

e The integrand of a surface integral can be a scalar function or a vector field. To calculate a 
surface integral with an integrand that is a function, use [link]. To calculate a surface integral 
with an integrand that is a vector field, use [link]. 


e If Sis a surface, then the area of S is / [ dS. 
Ss 


Key Equations 


¢ Scalar surface integral 


btm x tyl|dA 


e Flux integral 


Ile Nds = [f* dS = [[ Fe ) (ty x ty)dA 


For the following exercises, determine whether the statements are true or false. 
Exercise: 


Problem: 


Mf stinlace 515 eIVER DY Ve iai2) :0<2<1,0<y<1,z= 10}, then 


[f few )dS = [Uf tev wvecay 


Solution: 


True 
Exercise: 


Problem: 


Hsurlace 15 given Dy 1 (Fae) :0<2<1,0<y<1,z=7}, then 


[[renaus= ff senzrer 


Exercise: 


Problem: 


Surface r = (v COS U, USIN U, v), for0 <u<7,0 < v < 2, is the same as surface 
r= (V/vcos 2u, V/vsin 2u,v), ford<u< $,0<v<4. 


Solution: 


True 
Exercise: 


Problem: 


Given the standard parameterization of a sphere, normal vectors t,, x t, are outward normal 
vectors. 


For the following exercises, find parametric descriptions for the following surfaces. 
Exercise: 


Problem: Plane 3z — 2y+ z= 2 


Solution: 
r (u,v) = (u,v, 2 — 3u + 2v) for —co < u < co and —00 <u < cw. 


Exercise: 


Problem: Paraboloid z = x? + y’, for0 < z< 9. 


Exercise: 


Problem: Plane 2x — 4y + 3z = 16 
Solution: 


r(u,v) = (u,v, (16 — 2u + 4v)) for |u| < oo and |v| < oo. 


Exercise: 


Problem: The frustum of cone 27 = x? + y’, for2<z<8 


Exercise: 


Problem: The portion of cylinder x? + y? = 9 in the first octant, forO < z< 3 


Solution: 


r(u,v) = (3cosu,3sin u,v) forO<u< F,0<v<3 


Exercise: 
Problem: A cone with base radius r and height h, where r and h are positive constants 


For the following exercises, use a computer algebra system to approximate the area of the following 
surfaces using a parametric description of the surface. 
Exercise: 


Problem: [T] Half cylinder {(r,0,z):r=4,0<0<7,0<z< 7} 


Solution: 


A = 87.9646 


Exercise: 
Problem: [T] Plane z = 10 — x — y above square |x| < 2, |y| < 2 


For the following exercises, let S be the hemisphere x? + y? + z? = 4, with z > 0, and evaluate 
each surface integral, in the counterclockwise direction. 
Exercise: 


Problem: | / zdS 
Ss 


Solution: 
i / zdS = 8r 
S 
Exercise: 
Problem: [fe — 2y)dS 
S 
Exercise: 


Problem: // (x? + y”) 2d 
s 


Solution: 


// (x + y")2dS = 16m 
S 


For the following exercises, evaluate i / F - Nds for vector field F, where N is an outward 
Ss 


normal vector to surface S. 
Exercise: 


Problem: 


F (x, y, 2) = xi+ 2yj — 3zk, and S is that part of plane 15a — 12y + 3z = 6 that lies above 
unit squaareO <a <1,0<y<1. 


Exercise: 


Problem: F(z, y, z) = xi + yj, and S is hemisphere z = \/1 — x? — y?. 


Solution: 


[fe nas=F 
F 3 


Exercise: 


Problem: 


F(z, y, 2) = 27i+ y’*j + 27k, and S is the portion of plane z = y + 1 that lies inside cylinder 
ree 
ze +y'=1. 


For the following exercises, approximate the mass of the homogeneous lamina that has the shape of 
given surface S. Round to four decimal places. 
Exercise: 


Problem: [T] S is surface z = 4 — x — 2y, withz > 0,4 >0,y>0;€= 2. 


Solution: 


m = 13.0639 


Exercise: 


Problem: [T] S is surface z = x? + y”, with z < 1;€ = z. 
Exercise: 

Problem: [T] S is surface x? + y? + x? = 5, with z > 1,€ = @. 

Solution: 


m = 228.5313 
Exercise: 


Problem: 


Evaluate | | (yzi + y°j + xzk) - dS, where S is the surface of cube 
s 
—-l<a<1,-1<y<1,and0 < z < 2. ina counterclockwise direction. 


Exercise: 


Problem: 


Evaluate surface integral | i gdS,, where o(z, y, 2) = xz + 2x7 — 3xy and S is the portion of 
Ss 
plane 27 — 3y + z = 6 that lies over unit square R:0< «4 <1,0<y< 1. 


Solution: 


[[ ss = 3v4 


Exercise: 


Problem: 


Evaluate | | (x + y+ z)dS, where S is the surface defined parametrically by 
S 
R(u, v) = (2u+ v)i+ (u — 2v)j + (ut 3v)k forO <u <1, and0O <u <2. 


Exercise: 


Problem: 


[T] Evaluate | i (x — y* + z)dS, where S is the surface defined by 
s 
R(u,v) = wit+vt+uk,0<u<10<v<1. 


Solution: 


// (x? +y— z)dS ~ 0.9617 
Ss 


Exercise: 


Problem: 


[T] Evaluate where S is the surface defined by 
R(u,v) = ui- uj +vk,0<u<2,0<v<1lfor0<u<10<v<2. 


Exercise: 


Problem: 


Evaluate i (i (2 + y’) dS, where S is the surface bounded above hemisphere 
Ss 
z= 1/1-— x? — y’, and below by plane z = 0. 


Solution: 


If (x? + y")dS = 2 


Exercise: 


Problem: 


Evaluate | i (e +y?+ oF) dS, where S is the portion of plane z = x + 1 that lies inside 
Ss 
cylinder 2? + y? = 1. 
Exercise: 


Problem: 


[T] Evaluate | i] a? zdS , where S is the portion of cone z” = «? + y that lies between planes 
S 


z=landz=4. 


Solution: 
// ied = 1028 2n 
Ss 
Exercise: 
Problem: 


[T] Evaluate | ii (xz/y)dS, where S is the portion of cylinder x = y? that lies in the first 
s 


octant between planes z = 0,z = 5,y= 1, andy = 4. 


Exercise: 


Problem: 


[T] Evaluate | i. (z + y)dS, where S is the part of the graph of z = V1 — z? in the first 
Ss 


octant between the xz-plane and plane y = 3. 


Solution: 


I (z+y)dS = 10.1 


Exercise: 


Problem: 


Evaluate | : xyzds if S is the part of plane z = x + y that lies over the triangular region in 
the eebae wil vertices (0, 0, 0), (1, 0, 0), and (0, 2, 0). 

Exercise: 
Problem: 


Find the mass of a lamina of density (x, y, z) = z in the shape of hemisphere 


oi (a? — y’) ye 


Solution: 
m = 7a® 
Exercise: 


Problem: 


Compute / / F - NdS, where F(z, y, z) = zi — 5yj + 42k and N is an outward normal 
3 


vector S, where S is the union of two squares S$]; : 2 =0,0<y<1,0<2<1and 
S¢2=L0<g< L0<y <1. 


1.0 


Exercise: 


Problem: 


Compute ia F - NdS, where F(z, y, z) = zyi+ zj + (x + y)k and N is an outward 
Ss 


normal vector S, where S is the triangular region cut off from plane zx + y+ z = 1 by the 
positive coordinate axes. 


Solution: 


13 
||P Nas == 


Exercise: 


Problem: 


Compute ie! F - NdS, where F (2, y, z) = 2yzi + (tan~'xz)j + e™%k and N is an 
Ss 
outward normal vector S, where S is the surface of sphere x? + y? + z? = 1. 
Exercise: 


Problem: 


Compute / [ F - NdS, where F(z, y, z) = ryzi + xyzj + xyzk and N is an outward 
Ss 


normal vector S, where S is the surface of the five faces of the unit cube 
VSe 10s ys 10 2 Lmissine.2 =D, 


Solution: 


3 
F-Nds =~ 
II ae 


For the following exercises, express the surface integral as an iterated double integral by using a 
projection on S on the yz-plane. 
Exercise: 


Problem: i i; xy’ z°dS; S is the first-octant portion of plane 2x + 3y + 4z = 12. 
Ss 


Exercise: 


Problem: 


| / (oe? — 2y+ z) dS; S is the portion of the graph of 4a + y = 8 bounded by the coordinate 
Ss 


planes and plane z = 6. 


Solution: 


8 6 
1 if oe 
A= Sapte ay" —V/17 )dzd 
If ( vt age) (Gv ) aay 
0 0 


For the following exercises, express the surface integral as an iterated double integral by using a 
projection on S on the xz-plane 
Exercise: 


Problem: // zy’ z°dS; S is the first-octant portion of plane 2z + 3y + 4z = 12. 
Ss 


Exercise: 


Problem: 

i, il (a — 2y+ z) dS; S is the portion of the graph of 4a + y = 8 bounded by the coordinate 
Ss 

planes and plane z = 6. 


Solution: 


2 6 
If [x — 2(8 — 4x) + 2] V17dzdx 


Exercise: 


Problem: 


Evaluate surface integral | ti yzds, where S is the first-octant part of plane x + y+ z=A, 
Ss 


where A is a positive constant. 
Exercise: 


Problem: 


Evaluate surface integral | | (x?z + yz) dS, where S is hemisphere 
S 
a? +y? +2? =a?,z2>0. 


Solution: 


If (zz + y’z)dS = —— 


Exercise: 


Problem: Evaluate surface integral | | zdA, where S is surface z = fa? + y?,0<z< 2. 
Ss 


Exercise: 


Problem: 


Evaluate surface integral 7 i x” yzdS,, where S is the part of plane z = 1 + 2x + 3y that lies 


above rectangleO0 <a < 3and0<y< 2. 


Solution: 
II a*yzdS = 171V 14 
S 
Exercise: 
Problem: 


Evaluate surface integral i} f) yzdS, where S is plane x + y+ z = 1 that lies in the first 
Ss 


octant. 
Exercise: 


Problem: 

Evaluate surface integral | | yzds, where S is the part of plane z = y + 3 that lies inside 
Ss 

cylinder x? + y? = 1. 


Solution: 


[fe yeas = 4 


For the following exercises, use geometric reasoning to evaluate the given surface integrals. 
Exercise: 


Poe I/ V2? + y? + 22d, where S is surface 2? + y? + 227 =4,z>0 
Ss 


Exercise: 


Problem: 


i (xi + yj) - dS, where S is surface x? + y? = 4,1 < z < 3, oriented with unit normal 
Ss 


vectors pointing outward 


Solution: 


| [ (oi wi) a8 = 160 


Exercise: 


Problem: 


| ti (zk) - dS, where S is disc x? + y? < 9 on plane z = 4, oriented with unit normal vectors 
s 

pointing upward 
Exercise: 


Problem: 


A lamina has the shape of a portion of sphere x? + y? + z? = a? that lies within cone 


z= 1x? + y?. Let S be the spherical shell centered at the origin with radius a, and let C be 
the right circular cone with a vertex at the origin and an axis of symmetry that coincides with 
the z-axis. Determine the mass of the lamina if 5(2, y, z) = x7y*z. 


Zz 


Solution: 


Exercise: 


Problem: 


A lamina has the shape of a portion of sphere x” + y” + z? = a” that lies within cone 

f= / x? + y?. Let S be the spherical shell centered at the origin with radius a, and let C be 
the right circular cone with a vertex at the origin and an axis of symmetry that coincides with 
the z-axis. Suppose the vertex angle of the cone is ¢9, with 0 < $9 < 4. Determine the mass 


of that portion of the shape enclosed in the intersection of S and C. Assume 
2, 9,2) = 27? z 


Exercise: 
Problem: 
A paper cup has the shape of an inverted right circular cone of height 6 in. and radius of top 3 


in. If the cup is full of water weighing 62.5 lb/ ft, find the total force exerted by the water on 
the inside surface of the cup. 


Solution: 


F = 4.57 Ib. 


For the following exercises, the heat flow vector field for conducting objects i 

F = —kVT, where T(z, y, z) is the temperature in the object and k > 0 is a constant that depends 
on the material. Find the outward flux of F across the following surfaces S for the given temperature 
distributions and assume k = 1. 

Exercise: 


Problem: T(z, y, z) = 100e~*~¥; S consists of the faces of cube |x| < 1, |y| < 1,|z| <1. 


Exercise: 


Problem: T(z, y, 2) = —In (x? + y” + 2”); S is sphere x? + y? + 2? =a’. 


Solution: 
87a 
For the following exercises, consider the radial fields F = iat a a = P , where p is a real 
x?+y*+z*)2 


number. Let S consist of spheres A and B centered at the origin with radii 0 < a < b. The total 


outward flux across S consists of the outward flux across the outer sphere B less the flux into S 
across inner sphere A. 


Zz 


Exercise: 


Problem: Find the total flux across S with p = 0. 

Exercise: 
Problem: Show that for p = 3 the flux across S is independent of a and b. 
Solution: 


The net flux is zero. 


Glossary 


flux integral 
another name for a surface integral of a vector field; the preferred term in physics and 
engineering 


grid curves 
curves on a surface that are parallel to grid lines in a coordinate plane 


heat flow 
a vector field proportional to the negative temperature gradient in an object 


mass flux 
the rate of mass flow of a fluid per unit area, measured in mass per unit time per unit area 


orientation of a surface 
if a surface has an “inner” side and an “outer” side, then an orientation is a choice of the inner 
or the outer side; the surface could also have “upward” and “downward” orientations 


parameter domain (parameter space) 
the region of the uv plane over which the parameters u and v vary for parameterization 


r(u,v) = (x (u,v), y (u,v), z(u, v)) 


parameterized surface (parametric surface) 
a surface given by a description of the form r (u,v) = (x (u,v), y (u,v), z(u, v)), Where the 
parameters u and v vary over a parameter domain in the uv-plane 


regular parameterization 
parameterization r(u, v) = (x(u, v), y(u, v), z(u, v)) such that r,, x ry is not zero for point 
(u, v) in the parameter domain 


surface area 


the area of surface S given by the surface integral / i, dS 
Ss 


surface integral 
an integral of a function over a surface 


surface integral of a scalar-valued function 
a surface integral in which the integrand is a scalar function 


surface integral of a vector field 
a surface integral in which the integrand is a vector field 


Stokes’ Theorem 


¢ Explain the meaning of Stokes’ theorem. 

¢ Use Stokes’ theorem to evaluate a line integral. 

¢ Use Stokes’ theorem to calculate a surface integral. 
e Use Stokes’ theorem to calculate a curl. 


In this section, we study Stokes’ theorem, a higher-dimensional generalization of 
Green’s theorem. This theorem, like the Fundamental Theorem for Line Integrals and 
Green’s theorem, is a generalization of the Fundamental Theorem of Calculus to 
higher dimensions. Stokes’ theorem relates a vector surface integral over surface S in 
space to a line integral around the boundary of S. Therefore, just as the theorems 
before it, Stokes’ theorem can be used to reduce an integral over a geometric object S 
to an integral over the boundary of S. 


In addition to allowing us to translate between line integrals and surface integrals, 
Stokes’ theorem connects the concepts of curl and circulation. Furthermore, the 
theorem has applications in fluid mechanics and electromagnetism. We use Stokes’ 
theorem to derive Faraday’s law, an important result involving electric fields. 


Stokes’ Theorem 


Stokes’ theorem says we can calculate the flux of curl F across surface S by knowing 
information only about the values of F along the boundary of S. Conversely, we can 
calculate the line integral of vector field F along the boundary of surface S by 
translating to a double integral of the curl of F over S. 


Let S be an oriented smooth surface with unit normal vector N. Furthermore, suppose 
the boundary of S is a simple closed curve C. The orientation of S induces the positive 
orientation of C if, as you walk in the positive direction around C with your head 
pointing in the direction of N, the surface is always on your left. With this definition 
in place, we can state Stokes’ theorem. 


Note: 

Stokes’ Theorem 

Let S be a piecewise smooth oriented surface with a boundary that is a simple closed 
curve C with positive orientation ({link]). If F is a vector field with component 
functions that have continuous partial derivatives on an open region containing S, 
then 

Equation: 


[Pea ff cuni¥ -as. 
C S) 


x 


Stokes’ theorem relates the flux integral over 
the surface to a line integral around the 
boundary of the surface. Note that the 
orientation of the curve is positive. 


Suppose surface S is a flat region in the xy-plane with upward orientation. Then the 
unit normal vector is k and surface integral curl F - dS is actually the double 
integral } / curl F - kdA. In this special case, Stokes’ theorem gives 


/ F - dr = | / curl F - kd A. However, this is the flux form of Green’s theorem, 
6 S 


which shows us that Green’s theorem is a special case of Stokes’ theorem. Green’s 
theorem can only handle surfaces in a plane, but Stokes’ theorem can handle surfaces 
in a plane or in space. 


The complete proof of Stokes’ theorem is beyond the scope of this text. We look at an 
intuitive explanation for the truth of the theorem and then see proof of the theorem in 
the special case that surface S is a portion of a graph of a function, and S, the 
boundary of S, and F are all fairly tame. 


Proof 


First, we look at an informal proof of the theorem. This proof is not rigorous, but it is 
meant to give a general feeling for why the theorem is true. Let S be a surface and let 
D bea small piece of the surface so that D does not share any points with the 
boundary of S. We choose D to be small enough so that it can be approximated by an 
oriented square E. Let D inherit its orientation from S, and give E the same 
orientation. This square has four sides; denote them £7, F,, ,, and Eg for the left, 
right, up, and down sides, respectively. On the square, we can use the flux form of 
Green’s theorem: 

Equation: 


/ Pedr = ff cue -Nas= |f cuF -as. 
E+E tb, +E E E 


To approximate the flux over the entire surface, we add the values of the flux on the 
small squares approximating small pieces of the surface ([link]). By Green’s theorem, 
the flux across each approximating square is a line integral over its boundary. Let F 
be an approximating square with an orientation inherited from S and with a right side 
FE (so F is to the left of E). Let F’. denote the right side of F’; then, #; = —F,. In 
other words, the right side of F’ is the same curve as the left side of E, just oriented in 
the opposite direction. Therefore, 


Equation: 
/ F-dr=— [ F - dr. 
E; F, 


As we add up all the fluxes over all the squares approximating surface S, line 


integrals F - dr and F - dr cancel each other out. The same goes for the line 
E, F, 


integrals over the other three sides of E. These three line integrals cancel out with the 
line integral of the lower side of the square above FE, the line integral over the left side 
of the square to the right of E, and the line integral over the upper side of the square 
below E ({link]). After all this cancelation occurs over all the approximating squares, 
the only line integrals that survive are the line integrals over sides approximating the 
boundary of S. Therefore, the sum of all the fluxes (which, by Green’s theorem, is the 
sum of all the line integrals around the boundaries of approximating squares) can be 
approximated by a line integral over the boundary of S. In the limit, as the areas of the 
approximating squares go to zero, this approximation gets arbitrarily close to the flux. 


Approximating square E N 


Surface S 


Orientation of each 
square is same as S 


Chop the surface into small pieces. The 
pieces should be small enough that they can 
be approximated by a square. 


(a) (b) 


(a) The line integral along /; cancels out the line integral along F’. because 
Ei, = —F,. (b) The line integral along any of the sides of E cancels out with 
the line integral along a side of an adjacent approximating square. 


Let’s now look at a rigorous proof of the theorem in the special case that S is the 
graph of function z = f (x, y), where x and y vary over a bounded, simply connected 
region D of finite area ((link]). Furthermore, assume that f has continuous second- 
order partial derivatives. Let C denote the boundary of S and let C’ denote the 
boundary of D. Then, D is the “shadow” of S in the plane and C’ is the “shadow” of 
C. Suppose that S is oriented upward. The counterclockwise orientation of C is 
positive, as is the counterclockwise orientation of C’. Let F (z, y, z) = (P,Q, R) be 
a vector field with component functions that have continuous partial derivatives. 


Dis the “shadow,” or 
projection, of S in the 
plane and C’ is the 
projection of C. 


We take the standard parameterization of S : x = x,y = y, z = g(a, y). The tangent 
vectors are t; = (1,0, 92) andt, = (0,1, 9,), and therefore, 

ty: ty — =O, —Gy) 1) By [link], 

Equation: 


ea (Ry — Qz)ze — (P, — Rz)Zy + (Qe — P,)|dA, 


where the partial derivatives are all evaluated at (x, y, g (x, y)), making the integrand 
depend on x and y only. Suppose (z (t), y(t)),a@ <t < bis a parameterization of C’. 
Then, a parameterization of C is (x (t), y(t), g(x (t), y(t))),a <t < b. Armed with 
these parameterizations, the Chain rule, and Green’s theorem, and keeping in mind 
that P, Q, and R are all functions of x and y, we can evaluate line integral [ F - ar: 


C 
Equation: 


[Pea -[ (Px' (t) + Qy' (t) + Rz' (t))dt 
C a 


b 
_ ; ; Oz dx Oz dy 
= ie Pz’ (t)+ Qy' (t) +R & oe i Oy di dt 


(P + Re.) a’ (t) + (2 + Re Jy (| dt 
P 


+ RE )de+ (0+ RS )ay 
x Oy 


O Oz O Oz 

— R— ) —- — | P+ R— ]|/dA 
as (2+ a) all : =) 
oq OQ Oz iz iz 


Ox 
OP Oz OR Oz Oz O*z 
- (2 a “Oz dy Oz Oy Ox +R a 


dA. 


j ’ O2z 
By Clairaut’s theorem, 3- = om 
this double integral, and we are left with 


Equation: 


// [— (Ry — Qz)22 — (Pz — Rz)Zy + (Qz — Py)|dA, 
D 


which equals | i curl F - dS. 
Ss 


We have shown that Stokes’ theorem is true in the case of a function with a domain 
that is a simply connected region of finite area. We can quickly confirm this theorem 
for another important case: when vector field F is conservative. If F is conservative, 


the curl of F is zero, so | / curl F - dS = 0. Since the boundary of S is a closed 


curve, / F - dr is also zero. 
C 


Example: 
Exercise: 


Problem: 
Verifying Stokes’ Theorem for a Specific Case 


Verify that Stokes’ theorem is true for vector field F (x, y, z) = (y, 7, a) and 


surface S, where S is the paraboloid z = 4 — x? — y?. 
z 


(0, 0, 4) 


Verifying Stokes’ theorem for a hemisphere in a 
vector field. 


Solution: 


As a surface integral, you haveg(a, y) =4-— 77 —7,9, = —2y and 
Equation: 


Q 
Q 
Q 


curlF = Ox Oy ay | = (—2, —2z, —1). 


By [link], 
Equation: 


[few - as = ff curl F (r (4,9) «(ty x t»)dA 
=|[ —2x, 1) - (2a, 2y, 1)dA 

-[ = 7, (—42—4xy—1)dydx 
-{ (- 82/4 — 2-2/4 — 2? de 


= —4r 


As a line integral, you can parameterize C by 
Y(t) = (Qeost, 25nd, 0) 0 ¢ — 27, By [link], 
Equation: 


21 
/ F-dr = i; (2sin €,.0, 4cos*t) : (—2sin t, 2cos t, 0)dt 
Gg 0 


2m 
=| —Asin*tdt = — 
0 


Therefore, we have verified Stokes' theorem for this example. 


Note: 
Exercise: 


Problem: 


Verify that Stokes’ theorem is true for vector field F(z, y, z) = (y,x, —z) and 
surface S, where S is the upwardly oriented portion of the graph of 

f(x, y) = xy over a triangle in the xy-plane with vertices (0,0), (2,0), and 
(O24). 

Solution: 


136 
Both integrals give — =~. 


Hint 


Calculate the double integral and line integral separately. 


Applying Stokes’ Theorem 


Stokes’ theorem translates between the flux integral of surface S to a line integral 
around the boundary of S. Therefore, the theorem allows us to compute surface 
integrals or line integrals that would ordinarily be quite difficult by translating the 
line integral into a surface integral or vice versa. We now study some examples of 
each kind of translation. 


Example: 
Exercise: 


Problem: 
Calculating a Surface Integral 


Calculate surface integral | i curl F - dS, where S is the surface, oriented 


Ss 
outward, in [link] and F = (z, 2xy, x + y). 


A complicated surface in a vector field. 


Solution: 


Note that to calculate i / curl F - dS without using Stokes’ theorem, we 


would need to use [link]. Use of this equation requires a parameterization of S. 


Surface S is complicated enough that it would be extremely difficult to find a 
parameterization. Therefore, the methods we have learned in previous sections 
are not useful for this problem. Instead, we use Stokes’ theorem, noting that the 
boundary C of the surface is merely a single circle with radius 1. 


The curl of F is (1,1, 2y). By Stokes’ theorem, 


Equation: 
[[ome-as= | F - dr, 
Ss C 


where C has parameterization r (¢) = (—sint,0,1—cost),0 <t < 27. By 
[link], 
Equation: 


[fom -as = | Par 
S € 


27 
=| (1 — cost ,0,—sint) - (—cos t, 0, sin t) dt 
0 


21 
= / (—cos t+ cos’ t — sin? t)dt 
0 


= |-sint + $sin (2t)] 0" 
—sin(2m) + +sin(4m)) — (—sin 0 + }sin 0) 


An amazing consequence of Stokes’ theorem is that if S' is any other smooth surface 
with boundary C and the same orientation as S, then 


curl F- dS = / F - dr = 0 because Stokes’ theorem says the surface integral 
Ss C 
depends on the line integral around the boundary only. 


In [link], we calculated a surface integral simply by using information about the 
boundary of the surface. In general, let Sy and Sz be smooth surfaces with the same 
boundary C and the same orientation. By Stokes’ theorem, 

Equation: 


// cul -dS = [ F-ar= |f curlF - dS. 
St C So 


Therefore, if | i curl F - dS is difficult to calculate but | i curl F - dS is easy to 
Ss, S, 
calculate, Stokes’ theorem allows us to calculate the easier surface integral. In [Link], 


we could have calculated : t curl F - dS by calculating | i curl F - dS, where S’ 
Ss Ss! 

is the disk enclosed by boundary curve C (a much more simple surface with which to 

work). 


[link] shows that flux integrals of curl vector fields are surface independent in the 
same way that line integrals of gradient fields are path independent. Recall that if F is 
a two-dimensional conservative vector field defined on a simply connected domain, f 


is a potential function for F, and C is a curve in the domain of F, then / F- dr 
C 


depends only on the endpoints of C. Therefore if C’ is any other curve with the same 
starting point and endpoint as C (that is, C’ has the same orientation as C), then 


Fsdr= F - dr. In other words, the value of the integral depends on the 
Cc Cl 
boundary of the path only; it does not really depend on the path itself. 


Analogously, suppose that S and S' are surfaces with the same boundary and same 
orientation, and suppose that G is a three-dimensional vector field that can be written 
as the curl of another vector field F (so that F is like a “potential field” of G). By 
[link], 

Equation: 


[[.c-as= ff owir-as= | ¥-ar= ff cul Fas = || G - dS. 
Ss Ss C Sr Sr 


Therefore, the flux integral of G does not depend on the surface, only on the 
boundary of the surface. Flux integrals of vector fields that can be written as the curl 
of a vector field are surface independent in the same way that line integrals of vector 
fields that can be written as the gradient of a scalar function are path independent. 


Note: 
Exercise: 


Problem: 


Use Stokes’ theorem to calculate surface integral f, i, curl F - dS, where 
Ss 
F = (z, x, y) and S is the surface as shown in the following figure. The 


boundary curve, C, is oriented clockwise. 


4 


Solution: 
—T 
Hint 


Parameterize the boundary of S and translate to a line integral. 


Example: 
Exercise: 


Problem: 
Calculating a Line Integral 


Calculate the line integral / F - dr, where F = (xy, a? + y+ 2%, yz) and C 
C 


is the boundary of the parallelogram with vertices (0, 0,1), (0, 1,0), (2,0, —1), 
and (2,1, —2). 


Solution: 


To calculate the line integral directly, we need to parameterize each side of the 
parallelogram separately, calculate four separate line integrals, and add the 
result. This is not overly complicated, but it is time-consuming. 


By contrast, let’s calculate the line integral using Stokes’ theorem. Let S denote 
the surface of the parallelogram. Note that S is the portion of the graph of 
z=1-—2-y for (2, y) varying over the rectangular region with vertices 
(0,0), (0,1), (2,0), and (2, 1) in the xy-plane. Therefore, a parameterization of 
Sis (z,y,1—x—y),0<2<2,0<y< 1. Thecul of Fis — (z,0, 2), and 
Stokes’ theorem and [link] give 

Equation: 


[ee = [foe a 
ne 
l 
i 


curl F (az, y) - (tz x ty)dydx 


(1 ees y) ,0,x) : ((1, 0, =) x (0, 1, —1))dydzx 


—1,0,2) - (1,1, 1)dydx 


2a + y — ldydz 


a 


Note: 
Exercise: 


Problem: 


Use Stokes’ theorem to calculate line integral {| F - dr, where F = (z, 2, y) 


c 
and C is oriented clockwise and is the boundary of a triangle with vertices 
(O10; 1); (3, 0, —2), and (05 1,2) 


Solution: 


3 
2 


Hint 


This triangle lies in plane z = 1 — x + y. 


Interpretation of Curl 


In addition to translating between line integrals and flux integrals, Stokes’ theorem 
can be used to justify the physical interpretation of curl that we have learned. Here we 
investigate the relationship between curl and circulation, and we use Stokes’ theorem 
to state Faraday’s law—an important law in electricity and magnetism that relates the 
curl of an electric field to the rate of change of a magnetic field. 


Recall that if C is a closed curve and F is a vector field defined on C, then the 


circulation of F around C is line integral / F - dr. If F represents the velocity field 


C 
of a fluid in space, then the circulation measures the tendency of the fluid to move in 
the direction of C. 


Let F be a continuous vector field and let D, be a small disk of radius r with center 
Pp ((link]). If D, is small enough, then (curl F)(P) ~ (curl F)(Po) for all points P 
in D, because the curl is continuous. Let C’, be the boundary circle of D,. By 
Stokes’ theorem, 

Equation: 


i, ca | ie ene Ding i i (curl F) (Po) “IN (Py). 


Disk D, is a small disk in a continuous vector 
field. 


The quantity (curl F) (P,) - N (Po) is constant, and therefore 
Equation: 


If, (curl F) (Py) - N (Po)dS = ar? [(curl F) (Po) - N (Po)]. 


Thus 
Equation: 


[ F . dr © mr? [(curl F) (Po) - N (Pp)}, 


and the approximation gets arbitrarily close as the radius shrinks to zero. Therefore 
Stokes’ theorem implies that 


Equation: 


Cal). N@) = ta [ F - dr. 


r>0+ arr2 


This equation relates the curl of a vector field to the circulation. Since the area of the 
disk is wr”, this equation says we can view the curl (in the limit) as the circulation per 
unit area. Recall that if F is the velocity field of a fluid, then circulation 


f F - dr = $ F - Tds is a measure of the tendency of the fluid to move around 
C, C, 


C’,. The reason for this is that F - 'T is a component of F in the direction of T, and the 
closer the direction of F is to T, the larger the value of F - 'T (remember that if a and 
b are vectors and b is fixed, then the dot product a - b is maximal when a points in 
the same direction as b). Therefore, if F is the velocity field of a fluid, then 

curl F - N is a measure of how the fluid rotates about axis N. The effect of the curl is 
largest about the axis that points in the direction of N, because in this case curl F - N 
is as large as possible. 


To see this effect in a more concrete fashion, imagine placing a tiny paddlewheel at 
point Po ({link]). The paddlewheel achieves its maximum speed when the axis of the 
wheel points in the direction of curlF. This justifies the interpretation of the curl we 
have learned: curl is a measure of the rotation in the vector field about the axis that 
points in the direction of the normal vector N, and Stokes’ theorem justifies this 
interpretation. 


To visualize curl at a point, imagine placing a tiny 
paddlewheel at that point in the vector field. 


Now that we have learned about Stokes’ theorem, we can discuss applications in the 
area of electromagnetism. In particular, we examine how we can use Stokes’ theorem 
to translate between two equivalent forms of Faraday’s law. Before stating the two 
forms of Faraday’s law, we need some background terminology. 


Let C be a closed curve that models a thin wire. In the context of electric fields, the 
wire may be moving over time, so we write C(t) to represent the wire. At a given 
time t, curve C(t) may be different from original curve C because of the movement 
of the wire, but we assume that C(t) is a closed curve for all times t. Let D(t) bea 
surface with C(t) as its boundary, and orient C(t) so that D(t) has positive 
orientation. Suppose that C(t) is in a magnetic field B(t) that can also change over 
time. In other words, B has the form 

Equation: 


By, 2) = (Pe, 2); Oa 2) Ry); 


where P, Q, and R can all vary continuously over time. We can produce current along 
the wire by changing field B(t) (this is a consequence of Ampere’s law). Flux 


= | /,,B - dS creates electric field E(t) that does work. The integral form 


of Faraday’s ee states that 
Equation: 


Og 


Work = | E(t) -dr = — , 
C(t) (¢) Ot 


In other words, the work done by E is the line integral around the boundary, which is 
also equal to the rate of change of the flux with respect to time. The differential form 
of Faraday’s law states that 

Equation: 


dB 
1E=—-— 
cur at 


Using Stokes’ theorem, we can show that the differential form of Faraday’s law is a 
consequence of the integral form. By Stokes’ theorem, we can convert the line 
integral in the integral form into surface integral 


Equation: 
0 
lee (t) ar = ff curl E(t) dS 
Ot Jot) Dit) 
Since g(t) =a Bi - dS, then as long as the integration of the surface does not 
vary with time we e have 
Equation: 
O OB 
ae = | if meee, | 
Ot D(t) Ot 
Therefore, 
Equation: 


| es -dS = es curlE - dS. 


To derive the differential form of Faraday’s law, we would like to conclude that 


curl E = — oe In general, the equation 
Equation: 
| Po -dS = | i curlE- dS 
is not enough to conclude that curl E = — SB The integral symbols do not simply 


“cancel out,” leaving equality of the integrands. To see why the integral symbol does 
1 


not just cancel out in general, consider the two single-variable integrals / xdx and 
0 


1 
i f(a)dzx, where 
0 


Equation: 
1, 0<a<1/2 
f(x) = i 1/2<2<1. 


1 y 
Both of these integrals equal $58 so. | tdr= x)dx. However, x # f(x). 


Analogously, with our equation I Le at I, curl E - dS, we cannot 


simply conclude that curl KE = oR i ee their ae are equal. However, 


6B 
in our context, equation i, ik —_— -dS= | ip curl E - dS is true for any 
pi) Ot D(t) 


region, however small (this is in contrast to the single-variable integrals just 
discussed). If F and G are three-dimensional vector fields such that 


F-dS = i, / G - dS for any surface S, then it is possible to show that F = G 


by shrinking the area of S to zero by taking a limit (the smaller the area of S, the 


closer the value of F - dS to the value of F at a point inside S). Therefore, we can 


let area D (t) shrink to zero by taking a limit and obtain the differential form of 
Faraday’s law: 
Equation: 


OB 
1E = —-—_. 
cur mt 


In the context of electric fields, the curl of the electric field can be interpreted as the 
negative of the rate of change of the corresponding magnetic field with respect to 
time. 


Example: 
Exercise: 


Problem: 
Using Faraday’s Law 


Calculate the curl of electric field E if the corresponding magnetic field is 
constant field B (t) = (1, —4, 2). 


Solution: 


Since the magnetic field does not change with respect to time, — B. = 0. By 
Faraday’s law, the curl of the electric field is therefore also zero. 
Analysis 
A consequence of Faraday’s law is that the curl of the electric field corresponding to 
a constant magnetic field is always zero. 


Note: 
Exercise: 


Problem: 


Calculate the curl of electric field E if the corresponding magnetic field is 
B(t) = (ta, ty, —2tz),0 <t < oo. 


Solution: 


curl E = (2, y, —2z) 
Hint 
Use the differential form of Faraday’s law. 


Notice that the curl of the electric field does not change over time, although the 
magnetic field does change over time. 


Key Concepts 


¢ Stokes’ theorem relates a flux integral over a surface to a line integral around the 
boundary of the surface. Stokes’ theorem is a higher dimensional version of 
Green’s theorem, and therefore is another version of the Fundamental Theorem 
of Calculus in higher dimensions. 

e Stokes’ theorem can be used to transform a difficult surface integral into an 

easier line integral, or a difficult line integral into an easier surface integral. 

Through Stokes’ theorem, line integrals can be evaluated using the simplest 

surface with boundary C. 

e Faraday’s law relates the curl of an electric field to the rate of change of the 
corresponding magnetic field. Stokes’ theorem can be used to derive Faraday’s 
law. 


Key Equations 


e Stokes’ theorem 


[Pea ff on -as 
C. S 


For the following exercises, without using Stokes’ theorem, calculate directly both 
the flux of curl F - N over the given surface and the circulation integral around its 
boundary, assuming all boundaries are oriented clockwise as viewed from above. 
Exercise: 


Problem: 
F(z, y, z) = y*i+ z7j + xk; S is the first-octant portion of plane 
Shays 2 =, 


Exercise: 


D) 1/2 


Problem: F(z, y, z) = zi + xj + yk; S is hemisphere z = (a Dig? y*) 


Solution: 


// (curl F- N)dS = za? 
Ss 


Exercise: 


Problem: 


F(a, y, z) = y*i + 2xj + 5k; S is hemisphere z = (4 a, y’) Te. 


Exercise: 


Problem: 
F(z, y, z) = zi+ 2xj + 3yk; S is upper hemisphere z = J/9— 22 —y. 


Solution: 


// (curl F - N)dS = 187 
Ss 


Exercise: 
Problem: 
F(z, y, z) = (a + 2z)i+ (y — x)j+ (z — y)k; Sis a triangular region with 
vertices (3, 0, 0), (0, 3/2, 0), and (0, 0, 3). 
Exercise: 
Problem: 


F(z, y, z) = 2yi — 6zj + 3zk; S is a portion of paraboloid z = 4 — x? — y? 
and is above the xy-plane. 


Solution: 


[ [tow -N)dS = —8n 


For the following exercises, use Stokes’ theorem to evaluate | / (curl F -N)dS for 
Ss 
the vector fields and surface. 


Exercise: 
Problem: 
F(z, y, z) = xyi — zj and S is the surface of the cube 


0<a2<1,0<y<1,0 < z< 1, except for the face where z = 0, and using 
the outward unit normal vector. 


Exercise: 
Problem: 


F(x, y, z) = xyi+ x7j + 27k; and C is the intersection of paraboloid 
z=a*+y" and plane z = y, and using the outward normal vector. 


Solution: 


| [owe -N)dS =0 


Exercise: 

Problem: 

F(z, y, z) = 4yi + zj + 2yk and C is the intersection of sphere 

a? + y? + z* = 4 with plane z = 0, and using the outward normal vector 
Exercise: 


Problem: 


Use Stokes’ theorem to evaluate / [2xy?zdax + 2a? yzdy + Cale — 22) dz] : 
C 

where C is the curve given by x = cost, y = sint,z = sint,0 <t < 27, 

traversed in the direction of increasing t. 


Solution: 


[Fas =0 
C 


Exercise: 


Problem: 


[T] Use a computer algebraic system (CAS) and Stokes’ theorem to approximate 


line integral / (ydx + zdy + xdz), where C is the intersection of plane 


CG 
x + y = 2 and surface x? + y? + 2? = 2(x+y), traversed counterclockwise 
viewed from the origin. 


Exercise: 


Problem: 


[T] Use a CAS and Stokes’ theorem to approximate line integral 


/ (3ydx + 2zdy — 5adz), where C is the intersection of the xy-plane and 
G 


hemisphere z = 4/1 — x? — y?, traversed counterclockwise viewed from the 
top—that is, from the positive z-axis toward the xy-plane. 


Solution: 


| F - dS = —9.4248 
Cc 


Exercise: 


Problem: 


[T] Use a CAS and Stokes’ theorem to approximate line integral 


; [((1 + y)zdx + (1+ z)ady + (1 + x) ydz], where C is a triangle with 


e 
vertices (1, 0,0), (0, 1,0), and (0, 0, 1) oriented counterclockwise. 


Exercise: 


Problem: 


Use Stokes’ theorem to evaluate | i. curl F - dS, where 
S 
F(z, y, z) = e™%cos zi + x7zj + xyk, and S is half of sphere 


x = 1/1 —y? — 2?, oriented out toward the positive x-axis. 


Solution: 


[[euiP-as =o 
S 


Exercise: 


Problem: 


[T] Use a CAS and Stokes’ theorem to evaluate | / (curl F - N)dS, where 
Ss 
F(x, y,z) = x*yi + xy*j + 2°k and C is the curve of the intersection of plane 


3a + 2y + z = 6 and cylinder x? + y? = 4, oriented clockwise when viewed 
from above. 


Exercise: 


Problem: 


[T] Use a CAS and Stokes’ theorem to evaluate | / curl F - dS, where 


s 
F(z,y,z) = (sin(y +z) — yx? — “ )i+acos (y+ z)j + cos (2y)k and S 
3 


consists of the top and the four sides but not the bottom of the cube with vertices 
(+1, +1, +1), oriented outward. 


Solution: 


// curl F -dS = 2.6667 
S 


Exercise: 


Problem: 
[T] Use a CAS and Stokes’ theorem to evaluate | i curl F - dS, where 


F(z, y, z) = 27i — 3xyj + x°y%k and S is the top part of z = 5 — x” — y? 
above plane z = 1, and S is oriented upward. 
Exercise: 


Problem: 


Use Stokes’ theorem to evaluate | | (curl F - N)dS, where 
S 


F(a, y, z) = 27i+ y*j + zk and S isa triangle with vertices (1, 0, 0), (0, 1, 0) 
and (0, 0, 1) with counterclockwise orientation. 


Solution: 


| (owt yas = ae 


Exercise: 


Problem: 


Use Stokes’ theorem to evaluate line integral / (zdx + dy + ydz), where C is 


C 
a triangle with vertices (3, 0, 0), (0, 0, 2), and (0, 6, 0) traversed in the given 
order. 


Exercise: 


Problem: 


1 
Use Stokes’ theorem to evaluate / (re + zdy + vdz) , where C is the 
C 


curve of intersection of plane x + z = 1 and ellipsoid x? + 2y? + z* = 1, 
oriented clockwise from the origin. 


Zz 


Solution: 


1 
i (Giree + zdy + vdz) =— 
C 


Exercise: 


AA 


Problem: 


Use Stokes’ theorem to evaluate | i (curl F - N)dS, where 
F(a, y,z) = vi+ y?j + ze™k BG is the part of surface z = 1 — x? — 2y? 
with z > 0, oriented counterclockwise. 
Exercise: 
Problem: 
Use Stokes’ theorem for vector field F(z, y, z) = zi + 3aj + 2zk where S is 


surface z = 1 — x? — 2y’, z > 0, Cis boundary circle x? + y? = 1, and S is 
oriented in the positive z-direction. 


Solution: 


[foo F-N)dS = —37 


Exercise: 


Problem: 


Use Stokes’ theorem for vector field F(z, y, z) = — sy — 2xyj + yzk, where 
S is that part of the surface of plane x + y+ z = 1 contained within triangle C 
with vertices (1, 0, 0), (0, 1, 0), and (0, 0, 1), traversed counterclockwise as 
viewed from above. 


Exercise: 
Problem: 
A certain closed path C in plane 2x + 2y + z = 1 is known to project onto unit 


circle x? + y? = 1 in the xy-plane. Let c be a constant and let 
R(a, y, z) = xi+ yj + zk. Use Stokes’ theorem to evaluate 


[tx x R)-d8. 


Solution: 


[ (a x R)-dS = 2ac 
C 


Exercise: 
Problem: 
Use Stokes’ theorem and let C be the boundary of surface z = x? + y? with 


0 <a < 2and0 < y < 1, oriented with upward facing normal. Define 
Equation: 


F(z, y,z) = [sin (x*) + azji+ (x — yz)j+cos (z*)k and evaluate / F - dS. 
C 


Exercise: 


Problem: 


Let S be hemisphere x? + y? + z* = 4 with z > 0, oriented upward. Let 
F(z, y, 2) = xe evi + ye**j + z%e%k be a vector field. Use Stokes’ theorem 


to evaluate curl F - dS. 
S 
Solution: 
[[ oie -as = 0 
S 
Exercise: 
Problem: 


Let F(z, y, z) = zyi+ (e* + )j + (a + y)k and let S be the graph of 
function y = = + = — 1 with z < 0 oriented so that the normal vector S has a 


positive y component. Use Stokes’ theorem to compute integral | i, curl F - dS. 
Ss 


Exercise: 


Problem: 


Use Stokes’ theorem to evaluate f F - dS, where F(a, y, z) = yi+ zj + ak 
and C is a triangle with vertices (0, 0, 0), (2, 0, 0) and (0, —2, 2) oriented 


counterclockwise when viewed from above. 


Solution: 


f¥-ds=~4 


Exercise: 


Problem: 


Use the surface integral in Stokes’ theorem to calculate the circulation of field F, 
F(x, y,z) = x*y%i+ j-+ zk around C, which is the intersection of cylinder 

a” + y* = 4 and hemisphere x” + y? + z? = 16, z > 0, oriented 
counterclockwise when viewed from above. 


z 


I I f f 


'y 


f 


rq 


XK 
f 


‘ 


Exercise: 


Problem: 


Use Stokes’ theorem to compute | / curl F - dS, where 

S 
F(z, y, z) =i+ xy?j + zy’k and S is a part of plane y + z = 2 inside cylinder 
a” + y* = 1 and oriented counterclockwise. 


Solution: 


[[ cuir -as =o 
S 


Exercise: 


Problem: 


Use Stokes’ theorem to evaluate | | curl F - dS, where 

S 
F(a, y, z) = —y*i + vj + 27k and S is the part of plane x + y+ z= 1in the 
positive octant and oriented counterclockwise x > 0, y > 0,z => 0. 


Exercise: 
Problem: 
Let F(z, y, z) = xyi + 2zj — 2yk and let C be the intersection of plane 
a + z= 5 and cylinder x? + y? = 9, which is oriented counterclockwise when 


viewed from the top. Compute the line integral of F over C using Stokes’ 
theorem. 


Solution: 


// curl F -dS = —367 
S 


Exercise: 
Problem: 
[T] Use a CAS and let F(z, y, z) = xy”i+ (yz — x)j + e%*k. Use Stokes’ 
theorem to compute the surface integral of curl F over surface S with inward 
orientation consisting of cube [0,1] x [0,1] x [0,1] with the right side 
missing. 


Exercise: 


Problem: 


° ° 2 2 ° ° 
Let S be ellipsoid 4- + a + z? = 1 oriented counterclockwise and let F be a 
vector field with component functions that have continuous partial derivatives. 


Solution: 


[[ cue =0 
S 


Exercise: 
Problem: 
Let S be the part of paraboloid z = 9 — x? — y? with z > 0. Verify Stokes’ 
theorem for vector field F(a, y, z) = 3zi+ 4aj + 2yk. 


Exercise: 


Problem: 


[T] Use a CAS and Stokes’ theorem to evaluate @ F - dS, if 


C 
F(x, y, z) = (3z— sin z)i+ (x? + eY)j + (y® — cos z)k, where C is the 
curve given by x = cost, y= sint,z=1;0 <¢t < 2rn. 


Solution: 


fF dr=0 
C 


Exercise: 
Problem: 
[T] Use a CAS and Stokes’ theorem to evaluate 


F(z, y, 2) = 2yi + e*j — arctan xk with S as a portion of paraboloid 
z=4-— «x? — y’ cut off by the xy-plane oriented counterclockwise. 


Exercise: 


Problem: 


[T] Use a CAS to evaluate | i curl(F) - dS, where 
S 


F(z, y, Z) = 2zi + 32j + 5yk and S is the surface parametrically by 
r(r,0) = rcos@i-+ rsin 0j + (4 —r)k (O08 = 240 7 <3), 


Solution: 


// curl(F) - dS = 84.8230 
S 


Exercise: 


Problem: 


Let S be paraboloid z = a (1 — x? — y”), for z > 0, where a > 0 is a real 
number. Let F = (x — y,y + z,z — x). For what value(s) of a (if any) does 


| / (V x F)-ndS have its maximum value? 
Ss 


For the following application exercises, the goal is to evaluate 


A= // (V x F)-ndS, where F = (xz, —xz, xy) and S is the upper half of 
Ss 
ellipsoid x? + y? + 8z? = 1, where z > 0. 


Exercise: 


Problem: 
Evaluate a surface integral over a more convenient surface to find the value of A. 


Solution: 


A= fiw x F)-ndS =0 


Exercise: 


Problem: Evaluate A using a line integral. 
Exercise: 
Problem: 
Take paraboloid z = x? + y?, for 0 < z < 4, and slice it with plane y = 0. Let 
S be the surface that remains for y > 0, including the planar surface in the xz- 


plane. Let C be the semicircle and line segment that bounded the cap of S in 
plane z = 4 with counterclockwise orientation. Let 


F = (2z+ y, 22 + z,2y4+ 2). Evaluate // (V x F)-ndS. 
Ss 


Solution: 


Ihe x F)-ndsS = 27 


For the following exercises, let S be the disk enclosed by curve 


C': r(t) = (cos y cost, sin t, sin y cos t), forO < t < 27, whereO <p < Fisa 
fixed angle. 
Exercise: 


Problem: What is the length of C in terms of y? 
Exercise: 


Problem: 
What is the circulation of C of vector field F = (—y, —z, x) as a function of yp? 
Solution: 


C = m (cos y — sin y) 


Exercise: 


Problem: For what value of ¢ is the circulation a maximum? 
Exercise: 
Problem: 
Circle C in plane x + y+ z = 8 has radius 4 and center (2, 3, 3). Evaluate 
F - dr for F = (0, —z, 2y), where C has a counterclockwise orientation 


C 
when viewed from above. 


Solution: 


f Bde = 48n 
C 


Exercise: 


Problem: 


Velocity field v = (0,1 — x”, 0), for |x| < 1 and |z| < 1, represents a 
horizontal flow in the y-direction. Compute the curl of v in a clockwise rotation. 


Exercise: 


Problem: 


Evaluate integral | / (V x F)-ndS, where F = —22zi+ yzj + rye*k and S 
Ss 


is the cap of paraboloid z = 5 — x? — y” above plane z = 3, and n points in the 
positive z-direction on S. 


Solution: 


Ihe x F)-n=0 


For the following exercises, use Stokes’ theorem to find the circulation of the 
following vector fields around any smooth, simple closed curve C. 
Exercise: 


Problem: F = V (x sin ye”) 


Exercise: 
Problem: F = Ce 22ayz?, sry 2) 


Solution: 


0 


Glossary 


Stokes’ theorem 
relates the flux integral over a surface S to a line integral around the boundary C 
of the surface S 


surface independent 
flux integrals of curl vector fields are surface independent if their evaluation 
does not depend on the surface but only on the boundary of the surface 


The Divergence Theorem 


¢ Explain the meaning of the divergence theorem. 
e Use the divergence theorem to calculate the flux of a vector field. 
e Apply the divergence theorem to an electrostatic field. 


We have examined several versions of the Fundamental Theorem of Calculus in higher 
dimensions that relate the integral around an oriented boundary of a domain to a “derivative” of 
that entity on the oriented domain. In this section, we state the divergence theorem, which is the 
final theorem of this type that we will study. The divergence theorem has many uses in physics; 
in particular, the divergence theorem is used in the field of partial differential equations to 
derive equations modeling heat flow and conservation of mass. We use the theorem to calculate 
flux integrals and apply it to electrostatic fields. 


Overview of Theorems 


Before examining the divergence theorem, it is helpful to begin with an overview of the 
versions of the Fundamental Theorem of Calculus we have discussed: 


1. The Fundamental Theorem of Calculus: 
Equation: 


: f' (a)dx = f(b) — f(a). 


This theorem relates the integral of derivative f’ over line segment |a, b] along the x-axis 
to a difference of f evaluated on the boundary. 

2. The Fundamental Theorem for Line Integrals: 
Equation: 


[ vt-de= F(R) - 18) 


where Po is the initial point of C and P, is the terminal point of C. The Fundamental 
Theorem for Line Integrals allows path C to be a path in a plane or in space, not just a line 
segment on the x-axis. If we think of the gradient as a derivative, then this theorem relates 
an integral of derivative V f over path C to a difference of f evaluated on the boundary of 
GC 

3. Green’s theorem, circulation form: 


Equation: 
[fi Q.- Pda [ Pear. 
D C 


Since Q, — Py = curl F - k and curl is a derivative of sorts, Green’s theorem relates the 
integral of derivative curlF over planar region D to an integral of F over the boundary of 
D. 

4. Green’s theorem, flux form: 


Equation: 
// (Pr + Qy)dA = / F . Nas. 
D C 


Since P, + Q, = div F and divergence is a derivative of sorts, the flux form of Green’s 
theorem relates the integral of derivative divF over planar region D to an integral of F 
over the boundary of D. 

5. Stokes’ theorem: 
Equation: 


[fomp-as = [Par 
S C 


If we think of the curl as a derivative of sorts, then Stokes’ theorem relates the integral of 
derivative curlF over surface S (not necessarily planar) to an integral of F over the 
boundary of S. 


Stating the Divergence Theorem 


The divergence theorem follows the general pattern of these other theorems. If we think of 
divergence as a derivative of sorts, then the divergence theorem relates a triple integral of 
derivative divF over a solid to a flux integral of F over the boundary of the solid. More 
specifically, the divergence theorem relates a flux integral of vector field F over a closed 
surface S to a triple integral of the divergence of F over the solid enclosed by S. 


Note: 

The Divergence Theorem 

Let S be a piecewise, smooth closed surface that encloses solid E in space. Assume that S is 
oriented outward, and let F be a vector field with continuous partial derivatives on an open 
region containing E ((link]). Then 


Equation: 
II] div Fav = |f Pas. 
E 
8 


The divergence theorem relates a flux integral 
across a Closed surface S to a triple integral over 
solid E enclosed by the surface. 


Recall that the flux form of Green’s theorem states that | / div FdA = / F - Nds. 
D C 
Therefore, the divergence theorem is a version of Green’s theorem in one higher dimension. 


The proof of the divergence theorem is beyond the scope of this text. However, we look at an 
informal proof that gives a general feel for why the theorem is true, but does not prove the 
theorem with full rigor. This explanation follows the informal explanation given for why 
Stokes’ theorem is true. 


Proof 


Let B be a small box with sides parallel to the coordinate planes inside E ({link]). Let the center 
of B have coordinates (x, y, z) and suppose the edge lengths are Az, Ay, and Az ((link](b)). 
The normal vector out of the top of the box is k and the normal vector out of the bottom of the 
box is —k. The dot product of F = (P,Q, R) with k is R and the dot product with —k is —R. 
The area of the top of the box (and the bottom of the box) AS is ArAy. 


k 
eo | | , 
Az | e 
| | (x, y, 2) 
vy 
Pe —k (x, y,Z- a 


(b) (Cc) 


(a) A small box B inside surface E has sides parallel to the coordinate planes. (b) Box B 
has side lengths Az, Ay, and Az (c) If we look at the side view of B, we see that, since 
(x, y, z) is the center of the box, to get to the top of the box we must travel a vertical 
distance of Az/2 up from (z, y, z). Similarly, to get to the bottom of the box we must 
travel a distance Az/2 down from (z, y, z). 


The flux out of the top of the box can be approximated by R (x, y, z+ 42) ArAy ([link](©) 
and the flux out of the bottom of the box is —R (z,y, z — 42) ArAy. If we denote the 
difference between these values as AR, then the net flux in the vertical direction can be 


approximated by ARAzAy. However, 
Equation: 


ARAzAy = (=) AzAyAz = (=) AV. 
z Zz 


Therefore, the net flux in the vertical direction can be approximated by (2 ) AV. Similarly, 
the net flux in the x-direction can be approximated by (3 uF )AV and the net flux in the y- 


direction can be approximated by (2 2 AV. Adding the fluxes in all three directions gives an 
approximation of the total flux out of the box: 
Equation: 

oP 3 OF a: 

Ox og Oz 


Total flux ~ ( a av = div FAV. 


This approximation becomes arbitrarily close to the value of the total flux as the volume of the 
box shrinks to zero. 


The sum of div FAV over all the small boxes approximating E is approximately 
i} / div FdV. On the other hand, the sum of div FAV over all the small boxes 
E 


approximating FE is the sum of the fluxes over all these boxes. Just as in the informal proof of 
Stokes’ theorem, adding these fluxes over all the boxes results in the cancelation of a lot of the 
terms. If an approximating box shares a face with another approximating box, then the flux 
over one face is the negative of the flux over the shared face of the adjacent box. These two 
integrals cancel out. When adding up all the fluxes, the only flux integrals that survive are the 
integrals over the faces approximating the boundary of E. As the volumes of the approximating 
boxes shrink to zero, this approximation becomes arbitrarily close to the flux over S. 


Example: 
Exercise: 


Problem: 
Verifying the Divergence Theorem 


Verify the divergence theorem for vector field F = (a — y,x + z,z— y) and surface S 
that consists of cone x? + y? = z?,0 < z < 1, and the circular top of the cone (see the 
following figure). Assume this surface is positively oriented. 


field: F=(x-y,x+z,z-y 


Solution: 


Let E be the solid cone enclosed by S. To verify the theorem for this example, we show 
that | i} i div FdV = | i! F - dS by calculating each integral separately. 
E 
Ss 


To compute the triple integral, note that div F = P, + Q, + R, = 2, and therefore the 


triple integral is 
[ff aweav =2 fff av 
E E 


Equation: 
= 2 (volume of EF). 


The volume of a right circular cone is given by rr? =. lnsthis:case. /; = 7. 


2 
If div FdV = 2(volume of E) = = 
E 


To compute the flux integral, first note that S is piecewise smooth; S can be written as a 
union of smooth surfaces. Therefore, we break the flux integral into two pieces: one flux 
integral across the circular top of the cone and one flux integral across the remaining 
portion of the cone. Call the circular top S; and the portion under the top Sz. We start by 
calculating the flux across the circular top of the cone. Notice that S; has 
parameterization 

Equation: 


Therefore, 
Equation: 


r(u,v) = (ucosv, usin v,1),0<u<1,0<v< 2z. 


Then, the tangent vectors are t,, = (cos v, sin v, 0) and t, = (—ucos v, usin v, 0). 
Therefore, the flux across Sj is 
Equation: 


eer 


1 
[Few )- (tu xX ty)dA 
0 
1 


Pus 
He ucosv—usinv,ucosu+ 1,1 —usin v) - (0,0, u)dudu 
0 


1 


I| 
— 


Qn 
i u — u’sin v dudu = 7. 
0 


We now calculate the flux over S2. A parameterization of this surface is 
Equation: 


r (u,v) = (ucosv,usinv,u),0<u<1,0<v< 2Qz. 


The tangent vectors are t,, = (cos v, sin v, 1) and t, = (—usin v, ucos v, 0), so the 
cross product is 
Equation: 


t, x ty = (—ucosv, —usin v, u). 
Notice that the negative signs on the x and y components induce the negative (or inward) 
orientation of the cone. Since the surface is positively oriented, we use vector 


t, x t,, = (ucosv, usin v, —u) in the flux integral. The flux across Sy» is then 
Equation: 


[Les zs [ [ore (u,v))* (ty x ty)dA 


1 2a 
=| / (ucos v — usin v, ucos v + u, u — sin v) - (uCos UV, usin v, —U) 
0 Jo 


1 an 
= / / u’cos2v + 2u?sin v — u2dudu = =a: 
0 Jo 


The total flux across S is 
Equation: 


// pas = |/ F-as+ ff Peds = = [f/f av Pav, 
S2 Sy S» 3 E 


and we have verified the divergence theorem for this example. 


Note: 
Exercise: 


Problem: 
Verify the divergence theorem for vector field F(x, y, z) = («# + y+ z,y, 2x — y) and 


surface S given by the cylinder x? + y? = 1,0 < z < 3 plus the circular top and bottom 
of the cylinder. Assume that S is positively oriented. 


Solution: 


Both integrals equal 67. 
Hint 


Calculate both the flux integral and the triple integral with the divergence theorem and verify 
they are equal. 


Recall that the divergence of continuous field F at point P is a measure of the “outflowing- 
ness” of the field at P. If F represents the velocity field of a fluid, then the divergence can be 
thought of as the rate per unit volume of the fluid flowing out less the rate per unit volume 
flowing in. The divergence theorem confirms this interpretation. To see this, let P be a point 
and let B,. be a ball of small radius r centered at P ({link]). Let S;. be the boundary sphere of 
B,. Since the radius is small and F is continuous, div F (Q) ~ div F (P) for all other points 
Q in the ball. Therefore, the flux across S, can be approximated using the divergence theorem: 


Equation: 
II Fas = |ff av av ~ fff div F (P)dV 
ce B, B, 


Since div F (P) is a constant, 
Equation: 
If div F (P)dV = div F (P)V (B,). 
B, 


Therefore, flux | / F - dS can be approximated by div F (P)V (B,). This approximation 
S; 


gets better as the radius shrinks to zero, and therefore 
Equation: 


div F (P) =lim HLF dS. 


This equation says that the divergence at P is the net rate of outward flux of the fluid per unit 
volume. 


Ball B, of small radius r 
centered at P. 


Using the Divergence Theorem 


The divergence theorem translates between the flux integral of closed surface S and a triple 
integral over the solid enclosed by S. Therefore, the theorem allows us to compute flux 
integrals or triple integrals that would ordinarily be difficult to compute by translating the flux 
integral into a triple integral and vice versa. 


Example: 
Exercise: 


Problem: 
Applying the Divergence Theorem 


Calculate the surface integral | i! F - dS, where S is cylinder x? + y? = 1,0 < z< 2, 
S 


including the circular top and bottom, and F = (= + yz, ie — sin (xz),z-—2—- y). 


Solution: 


We could calculate this integral without the divergence theorem, but the calculation is not 
straightforward because we would have to break the flux integral into three separate 
integrals: one for the top of the cylinder, one for the bottom, and one for the side. 
Furthermore, each integral would require parameterizing the corresponding surface, 
calculating tangent vectors and their cross product, and using [link]. 


By contrast, the divergence theorem allows us to calculate the single triple integral 


/ div FdV, where E is the solid enclosed by the cylinder. Using the divergence 
E 
theorem and converting to cylindrical coordinates, we have 


Equation: 
|[¥-4s = jj div F dV 
s E 
= | (2? + y+ 1)dV 
E 
Me pil 
=| i / (r? + 1)r dz dr dO 
0 o JO 
27 
= af dé = 3n. 
0 
Note: 
Exercise: 
Problem: 


Use the divergence theorem to calculate flux integral | / F - dS, where S is the 
S 
boundary of the box given by0 <a <2,1<y<4,0<2z<1,and 


F = (2? + yz,y — z, 2x + 2y + 2z) (see the following figure). 


Solution: 


30 
Hint 


Calculate the corresponding triple integral. 


Example: 
Exercise: 


Problem: 
Applying the Divergence Theorem 


Let v = (—4, =,0) be the velocity field of a fluid. Let C be the solid cube given by 


Bg? B? 


1<2<4,2<y<5,1 < z< 4, and let S be the boundary of this cube (see the 


following figure). Find the flow rate of the fluid across S. 
5 


Vector field v = (—¥, £,0). 
z z 


Solution: 


The flow rate of the fluid across S is | / v - dS. Before calculating this flux integral, 
Ss 
let’s discuss what the value of the integral should be. Based on [link], we see that if we 


place this cube in the fluid (as long as the cube doesn’t encompass the origin), then the 
rate of fluid entering the cube is the same as the rate of fluid exiting the cube. The field is 
rotational in nature and, for a given circle parallel to the xy-plane that has a center on the 
z-axis, the vectors along that circle are all the same magnitude. That is how we can see 
that the flow rate is the same entering and exiting the cube. The flow into the cube 
cancels with the flow out of the cube, and therefore the flow rate of the fluid across the 
cube should be zero. 


To verify this intuition, we need to calculate the flux integral. Calculating the flux integral 
directly requires breaking the flux integral into six separate flux integrals, one for each 
face of the cube. We also need to find tangent vectors, compute their cross product, and 
use [link]. However, using the divergence theorem makes this calculation go much more 


quickly: 
Equation: 
|[-4 = fff div (v)dV 
e C 
= fff ow =o. 
C 


Therefore the flux is zero, as expected. 


Note: 
Exercise: 


Problem: 

Let v = (2, 4,0) be the velocity field of a fluid. Let C be the solid cube given by 
1<¢<4,2<y<5,1< z< 4, and let S be the boundary of this cube (see the 
following figure). Find the flow rate of the fluid across S. 


Solution: 


9 In (16) 
Hint 


Use the divergence theorem and calculate a triple integral. 


[link] illustrates a remarkable consequence of the divergence theorem. Let S be a piecewise, 
smooth closed surface and let F be a vector field defined on an open region containing the 
surface enclosed by S. If F has the form F = (f (y, z), g(x, z), h (x, y)), then the divergence 
of F is zero. By the divergence theorem, the flux of F across S is also zero. This makes certain 
flux integrals incredibly easy to calculate. For example, suppose we wanted to calculate the 


flux integral | | F - dS where S is a cube and 


8 
Equation: 


F = (sin (y)e”, xz”, cos (xy)e""*). 


Calculating the flux integral directly would be difficult, if not impossible, using techniques we 
studied previously. At the very least, we would have to break the flux integral into six integrals, 
one for each face of the cube. But, because the divergence of this field is zero, the divergence 
theorem immediately shows that the flux integral is zero. 


We can now use the divergence theorem to justify the physical interpretation of divergence that 
we discussed earlier. Recall that if F is a continuous three-dimensional vector field and P is a 
point in the domain of F, then the divergence of F at P is a measure of the “outflowing-ness” of 
F at P. If F represents the velocity field of a fluid, then the divergence of F at P is a measure of 
the net flow rate out of point P (the flow of fluid out of P less the flow of fluid in to P). To see 
how the divergence theorem justifies this interpretation, let B, be a ball of very small radius r 
with center P, and assume that B,. is in the domain of F. Furthermore, assume that B,. has a 
positive, outward orientation. Since the radius of B, is small and F is continuous, the 
divergence of F is approximately constant on B,. That is, if P’ is any point in B,, then 

div F(P) div F(P’). Let S, denote the boundary sphere of B,.. We can approximate the 
flux across S, using the divergence theorem as follows: 


Equation: 
[fa = fff. div F dV 
~ fff div F(P)dv 


= div F(P)V(B,). 


As we shrink the radius r to zero via a limit, the quantity div F(P)V(B,.) gets arbitrarily close 
to the flux. Therefore, 
Equation: 


div F(P) = lima ff F -dS 


and we can consider the divergence at P as measuring the net rate of outward flux per unit 
volume at P. Since “outflowing-ness” is an informal term for the net rate of outward flux per 
unit volume, we have justified the physical interpretation of divergence we discussed earlier, 
and we have used the divergence theorem to give this justification. 


Application to Electrostatic Fields 


The divergence theorem has many applications in physics and engineering. It allows us to write 
many physical laws in both an integral form and a differential form (in much the same way that 
Stokes’ theorem allowed us to translate between an integral and differential form of Faraday’s 
law). Areas of study such as fluid dynamics, electromagnetism, and quantum mechanics have 
equations that describe the conservation of mass, momentum, or energy, and the divergence 
theorem allows us to give these equations in both integral and differential forms. 


One of the most common applications of the divergence theorem is to electrostatic fields. An 
important result in this subject is Gauss’ law. This law states that if S is a closed surface in 
electrostatic field E, then the flux of E across S is the total charge enclosed by S (divided by an 
electric constant). We now use the divergence theorem to justify the special case of this law in 
which the electrostatic field is generated by a stationary point charge at the origin. 


If (x, y, z) is a point in space, then the distance from the point to the origin is 
r= /x2+y? + 22. Let F, denote radial vector field F,, = ae =) 2), The vector at a 
given position in space points in the direction of unit radial vector (2 Yo2 ) and is scaled by 


ro pp 
the quantity 1/r?. Therefore, the magnitude of a vector at a given point is inversely 
proportional to the square of the vector’s distance from the origin. Suppose we have a 
stationary charge of q Coulombs at the origin, existing in a vacuum. The charge generates 
electrostatic field E given by 


Equation: 


i 
ATreEg 


QT? 


where the approximation €9 = 8.854 x 10~) farad (F)/m is an electric constant. (The 
constant €9 is a measure of the resistance encountered when forming an electric field in a 
vacuum.) Notice that E is a radial vector field similar to the gravitational field described in 
[link]. The difference is that this field points outward whereas the gravitational field points 
inward. Because 

Equation: 


| re ee ov) 
Ate Aneg \r? \r' rr 


we Say that electrostatic fields obey an inverse-square law. That is, the electrostatic force at a 
given point is inversely proportional to the square of the distance from the source of the charge 
(which in this case is at the origin). Given this vector field, we show that the flux across closed 
surface S is zero if the charge is outside of S, and that the flux is q/éo if the charge is inside of 
S. In other words, the flux across S is the charge inside the surface divided by constant €9. This 
is a special case of Gauss’ law, and here we use the divergence theorem to justify this special 
case. 


To show that the flux across S is the charge inside the surface divided by constant €9, we need 
two intermediate steps. First we show that the divergence of F’, is zero and then we show that 
the flux of F, across any smooth surface S is either zero or 47r. We can then justify this special 
case of Gauss’ law. 


Example: 
Exercise: 


Problem: 
The Divergence of F,. Is Zero 


Verify that the divergence of F,, 


Solution: 


is zero where F’,. is defined (away from the origin). 


Since r = 1/2? + y? + 2?, the quotient rule gives us 


Equation: 
0 (=z 
bc (57) 
Similarly, 
Equation: 
a2) 
dy \r3/ 
Therefore, 
Equation: 
div F, 


} 


(a ee 
( (a2-+y2+22)3? ) 


(2? Ly24 2)? z|3 (a? Ly? 2) 2a 


2 


(wP+y?-+22)° 
r?—3x7 
r® 


r—3a°r __ 
76 


r?—327 
5B 
= 3r?—3 (a? +y?+z7) 


29,2 
ri—sy 32" 
+ 7 + 5 


ei 
3r27—3r?7 
~ == 0. 


Notice that since the divergence of F, is zero and E is F, scaled by a constant, the divergence 
of electrostatic field E is also zero (except at the origin). 


Note: 
Flux across a Smooth Surface 


Let S be a connected, piecewise smooth closed surface and let F,. = = ( pa S = ,. 


Equation: 


| i FASS 0 if S does not encompass the origin 
sl | 4n if S encompasses the origin. 


In other words, this theorem says that the flux of F,. across any piecewise smooth closed 
surface S depends only on whether the origin is inside of S. 


Proof 


The logic of this proof follows the logic of [link], only we use the divergence theorem rather 
than Green’s theorem. 


First, suppose that S does not encompass the origin. In this case, the solid enclosed by S is in 
the domain of F’,., and since the divergence of F,. is zero, we can immediately apply the 


divergence theorem and find that | / F - dS is zero. 
Ss 


Now suppose that S does encompass the origin. We cannot just use the divergence theorem to 
calculate the flux, because the field is not defined at the origin. Let S, be a sphere of radius a 
inside of S centered at the origin. The outward normal vector field on the sphere, in spherical 
coordinates, is 

Equation: 


ty x te= (a*cos 6 sin”¢, a’sin 6 sin’¢, a”sin ¢ cos d) 
(see [link]). Therefore, on the surface of the sphere, the dot product F, - N (in spherical 


coordinates) is 
Equation: 


singdcos@ singsind c F : ‘ ‘ 
F,-N = mo cos , moon , aso . (a?cos 0 sin’, a’sin 0 sin’¢, a?sin ¢ cos d) 


sin ¢ ((sin ¢ cos @, sin ¢ sin 9, cos ¢) - (sin ¢ cos 9, sin ¢ sin 8, cos ¢)) 


= sin ¢. 


The flux of F, across S, is 


Equation: 
20 T 
// F,-NdS = / / sin dd¢dd = An. 
Sa 0 0 


Now, remember that we are interested in the flux across S, not necessarily the flux across Sq. 
To calculate the flux across S, let E be the solid between surfaces S, and S. Then, the boundary 
of E consists of S, and S. Denote this boundary by S — S, to indicate that S is oriented 
outward but now S, is oriented inward. We would like to apply the divergence theorem to solid 
E. Notice that the divergence theorem, as stated, can’t handle a solid such as E because E has a 
hole. However, the divergence theorem can be extended to handle solids with holes, just as 
Green’s theorem can be extended to handle regions with holes. This allows us to use the 
divergence theorem in the following way. By the divergence theorem, 


Equation: 
II F..-dS = ff e-as- ff F,.-dS 
S—Sa Ss Sa 
- If divF, dV 
E 
= fff ow =o. 
E 
Therefore, 
Equation: 


[fe as= |f F,.- dS = 4n, 
S Sa 


and we have our desired result. 


Now we return to calculating the flux across a smooth surface in the context of electrostatic 
field KE = ta Fr of a point charge at the origin. Let S be a piecewise smooth closed surface 


that encompasses the origin. Then 
| (i 1 _F,.dS 
Ss ATEp 


Equation: 
// E-ds 
S 
ss // F, -dS 
Ss 
q . 


Eo 


If S does not encompass the origin, then 
Equation: 


[[=- q [fF -as=0. 
Ss ATreg Ss 


Therefore, we have justified the claim that we set out to justify: the flux across closed surface S 
is zero if the charge is outside of S, and the flux is q/€o if the charge is inside of S. 


This analysis works only if there is a single point charge at the origin. In this case, Gauss’ law 
says that the flux of E across S is the total charge enclosed by S. Gauss’ law can be extended to 
handle multiple charged solids in space, not just a single point charge at the origin. The logic is 
similar to the previous analysis, but beyond the scope of this text. In full generality, Gauss’ law 
states that if S is a piecewise smooth closed surface and Q is the total amount of charge inside 
of S, then the flux of E across S is Q/€o. 


Example: 
Exercise: 


Problem: 
Using Gauss’ law 


Suppose we have four stationary point charges in space, all with a charge of 0.002 
Coulombs (C). The charges are located at 

(0,1, 1), (1, 1,4), (—1,0,0), and (—2, —2, 2). Let E denote the electrostatic field 
generated by these point charges. If S is the sphere of radius 2 oriented outward and 


centered at the origin, then find | i E-ds. 
Ss 


Solution: 


According to Gauss’ law, the flux of E across S is the total charge inside of S divided by 
the electric constant. Since S has radius 2, notice that only two of the charges are inside of 
S: the charge at (0, 1, 1) and the charge at (—1, 0,0). Therefore, the total charge 
encompassed by S is 0.004 and, by Gauss’ law, 


Equation: 
004 
[[#-4- ae ~ 4.518 x 10° V-m. 
s 8.854 x 10°” 


Note: 
Exercise: 


Problem: 


Work the previous example for surface S that is a sphere of radius 4 centered at the origin, 
oriented outward. 


Solution: 


6.777 x 10° 
Hint 


Use Gauss’ law. 


Key Concepts 


¢ The divergence theorem relates a surface integral across closed surface S to a triple 
integral over the solid enclosed by S. The divergence theorem is a higher dimensional 
version of the flux form of Green’s theorem, and is therefore a higher dimensional version 
of the Fundamental Theorem of Calculus. 

e The divergence theorem can be used to transform a difficult flux integral into an easier 
triple integral and vice versa. 

e The divergence theorem can be used to derive Gauss’ law, a fundamental law in 
electrostatics. 


Key Equations 


¢ Divergence theorem 
[ff aweav = [fas 
E 
S 


For the following exercises, use a computer algebraic system (CAS) and the divergence 


theorem to evaluate surface integral / F - nds for the given choice of F and the boundary 
S 
surface S. For each closed surface, assume N is the outward unit normal vector. 


Exercise: 


Problem: 


[T] F(z, y, z) = xi+ yj + zk; S is the surface of cube 
C220 <9 Le 2d. 


Exercise: 


Problem: 


[T] F(z, y, z) = (cos yz)i+ e**j + 327k; S is the surface of hemisphere 
z= 1/4— «x? — y? together with disk x? + y” < 4 in the xy-plane. 


Solution: 
/ F - nds = 75.3982 
S 


Exercise: 


Problem: 


[T] F(z, y, z) = (a? ty? a?)i | xy j + 3zk; S is the surface of the five faces of unit 
cubeO<2<10<y<10<2z<1. 


Exercise: 


Problem: 


[T] F(z, y, z) = xi+ yj + zk; S is the surface of paraboloid 
zg=a2*+y*for0<z<9. 


Solution: 


/ F - nds = 127.2345 
Ss 


Exercise: 


Problem: 


[T] F(a, y, z) = xi + y*j + 27k; S is the surface of sphere x? + y* + z? = 4. 
Exercise: 


Problem: 


[T] F(x, y, z) = i+ yj + (2? — 1)k; S is the surface of the solid bounded by cylinder 
a” + y* = 4and planes z = Oandz = 1. 


Solution: 


i. F - nds = 37.6991 
Ss 


Exercise: 


Problem: 


[T] F(z, y, 2) = vy*i+ yz?j + xk; S is the surface bounded above by sphere p = 2 
and below by cone y = 7 in spherical coordinates. (Think of S as the surface of an “ice 
cream cone.” 


Exercise: 


Problem: 


[T] F(z, y, z) = xi + yj + 3a7zk (constant a > 0); S is the surface bounded by 
cylinder x? + y* = a” and planes z = Oandz = 1. 


Solution: 


[Penis = 8" 
Ss 


Exercise: 


Problem: 


[T] Surface integral | / F-.dS, where S is the solid bounded by paraboloid z = x? + y? 
8 
and plane z = 4, and F(z, y, z) = (x + y*z”)it+ (yt 2a7)j + (z+ 27y?)k 
Exercise: 


Problem: 


Use the divergence theorem to calculate surface integral | is F-dS, where 
S 


F(a, y,z) = (c”*)i + (y+ sin (z*))j + (z — 1)k and S is upper hemisphere 
xz? + y? + 2% =1,z> 0, oriented upward. 


Solution: 


|[ 4s = 


Exercise: 


oA 


Problem: 


Use the divergence theorem to calculate surface integral | fi F-dS, where 
S 

F(z, y,z) = x4i — 232z*j + 4xy?zk and S is the surface bounded by cylinder 

a” + y* = 1andplanes z = x + 2 andz=0. 


Exercise: 


Problem: 


Use the divergence theorem to calculate surface integral | / F - dS when 
S 
F(z, y,z) = x729i+ 2aryz*j + xz‘k and S is the surface of the box with vertices 


(£1, +2, +3). 


Solution: 


|[-#-48=0 


Exercise: 


Problem: 


Use the divergence theorem to calculate surface integral | i F - dS when 
S 
F(x,y,z) = ztan + (y?)i + 2°In (o *e 1)j + zk and S is a part of paraboloid 


a” + y* + z = 2 that lies above plane z = 1 and is oriented upward. 
Exercise: 


Problem: 


[T] Use a CAS and the divergence theorem to calculate flux | / F - dS, where 

Ss 
F(z, y,z) = (a y)i (y° z°)j (2° a*)k and S is a sphere with center (0, 0) 
and radius 2. 


Solution: 


// F - dS = 241.2743 
S 


Exercise: 


Problem: 


Use the divergence theorem to compute the value of flux integral | / F - dS, where 
S 

F(2x,y,z) = (y* + 3z)i+ (zz + y)j + [z + x*cos (xy) |k and S is the area of the 

region bounded by x? + y? =1,2>0,y>0, andO<z< 1. 


Exercise: 


Problem: 


Use the divergence theorem to compute flux integral | i: F - dS, where 
S 


F(a, y, z) = yj — zk and S consists of the union of paraboloid y = x? + z?,0< y <1, 
and disk x? + z? < 1, y = 1, oriented outward. What is the flux through just the 
paraboloid? 


Solution: 


[| F=-" 


Exercise: 


Problem: 


Use the divergence theorem to compute flux integral | / F - dS, where 
S 


F(z, y,z) =x + yj + 2k and S isa part of cone z = x? + y? beneath top plane 
z = 1, oriented downward. 


Exercise: 


Problem: 


Use the divergence theorem to calculate surface integral | / F - dS for 
S 


F(z, y,z) = x4i — x32°j + 4xy?zk, where S is the surface bounded by cylinder 
xz? + y* = 1 and planes z= 2 + 2andz=0. 
Solution: 
- 5.227 
| | F-dS = 
Exercise: 
Problem: 


Consider F(z, y, z) = xi + xyj + (z+ 1)k. Let E be the solid enclosed by paraboloid 
z=4-— 27 — y’ and plane z = 0 with normal vectors pointing outside E. Compute flux 
F across the boundary of E using the divergence theorem. 


For the following exercises, use a CAS along with the divergence theorem to compute the net 
outward flux for the fields across the given surfaces S. 
Exercise: 


Problem: [T] F = (x, —2y, 3z); S is sphere {(x, y, z): a7 + y? + 27 = 6}. 


Solution: 


16\/6r 


Exercise: 


Problem: 


[T] F = (2, 2y, z); S is the boundary of the tetrahedron in the first octant formed by plane 
Pry? Sj 


Exercise: 


Problem: 
[T] F = (y — 22, 2° — y,y” — z); Sis sphere {(a,y,z): 27 +y? +2? =4}. 


Solution: 
_ 128 
3 Tv 


Exercise: 


Problem: 


[T] F = (z, y, z); S is the surface of paraboloid z = 4 — x? — y’, for z > 0, plus its base 
in the xy-plane. 


For the following exercises, use a CAS and the divergence theorem to compute the net outward 
flux for the vector fields across the boundary of the given regions D. 
Exercise: 


Problem: 


[T] F = (z— 2,2 — y, 2y — z); Dis the region between spheres of radius 2 and 4 
centered at the origin. 


Solution: 


—703.7168 
Exercise: 


Problem: 


a ee (ZY2Z) on: . . 
[T] F = Bl Vatageie D is the region between spheres of radius 1 and 2 centered at 
the origin. 
Exercise: 
Problem: 
[T] F = (x?, —y’, z*); Dis the region in the first octant between planes z = 4 — a — y 
and2,=2—-7-—y. 


Solution: 


20 
Exercise: 


Problem: 
Let F(z, y, z) = 2xi — 3xyj + xz7k. Use the divergence theorem to calculate 
/ F - dS, where S is the surface of the cube with comers at (0,0, 0), (1, 0, 0), (0, 1, 0), 
Ss 
(1, 1,0), (0,0,1), (1,0, 1), (0,1, 1), and (1, 1, 1), oriented outward. 


Exercise: 


Problem: 


Use the divergence theorem to find the outward flux of field 
F(a, y, z) = (a — 3y)i+ (2yz + 1)j + vyzk through the cube bounded by planes 
gS ely =e, ands = a1, 


Solution: 


[[F-as=8 


Exercise: 
Problem: 
Let F(a, y, z) = 2xi — 3yj + 5zk and let S be hemisphere z = 1/9 — x? — y? together 
with disk x? + y? < 9 in the xy-plane. Use the divergence theorem. 

Exercise: 


Problem: 


Evaluate // F - NdS, where F(z, y, z) = x7i+ xyj + x®y*k and S is the surface 
Ss 


consisting of all faces except the tetrahedron bounded by plane z + y + z = 1 and the 
coordinate planes, with outward unit normal vector N. 


Solution: 


[fe Nas=3 
S 


Exercise: 


Problem: 
Find the net outward flux of field F = (bz — cy, cx — az, ay — bx) across any smooth 
closed surface in R’, where a, b, and c are constants. 

Exercise: 


Problem: 


Use the divergence theorem to evaluate | / ||RIIR - nds, where 
s 
R(x, y, Z) = xi+ yj + zk and S is sphere x? + y* + z? = a?, with constant a > 0. 


Solution: 


// IRINR- nds = 4ra4 
S 


Exercise: 


Problem: 
Use the divergence theorem to evaluate jj / F - dS, where 


Ss 
F(z, y, z) = y?2i+ y°j + vzk and S is the boundary of the cube defined by 


—-l<e¢<l1,-l<y<1l,and0<z<2. 
Exercise: 


Problem: 


Let R be the region defined by x? + y? + z? < 1. Use the divergence theorem to find 


If] 2ev. 


Solution: 


[].r0-* 
R 


Exercise: 


Problem: 


Let E be the solid bounded by the xy-plane and paraboloid z = 4 — x? — y’ so that S is 
the surface of the paraboloid piece together with the disk in the xy-plane that forms its 


bottom. If F(x, y, z) = (xzsin(yz) + x*)i + cos (yz)j + (34 _ ev i, find 


| / F - dS using the divergence theorem. 
S 


Exercise: 
Problem: 
Let E be the solid unit cube with diagonally opposite corners at the origin and (1, 1, 1), 
and faces parallel to the coordinate planes. Let S be the surface of FE, oriented with the 


outward-pointing normal. Use a CAS to find | / F - dS using the divergence theorem if 
Ss 
F(x, y, z) = 2xyi + 3ye*j + x sin zk. 


Solution: 


// F - dS = 6.5759 
Ss 


Exercise: 
Problem: 
Use the divergence theorem to calculate the flux of F(z, y, z) = 2°i + y°j + z°k through 
sphere x? + y? + 22 = 1. 


Exercise: 


Problem: 


Find i / F - dS, where F(z, y, z) = xi+ yj + zk and S is the outwardly oriented 
Ss 


surface obtained by removing cube [1,2] x [1,2] x [1,2] from cube 
[0,2] x [0,2] x [0, 2]. 


Solution: 
| / F-dS = 21 
8 
Exercise: 
Problem: 
Consider radial vector field F = Te = ar Compute the surface integral, where 


S is the surface of a sphere of radius a centered at the origin. 
Exercise: 
Problem: 


Compute the flux of water through parabolic cylinder S : y = x”, from 
0<2< 2,0 <z <3, if the velocity vector is F(z, y, z) = 3z7i + 6j + 6xzk. 


Solution: 


[fe asar 
S 


Exercise: 


Problem: 


[T] Use a CAS to find the flux of vector field F(z, y, z) = zi+ zj + x? + y?k across 


the portion of hyperboloid x? + y? = z? + 1 between planes z = 0 and z = _ oriented 
so the unit normal vector points away from the z-axis. 

Exercise: 
Problem: 


[T] Use a CAS to find the flux of vector field 
F(z, y, z) = (e¥ + x)i+ (3 cos(xz) — y)j + zk through surface S, where S is given by 


z* = 4x” + Ay’ from 0 < z < 4, oriented so the unit normal vector points downward. 


Solution: 


// F - dS = —33.5103 
S 


Exercise: 


Problem: 


[T] Use a CAS to compute // F - dS, where F(z, y, z) = zi+ yj + 2zk and S is a part 
Ss 
of sphere x? + y? + 2? =2withO<z<1. 


Exercise: 


Problem: 


Evaluate // F - dS, where F(z, y, z) = bry*i + br? yj + (x? + y”)z?k and Sisa 
Ss 
closed surface bounding the region and consisting of solid cylinder 2? + y? < a? and 


0<z<b. 


Solution: 


[[ Pas = nav? 
S 


Exercise: 
Problem: 
[T] Use a CAS to calculate the flux of 
F(a, y, z) = (a + ysin z)i+ (y? + zsin z)j + 3zk across surface S, where S is the 
boundary of the solid bounded by hemispheres z = \/4 — x? — y? and 
z= V/1-— <2? —y’, and plane z = 0. 
Exercise: 


Problem: 


Use the divergence theorem to evaluate | / F - dS, where 
Ss 
F(a, y, z) = xyi — yj + zk and S is the surface consisting of three pieces: 


g=4— 37" = 391 < z<4on the top; x7 + y? = 1,0 < z< 1 onthe sides; and 
z = 0 on the bottom. 


Solution: 


[fe as=4n 
S 


Exercise: 


Problem: 


[T] Use a CAS and the divergence theorem to evaluate i ii F - dS, where 

S 
F(a, y, z) = (2 + ycos z)i+ (x* — y)j + y?zk and Sis sphere x? + y* + 2? =4 
orientated outward. 


Exercise: 


Problem: 


Use the divergence theorem to evaluate | / F - dS, where F(z, y, z) = zi+ yj + zk 
S 
and S is the boundary of the solid enclosed by paraboloid y = x? + z? — 2, cylinder 


x” + z* = 1, and plane x + y = 2, and S is oriented outward. 


Solution: 


[fe s-% 
S 


For the following exercises, Fourier’s law of heat transfer states that the heat flow vector F at a 
point is proportional to the negative gradient of the temperature; that is, F = —kVT’, which 
means that heat energy flows hot regions to cold regions. The constant k > 0 is called the 
conductivity, which has metric units of joules per meter per second-kelvin or watts per meter- 
kelvin. A temperature function for region D is given. Use the divergence theorem to find net 


outward heat flux | / F-NdS = —-k | i. VT - NdsS across the boundary S of D, where 
Ss Ss 


k=1. 
Exercise: 


Problem: 
T (ay; 2) =100+2 + 2y4+2D ={(a,y:2z) 0s e¢<10<y<1,0< 7< 1} 


Exercise: 


Problem: T(z, y,z) = 100+ e°*; D= {(z,y,z):0<a2<1,0<y<1,0<z<1} 


Solution: 


aie) 


Exercise: 


Problem: T(z, y, z) = 100e~* ~Y’~*; D is the sphere of radius a centered at the origin. 


Chapter Review Exercises 


True or False? Justify your answer with a proof or a counterexample. 
Exercise: 


Problem: Vector field F(x, y) = x?yi + y’2j is conservative. 


Solution: 


False 
Exercise: 


Problem: 


For vector field F(z, y) = P(x, y)i+ Q(z, y)j, if Py(x, y) = Q2(z, y) in open region 


D, then i, Pdzx + Qdy = 0. 
OD 


Exercise: 


Problem: The divergence of a vector field is a vector field. 


Solution: 


False 


Exercise: 
Problem: If curl F = 0, then F is a conservative vector field. 


Draw the following vector fields. 
Exercise: 


Problem: F (x,y) = si+ 2aj 


Solution: 


Exercise: 


Problem: F (x,y) = ae 


Are the following the vector fields conservative? If so, find the potential function f such that 
P= Vj; 
Exercise: 


Problem: F (x, y) = yi + (x — 2e”)j 
Solution: 


Conservative, f(x, y) = ry — 2e4 


Exercise: 


Problem: F (x,y) = (6xy)i+ (3x? — ye")j 


Exercise: 


Problem: F (x,y, z) = (2ay + 2*)i+ (x? + 2yz)j + (2xz+ y”)k 
Solution: 


Conservative, f(x,y, z) = x7y+ y2z+ 272 


Exercise: 


Problem: F(z, y, z) = (e"y)i+ (e” + z)j+ (e* +y")k 


Evaluate the following integrals. 
Exercise: 


Problem: [oa + (2x — 3xy)dz, along C : y= +2 from (0, 0) to (4, 2) 


Exercise: 
Problem: [va + zy*dy, where C: 2 = Vt,y=t—1,0<t<1 
C 


Exercise: 


Problem: // ay’ dS, where S is surface z = 2 —y,0<a2<1,0<y<4 
Ss 


Solution: 
BY (33 - 1) 


Find the divergence and curl for the following vector fields. 
Exercise: 


Problem: F(z, y, z) = 3xyzi + rye*j — 3ryk 


Exercise: 
Problem: F(z, y, z) = e*i+ e*¥j + e?”k 
Solution: 
Divergence: e” + xe*¥ + xye*™, curl: xze*’i — yze*”’j + ye"%k 


Use Green’s theorem to evaluate the following integrals. 
Exercise: 


Problem: 


[ seude + 2ay?dy, where C is a square with vertices (0, 0), (0, 2), (2, 2) and (2, 0) 
C 


Exercise: 
Problem: $ 3ydx + (x + e¥)dy, where C is a circle centered at the origin with radius 3 
G 


Solution: 


—27 


Use Stokes’ theorem to evaluate / / curlF - dS. 
S 


Exercise: 


Problem: F(z, y, z) = yi — xj + zk, where S is the upper half of the unit sphere 
Exercise: 


Problem: 


F(z, y, z) = yi + xyzj — 2zak, where S is the upward-facing paraboloid z = x? + y? 
lying in cylinder x? + y? =1 


Solution: 


TE, 


Use the divergence theorem to evaluate / / F - dS. 
S 


Exercise: 


Problem: 


F(a, y,z) = (wy)it+ (3y — e”)j + (z + 2)k, over cube S' defined by —1 < x <1, 
0<y<2,0<2z<2 


Exercise: 


Problem: 


F(a, y, z) = (2xy)i+ (—y*)j + (2z*)k, where S is bounded by paraboloid 
z=2*+y? and plane z = 2 


Solution: 


3171/2 
Exercise: 
Problem: 
Find the amount of work performed by a 50-kg woman ascending a helical staircase with 
radius 2 m and height 100 m. The woman completes five revolutions during the climb. 
Exercise: 
Problem: 


Find the total mass of a thin wire in the shape of a semicircle with radius \/2, anda 
density function of p (x,y) =y+2?. 


Solution: 


/2(2+7) 
Exercise: 
Problem: 
Find the total mass of a thin sheet in the shape of a hemisphere with radius 2 for z > 0 
with a density function p (2, y,z) = x2@+y+z. 
Exercise: 
Problem: 


Use the divergence theorem to compute the value of the flux integral over the unit sphere 
with F(a, y, z) = 3zi + 2yj + 2zk. 


Solution: 


27/3 


Glossary 


divergence theorem 


a theorem used to transform a difficult flux integral into an easier triple integral and vice 
versa 


Gauss’ law 
if S is a piecewise, smooth closed surface in a vacuum and Q is the total stationary charge 
inside of S, then the flux of electrostatic field E across S is Q/é 


inverse-square law 
the electrostatic force at a given point is inversely proportional to the square of the 
distance from the source of the charge 


Introduction 
class="introduction" 


A 
motorcycl 
e 
suspension 
system is 
an 
example 
of a 
damped 
spring- 
mass 
system. 
The spring 
absorbs 
bumps and 
keeps the 
tire in 
contact 
with the 
road. The 
shock 
absorber 
damps the 
motion so 
the 
motorcycl 
e does not 
continue 
to bounce 
after going 
over each 
bump. 
(credit: 


nSeika, 
Flickr) 


We have already studied the basics of differential equations, including 
separable first-order equations. In this chapter, we go a little further and 
look at second-order equations, which are equations containing second 
derivatives of the dependent variable. The solution methods we examine are 
different from those discussed earlier, and the solutions tend to involve 
trigonometric functions as well as exponential functions. Here we 
concentrate primarily on second-order equations with constant coefficients. 


Such equations have many practical applications. The operation of certain 
electrical circuits, known as resistor—inductor—capacitor (RLC) circuits, can 
be described by second-order differential equations with constant 
coefficients. These circuits are found in all kinds of modern electronic 
devices—from computers to smartphones to televisions. Such circuits can 
be used to select a range of frequencies from the entire radio wave 
spectrum, and are they commonly used for tuning AM/FM radios. We look 
at these circuits more closely in Applications. 


Spring-mass systems, such as motorcycle shock absorbers, are a second 
common application of second-order differential equations. For motocross 
riders, the suspension systems on their motorcycles are very important. The 
off-road courses on which they ride often include jumps, and losing control 
of the motorcycle when landing could cost them the race. The movement of 
the shock absorber depends on the amount of damping in the system. In this 
chapter, we model forced and unforced spring-mass systems with varying 
amounts of damping. 


Second-Order Linear Equations 


e Recognize homogeneous and nonhomogeneous linear differential 
equations. 

e Determine the characteristic equation of a homogeneous linear equation. 

e Use the roots of the characteristic equation to find the solution to a 
homogeneous linear equation. 

e Solve initial-value and boundary-value problems involving linear 
differential equations. 


When working with differential equations, usually the goal is to find a solution. 
In other words, we want to find a function (or functions) that satisfies the 
differential equation. The technique we use to find these solutions varies, 
depending on the form of the differential equation with which we are working. 
Second-order differential equations have several important characteristics that 
can help us determine which solution method to use. In this section, we 
examine some of these characteristics and the associated terminology. 


Homogeneous Linear Equations 


Consider the second-order differential equation 
Equation: 


yl + 2x74! + dary = 0. 


Notice that y and its derivatives appear in a relatively simple form. They are 
multiplied by functions of x, but are not raised to any powers themselves, nor 
are they multiplied together. As discussed in Introduction to Differential 
Equations, first-order equations with similar characteristics are said to be linear. 
The same is true of second-order equations. Also note that all the terms in this 
differential equation involve either y or one of its derivatives. There are no 
terms involving only functions of x. Equations like this, in which every term 
contains y or one of its derivatives, are called homogeneous. 


Not all differential equations are homogeneous. Consider the differential 
equation 
Equation: 


cyl + 2x7y! + Say = x”. 


The x? term on the right side of the equal sign does not contain y or any of its 
derivatives. Therefore, this differential equation is nonhomogeneous. 


Note: 

Definition 

A second-order differential equation is linear if it can be written in the form 
Equation: 


az (x)y + a; (x)y' + ao (x)y = 7 (ax), 


where a2(x), a1(x), ao(x), and r(a) are real-valued functions and a2(z) is not 
identically zero. If r(z) = O—in other words, if r(a) = 0 for every value of x 
—the equation is said to be a homogeneous linear equation. If r(x) 4 0 for 
some value of z, the equation is said to be a nonhomogeneous linear 
equation. 


Note: 
Visit this website to study more about second-order linear differential 
equations. 


In linear differential equations, y and its derivatives can be raised only to the 
first power and they may not be multiplied by one another. Terms involving y 


or / y! make the equation nonlinear. Functions of y and its derivatives, such as 
siny or e”, are similarly prohibited in linear differential equations. 


Note that equations may not always be given in standard form (the form shown 
in the definition). It can be helpful to rewrite them in that form to decide 
whether they are linear, or whether a linear equation is homogeneous. 


Example: 
Exercise: 


Problem: 
Classifying Second-Order Equations 


Classify each of the following equations as linear or nonlinear. If the 
equation is linear, determine further whether it is homogeneous or 
nonhomogeneous. 


a yt + 3a4y! + xy? = x3 

b. (sin) yl + (cosxz)y’ + 3y = 0 

c. 4ta + 3taa' + 42 = 0 

d. 5y + y = 42° 

e. (cosx)y/ — siny’ + (sinxz)y — cosx = 0 
f. Sty — 6t7y/ + 4ty — 3t? = 0 

g. sin(ax”)yt — (cosx)y’ + x7y = y' —3 

h. y+ 5ay' — 3y = cosy 


Solution: 


a. This equation is nonlinear because of the y” term. 

b. This equation is linear. There is no term involving a power or 
function of y, and the coefficients are all functions of x. The 
equation is already written in standard form, and r(z) is identically 
zero, so the equation is homogeneous. 

c. This equation is nonlinear. Note that, in this case, x is the dependent 
variable and t is the independent variable. The second term involves 
the product of x and 2’, so the equation is nonlinear. 

d. This equation is linear. Since r(x) = 4z°, the equation is 
nonhomogeneous. 

e. This equation is nonlinear, because of the siny/’ term. 

. This equation is linear. Rewriting it in standard form gives 

Equation: 


ris) 


8t2yt — 6t7y! + 4ty = 3t?. 


With the equation in standard form, we can see that r(t) = 3t?, so 


the equation is nonhomogeneous. 
g. This equation looks like it’s linear, but we should rewrite it in 
standard form to be sure. We get 


Equation: 

sin(x”)y/ — (cosa + 1)y/ + 2’y = —3. 
This equation is, indeed, linear. With r(a~) = —3, it is 
nonhomogeneous. 


h. This equation is nonlinear because of the cosy term. 


Note: 
Visit this website that discusses second-order differential equations. 


Note: 
Exercise: 


Problem: 
Classify each of the following equations as linear or nonlinear. If the 


equation is linear, determine further whether it is homogeneous or 
nonhomogeneous. 


a. (yl)? — y! + 8x%y = 0 
b. (sint)y! + cost — 3ty/ = 0 
Solution: 


a. Nonlinear 
b. Linear, nonhomogeneous 


Hint 


Write the equation in standard form if necessary. Check for powers or 
functions of y and its derivatives. 


Later in this section, we will see some techniques for solving specific types of 
differential equations. Before we get to that, however, let’s get a feel for how 
solutions to linear differential equations behave. In many cases, solving 
differential equations depends on making educated guesses about what the 
solution might look like. Knowing how various types of solutions behave will 
be helpful. 


Example: 
Exercise: 


Problem: 
Verifying a Solution 


Consider the linear, homogeneous differential equation 
Equation: 


a*yn — cy — 3y = 0. 


Looking at this equation, notice that the coefficient functions are 
polynomials, with higher powers of x associated with higher-order 
derivatives of y. Show that y = «° is a solution to this differential 
equation. 


Solution: 


Let y = x°. Then 7/ = 32? and y/ = 6z. Substituting into the differential 
equation, we see that 
Equation: 


x* (6x) — x (327) — 3 (2°) 
= 62° — 3x3 — 3x3 
=") 


x2yll — xyl—3y 


Note: 
Exercise: 


Problem: Show that y = 22” is a solution to the differential equation 
Equation: 


1 2 ! ae 
a7 yt— zy +y=0. 


Hint 


Calculate the derivatives and substitute them into the differential equation. 


Although simply finding any solution to a differential equation is important, 
mathematicians and engineers often want to go beyond finding one solution to 
a differential equation to finding all solutions to a differential equation. In other 
words, we want to find a general solution. Just as with first-order differential 
equations, a general solution (or family of solutions) gives the entire set of 
solutions to a differential equation. An important difference between first-order 
and second-order equations is that, with second-order equations, we typically 
need to find two different solutions to the equation to find the general solution. 
If we find two solutions, then any linear combination of these solutions is also a 
solution. We state this fact as the following theorem. 


Note: 

Superposition Principle 

If yi(xz) and yo(a) are solutions to a linear homogeneous differential equation, 
then the function 

Equation: 


y(x) = cyyi(z) + coyo(z), 


where c, and cg are constants, is also a solution. 


The proof of this superposition principle theorem is left as an exercise. 


Example: 
Exercise: 


Problem: 
Verifying the Superposition Principle 


Consider the differential equation 
Equation: 


yt — Ay’ — 5y = 0. 


Given that e~* and e** are solutions to this differential equation, show 
that 4e~* + e°* is a solution. 


Solution: 


We have 
Equation: 


y(x) = 4e* +e”, soy'(z) = —4e* + 5e”” and yil(x) = 4e~* + 25e"*. 
Then 
Equation: 


yt — Ay’ —5y = (4e~° == Deo) —4 (—4e* ss 5e>”) =p (4e~° am en) 
Aer = 256° Ger —20e — 20e he 
= 0. 


Thus, y(z) = 4e~* + e** is a solution. 


Note: 
Exercise: 


Problem: Consider the differential equation 
Equation: 


yl + 5y' + 6y = 0. 


Given that e~?* and e~** are solutions to this differential equation, show 
that 3e~°* + 6e~*” is a solution. 


Hint 


Differentiate the function and substitute into the differential equation. 


Unfortunately, to find the general solution to a second-order differential 
equation, it is not enough to find any two solutions and then combine them. 
Consider the differential equation 

Equation: 


cn + 7x’ +122 = 0. 


Both e * and 2e-*™ are solutions (check this). However, 

a(t) = cye~*’ + cp (2e~’) is not the general solution. This expression does 
not account for all solutions to the differential equation. In particular, it fails to 
account for the function e~“*, which is also a solution to the differential 
equation. 


It turns out that to find the general solution to a second-order differential 
equation, we must find two linearly independent solutions. We define that 
terminology here. 


Note: 
Definition 


A set of functions fi (x), fo(x),...,fn(a) is said to be linearly dependent if 
there are constants C1, C2,.. .Cn, not all zero, such that 

ci fi(x) + cofe(x) + +--+ enfn(x) = 0 for all x over the interval of interest. 
A set of functions that is not linearly dependent is said to be linearly 
independent. 


In this chapter, we usually test sets of only two functions for linear 
independence, which allows us to simplify this definition. From a practical 
perspective, we see that two functions are linearly dependent if either one of 
them is identically zero or if they are constant multiples of each other. 


First we show that if the functions meet the conditions given previously, then 
they are linearly dependent. If one of the functions is identically zero—say, 
fo(x) = 0—then choose c; = 0 and cy = 1, and the condition for linear 
dependence is satisfied. If, on the other hand, neither f;(z) nor f2(a) is 
identically zero, but f;(2) = C'f2(a) for some constant C’, then choose 

r= a and cz = —1, and again, the condition is satisfied. 


Next, we show that if two functions are linearly dependent, then either one is 
identically zero or they are constant multiples of one another. Assume f;(x) 
and f2(a) are linearly independent. Then, there are constants, c; and c2, not 
both zero, such that 

Equation: 


cifi(x) + cofe(x) = 0 


for all x over the interval of interest. Then, 
Equation: 


cei fi(z) = —e2fo(z). 
Now, since we stated that c; and cz can’t both be zero, assume cp ~ 0. Then, 


there are two cases: either c; = 0 or c; # 0. If c, = 0, then 
Equation: 


0 = —co f(x) 
0= fo(x), 


so one of the functions is identically zero. Now suppose c; # 0. Then, 
Equation: 


and we see that the functions are constant multiples of one another. 


Note: 

Linear Dependence of Two Functions 
Two functions, f(a) and f2(a), are said to be linearly dependent if either one 
of them is identically zero or if f;(a~) = Cfo(x) for some constant C and for 
all x over the interval of interest. Functions that are not linearly dependent are 
said to be linearly independent. 


Example: 
Exercise: 


Problem: 
Testing for Linear Dependence 


Determine whether the following pairs of functions are linearly dependent 
or linearly independent. 


a fie — a, pole) — 9x" 
Dajte i Sia ola — Cosa 
c fi(x) = e**, fala sens 
Ci Gil ed Woes Wat Gee Ve 32 orl 


a. fo(x) = 5f1 (x), so the functions are linearly dependent. 

b. There is no constant C such that f(z) = C'fo(x), so the functions 
are linearly independent. 

c. There is no constant C such that fi(x) = Cfo(), so the functions 
are linearly independent. Don’t get confused by the fact that the 
exponents are constant multiples of each other. With two exponential 
functions, unless the exponents are equal, the functions are linearly 
independent. 

d. There is no constant C such that f;(2) = Cfo(ax), so the functions 
are linearly independent. 


Note: 
Exercise: 


Problem: 


Determine whether the following pairs of functions are linearly dependent 
or linearly independent: f;(x) = e”, fo(x) = 3e°*. 


Solution: 


Linearly independent 


Hint 


Are the functions constant multiples of one another? 


If we are able to find two linearly independent solutions to a second-order 
differential equation, then we can combine them to find the general solution. 
This result is formally stated in the following theorem. 


Note: 
General Solution to a Homogeneous Equation 


If yi(xz) and yo(a) are linearly independent solutions to a second-order, linear, 
homogeneous differential equation, then the general solution is given by 
Equation: 


y(z) = ciyi(z) + coy2(z), 


where c, and cg are constants. 


When we say a family of functions is the general solution to a differential 
equation, we mean that (1) every expression of that form is a solution and (2) 
every solution to the differential equation can be written in that form, which 
makes this theorem extremely powerful. If we can find two linearly 
independent solutions to a differential equation, we have, effectively, found all 
solutions to the differential equation—quite a remarkable statement. The proof 
of this theorem is beyond the scope of this text. 


Example: 
Exercise: 


Problem: 
Writing the General Solution 


If y,(t) = e* and y(t) = e~* are solutions to y — 9y = 0, what is the 
general solution? 


Solution: 


Note that y; and yo are not constant multiples of one another, so they are 
linearly independent. Then, the general solution to the differential 
equation is y(t) = cye* + coe **. 


Note: 
Exercise: 


Problem: 


SMe 


If y:(x) = e** and yo(x) = xe** are solutions to yl — 6y' + 9y = 0, 


what is the general solution? 


Solution: 


y(x) = cye** + coxe*” 


Hint 


Check for linear independence first. 


Second-Order Equations with Constant Coefficients 


Now that we have a better feel for linear differential equations, we are going to 
concentrate on solving second-order equations of the form 
Equation: 


ay! + by’ + cy = 0, 


where a, 6, and c are constants. 


Since all the coefficients are constants, the solutions are probably going to be 
functions with derivatives that are constant multiples of themselves. We need 
all the terms to cancel out, and if taking a derivative introduces a term that is 
not a constant multiple of the original function, it is difficult to see how that 
term cancels out. Exponential functions have derivatives that are constant 
multiples of the original function, so let’s see what happens when we try a 
solution of the form y(x) = e*” where X (the lowercase Greek letter lambda) 
is some constant. 


If y(x) = e%*, then y/(x) = Ae*” and yt = A*e**. Substituting these 
expressions into [link], we get 
Equation: 


ay! + by! + cy = a(A*e**) + b(Ae*”) + ce** 
= e**(a\2 + brA +). 


Since e** is never zero, this expression can be equal to zero for all x only if 


Equation: 


ar? +bA+c=0. 


We call this the characteristic equation of the differential equation. 


Note: 

Definition 

The characteristic equation of the differential equation ay! + by’ + cy = 0 
is aA? + bA+c=0. 


The characteristic equation is very important in finding solutions to differential 
equations of this form. We can solve the characteristic equation either by 
factoring or by using the quadratic formula 

Equation: 


_ —b+ Vb? — 4ac 
= e . 


mA 


This gives three cases. The characteristic equation has (1) distinct real roots; (2) 
a single, repeated real root; or (3) complex conjugate roots. We consider each 
of these cases separately. 


Distinct Real Roots 


If the characteristic equation has distinct real roots A; and Ag, then e*'® and er” 


are linearly independent solutions to [link], and the general solution is given by 


Equation: 


Aix 


y(x) = cye™* + coe” 


where c and cg are constants. 


For example, the differential equation y// + 9y' + 14y = 0 has the associated 
characteristic equation A? + 9 + 14 = 0. This factors into 

(A + 2) (A + 7) = 0, which has roots A; = —2 and Ap = —7. Therefore, the 
general solution to this differential equation is 

Equation: 


y(z) = ye” + ee ™. 


Single Repeated Real Root 


Things are a little more complicated if the characteristic equation has a repeated 
real root, . In this case, we know e** is a solution to [link], but it is only one 
solution and we need two linearly independent solutions to determine the 
general solution. We might be tempted to try a function of the form ke*”, where 
k is some constant, but it would not be linearly independent of e**. Therefore, 
let’s try ze” as the second solution. First, note that by the quadratic formula, 
Equation: 


—b+ Vb? — 4ac dac 
2a 


A= 


But, A is a repeated root, so b? — 4ac = 0 and A = =. Thus, if y = xe**, we 
have 
Equation: 


y =e + dAve* and yl! = 2de** + A2xe** 


Substituting these expressions into [link], we see that 


Equation: 


ay! + by! + cy = a(2re** + Axe”) + b(e*” + Axe*”) + cxe** 
= re**(ad? + bA +c) + €**(2ad + dD) 
= ze**(0) + e** (2a ($*) + 8) 
= 0+ e** (0) 
= 0. 


This shows that xe** is a solution to [link]. Since e** and xe are linearly 
independent, when the characteristic equation has a repeated root A, the general 
solution to [link] is given by 

Equation: 


y(z) = cye** + coze”®, 


where c and cg are constants. 


For example, the differential equation y// + 12y/ + 36y = 0 has the associated 
characteristic equation A? + 12\ + 36 = 0. This factors into (A + 6) =; 
which has a repeated root AX = —6. Therefore, the general solution to this 
differential equation is 

Equation: 


y(x) = ae eee. 


Complex Conjugate Roots 


The third case we must consider is when b? — 4ac < 0. In this case, when we 
apply the quadratic formula, we are taking the square root of a negative 
number. We must use the imaginary number 7 = / —1 to find the roots, which 
take the form Ay = a + Gi and Ay = a — Gi. The complex number a + [37 is 
called the conjugate of a — fi. Thus, we see that when b? — 4ac < 0, the roots 
of our characteristic equation are always complex conjugates. 


This creates a little bit of a problem for us. If we follow the same process we 
used for distinct real roots—using the roots of the characteristic equation as the 
coefficients in the exponents of exponential functions—we get the functions 
ele+B)@ and e(¢—8)# as our solutions. However, there are problems with this 
approach. First, these functions take on complex (imaginary) values, and a 
complete discussion of such functions is beyond the scope of this text. Second, 
even if we were comfortable with complex-value functions, in this course we 
do not address the idea of a derivative for such functions. So, if possible, we’d 
like to find two linearly independent real-value solutions to the differential 
equation. For purposes of this development, we are going to manipulate and 
differentiate the functions e(¢+)* and e(¢—F)* as if they were real-value 
functions. For these particular functions, this approach is valid mathematically, 
but be aware that there are other instances when complex-value functions do 
not follow the same rules as real-value functions. Those of you interested in a 
more in-depth discussion of complex-value functions should consult a complex 
analysis text. 

Based on the roots a + (i of the characteristic equation, the functions Pr 
and e(¢—#%)* are linearly independent solutions to the differential equation. and 
the general solution is given by 

Equation: 


y(z) = ce (ot Pie ii, epee PU, 


Using some smart choices for c; and cg, and a little bit of algebraic 
manipulation, we can find two linearly independent, real-value solutions to 
[link] and express our general solution in those terms. 


We encountered exponential functions with complex exponents earlier. One of 
the key tools we used to express these exponential functions in terms of sines 
and cosines was Euler’s formula, which tells us that 

Equation: 


e’” — cos6 + isin 


for all real numbers 0@. 


Going back to the general solution, we have 


Equation: 


y(x) _ cye(otbi)e 4. eoela—hi)x 
_ cert et “a cette fit 


— er (cie™* ai coe Pi) 


Applying Euler’s formula together with the identities cos(—x) = cosx and 
sin(—z) = —sina, we get 
Equation: 


y(xz) =e" [c (cos Bx + isin Bx) + cy (cos(—B8x) + isin(—Gzx))| 
= e** [(c1 + c2)cos Bx + (cy — c2)isin Ba]. 


Now, if we choose c; = cy = + the second term is zero and we get 
Equation: 


y(x) = e°*cos Bx 
as a real-value solution to [link]. Similarly, if we choose cy = a and cy = z 


the first term is zero and we get 
Equation: 


y(z) = e* sin Bx 


as a second, linearly independent, real-value solution to [link]. 


Based on this, we see that if the characteristic equation has complex conjugate 
roots a@ + 2, then the general solution to [link] is given by 
Equation: 


y(z) =c,e°*cos Bx + coe°*sin Bx 
= e** (c;cos Bx + cysin Bx), 


where c and cg are constants. 


For example, the differential equation y — 2y' + 5y = 0 has the associated 
characteristic equation A? — 2\ + 5 = 0. By the quadratic formula, the roots of 
the characteristic equation are 1 + 22. Therefore, the general solution to this 
differential equation is 

Equation: 


y(x) = e” (cycos2x 4+ cosin 22). 


Summary of Results 


We can solve second-order, linear, homogeneous differential equations with 
constant coefficients by finding the roots of the associated characteristic 
equation. The form of the general solution varies, depending on whether the 
characteristic equation has distinct, real roots; a single, repeated real root; or 
complex conjugate roots. The three cases are summarized in [link]. 


Characteristic Equation General Solution to the Differential 
Roots Equation 


Distinct real roots, A; and 


dz y(x) = ce” + cpe%2” 


A repeated real root, A y(x) = cye** + core” 


Complex conjugate roots 


at pi y(x) mie (c,cos Bx + cosin Bx) 


Summary of Characteristic Equation Cases 


Note: 


Problem-Solving Strategy: Using the Characteristic Equation to Solve Second- 
Order Differential Equations with Constant Coefficients 


1. Write the differential equation in the form ay/ + by’ + cy = 0. 

2. Find the corresponding characteristic equation a\? + b\ + c= 0. 

3. Either factor the characteristic equation or use the quadratic formula to 
find the roots. 

4. Determine the form of the general solution based on whether the 
characteristic equation has distinct, real roots; a single, repeated real root; 
or complex conjugate roots. 


Example: 
Exercise: 


Problem: 
Solving Second-Order Equations with Constant Coefficients 


Find the general solution to the following differential equations. Give 
your answers as functions of x. 


a. yl + 3y' — 4y = 0 
b. y+ 6y' + 13y = 0 
cyt + 2y'+y=0 


d. yi — 5y' = 0 

e. yl! — l6y = 0 

f. y+ 16y = 0 
Solution: 


Note that all these equations are already given in standard form (step 1). 


a. The characteristic equation is \? + 3A — 4 = 0 (step 2). This factors 
into (A + 4) (A — 1) = 0, so the roots of the characteristic equation 
are A; = —4 and Ag = 1 (step 3). Then the general solution to the 
differential equation is 
Equation: 


b. 


eh 


y(z) = cye** + coe” (step 4). 


The characteristic equation is \? + 6A + 13 = 0 (step 2). Applying 
the quadratic formula, we see this equation has complex conjugate 
roots —3 + 21 (step 3). Then the general solution to the differential 
equation is 

Equation: 


y(t) = e~™ (cycos 2t + cosin 2t) (step 4). 


. The characteristic equation is A? + 2A + 1 = 0 (step 2). This factors 


into (A + Ie = 0, so the characteristic equation has a repeated real 
root A = —1 (step 3). Then the general solution to the differential 
equation is 

Equation: 


y(t) = cye * + cote (step 4). 


. The characteristic equation is A? — 5A (step 2). This factors into 


A (A — 5) = 0, so the roots of the characteristic equation are A; = 0 
and Az = 5 (step 3). Note that e°* = e® = 1, so our first solution is 
just a constant. Then the general solution to the differential equation 
is 

Equation: 


y(z) = cy; + ce” (step 4). 


. The characteristic equation is A7 — 16 = 0 (step 2). This factors into 


(A + 4)(A — 4) = 0, so the roots of the characteristic equation are 
A, = 4and Ay = —4 (step 3). Then the general solution to the 
differential equation is 

Equation: 


y(x) = cye** + coe ** (step 4). 


. The characteristic equation is A” + 16 = 0 (step 2). This has 


complex conjugate roots +42 (step 3). Note that e°* = e® = 1, so 
the exponential term in our solution is just a constant. Then the 
general solution to the differential equation is 


Equation: 


y(t) = cicos4t + cosin 4t (step 4). 


Note: 
Exercise: 


Problem: 


Find the general solution to the following differential equations: 


a. yt — 2y' + 10y = 0 
b. yf + 14y/ + 49y = 0 


Solution: 
a. y(x) = e” (cycos 3x + cosin3z) 
b. y(x) = ye" + coxe—™ 


Hint 


Find the roots of the characteristic equation. 


Initial-Value Problems and Boundary-Value Problems 


So far, we have been finding general solutions to differential equations. 
However, differential equations are often used to describe physical systems, 
and the person studying that physical system usually knows something about 
the state of that system at one or more points in time. For example, if a 
constant-coefficient differential equation is representing how far a motorcycle 
shock absorber is compressed, we might know that the rider is sitting still on 
his motorcycle at the start of a race, time t = tg. This means the system is at 
equilibrium, so y(tg) = 0, and the compression of the shock absorber is not 


changing, so y/(to) = 0. With these two initial conditions and the general 
solution to the differential equation, we can find the specific solution to the 
differential equation that satisfies both initial conditions. This process is known 
as solving an initial-value problem. (Recall that we discussed initial-value 
problems in Introduction to Differential Equations.) Note that second-order 
equations have two arbitrary constants in the general solution, and therefore we 
require two initial conditions to find the solution to the initial-value problem. 


Sometimes we know the condition of the system at two different times. For 
example, we might know y(to) = yo and y(t1) = yi. These conditions are 
called boundary conditions, and finding the solution to the differential 
equation that satisfies the boundary conditions is called solving a boundary- 
value problem. 


Mathematicians, scientists, and engineers are interested in understanding the 
conditions under which an initial-value problem or a boundary-value problem 
has a unique solution. Although a complete treatment of this topic is beyond the 
scope of this text, it is useful to know that, within the context of constant- 
coefficient, second-order equations, initial-value problems are guaranteed to 
have a unique solution as long as two initial conditions are provided. Boundary- 
value problems, however, are not as well behaved. Even when two boundary 
conditions are known, we may encounter boundary-value problems with unique 
solutions, many solutions, or no solution at all. 


Example: 
Exercise: 


Problem: 
Solving an Initial- Value Problem 


Solve the following initial-value problem: y// + 3y' — 4y = 0, y(0) = 1, 


y'(0) = —9. 
Solution: 


We already solved this differential equation in [link]a. and found the 
general solution to be 
Equation: 


y(x) = ce *” + coe”. 
Then 
Equation: 


y' (x) = —4cye~** + ene”. 


When x = 0, we have y(0) = cy + cz and y'(0) = —4c; + co. Applying 
the initial conditions, we have 
Equation: 


Cjptea = 1 
—4c, + C2 —9, 


Then c; = 1 — cg. Substituting this expression into the second equation, 
we see that 


Equation: 
—A(1 _ C2) +e = —9 
—4+4aQ+c. = —9 
5c9 = —) 
QQ = —l. 


So, c; = 2 and the solution to the initial-value problem is 
Equation: 


Note: 
Exercise: 


Problem: 


Solve the initial-value problem yi — 3y/ — 10y = 0, y(0) = 0, 
y'(0) = 7. 


Solution: 
y(x) = —e2e ie evr 
Hint 


Use the initial conditions to determine values for c; and cp». 


Example: 
Exercise: 


Problem: 
Solving an Initial-Value Problem and Graphing the Solution 


Solve the following initial-value problem and graph the solution: 
Equation: 


yl + 6y' + 13y = 0, y(0) = 0, y/(0) = 2 


Solution: 


We already solved this differential equation in [link]b. and found the 
general solution to be 

Equation: 

—32x ( 


y(z) =e ”* (cycos2a + cosin2z). 


Then 
Equation: 


y'(z) = e ** (—2cysin 2x + 2cocos2x) — 3e *" (ccos2x + cpsin2z2). 


When x = 0, we have y(0) = c; and y/(0) = 2cp — 3c;. Applying the 
initial conditions, we obtain 
Equation: 


ce = 0 


—3c, + 2c. = 2. 


Therefore, c; = 0, cp = 1, and the solution to the initial value problem is 
shown in the following graph. 
Equation: 


y=e “sin 22. 


y(x) = e-* sin2x 


—0.2—-0.1 01 02 03 04 05 06 07 08 09 1 11 12 13 14 15 16* 


Note: 
Exercise: 


Problem: 


Solve the following initial-value problem and graph the solution: 
yt — 2y + 10y = 0, y(0) = 2, (0) = —1 


Solution: 


y(x) = e*(2cos3x — sin3a) 


y(x) = e*(2cos3x — sin3x) 


+ + + + + 


+ + - 
0.2 0.4 0.6 0. 21441618 2 22 24 : f Y36 38 4 42 44 


Hint 


Use the initial conditions to determine values for c; and co. 


Example: 
Exercise: 


Problem: 
Initial-Value Problem Representing a Spring-Mass System 


The following initial-value problem models the position of an object with 
mass attached to a spring. Spring-mass systems are examined in detail in 
Applications. The solution to the differential equation gives the position 
of the mass with respect to a neutral (equilibrium) position (in meters) at 
any given time. (Note that for spring-mass systems of this type, it is 
customary to define the downward direction as positive.) 

Equation: 


yl + 2y'+y =0,y(0) = 1,7/(0) = 0 


Solve the initial-value problem and graph the solution. What is the 
position of the mass at time ft = 2 sec? How fast is the mass moving at 
time t = 1 sec? In what direction? 


Solution: 


In [link]c. we found the general solution to this differential equation to be 
Equation: 


y(t) = cre’ + cote. 
Then 
Equation: 
y(t) = —cje* + cp (—te* +e). 
When t = 0, we have y(0) = c; and y/(0) = —c, + cg. Applying the 
initial conditions, we obtain 
Equation: 


ce = 1 


—( +c, = 
Thus, c; = 1, cz = 1, and the solution to the initial value problem is 
Equation: 
y(t) =e '+te~. 
This solution is represented in the following graph. At time t = 2, the 


mass is at position y(2) = e~? + 2e~? = 3e~ = 0.406 m below 
equilibrium. 


y(t) =e ' + te* 


02040608 1 12141618 2 22242628 3 32343638 4°? 


To calculate the velocity at time t = 1, we need to find the derivative. We 
have y(t) = e-' + te~, so 
Equation: 


y(t) = -e *+e* —te™ = -te™. 


Then y/(1) = —e~! & —0.3679. At time t = 1, the mass is moving 
upward at 0.3679 m/sec. 


Note: 
Exercise: 


Problem: 

Suppose the following initial-value problem models the position (in feet) 
of a mass in a spring-mass system at any given time. Solve the initial- 
value problem and graph the solution. What is the position of the mass at 
time t = 0.3 sec? How fast is it moving at time ¢ = 0.1 sec? In what 


direction? 
Equation: 


yl + 14y' + 49y = 0, y(0) = 0, y/(0) = 1 


Solution: 


Ne) we” 


y(t) = te" 


—0.2-0.1 0.1 0.2 03 04 05 06 0708 09 1 111213 14 15 16 


Atume? — 0390's) = O0\gen 99) Seu 00367) The mass 
is 0.0367 ft below equilibrium. At time ¢ = 0.1, 

y'(0.1) = 0.3e~°" = 0.1490. The mass is moving downward at a speed 
of 0.1490 ft/sec. 


Hint 


Use the initial conditions to determine values for c; and co. 


Example: 
Exercise: 


Problem: 
Solving a Boundary- Value Problem 


In [link ]f. we solved the differential equation y// + 16y = 0 and found 
the general solution to be y(t) = c;cos4t + cosin4t. If possible, solve 
the boundary-value problem if the boundary conditions are the following: 


b. y(0) = 1, y(4) =0 
cy (3) =O,9(F) =2 
Solution: 
We have 
Equation: 


y(x) = cycos4t + cosin 4t. 


a. Applying the first boundary condition given here, we get 
y(0) = c, = 0. So the solution is of the form y(t) = casin4t. When 
we apply the second boundary condition, though, we get 
y (4) = c)sin (4 (=)) = cosin7 = 0 for all values of cy. The 
boundary conditions are not sufficient to determine a value for c2, so 
this boundary-value problem has infinitely many solutions. Thus, 
y(t) = cosin4t is a solution for any value of co. 

b. Applying the first boundary condition given here, we get 
y(0) = c; = 1. Applying the second boundary condition gives 
y ($=) = C2 = 0, So co = 0. In this case, we have a unique solution: 
y(t) = cos4t. 

c. Applying the first boundary condition given here, we get 
y = = C) = 0. However, applying the second boundary condition 


gives y ce) = —Cy = 2, SO cp = —2. We cannot have 
C2 = 0 = —2, so this boundary value problem has no solution. 


Key Concepts 


e Second-order differential equations can be classified as linear or nonlinear, 
homogeneous or nonhomogeneous. 

e To find a general solution for a homogeneous second-order differential 
equation, we must find two linearly independent solutions. If y;(a) and 
y2(x) are linearly independent solutions to a second-order, linear, 
homogeneous differential equation, then the general solution is given by 
Equation: 


y(z) = c1yi(x) + coy2(z). 


¢ To solve homogeneous second-order differential equations with constant 
coefficients, find the roots of the characteristic equation. The form of the 
general solution varies depending on whether the characteristic equation 
has distinct, real roots; a single, repeated real root; or complex conjugate 
roots. 

e Initial conditions or boundary conditions can then be used to find the 
specific solution to a differential equation that satisfies those conditions, 
except when there is no solution or infinitely many solutions. 


Key Equations 
e Linear second-order differential equation 
az (x)y + ay (x)y' + ao (x)y = r (a) 
e Second-order equation with constant coefficients 
ay! + by’ + cy = 0 


Classify each of the following equations as linear or nonlinear. If the equation 
is linear, determine whether it is homogeneous or nonhomogeneous. 
Exercise: 


Problem: x*y/! + (x — 1)y' — 8y = 0 
Solution: 


linear, homogenous 


Exercise: 


Problem: (1+ y”)y + xy’ — 3y = cosax 


Exercise: 


Problem: xy// + e¥y/ = x 
Solution: 


nonlinear 


Exercise: 


Problem: y// + <y/ — Sey = 52741 


Exercise: 


Problem: y// + (sinx)y' — xy = 4y 
Solution: 


linear, homogeneous 
Exercise: 


Problem: y// + (#8 Jy = 0) 


For each of the following problems, verify that the given function is a solution 
to the differential equation. Use a graphing utility to graph the particular 
solutions for several values of c; and cy. What do the solutions have in 
common? 

Exercise: 


Problem: [T]y// + 2y/ — 3y = 0; y(x) = cye* + coe * 
Exercise: 
Problem: 


[T]z?y — 2y — 307 +1 = 0; y(x) = cya? + cox) 4 x7In(x) + $ 


Exercise: 


Problem: [T]y/ + 14y/ + 49y = 0; y(x) = cye~™ + cgre~™ 


Exercise: 


Problem: [T]6y// — 49y/ + 8y = 0; y(x) = cyet/6 + ce e8* 


Find the general solution to the linear differential equation. 


Exercise: 
Problem: y// — 3y' — 10y = 0 


Solution: 


y = cie”* + coe 


Exercise: 


Problem: y// — 7y' + 12y = 0 


Exercise: 


Problem: y// + 4y' + 4y = 0 


Solution: 


y= aie icone 


Exercise: 


Problem: 4y// — 127/ + 9y = 0 


Exercise: 
Problem: 2y// — 3y/ — 5y = 0 


Solution: 


y = cye*/? + cye* 


Exercise: 


Problem: 3y// — 14y/ + 8y = 0 


Exercise: 


Problem: y// + y/ + y = 0 


Solution: 


vie + cosin 


ves ) 


— p~—2/2 
y=e ? (eycos 5 


Exercise: 


Problem: 5y// + 2y/ + 4y = 0 


Exercise: 


Problem: y// — 121y = 0 
Solution: 


i= Gia tee 


Exercise: 


Problem: 8y// + 14y' — 15y = 0 


Exercise: 


Problem: y// + 81ly = 0 
Solution: 


= c,cos9x + cosin9x 
y 1 2 


Exercise: 


Problem: y// — y' + lly = 0 


Exercise: 


Problem: 2y// = 0 
Solution: 
Y= Ci + Coe 


Exercise: 


Problem: 4// — 6y' + 9y = 0 


Exercise: 
Problem: 3y// — 2y/ — 7y = 0 


Solution: 


ee oye (t+ v2) /3)2 i eye (t-¥23) /3)z 


Exercise: 


Problem: 4y// — 10y' = 0 


Exercise: 


Problem: 3654 + 12% +y=0 


Solution: 


—x/6 «/6 


ij=ce + core — 


Exercise: 


Problem: 25 “4 — 80% + 64y = 0 
Exercise: 
d’y 


Problem: oe ay ='() 


Solution: 
_ 9x 
y=ci + ce 
Exercise: 


Problem: 4 fy + 8y = 0 


Solve the initial-value problem. 
Exercise: 


Problem: y// + 5y/ + 6y = 0, y(0) =0, y/(0) = —2 


Solution: 


y = —2e-7* + 2e-% 


Exercise: 


Problem: y// + 2y' — 8y = 0, yO) = 5;.9/(0) =4 


Exercise: 
Problem: y// + 4y = 0, q(0):= 3, 4/(0)= 10 


Solution: 


y = 3cos (2a) + 5sin (22) 


Exercise: 


Problem: y// — 18y/ + 81ly = 0, (0) = 1y. (0) =5 


Exercise: 
Problem: y// — y' — 30y = 0, y(0) =1, y(0) = —16 


Solution: 


y= —ebt ze Jet 


Exercise: 


Problem: 47// + 4y/ — 8y = 0, y(0) = 2, y/(0) =1 


Exercise: 
Problem: 25y// + 10z/ + y = 0, yO) = 2) (0) 1 
Solution: 


y = 2e 2/5 4 fae t/ 


Exercise: 
Problem: y// + y = 0, y(7) = 1, y(a) = -5 


Solve the boundary-value problem, if possible. 
Exercise: 


Problem: y// + y/ — 42y = 0, y(0) =O). yl y= 2 


Solution: 

v= (ghx)et— (qs) 
Exercise: 

Problem: 97// + y = 0, y(3=) =6, y(0) = —8 
Exercise: 


Problem: 4// + 10y/ + 34y = 0, HOl=6;, or) =2 
Solution: 


No solutions exist. 


Exercise: 


Problem: y// + 7y' — 60y = 0, y(0) = 4, y(2)=0 
Exercise: 

Problem: y// — 4y/ + 4y = 0, y(0) = 2, y(1) = -1 

Solution: 


2e*+1 per 
e 


y = 2e7* — 
Exercise: 

Problem: y// — 5y/ = 0, y(0) = 3, y(—1) =2 
Exercise: 

Problem: y// + 9y = 0, y(0) =4, y (¥) = -—4 

Solution: 

y = 4cos3xz + csin3z, infinitely many solutions 


Exercise: 


Problem: 4y// + 25y = 0, y(0) = 2, y(2x) = —-2 
Exercise: 


Problem: 


Find a differential equation with a general solution that is 
y= ce*/> + coe **. 


Solution: 


yl + 19y! — 4y = 0 


Exercise: 


Problem: 


Find a differential equation with a general solution that is 
y=ce" + coe 42/8. 


For each of the following differential equations: 


a. Solve the initial value problem. 
b. [T] Use a graphing utility to graph the particular solution. 


Exercise: 
Problem: y// + 64y = 0; y(0)=3, y(0)=16 


Solution: 


a. y = 3cos(8z) + 2sin(8z) 


wl 
il 


4 


Exercise: 


Problem: y// — 2y/ + 10y = 0 gO) = 1; -o/(0). = 123 


Exercise: 


Problem: y// + 5y' + 15y = 0 y(0) = —-2, y(0)=7 
Solution: 


a. y = e(-5/2)@ |—-2cos (22) + Avs sin (22) 
b. 


ae 2 oe 
4 
6 
8 
Exercise: 
Problem: 


(Principle of superposition) Prove that if y;(x) and y2(ax) are solutions to a 
linear homogeneous differential equation, y// + p(x)y’ + q(x)y = 0, then 
the function y(x) = cyyi(x) + ceye(a), where c, and cp are constants, is 
also a solution. 


Exercise: 


Problem: 


Prove that if a, b, and c are positive constants, then all solutions to the 
second-order linear differential equation ay/ + by’ + cy = 0 approach 
zero aS Z —> oo. (Hint: Consider three cases: two distinct roots, repeated 
real roots, and complex conjugate roots.) 


Glossary 


boundary conditions 
the conditions that give the state of a system at different times, such as the 
position of a spring-mass system at two different times 


boundary-value problem 
a differential equation with associated boundary conditions 


characteristic equation 
the equation a\? + bA + c = 0 for the differential equation 
ay! + by’ + cy = 0 


homogeneous linear equation 
a second-order differential equation that can be written in the form 
az (x)y + a; (x)y + ao (x)y = r (x), but r(x) = 0 for every value of x 


nonhomogeneous linear equation 
a second-order differential equation that can be written in the form 
az (x)y + a, (x)y! + ag (x)y = r(x), but r(x) ¥ 0 for some value of x 


linearly dependent 
a set of functions f;(z), fo(x),...,fn(x) for which there are constants 
C1, C2). --Cn, not all zero, such that 
f(x) + cofo(x) +---+¢,f,(x) = 0 for all x in the interval of interest 


linearly independent 
a set of functions f;(z), fo(x),...,fn(x) for which there are no constants 
C1, C2;-- -Cn, such that cy f(a) + cofo(x) +--+ + ¢nfn(x) = 0 for all x in 
the interval of interest 


Nonhomogeneous Linear Equations 


e Write the general solution to a nonhomogeneous differential equation. 
¢ Solve a nonhomogeneous differential equation by the method of undetermined coefficients. 
e Solve a nonhomogeneous differential equation by the method of variation of parameters. 


In this section, we examine how to solve nonhomogeneous differential equations. The terminology and 
methods are different from those we used for homogeneous equations, so let’s start by defining some new 
terms. 


General Solution to a Nonhomogeneous Linear Equation 


Consider the nonhomogeneous linear differential equation 
Equation: 


a (x) yl + ay (x)y' + ao (x)y = 7 (2). 


The associated homogeneous equation 
Equation: 


ag (x)yl + ay (x)y' + ao (z)y = 0 


is called the complementary equation. We will see that solving the complementary equation is an 
important step in solving a nonhomogeneous differential equation. 


Note: 

Definition 

A solution y,(a) of a differential equation that contains no arbitrary constants is called a particular 
solution to the equation. 


Note: 

General Solution to a Nonhomogeneous Equation 

Let yp(z) be any particular solution to the nonhomogeneous linear differential equation 
Equation: 


Az (xy! + ay (x)y' + ao (2) y = (a). 
Also, let c1y1(x) + c2y2(x) denote the general solution to the complementary equation. Then, the general 
solution to the nonhomogeneous equation is given by 


Equation: 


y(x) = cyy1 (x) + coyo(x) + yp(2). 


Proof 


To prove y(x) is the general solution, we must first show that it solves the differential equation and, 
second, that any solution to the differential equation can be written in that form. Substituting y(x) into the 
differential equation, we have 

Equation: 


aa(x)yM + ay(a)y! +ao(x)y = aa(x) (cryr + coy2 + Yp) + ai(x) (crys + C2¥2 + yp)’ 

+ao(x) (c1y1 + coy2 + Yp) 

= [a2(x) (c1y1 + coy2)" + ai(x)(c1yi + c2y2)’ + ao(x) (c1y1 + coy2) | 
+42(2)Yp! + a1(x)yp' + a0(2)Yp 

=0+7r(z) 

Ka) 


So y(z) is a solution. 


Now, let z(x) be any solution to a2 (x)y + ay (x)y’ + ao (x)y = r (x). Then 
Equation: 


a2(x) (z— yp)" + ar(x)(z— yp)’ + ao(x) (2 — yp) = (a2(x)z" + ar(x)2! + ao(z)z) 
— (G2(x)YpM + a1(2)Yyp' + ao(z) yp) 


= r(x) — r(x) 
— 0, 


so z(a) — yp(2) is a solution to the complementary equation. But, c1yi(x) + c2y2(zx) is the general 
solution to the complementary equation, so there are constants c; and c2 such that 
Equation: 


2(x) — Yp(z) = cryi(z) + cay2(z). 


Hence, we see that z(x) = cyyi(x) + coyo(x) + yp(x). 


Example: 
Exercise: 


Problem: 
Verifying the General Solution 


Given that y,(x) = z is a particular solution to the differential equation y// + y = 2, write the 
general solution and check by verifying that the solution satisfies the equation. 


Solution: 


The complementary equation is y// + y = 0, which has the general solution c;cosz + cosinz. So, 
the general solution to the nonhomogeneous equation is 
Equation: 


y(z) = cycosaz + cysinx + a. 


To verify that this is a solution, substitute it into the differential equation. We have 
Equation: 


y' (x) = —cysinz + cocosz + Land yil(x) = —c,cosx — cosinz. 


Then 
Equation: 
yx) + y(x) = —ccosx — cosinz + c\cosz + cysinz + x 
= 2. 


So, y(«) is a solution to yi + y = a. 


Note: 
Exercise: 


Problem: 


Given that y,(x) = —2 is a particular solution to y — 3y’ — 4y = 8, write the general solution and 
verify that the general solution satisfies the equation. 


Solution: 


y(x) = cye® + coe** — 2 


Hint 


Find the general solution to the complementary equation. 


In the preceding section, we learned how to solve homogeneous equations with constant coefficients. 
Therefore, for nonhomogeneous equations of the form ay! + by’ + cy = r(x), we already know how to 
solve the complementary equation, and the problem boils down to finding a particular solution for the 
nonhomogeneous equation. We now examine two techniques for this: the method of undetermined 
coefficients and the method of variation of parameters. 


Undetermined Coefficients 


The method of undetermined coefficients involves making educated guesses about the form of the 
particular solution based on the form of r(x). When we take derivatives of polynomials, exponential 
functions, sines, and cosines, we get polynomials, exponential functions, sines, and cosines. So when r(z) 
has one of these forms, it is possible that the solution to the nonhomogeneous differential equation might 
take that same form. Let’s look at some examples to see how this works. 


Example: 
Exercise: 


Problem: 
Undetermined Coefficients When r(x) Is a Polynomial 


Find the general solution to y/ + 4y’ + 3y = 3a. 
Solution: 


The complementary equation is y// + 4y’ + 3y = 0, with general solution cje* + c2e **. Since 
r(x) = 3z, the particular solution might have the form y,(a«) = Az + B. If this is the case, then we 
have y,'(x) = A and yp/(x) = 0. For yp to be a solution to the differential equation, we must find 
values for A and B such that 

Equation: 


yt + Ay’ + 3y 3x 
0+ 4(A) + 3(Aa + B) 3x 
3Az + (4A+3B) = 3z. 


Setting coefficients of like terms equal, we have 


Equation: 
ol = @ 
4A+3B = 0. 
Then, A= 1 and B= —4, S0 Yp(x) = & — 4 and the general solution is 
Equation: 
=a —32 a 
y(z) = cie * + coe 1 


In [link], notice that even though r(x) did not include a constant term, it was necessary for us to include 
the constant term in our guess. If we had assumed a solution of the form y, = Az (with no constant term), 
we would not have been able to find a solution. (Verify this!) If the function r(z) is a polynomial, our 
guess for the particular solution should be a polynomial of the same degree, and it must include all lower- 
order terms, regardless of whether they are present in r(z). 


Example: 
Exercise: 


Problem: 
Undetermined Coefficients When r(x) Is an Exponential 


Find the general solution to y// — y’ — 2y = 2e*. 


Solution: 


The complementary equation is y/ — y’ — 2y = 0, with the general solution cje~* + c2e””. Since 
r(z) = 2e**, the particular solution might have the form y,(z) = Ae”. Then, we have 
Yp' (xz) = 3Ae* and y,/(x) = 9Ae*. For y, to be a solution to the differential equation, we must 
find a value for A such that 
Equation: 
ve 4 2 ce 
9Ae* — 3Ae* —2Ae** = Qe 
Ace = 2e*. 


So, 4A = 2 and A = 1/2. Then, y,(x) = (4)e**, and the general solution is 
Equation: 


1 
y(a) = cye* + cge* + 5 


Note: 
Exercise: 


Problem: Find the general solution to yi — 4y’ + 4y = 7sint — cost. 


Solution: 


y(t) = ce” + cote” + sint + cost 
Hint 


Use y(t) = Asint + Bcost as a guess for the particular solution. 


In the previous checkpoint, r(a) included both sine and cosine terms. However, even if r(a) included a 
sine term only or a cosine term only, both terms must be present in the guess. The method of undetermined 
coefficients also works with products of polynomials, exponentials, sines, and cosines. Some of the key 
forms of r(a) and the associated guesses for y,(a) are summarized in [link]. 


rz) Initial guess for y, (x) 


k (a constant) A (a constant) 


r(z) 


ax+b 


ax? +br +c 


Higher-order polynomials 


ae 


acos Bx + bsin Bx 
ae**cos Ba + be®*sin Bx 
(ax? + bx + c)e 


(a2? +ayx+ ao) cos Bx 
| (box? + bya 4 bo) sin Bx 


(a2? t+aye+ ag) e** cos Bx 


+ (box + bya + bo) e°*sin Bx 


Initial guess for y,(x) 


Ax + B (Note: The guess must include both terms even if 
b=0.) 


Az? + Bx + C (Note: The guess must include all three terms 
even if b or c are zero.) 


Polynomial of the same order as r(a) 
Ae 


Acos Gx + Bsin $x (Note: The guess must include both terms 
even if either a = 0 orb = 0.) 


Ae“*cos Bx + Be sin Bx 


(Az? + Baet+ C)e™* 


(Aga? + Ara + Ao) cos Ba 
+ (Box? + Byx+ Bo) sin Bx 


(Azz? + Aix + Ao)e**cos Bx 
+ (Box? + Bye + Bo)e**sin Ba 


Key Forms for the Method of Undetermined Coefficients 


Keep in mind that there is a key pitfall to this method. Consider the differential equation 
yt + Sy’ + 6y = 3e~*, Based on the form of r(a), we guess a particular solution of the form 


y,(x) = Ae~*. But when we substitute this expression into the differential equation to find a value for A, 


we run into a problem. We have 
Equation: 


and 
Equation: 


so we want 
Equation: 


Yp (x) = —2Ae** 


Yplt = 4Ae~?*, 


yl + 5y'+6y = 3e-% 


4Ae-2* +5 (—2Ae~?) +6Ae-* = 3e-? 
4Ae~2* — 10Ae~** + 6Ae~2* = 3e-2% 


0 = -3e-2", 


which is not possible. 


Looking closely, we see that, in this case, the general solution to the complementary equation is 

cje 7 + coe 3”. The exponential function in r(z) is actually a solution to the complementary equation, 
SO, aS We just saw, all the terms on the left side of the equation cancel out. We can still use the method of 
undetermined coefficients in this case, but we have to alter our guess by multiplying it byx. Using the new 
guess, Yp(xz) = Axe”, we have 

Equation: 


yp'(z) = A (e** — 2xe~**) 


and 
Equation: 


ype) = —4Ae~* + 4Are~*. 


Substitution gives 
Equation: 


yl + 5y+6y = 3e% 
(—4Ae-* + 4Are~**) +5 (Ae~* - 2Are~*) +6Are-2* = 3e 2% 
—4Ae~** + 4Are** + 5Ae 2* —10Are 2* + 6Are 2* = 3e°%% 


Ae Or = Beret 


So, A = 3 and y»(x) = 3ze 2". This gives us the following general solution 
Equation: 


y(x) = cye** + coe ** + 32e~**. 


Note that if ze~?” were also a solution to the complementary equation, we would have to multiply by x 
again, and we would try y,(«) = Aa?e?”. 


Note: 
Problem-Solving Strategy: Method of Undetermined Coefficients 


1. Solve the complementary equation and write down the general solution. 

2. Based on the form of r(z), make an initial guess for y,(z). 

. Check whether any term in the guess for y,(a) is a solution to the complementary equation. If so, 
multiply the guess byx. Repeat this step until there are no terms in y,(z) that solve the 
complementary equation. 

4, Substitute y,,() into the differential equation and equate like terms to find values for the unknown 

coefficients in y,(z). 

5. Add the general solution to the complementary equation and the particular solution you just found to 

obtain the general solution to the nonhomogeneous equation. 


ice) 


Example: 
Exercise: 


Problem: 
Solving Nonhomogeneous Equations 


Find the general solutions to the following differential equations. 


a. yl! — 9y = —6cos3zx 

b. 2+ 2a’ + 2 = 4et 
Cal — oy “by 10e" = 37-— 3 
d. yt — 3y! = —12t 


Solution: 


a. The complementary equation is y// — 9y = 0, which has the general solution c,e?* + cpe~** 


(step 1). Based on the form of r(x) = —6cos3z, our initial guess for the particular solution is 
Yp(x) = Acos3a + Bsin3z (step 2). None of the terms in y,(z) solve the complementary 
equation, so this is a valid guess (step 3). 

Now we want to find values for A and B, so substitute y, into the differential equation. We 
have 

Equation: 


yy (x) = —3Asin3z + 3Bcos3z and ypl(x) = —9Acos3z — 9Bsin3z, 


so we want to find values of A and B such that 


Equation: 
=O) = —Geosake 
—9Acos3z — 9Bsin3x — 9(Acos3x+ Bsin3z) = —6cos3z 
—18Acos3z —18Bsin3z = —6cos3z. 
Therefore, 
Equation: 
—18A = -6 
=18B —= 0: 


This gives A = $ and -—U,-s0 yale (3) cos3x (step 4). 
Putting everything together, we have the general solution 
Equation: 


1 
TD Ce oe. S cos 32. 


b. The complementary equation is x// + 2x’ + x = 0, which has the general solution 
cie ‘+ cate (step 1). Based on the form r(t) = 4e~*, our initial guess for the particular 
solution is z,(t) = Ae~ (step 2). However, we see that this guess solves the complementary 
equation, so we must multiply byt, which gives a new guess: z,(t) = Ate (step 3). Checking 


i) 


this new guess, we see that it, too, solves the complementary equation, so we must multiply by t 
again, which gives z,(t) = Ate (step 3 again). Now, checking this guess, we see that x,(t) 
does not solve the complementary equation, so this is a valid guess (step 3 yet again). 

We now want to find a value for A, so we substitute x, into the differential equation. We have 
Equation: 


Delt ee lt er nap 
wy'(t) = 2Ate*— Ate 


and a,)//(t) = 2Ae~* — 2Ate* — (2Ate* — At?e~') = 2Ae* — 4Ate* + At?e™. 
Substituting into the differential equation, we want to find a value of A so that 
Equation: 


cN+2e' +a det 
Dhow = 4 Afea ent Cem e (2Ate* — Aves) lice = ee 
DAE a ee 


This gives: A = 2, sow,(¢) = 2t?e—* (step 4). Putting everything together, we have the general 
solution 
Equation: 


nN Gjier  @ter 2k en. 


The complementary equation is y// — 2y’ + 5y = 0, which has the general solution 

cye*cos 2x + cesin 2z (step 1). Based on the form r(x) = 10x” — 32x — 3, our initial guess 
for the particular solution is y,(«) = Ax? + Ba + C (step 2). None of the terms in y,(z) solve 
the complementary equation, so this is a valid guess (step 3). We now want to find values for A, 
B, and C, so we substitute y,, into the differential equation. We have y,/(z) = 2A + Band 
Y,!"(z) = 2.A, so we want to find values of A, B, and C' such that 


Equation: 
yt —2y'+5y = 102? —3r-3 
2A—2(2A2+ B)+5(Az?+Be+C) = 1027-32—3 
5Ax* + (5B—4A)r+(5C-2B+2A) = 10x? - 32-3. 
Therefore, 
Equation: 
pAs 10 
5B-—4A = -3 
§C-—2B+2A = —-3. 


This gives A = 2, B=1, andC = —1, soy,(x) = 2x? + x — 1 (step 4). Putting everything 
together, we have the general solution 
Equation: 


y(x) = c1e*cos2x + coe*sin2z + 227+ 2-1. 


d. The complementary equation is y// — 3y’ = 0, which has the general solution c,e*” + cy (step 
1). Based on the form r(t) = —12¢, our initial guess for the particular solution is 
y,(t) = At + B (step 2). However, we see that the constant term in this guess solves the 
complementary equation, so we must multiply by ¢, which gives a new guess: 
Y(t) = At? + Bt (step 3). Checking this new guess, we see that none of the terms in y(t) 
solve the complementary equation, so this is a valid guess (step 3 again). We now want to find 
values for A and B, so we substitute y, into the differential equation. We have 
yp (t) = 2At + Band y(t) = 2.A, so we want to find values of A and B such that 


Equation: 

yt — 3y' = —12t 

2A—3(2At+B) = —12¢ 

—6At+(2A—3B) = —12t. 
Therefore, 
Equation: 

-6A = -12 
2A—3B = 0. 


This gives A = 2 and B = 4/3, so yp(t) = 2t? + (4/3)¢ (step 4). Putting everything together, 
we have the general solution 
Equation: 


4 
y(t) = eye + cy + 20? + ae 


Note: 
Exercise: 


Problem: Find the general solution to the following differential equations. 
a. yl — By’ + 4y = 3e” 
b. yt + y' — 6y = 52cos2t 

Solution: 


a. y(x) = cye*” + coe” — ze* 
b. y(t) = cie~* + ce" — 5cos2t + sin 2t 


Hint 


Use the problem-solving strategy. 


Variation of Parameters 


Sometimes, r(x) is not a combination of polynomials, exponentials, or sines and cosines. When this is the 
case, the method of undetermined coefficients does not work, and we have to use another approach to find 
a particular solution to the differential equation. We use an approach called the method of variation of 
parameters. 


To simplify our calculations a little, we are going to divide the differential equation through by a, so we 
have a leading coefficient of 1. Then the differential equation has the form 
Equation: 


yt + py’ + qy = r(x), 


where p and q are constants. 


If the general solution to the complementary equation is given by cyyi(x) + c2y2(x), we are going to look 
for a particular solution of the form y,(a) = u(x)y1(«) + v(x)y2(z). In this case, we use the two linearly 
independent solutions to the complementary equation to form our particular solution. However, we are 
assuming the coefficients are functions of x, rather than constants. We want to find functions u(a) and 
u(a) such that y,(a) satisfies the differential equation. We have 

Equation: 


Yop = UY1 + VY2 
Yp = wy + uyr! + v'y2 + vye! 


Yplt = (uly, +v'ye)' + ulyr! + uy + v'ys! + vyell. 


Substituting into the differential equation, we obtain 
Equation: 


Yo! + yp! + yp = [(u'yr + v'y2)’ + uly’ + uy + v'ys! + yr 

+p [ul'y: + uyr! + v'y2 + vy2"] + q[uyr + vy2] 

= uly + pyr! + gyi] + v (yo! + pys! + aye] 

+(u'yy + v'y2)' + p(u'yr + v'y2) + (u’yr! + v' ye’). 


Note that y; and yz are solutions to the complementary equation, so the first two terms are zero. Thus, we 
have 
Equation: 


(u'yy + v'y2)’ + p(u'yi + v'y2) + (u'ys' + v'yo') = r(z). 


If we simplify this equation by imposing the additional condition u’y; + v’y2 = 0, the first two terms are 
zero, and this reduces to u’y1' + v'y2' = r(x). So, with this additional condition, we have a system of two 
equations in two unknowns: 

Equation: 


wyitu'y = 0 
wy’ +v'yo’ = r(z). 


Solving this system gives us u’ and v’, which we can integrate to find u and v. 


Then, yp(a) = u(x)y1 (a) + v(x) y2(a) is a particular solution to the differential equation. Solving this 
system of equations is sometimes challenging, so let’s take this opportunity to review Cramer’s rule, which 
allows us to solve the system of equations using determinants. 


Note: 

Rule: Cramer’s Rule 
The system of equations 
Equation: 


ajzy+b01z2 = 71 


Q221 +boz2 = 1 


has a unique solution if and only if the determinant of the coefficients is not zero. In this case, the solution 
is given by 


Equation: 
ry by a, 71 
ro be a2 72 
Aeneas and —————r 
a, b a, by 
a2 bo a2 bo 
Example: 
Exercise: 
Problem: 


Using Cramer’s Rule 


Use Cramer’s rule to solve the following system of equations. 


Equation: 
g7z1+2¢z. = 0 
z1 —327zq = 2x 
Solution: 
We have 


Equation: 


=. Il 
= IW 
= —32? 
—7n() 
ae 
2 
ah = —3r4 — 2r 
—32? 
2 
on A 
—32 
—4r? 4x 


2 SS ee 


0 
22 


= 27° —0 = 22°. 


2x3 —27? 


Then, 
Equation: 
a, by 
a2 by 
and 
Equation: 
ry by 
r2 be 
Thus, 
Equation: 
Ty 
ep) 
AS 
ay 
a2 
In addition, 
Equation: 
a, 11 
a2 12 
Thus, 
Equation: 
ay 
a2 
22> 
ay 


a2 


=57!50% 32552 


Note: 
Exercise: 


Problem: Use Cramer’s rule to solve the following system of equations. 


Equation: 
2221 — 322 = (i) 
g?z,+4e¢z. = 2+1 
Solution: 
— 324+3 — 2Q2¢+2 
he P'S eee 
Hint 


Use the process from the previous example. 


Note: 
Problem-Solving Strategy: Method of Variation of Parameters 


1. Solve the complementary equation and write down the general solution 
Equation: 


ce1yi(x) + coy2(z). 


2. Use Cramer’s rule or another suitable technique to find functions u’ (a) and v’ (x) satisfying 
Equation: 


| 
ros) 


uy, + v'y2 
u'yi' + u'ys! 


Gea 


3. Integrate u’ and v’ to find u(x) and u(«). Then, y,(z) = u(x)y1 (x) + v(x)y2(«) is a particular 
solution to the equation. 

4. Add the general solution to the complementary equation and the particular solution found in step 3 to 
obtain the general solution to the nonhomogeneous equation. 


Example: 
Exercise: 


Problem: 
Using the Method of Variation of Parameters 


Find the general solution to the following differential equations. 


a. yl — 2y + y= < 
b. y+ y = 3sin2x 


Solution: 


a. The complementary equation is y// 


— 2y' + y = 0 with associated general solution 


cye’ + cote’. Therefore, yi(t) = e and yo(t) = te’. Calculating the derivatives, we get 


y1'(t) = e! and y2'(t) = e! + te’ (step 1). Then, we want to find functions u’(t) and v'(t) so 


that 
Equation: 
wet'+u'te’e = 0 
ulet +! (et + tet) ee £. 

Applying Cramer’s rule, we have 
Equation: 

0 te! 

t 
eleete | OS) See 
i — — — 

e te! et (e' + te’) — ette! et t 

et e+ tet 
and 
Equation: 

e’ 0 
t 
Dae a =z (step 2) 
et et + tet 
Integrating, we get 
Equation: 
il 
i - [ 5#= —In|t| 


0) -—— 


Then we have 
Equation: 


Yp 


1 
|e = —+ (step 3). 


—e'ln |t| — +te’ 


= —e'ln |t| — e' (step 4). 


The e’ term is a solution to the complementary equation, so we don’t need to carry that term into 
our general solution explicitly. The general solution is 


Equation: 


y(t) = cre’ + cote’ — e'In|t| (step 5). 


b. The complementary equation is y// + y = 0 with associated general solution cy;cosz + cosinz. 
So, yi(a) = cosa and y2(x) = sinz (step 1). Then, we want to find functions u/ (a) and v’(x) 
such that 
Equation: 

u'cosx+v'sintg = 0 


—u'sinzg +v'cosx = 3sin?z. 


Applying Cramer’s rule, we have 


Equation: 
0 sin x 
ii) cB 
; 3sin°x cosz 0 — 3sin°« 48 
U Laas a 
cosx sing cos?z + sin“x 
—sinx cosx 
and 
Equation: 


cosx 0 


2 oe 4 
=sing 3sin- x 3sin’xcosz aD 
i = = 3sin“xcosz (step 2). 
cosx sing 1 


—sinx cosz 


Integrating first to find u, we get 
Equation: 


u= | -ssintode =-3 - 1sin*2cosz +2 [sineae| = sin’zcosz + 2cosz. 
Now, we integrate to find v. Using substitution (with w = sinz), we get 
Equation: 
C= | 3sin?ecosede = [svtaw = w® = sin®2. 


Then, 
Equation: 


2x cosz + 2cosz) cosxz + (sin*z) sin 


Y = (sin 
= sin?xcos2x + 2cos2a + sin*x 
= 2cos’x + sin*z (cos*x + sin?x) (step 4). 
= 2cos*x + sin?z 


= cos*z + 1 
The general solution is 
Equation: 


y(z) = cycosx + cysinz + 1 + cos*z (step 5). 


Note: 
Exercise: 


Problem: Find the general solution to the following differential equations. 


a. yl + y = secxr 


€ 
[Des meal I ee 


Solution: 
a. y(z) = cycosa + cosinx + coszln |cosz| + xsinx 
b. a(t) = cie’ + cote’ + te’ln |t| 


Hint 


Follow the problem-solving strategy. 


Key Concepts 


e To solve a nonhomogeneous linear second-order differential equation, first find the general solution to 
the complementary equation, then find a particular solution to the nonhomogeneous equation. 
¢ Let yp(z) be any particular solution to the nonhomogeneous linear differential equation 


Equation: 


ay (x) yl + ay (x)y' + ao (x)y = 7 (2), 


and let ciy1 (a) + c2y2(z) denote the general solution to the complementary equation. Then, the 


general solution to the nonhomogeneous equation is given by 
Equation: 


y(x) = cyyi(@) + coyo(x) + yp(z). 


¢ When r(z) is a combination of polynomials, exponential functions, sines, and cosines, use the method 
of undetermined coefficients to find the particular solution. To use this method, assume a solution in 
the same form as r(x), multiplying by x as necessary until the assumed solution is linearly 
independent of the general solution to the complementary equation. Then, substitute the assumed 
solution into the differential equation to find values for the coefficients. 

¢ When r(z) is not a combination of polynomials, exponential functions, or sines and cosines, use the 
method of variation of parameters to find the particular solution. This method involves using 
Cramer’s rule or another suitable technique to find functions u’(z) and vu’ (2) satisfying 
Equation: 


wy +v'y, = 0 
wy’ +v'yo’ = r(z). 


Then, yp(«) = u(x)yi (x) + v(@)yo(2) is a particular solution to the differential equation. 


Key Equations 
¢ Complementary equation 
ag (x)yl + ay (x)y! + ao (x)y = 0 
¢ General solution to a nonhomogeneous linear differential equation 
y(x) = crys (a) + coya(a) + yp(a) 


Solve the following equations using the method of undetermined coefficients. 
Exercise: 


Problem: 2y// — 5y’ — 12y = 6 
Exercise: 

Problem: 3y// + y' — 4y = 8 

Solution: 

y= eje + coe” — 2 


Exercise: 


Problem: y// — 6y' + 5y = e~* 
Exercise: 

Problem: y// + 16y = e 2” 

Solution: 

y = c,cos4z + cosin4x + ae 


Exercise: 


Problem: y// — 4y = «7 + 1 


Exercise: 
Problem: y// — 4y!' + 4y = 8x? + 4x 
Solution: 
y= cer” + cove” + Qa? + 5a 


Exercise: 


Problem: y// — 2y' — 3y = sin2z 
Exercise: 

Problem: y// + 2y' + y = sinz + cosx 

Solution: 


y=cye *+cote *+ 5 sina _ 5 COSz 


Exercise: 


Problem: y// + 9y = e*cosx 


Exercise: 


Problem: y// + y = 3sin2z + xcos2z 
Solution: 
y = c1cosx + cosinz — $208 2x _ 2 sin 2x 


Exercise: 


Problem: y// + 3y’ — 28y = 10e** 
Exercise: 

Problem: y// + 10y' + 25y = ze °* + 4 

Solution: 


y= cye—* + core + woes + = 


In each of the following problems, 


a. Write the form for the particular solution y,(«) for the method of undetermined coefficients. 
b. [T] Use a computer algebra system to find a particular solution to the given equation. 


Exercise: 


Problem: y// — y' —-y=x+e* 


Exercise: 


Problem: y// — 3y = «7 — 4x 4+ 11 
Solution: 


a. Yp(2) = Aa? + Bae +C 
b. Yp(az) = —za2 + $a — 9 


Exercise: 


Problem: y// — y' — 4y = e*cos3x 


Exercise: 
Problem: 2y// — y' + y = (a? —5a)e* 


Solution: 


a. yp(a) = (Aa? + Ba + O)e* 
b. vp() = (4a? $a — Bye 


Exercise: 
Problem: 4y// + 5y! — 2y = e?* + xsing 
Exercise: 


Problem: y// — y' — 2y = z’e*sinz 


Solution: 


a. ¥p(z) = (Ax? + Bx + C)e*cosx + (Dx? + Ex + F)e*sina 
b. yp(x) = (—qyaw? — Ha — H)etcosx + (-fa 


Solve the differential equation using either the method of undetermined coefficients or the variation of 
parameters. 
Exercise: 


Problem: y// + 3y' — 4y = 2e* 


Exercise: 


Problem: y// + 2y' = e3* 
Solution: 


= —2x 1 23x 
y=c, + c2e + 75 e 


Exercise: 


Problem: y// + 6y’ + 9y=e * 


Exercise: 


Problem: y// + 2y' — 8y = 6e?* 
Solution: 


y= ce a ee fi rez 


Solve the differential equation using the method of variation of parameters. 
Exercise: 


Problem: 4y// + y = 2sinz 


Exercise: 


Problem: y// — 9y = 8x 


Solution: 

y= ce tee — - 
Exercise: 

Problem: y// + y = secz, Use n2 
Exercise: 


Problem: y// + 4y = 3csc2z, O0< 2 < 7/2 
Solution: 


y = cycos 2a + cosin2e — 2xcos2x + 4sin2zIn(sin2z) 


Find the unique solution satisfying the differential equation and the initial conditions given, where yp(z) is 
the particular solution. 
Exercise: 


Problem: y// — 2y' + y = 12e", y,(z) = 6x7e", y(0) = 6, y(0) =0 


Exercise: 


Problem: y/! — 7y! = 4ze™, y,(r) = 2yre7 — apre™, y(0) = —1, y(0) =0 


Solution: 

_ 347 | 4 Te 2) 2 wept? 4 7x 

Yo ggg gag. alae © ag TE 
Exercise: 


Problem: y// + y = cosa — 4sinz, y,(z) = 2xcosz + Fzsinz, y(0) = 8, y(0) =—4 


Exercise: 


Problem: y// — 5y' = e** + 8e**, y,(x) = tre + ae, y(0) = —2, y(0) =0 


Solution: 


In each of the following problems, two linearly independent solutions—y, and y2—are given that satisfy 
the corresponding homogeneous equation. Use the method of variation of parameters to find a particular 
solution to the given nonhomogeneous equation. Assume x > 0 in each exercise. 

Exercise: 


Problem: z7y// + 2ry' — 2y = 32, yi(x)=2, yo(x)=2 


Exercise: 
Problem: x7y// — 2y = 10x? — 1, yi(x) = 27, 9 -yo(x) = 2 


Solution: 


Yp = $ + Pane 


Glossary 


complementary equation 
for the nonhomogeneous linear differential equation 
Equation: 


a2 (x)y + ai (x)y’ + ao (x)y =r (2), 


the associated homogeneous equation, called the complementary equation, is 
Equation: 


a (x)yl + ay (x)y' + ao (z)y = 0 


method of undetermined coefficients 
a method that involves making a guess about the form of the particular solution, then solving for the 
coefficients in the guess 


method of variation of parameters 
a method that involves looking for particular solutions in the form y,(z) = u(x)yi(x) + v(x)y2(z), 
where yi and yz are linearly independent solutions to the complementary equations, and then solving 
a system of equations to find u(x) and u(x) 


particular solution 
a solution yp(a) of a differential equation that contains no arbitrary constants 


Applications 


e Solve a second-order differential equation representing simple 
harmonic motion. 

e Solve a second-order differential equation representing damped simple 
harmonic motion. 

e Solve a second-order differential equation representing forced simple 
harmonic motion. 

e Solve a second-order differential equation representing charge and 
current in an RLC series circuit. 


We saw in the chapter introduction that second-order linear differential 
equations are used to model many situations in physics and engineering. In 
this section, we look at how this works for systems of an object with mass 
attached to a vertical spring and an electric circuit containing a resistor, an 
inductor, and a capacitor connected in series. Models such as these can be 
used to approximate other more complicated situations; for example, bonds 
between atoms or molecules are often modeled as springs that vibrate, as 
described by these same differential equations. 


Simple Harmonic Motion 


Consider a mass suspended from a spring attached to a rigid support. (This 
is commonly called a spring-mass system.) Gravity is pulling the mass 
downward and the restoring force of the spring is pulling the mass upward. 
As shown in [link], when these two forces are equal, the mass is said to be 
at the equilibrium position. If the mass is displaced from equilibrium, it 
oscillates up and down. This behavior can be modeled by a second-order 
constant-coefficient differential equation. 


aq ¥___._.-__- ade a _ 
natural position = Is —S 
of spring tte F-—------- ~~ gee renen> =O 
equilibrium: _ 
= om 
in motion 
(a) (b) (Cc) 


A spring in its natural position (a), at equilibrium with a mass m 
attached (b), and in oscillatory motion (c). 


Let x(t) denote the displacement of the mass from equilibrium. Note that 
for spring-mass systems of this type, it is customary to adopt the convention 
that down is positive. Thus, a positive displacement indicates the mass is 
below the equilibrium point, whereas a negative displacement indicates the 
mass is above equilibrium. Displacement is usually given in feet in the 
English system or meters in the metric system. 


Consider the forces acting on the mass. The force of gravity is given by 
mg. In the English system, mass is in slugs and the acceleration resulting 
from gravity is in feet per second squared. The acceleration resulting from 
gravity is constant, so in the English system, g = 32 ft/sec*. Recall that 1 
slug-foot/sec’ is a pound, so the expression mg can be expressed in pounds. 
Metric system units are kilograms for mass and m/sec? for gravitational 
acceleration. In the metric system, we have g = 9.8 m/sec?. 


According to Hooke’s law, the restoring force of the spring is proportional 
to the displacement and acts in the opposite direction from the 
displacement, so the restoring force is given by —k(s + x). The spring 
constant is given in pounds per foot in the English system and in newtons 
per meter in the metric system. 


Now, by Newton’s second law, the sum of the forces on the system (gravity 
plus the restoring force) is equal to mass times acceleration, so we have 
Equation: 


man = —k(s+a2)+mg 
= —ks —kx+magq. 


However, by the way we have defined our equilibrium position, mg = ks, 
the differential equation becomes 
Equation: 


man+t+kx = 0. 


It is convenient to rearrange this equation and introduce a new variable, 
called the angular frequency, w. Letting w = i k/m, we can write the 


equation as 
Equation: 


c+ wae — 0. 


This differential equation has the general solution 
Equation: 
z(t) = cycoswt + cysinwt, 


which gives the position of the mass at any point in time. The motion of the 
mass is called simple harmonic motion. The period of this motion (the 


time it takes to complete one oscillation) is T = = and the frequency is 
f= a = 3 (link). 


f(t) = sin2t 


A graph of vertical displacement versus time for simple harmonic 
motion. 


Example: 
Exercise: 


Problem: 
Simple Harmonic Motion 


Assume an object weighing 2 |b stretches a spring 6 in. Find the 
equation of motion if the spring is released from the equilibrium 
position with an upward velocity of 16 ft/sec. What is the period of 
the motion? 


Solution: 


We first need to find the spring constant. We have 


Equation: 
mg = ks 
oe 13 oy) 
4. 


We also know that weight W equals the product of mass m and the 
acceleration due to gravity g. In English units, the acceleration due to 
gravity is 32 ft/sec?. 

Equation: 


No 
S 

ges 
wo 
N 
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Thus, the differential equation representing this system is 
Equation: 


1 
Tan + 4x7 = 0. 


Multiplying through by 16, we get «// + 642 = 0, which can also be 
written in the form x + (82)z = 0. This equation has the general 
solution 

Equation: 


z(t) = cycos (8t) + cesin (8t). 


The mass was released from the equilibrium position, so 7(0) = 0, 
and it had an initial upward velocity of 16 ft/sec, so x'(0) = —16. 
Applying these initial conditions to solve for c; and c2. gives 
Equation: 


x(t) = —2sin8t. 
2m 1 


The period of this motion is =" = 7 sec. 


Note: 
Exercise: 


Problem: 


A 200-g mass stretches a spring 5 cm. Find the equation of motion of 
the mass if it is released from rest from a position 10 cm below the 
equilibrium position. What is the frequency of this motion? 


Solution: 
a(t) = 0.1cos (14¢) (in meters); frequency is $* Hz. 
Hint 


First find the spring constant. 


Writing the general solution in the form x(t) = cycos (wt) + c2sin (wt) 
has some advantages. It is easy to see the link between the differential 
equation and the solution, and the period and frequency of motion are 
evident. This form of the function tells us very little about the amplitude of 


the motion, however. In some situations, we may prefer to write the solution 
in the form 
Equation: 


z(t) = Asin (wt + ¢). 


Although the link to the differential equation is not as explicit in this case, 
the period and frequency of motion are still evident. Furthermore, the 
amplitude of the motion, A, is obvious in this form of the function. The 
constant ¢ is called a phase shift and has the effect of shifting the graph of 
the function to the left or right. 


To convert the solution to this form, we want to find the values of A and @ 
such that 
Equation: 


cicos (wt) + cosin (wt) = Asin (wt + ¢). 
We first apply the trigonometric identity 
Equation: 


sin(a + 8) = sinacos 6 + cosasinB 


to get 
Equation: 


cicos (wt) + cosin (wt) = A (sin (wt)cos¢ + cos (wt)sing) 
= Asin ¢ (cos (wt)) + Acos¢ (sin (wt)). 


Thus, 
Equation: 


c; = Asingand cg = Acos®@. 


If we square both of these equations and add them together, we get 
Equation: 
ci +c} = A’sin?d + A*cos*¢ 
— A’ (sind + cos¢) 
= Ar, 


Thus, 
Equation: 


A= 4/c? +2. 


Now, to find ¢, go back to the equations for c; and cg, but this time, divide 
the first equation by the second equation to get 


Equation: 
c, __ Asing 
c.  Acosd 
= tang. 
Then, 
Equation: 
Cc 
tang = =, 
C2 


We summarize this finding in the following theorem. 


Note: 
Solution to the Equation for Simple Harmonic Motion 


The function x(t) = cycos (wt) + c2sin (wt) can be written in the form 
C1 


z(t) = Asin (wt + $), where A = 2 + ¢3 and tang = 2. 


Note that when using the formula tang = i to find ¢, we must take care 


to ensure @ is in the right quadrant ({link]). 


A graph of vertical displacement versus time for simple harmonic 
motion with a phase change. 


Example: 
Exercise: 


Problem: 
Expressing the Solution with a Phase Shift 


Express the following functions in the form Asin (wt + ¢). What is 
the frequency of motion? The amplitude? 


a. x(t) = 2cos (3t) + sin (3¢) 
b. x(t) = 3cos (2t¢) — 2sin (2¢) 


Solution: 
a. We have 
Equation: 
A=Ve+e=VP+P=V5 
and 
Equation: 
2 
tang = See. 
C2 1 


Note that both c; and c2 are positive, so ¢ is in the first quadrant. 
Thus, 
Equation: 


@ © 1.107 rad, 


So we have 
Equation: 


a(t) = 2cos (3t) + sin (3t) = V5sin (3¢ + 1.107). 


The frequency is 5- = oh ~ 0.477. The amplitude is //5. 
b. We have 


Equation: 
A=Ve4+e2 = V3?2+22=V13 
and 
Equation: 
3 3 
tang = sau pase gee ee 
(Ey —2 2 


Note that c; is positive but cz is negative, so ¢ is in the fourth 
quadrant. Thus, 
Equation: 


o + —0.983 rad, 


so we have 
Equation: 


z(t) = 3cos (2t) — 2sin (2t) 
— »/13sin (2t — 0.983). 


The frequency is 5- = 2 0.318. The amplitude is V/13. 


iN, es 


Note: 
Exercise: 


Problem: 


Express the function z(t) = cos (4¢) + 4sin (4¢) in the form 
Asin (wt + ¢). What is the frequency of motion? The amplitude? 


Solution: 


a(t) = V17sin (4t + 0.245), frequency = = © 0.637, A= V17 
Hint 


Use the process from the previous example. 


Damped Vibrations 


With the model just described, the motion of the mass continues 
indefinitely. Clearly, this doesn’t happen in the real world. In the real world, 
there is almost always some friction in the system, which causes the 
oscillations to die off slowly—an effect called damping. So now let’s look 
at how to incorporate that damping force into our differential equation. 


Physical spring-mass systems almost always have some damping as a result 
of friction, air resistance, or a physical damper, called a dashpot (a 
pneumatic cylinder; see [link]). 


A dashpot is a pneumatic cylinder that 
dampens the motion of an oscillating 
system. 


Because damping is primarily a friction force, we assume it is proportional 
to the velocity of the mass and acts in the opposite direction. So the 
damping force is given by —bx’ for some constant b > 0. Again applying 
Newton’s second law, the differential equation becomes 

Equation: 


man + ba’ + kx = 0. 
Then the associated characteristic equation is 
Equation: 


mx + bA+k=0. 


Applying the quadratic formula, we have 
Equation: 


_ —b+ VB? = 4mk 


2m 


a 


Just as in Second-Order Linear Equations we consider three cases, based on 
whether the characteristic equation has distinct real roots, a repeated real 
root, or complex conjugate roots. 


Case 1: b? > 4mk 


In this case, we say the system is overdamped. The general solution has the 
form 
Equation: 


a(t) = cie™* + coe, 


where both A, and Az are less than zero. Because the exponents are 
negative, the displacement decays to zero over time, usually quite quickly. 
Overdamped systems do not oscillate (no more than one change of 
direction), but simply move back toward the equilibrium position. [link] 
shows what typical critically damped behavior looks like. 


x x 


(a) (b) 


Behavior of an overdamped spring-mass system, with no change in 
direction (a) and only one change in direction (b). 


Example: 
Exercise: 


Problem: 
Overdamped Spring-Mass System 


A 16-lb mass is attached to a 10-ft spring. When the mass comes to 
rest in the equilibrium position, the spring measures 15 ft 4 in. The 
system is immersed in a medium that imparts a damping force equal 
to 3 times the instantaneous velocity of the mass. Find the equation 
of motion if the mass is pushed upward from the equilibrium position 
with an initial upward velocity of 5 ft/sec. What is the position of the 
mass after 10 sec? Its velocity? 


Solution: 
The mass stretches the spring 5 ft 4 in., or = ft. Thus, 16 = (= )k, 
so k = 3. Wealso have m = — = > so the differential equation is 


Equation: 
ton +i’ 4+ 3x2 =0. 
Multiplying through by 2 gives x// + 52’ + 6x = 0, which has the 


general solution 
Equation: 


a(t) =cje * + cee. 
Applying the initial conditions, x(0) = 0 and x’(0) = —5, we get 
Equation: 
al) = he ee 
After 10 sec the mass is at position 
Equation: 
a(10) = —5e 7° + 5e *° = —1.0305 x 10° = 0, 
so it is, effectively, at the equilibrium position. We have 
a'(t) = 10e~* — 15e~**, so after 10 sec the mass is moving at a 


velocity of 
Equation: 


oe (10 en — ben” 2 06 10m (, 


After only 10 sec, the mass is barely moving. 


Note: 
Exercise: 


Problem: 


A 2-kg mass is attached to a spring with spring constant 24 N/m. The 
system is then immersed in a medium imparting a damping force 
equal to 16 times the instantaneous velocity of the mass. Find the 
equation of motion if it is released from rest at a point 40 cm below 
equilibrium. 


Solution: 


vc) —OiGen-9 Oven 
Hint 


Follow the process from the previous example. 


Case 2: b? = 4mk 


In this case, we say the system is critically damped. The general solution 
has the form 
Equation: 


a(t) = cye** + ete’, 


where A, is less than zero. The motion of a critically damped system is very 
similar to that of an overdamped system. It does not oscillate. However, 
with a critically damped system, if the damping is reduced even a little, 
oscillatory behavior results. From a practical perspective, physical systems 
are almost always either overdamped or underdamped (case 3, which we 
consider next). It is impossible to fine-tune the characteristics of a physical 
system so that b? and 4mk are exactly equal. [link] shows what typical 
critically damped behavior looks like. 


x x 


(a) (b) 


Behavior of a critically damped spring-mass system. The system 
graphed in part (a) has more damping than the system graphed in part 


(b). 


Example: 
Exercise: 


Problem: 
Critically Damped Spring-Mass System 


A 1-kg mass stretches a spring 20 cm. The system is attached to a 
dashpot that imparts a damping force equal to 14 times the 
instantaneous velocity of the mass. Find the equation of motion if the 
mass is released from equilibrium with an upward velocity of 3 m/sec. 


Solution: 


We have mg = 1(9.8) = 0.2k, so k = 49. Then, the differential 
equation is 
Equation: 


z+ 14x’ + 492 = 0, 
which has general solution 
Equation: 
a(t) = ce + cote”. 
Applying the initial conditions x(0) = 0 and x’(0) = —3 gives 
Equation: 


a= =e” 


Note: 
Exercise: 


Problem: 
A 1-lb weight stretches a spring 6 in., and the system is attached to a 
dashpot that imparts a damping force equal to half the instantaneous 


velocity of the mass. Find the equation of motion if the mass is 
released from rest at a point 6 in. below equilibrium. 


Solution: 


a(t) = e~* + 4te-™ 
Hint 


First find the spring constant. 


Case 3: b? < 4mk 


In this case, we say the system is underdamped. The general solution has 
the form 
Equation: 


a(t) = e® (cycos (Bt) + cesin (Bt)), 


where aq is less than zero. Underdamped systems do oscillate because of the 
sine and cosine terms in the solution. However, the exponential term 
dominates eventually, so the amplitude of the oscillations decreases over 
time. [link] shows what typical underdamped behavior looks like. 


Behavior of an underdamped spring-mass system. 


Note that for all damped systems, jim z(t) = 0. The system always 


approaches the equilibrium position over time. 


Example: 
Exercise: 


Problem: 
Underdamped Spring-Mass System 


A 16-lb weight stretches a spring 3.2 ft. Assume the damping force on 
the system is equal to the instantaneous velocity of the mass. Find the 
equation of motion if the mass is released from rest at a point 9 in. 
below equilibrium. 


Solution: 

We have k = 3h = Sand rh — a = +; so the differential equation 
is 

Equation: 


tgn+a'+ 5x2 =0, ora + 22'+ 10z = 0. 


This equation has the general solution 
Equation: 


z(t) = e * (c,cos (3t) + cosin (3t)). 


Applying the initial conditions, z(0) = + and x’(0) = 0, we get 


Equation: 


AOae (00s (3t) + sin 34). 


Note: 
Exercise: 


Problem: 


A 1-kg mass stretches a spring 49 cm. The system is immersed in a 
medium that imparts a damping force equal to four times the 
instantaneous velocity of the mass. Find the equation of motion if the 
mass is released from rest at a point 24 cm above equilibrium. 


Solution: 
z(t) = —0.24e-~cos (4t) — 0.12e-*¢sin (4t) 
Hint 


First find the spring constant. 


Example: 
Exercise: 


Problem: 
Chapter Opener: Modeling a Motorcycle Suspension System 


(credit: modification of work by 
nSeika, Flickr) 


For motocross riders, the suspension systems on their motorcycles are 
very important. The off-road courses on which they ride often include 
jumps, and losing control of the motorcycle when they land could cost 
them the race. 


This suspension system can be modeled as a damped spring-mass 
system. We define our frame of reference with respect to the frame of 
the motorcycle. Assume the end of the shock absorber attached to the 
motorcycle frame is fixed. Then, the “mass” in our spring-mass 


system is the motorcycle wheel. We measure the position of the wheel 
with respect to the motorcycle frame. This may seem counterintuitive, 
since, in many cases, it is actually the motorcycle frame that moves, 
but this frame of reference preserves the development of the 
differential equation that was done earlier. As with earlier 
development, we define the downward direction to be positive. 


When the motorcycle is lifted by its frame, the wheel hangs freely and 
the spring is uncompressed. This is the spring’s natural position. 
When the motorcycle is placed on the ground and the rider mounts the 
motorcycle, the spring compresses and the system is in the 
equilibrium position ([link]). 

Natural position Equilibrium position 


Uncompressed 
spring 


We can use a spring-mass system to model a motorcycle 
suspension. 


This system can be modeled using the same differential equation we 
used before: 
Equation: 


man + ba’ + ke = 0. 


A motocross motorcycle weighs 204 lb, and we assume a rider weight 
of 180 lb. When the rider mounts the motorcycle, the suspension 
compresses 4 in., then comes to rest at equilibrium. The suspension 
system provides damping equal to 240 times the instantaneous 
vertical velocity of the motorcycle (and rider). 


a. Set up the differential equation that models the behavior of the 
motorcycle suspension system. 

b. We are interested in what happens when the motorcycle lands 
after taking a jump. Let time ¢ = 0 denote the time when the 
motorcycle first contacts the ground. If the motorcycle hits the 
ground with a velocity of 10 ft/sec downward, find the equation 
of motion of the motorcycle after the jump. 

c. Graph the equation of motion over the first second after the 
motorcycle hits the ground. 


Solution: 


a. We have defined equilibrium to be the point where mg = ks, so 


we have 
Equation: 
mg ks 
384 = k() 
a= et ae 
We also have 
Equation: 
W mg 
$04) etioat 


Therefore, the differential equation that models the behavior of 
the motorcycle suspension is 
Equation: 


1221 + 2402’ + 11522 = 0. 


Dividing through by 12, we get 
Equation: 


xi + 20x’ + 96x = 0. 


b. The differential equation found in part a. has the general solution 
Equation: 


a(t) =cye * +c6 ”. 


Now, to determine our initial conditions, we consider the position 
and velocity of the motorcycle wheel when the wheel first 
contacts the ground. Since the motorcycle was in the air prior to 
contacting the ground, the wheel was hanging freely and the 
spring was uncompressed. Therefore the wheel is 4 in. (+ ft) 


below the equilibrium position (with respect to the motorcycle 
frame), and we have z(0) = +. According to the problem 
statement, the motorcycle has a velocity of 10 ft/sec downward 
when the motorcycle contacts the ground, so x'(0) = 10. 
Applying these initial conditions, we get cy = £ and 


Q== (2), so the equation of motion is 


Equation: 


c. The graph is shown in [link]. 


x(t) = te = Benim 


-0.1 0.1 0.2/0.3 04 05 06 07 08 09 1 111213 1415 16¢ 


Graph of the equation of motion over a time of one second. 


Note: 

Landing Vehicle 

NASA is planning a mission to Mars. To save money, engineers have 
decided to adapt one of the moon landing vehicles for the new mission. 
However, they are concerned about how the different gravitational forces 
will affect the suspension system that cushions the craft when it touches 
down. The acceleration resulting from gravity on the moon is 1.6 m/sec”, 
whereas on Mars it is 3.7 m/sec’. 

The suspension system on the craft can be modeled as a damped spring- 
mass system. In this case, the spring is below the moon lander, so the 
spring is slightly compressed at equilibrium, as shown in [link]. 


Lander at touchdown Equilibrium position 


Uncompressed fs 
Spring 


Landing surface 


The landing craft suspension can be represented as a damped spring- 
mass system. (credit “lander”: NASA) 


We retain the convention that down is positive. Despite the new 
orientation, an examination of the forces affecting the lander shows that the 
same differential equation can be used to model the position of the landing 
craft relative to equilibrium: 

Equation: 


man + ba’ + kx = 0, 


where m is the mass of the lander, b is the damping coefficient, and k is the 
spring constant. 


1. The lander has a mass of 15,000 kg and the spring is 2 m long when 
uncompressed. The lander is designed to compress the spring 0.5 m to 
reach the equilibrium position under lunar gravity. The dashpot 
imparts a damping force equal to 48,000 times the instantaneous 
velocity of the lander. Set up the differential equation that models the 
motion of the lander when the craft lands on the moon. 

2. Let time ¢ = 0 denote the instant the lander touches down. The rate of 
descent of the lander can be controlled by the crew, so that it is 
descending at a rate of 2 m/sec when it touches down. Find the 
equation of motion of the lander on the moon. 

3. If the lander is traveling too fast when it touches down, it could fully 
compress the spring and “bottom out.” Bottoming out could damage 
the landing craft and must be avoided at all costs. Graph the equation 


of motion found in part 2. If the spring is 0.5 m long when fully 
compressed, will the lander be in danger of bottoming out? 

4. Assuming NASA engineers make no adjustments to the spring or the 
damper, how far does the lander compress the spring to reach the 
equilibrium position under Martian gravity? 

5. If the lander crew uses the same procedures on Mars as on the moon, 
and keeps the rate of descent to 2 m/sec, will the lander bottom out 
when it lands on Mars? 

6. What adjustments, if any, should the NASA engineers make to use the 
lander safely on Mars? 


Forced Vibrations 


The last case we consider is when an external force acts on the system. In 
the case of the motorcycle suspension system, for example, the bumps in 
the road act as an external force acting on the system. Another example is a 
spring hanging from a support; if the support is set in motion, that motion 
would be considered an external force on the system. We model these 
forced systems with the nonhomogeneous differential equation 

Equation: 


mall + be' + kx = f(t), 


where the external force is represented by the f(t) term. As we saw in 
Nonhomogenous Linear Equations, differential equations such as this have 
solutions of the form 

Equation: 


a(t) = ez (1) + covet) +2, (t), 


where C12 1(t) + c2%2(t) is the general solution to the complementary 

equation and z,(t) is a particular solution to the nonhomogeneous equation. 

If the system is damped, jim C121(t) + co%o(t) = 0. Since these terms do 
—00 


not affect the long-term behavior of the system, we call this part of the 
solution the transient solution. The long-term behavior of the system is 
determined by x,(t), so we call this part of the solution the steady-state 
solution. 


Note: 
This website shows a simulation of forced vibrations. 


Example: 
Exercise: 


Problem: 
Forced Vibrations 


A mass of 1 slug stretches a spring 2 ft and comes to rest at 
equilibrium. The system is attached to a dashpot that imparts a 
damping force equal to eight times the instantaneous velocity of the 
mass. Find the equation of motion if an external force equal to 

f(t) = 8sin (4¢) is applied to the system beginning at time t = 0. 
What is the transient solution? What is the steady-state solution? 


Solution: 
We have mg = 1 (32) = 2k, so k = 16 and the differential equation 
is 
Equation: 
rl + 8x' + 16x = 8sin (4t). 
The general solution to the complementary equation is 


Equation: 


Gen. + cote“. 


Assuming a particular solution of the form 

£y(t) = Acos (4t) + Bsin (4t) and using the method of 
undetermined coefficients, we find x,(t) = —4 cos (4t), so 
Equation: 


1 
a(t) =cje * +eyte * — 7° (4t). 


At t = O, the mass is at rest in the equilibrium position, so 

x(0) = x'(0) = 0. Applying these initial conditions to solve for cy 
and C2, we get 

Equation: 


The transient solution is te + te—*. The steady-state solution is 


—+ cos (4t). 


Note: 
Exercise: 


Problem: 


A mass of 2 kg is attached to a spring with constant 32 N/m and 
comes to rest in the equilibrium position. Beginning at time ¢ = 0, an 
external force equal to f(t) = 68e~ **cos (4t) is applied to the system. 
Find the equation of motion if there is no damping. What is the 
transient solution? What is the steady-state solution? 


Solution: 


a(t) = —}cos (4t) + 4sin (4t) + $e7 ee (4t) — 2e~*sin (4t) 
Transient solution: +e “cos (4t) — 2e~*‘sin (4¢) 
Steady-state solution: — + cos (4t) + 3sin (4t) 


Hint 


Find the particular solution before applying the initial conditions. 


Note: 

Resonance 

Consider an undamped system exhibiting simple harmonic motion. In the 
real world, we never truly have an undamped system; —some damping 
always occurs. For theoretical purposes, however, we could imagine a 
spring-mass system contained in a vacuum chamber. With no air resistance, 
the mass would continue to move up and down indefinitely. 

The frequency of the resulting motion, given by f = - = = , is called 
the natural frequency of the system. If an external force acting on the 
system has a frequency close to the natural frequency of the system, a 
phenomenon called resonance results. The external force reinforces and 
amplifies the natural motion of the system. 


1. Consider the differential equation x// + x = 0. Find the general 
solution. What is the natural frequency of the system? 

2. Now suppose this system is subjected to an external force given by 
f(t) = 5cost. Solve the initial-value problem x// + x = 5cost, 
og (8) er ro LO) eae 

3. Graph the solution. What happens to the behavior of the system over 
time? 

4. In the real world, there is always some damping. However, if the 
damping force is weak, and the external force is strong enough, real- 
world systems can still exhibit resonance. One of the most famous 
examples of resonance is the collapse of the Tacoma Narrows Bridge 
on November 7, 1940. The bridge had exhibited strange behavior ever 
since it was built. The roadway had a strange “bounce” to it. On the 
day it collapsed, a strong windstorm caused the roadway to twist and 


ripple violently. The bridge was unable to withstand these forces and 
it ultimately collapsed. Experts believe the windstorm exerted forces 
on the bridge that were very close to its natural frequency, and the 
resulting resonance ultimately shook the bridge apart. 


Note: 
This website contains more information about the collapse of the 
Tacoma Narrows Bridge. 


Note: 

During the short time the Tacoma Narrows Bridge stood, it became 
quite a tourist attraction. Several people were on site the day the 
bridge collapsed, and one of them caught the collapse on film. Watch 
the video to see the collapse. 


. Another real-world example of resonance is a singer shattering a 
crystal wineglass when she sings just the right note. When someone 
taps a crystal wineglass or wets a finger and runs it around the rim, a 
tone can be heard. That note is created by the wineglass vibrating at 
its natural frequency. If a singer then sings that same note at a high 
enough volume, the glass shatters as a result of resonance. 


Note: 

The TV show Mythbusters aired an episode on this phenomenon. 
Visit this website to learn more about it. Adam Savage also described 
the experience. Watch this video for his account. 


The RLC Series Circuit 


Consider an electrical circuit containing a resistor, an inductor, and a 
capacitor, as shown in [link]. Such a circuit is called an RLC series circuit. 
RLC circuits are used in many electronic systems, most notably as tuners in 
AM/FM radios. The tuning knob varies the capacitance of the capacitor, 
which in turn tunes the radio. Such circuits can be modeled by second- 
order, constant-coefficient differential equations. 


Let I(t) denote the current in the RLC circuit and q(t) denote the charge on 
the capacitor. Furthermore, let L denote inductance in henrys (H), R denote 
resistance in ohms (2), and C denote capacitance in farads (F). Last, let 
E(t) denote electric potential in volts (V). 


Kirchhoff’s voltage rule states that the sum of the voltage drops around any 
closed loop must be zero. So, we need to consider the voltage drops across 
the inductor (denoted £,), the resistor (denoted Fr), and the capacitor 
(denoted Fc). Because the RLC circuit shown in [link] includes a voltage 
source, E(t), which adds voltage to the circuit, we have 

E,+Ert+ Eo = E(t). 


We present the formulas below without further development. Those of you 
interested in the derivation of these formulas should consult a physics text. 
Using Faraday’s law and Lenz’s law, the voltage drop across an inductor 
can be shown to be proportional to the instantaneous rate of change of 
current, with proportionality constant L. Thus, 

Equation: 


dI 
se 
= dt 


Next, according to Ohm’s law, the voltage drop across a resistor is 
proportional to the current passing through the resistor, with proportionality 
constant R. Therefore, 

Equation: 


ERr= RI. 


Last, the voltage drop across a capacitor is proportional to the charge, q, on 
the capacitor, with proportionality constant 1/C. Thus, 


Equation: 
Ec = a4 
Adding these terms together, we get 
Equation: 
1 + RI + aa = E(t). 


Noting that I = (dq) / (dt), this becomes 
Equation: 


Mathematically, this system is analogous to the spring-mass systems we 
have been examining in this section. 


An RLC series circuit can be 
modeled by the same differential 
equation as a mass-spring system. 


Example: 
Exercise: 


Problem: 
The RIC Series Circuit 


Find the charge on the capacitor in an RLC series circuit where 

L =5/3H, R = 100, C = 1/30 F and E(t) = 300 V. Assume the 
initial charge on the capacitor is 0 C and the initial current is 9 A. 
What happens to the charge on the capacitor over time? 


Solution: 
We have 
Equation: 
La +R4 +a4q = E(t) 
34 a +104 + 30g = 300 
“A +64 +18q = 180. 


The general solution to the complementary equation is 
Equation: 


e * (cicos (3t) + cgsin (3t)). 


Assume a particular solution of the form gq, = A, where A isa 


constant. Using the method of undetermined coefficients, we find 
A: = 110'.So; 
Equation: 


q(t) = e * (cicos (3t) + cgsin (3t)) + 10. 


Applying the initial conditions g(0) = 0 and 

i(0) = ((dq)/ (dt))(0) = 9, we find c} = —10 and cz = —7. So the 
charge on the capacitor is 

Equation: 


q(t) = —10e~*‘cos (3t) — 7e~*‘sin (3t) + 10. 


Looking closely at this function, we see the first two terms will decay 
over time (as a result of the negative exponent in the exponential 
function). Therefore, the capacitor eventually approaches a steady- 
state charge of 10 C. 


Note: 
Exercise: 


Problem: 


Find the charge on the capacitor in an RLC series circuit where 
DL =1/5H, R= 2/50, C = 1/2 F, and E(t) = 50 V. Assume the 
initial charge on the capacitor is 0 C and the initial current is 4 A. 


Solution: 
q(t) = —25e ‘cos (3t) — 7e~‘sin (3t) + 25 
Hint 


Remember, EF, = L ((dI)/ (dt)). 


Key Concepts 


Second-order constant-coefficient differential equations can be used to 
model spring-mass systems. 

An examination of the forces on a spring-mass system results in a 
differential equation of the form 

Equation: 


man + ba' +kx = f(t), 


where m represents the mass, 6 is the coefficient of the damping force, 
k is the spring constant, and f(t) represents any net external forces on 
the system. 

If b = 0, there is no damping force acting on the system, and simple 
harmonic motion results. If b ~ 0, the behavior of the system depends 
on whether b? — 4mk > 0, b? — 4mk = 0, or b? — 4mk < 0. 

If b2 — 4mk > 0, the system is overdamped and does not exhibit 
oscillatory behavior. 

If b? — 4mk = 0, the system is critically damped. It does not exhibit 
oscillatory behavior, but any slight reduction in the damping would 
result in oscillatory behavior. 

If b? — 4mk < 0, the system is underdamped. It exhibits oscillatory 
behavior, but the amplitude of the oscillations decreases over time. 

If f(t) 4 0, the solution to the differential equation is the sum of a 
transient solution and a steady-state solution. The steady-state solution 
governs the long-term behavior of the system. 

The charge on the capacitor in an RLC series circuit can also be 
modeled with a second-order constant-coefficient differential equation 
of the form 

Equation: 


where L is the inductance, R is the resistance, C is the capacitance, and 
E(t) is the voltage source. 


Key Equations 


e Equation of simple harmonic motion 
all + w*2 = 0 

¢ Solution for simple harmonic motion 
z(t) = cycos (wt) + cgsin (wt) 

e Alternative form of solution for SHM 
z(t) = Asin (wt + 6) 

¢ Forced harmonic motion 
man + ba' + kx = f(t) 

e Charge in a RLC series circuit 


d? d 
LE + RG + a= Et) 


Exercise: 
Problem: 
A mass weighing 4 lb stretches a spring 8 in. Find the equation of 
motion if the spring is released from the equilibrium position with a 


downward velocity of 12 ft/sec. What is the period and frequency of 
the motion? 


Exercise: 
Problem: 
A mass weighing 2 lb stretches a spring 2 ft. Find the equation of 
motion if the spring is released from 2 in. below the equilibrium 


position with an upward velocity of 8 ft/sec. What is the period and 
frequency of the motion? 


Solution: 


an + 16x = 0, x(t) = ¢ cos (4t) — 2sin (4t), period = $ sec, 
frequency = = Hz 
Exercise: 
Problem: 
A 100-g mass stretches a spring 0.1 m. Find the equation of motion of 


the mass if it is released from rest from a position 20 cm below the 
equilibrium position. What is the frequency of this motion? 


Exercise: 
Problem: 
A 400-g mass stretches a spring 5 cm. Find the equation of motion of 


the mass if it is released from rest from a position 15 cm below the 
equilibrium position. What is the frequency of this motion? 


Solution: 
zit + 196x = 0, a(t) = 0.15cos (14t), period = 7 sec, frequency 
ey S| 
ag Z 
Exercise: 
Problem: 
A block has a mass of 9 kg and is attached to a vertical spring with a 


spring constant of 0.25 N/m. The block is stretched 0.75 m below its 
equilibrium position and released. 


a. Find the position function x(t) of the block. 

b. Find the period and frequency of the vibration. 

c. Sketch a graph of x(t). 

d. At what time does the block first pass through the equilibrium 
position? 


Exercise: 


Problem: 


A block has a mass of 5 kg and is attached to a vertical spring with a 
spring constant of 20 N/m. The block is released from the equilibrium 
position with a downward velocity of 10 m/sec. 


a. Find the position function x(t) of the block. 

b. Find the period and frequency of the vibration. 

c. Sketch a graph of x(t). 

d. At what time does the block first pass through the equilibrium 
position? 


Solution: 


a. 2(t) = 5sin (2t) 
b. period = 7 sec, frequency = = Hz 
Cc. 


dt = > sec 


Exercise: 


Problem: 


A 1-kg mass is attached to a vertical spring with a spring constant of 
21 N/m. The resistance in the spring-mass system is equal to 10 times 
the instantaneous velocity of the mass. 


a. Find the equation of motion if the mass is released from a 
position 2 m below its equilibrium position with a downward 
velocity of 2 m/sec. 

b. Graph the solution and determine whether the motion is 
overdamped, critically damped, or underdamped. 


Exercise: 


Problem: 


An 800-lb weight (25 slugs) is attached to a vertical spring with a 
spring constant of 226 |b/ft. The system is immersed in a medium that 
imparts a damping force equal to 10 times the instantaneous velocity 
of the mass. 


a. Find the equation of motion if it is released from a position 20 ft 
below its equilibrium position with a downward velocity of 41 
ft/sec. 

b. Graph the solution and determine whether the motion is 
overdamped, critically damped, or underdamped. 


Solution: 


a. z(t) = e */® (20cos (3t) + 15sin (3t)) 
b. underdamped 


Exercise: 


Problem: 


A 9-kg mass is attached to a vertical spring with a spring constant of 
16 N/m. The system is immersed in a medium that imparts a damping 
force equal to 24 times the instantaneous velocity of the mass. 


a. Find the equation of motion if it is released from its equilibrium 
position with an upward velocity of 4 m/sec. 

b. Graph the solution and determine whether the motion is 
overdamped, critically damped, or underdamped. 


Exercise: 


Problem: 


A 1-kg mass stretches a spring 6.25 cm. The resistance in the spring- 
mass system is equal to eight times the instantaneous velocity of the 
mass. 


a. Find the equation of motion if the mass is released from a 
position 5 m below its equilibrium position with an upward 
velocity of 10 m/sec. 

b. Determine whether the motion is overdamped, critically damped, 
or underdamped. 


Solution: 
a. z(t) = 5e “+ 10te~” 
b. critically damped 
Exercise: 
Problem: 
A 32-lb weight (1 slug) stretches a vertical spring 4 in. The resistance 


in the spring-mass system is equal to four times the instantaneous 
velocity of the mass. 


a. Find the equation of motion if it is released from its equilibrium 
position with a downward velocity of 12 ft/sec. 

b. Determine whether the motion is overdamped, critically damped, 
or underdamped. 


Exercise: 
Problem: 
A 64-lb weight is attached to a vertical spring with a spring constant of 
4.625 lb/ft. The resistance in the spring-mass system is equal to the 
instantaneous velocity. The weight is set in motion from a position 1 ft 
below its equilibrium position with an upward velocity of 2 ft/sec. Is 


the mass above or below the equation position at the end of 7 sec? By 
what distance? 


Solution: 


Ang We ae ft below 
Exercise: 
Problem: 
A mass that weighs 8 lb stretches a spring 6 inches. The system is 
acted on by an external force of 8sin 8t lb. If the mass is pulled down 


3 inches and then released, determine the position of the mass at any 
time. 


Exercise: 
Problem: 
A mass that weighs 6 lb stretches a spring 3 in. The system is acted on 


by an external force of 8sin (4¢) lb. If the mass is pulled down 1 inch 
and then released, determine the position of the mass at any time. 


Solution: 


a(t) = + sin (4t) + cos (128) — 55 sin (v 12 81) 
Exercise: 

Problem: 

Find the charge on the capacitor in an RLC series circuit where 


L = 40H, R = 300, C = 1/200 F, and E(t) = 200 V. Assume the 
initial charge on the capacitor is 7 C and the initial current is 0 A. 


Exercise: 
Problem: 
Find the charge on the capacitor in an RLC series circuit where L = 2 


H, R = 240, C = 0.005 F, and E(t) = 12sin10t V. Assume the 
initial charge on the capacitor is 0.001 C and the initial current is 0 A. 


Solution: 


q(t) = e © (0.051 cos (8) + 0.03825sin (8¢)) — 35 cos (102) 
Exercise: 

Problem: 

A series circuit consists of a device where LD = 1H, R = 20Q, 


C = 0.002 F, and E(t) = 12 V. If the initial charge and current are 
both zero, find the charge and current at time t. 


Exercise: 
Problem: 
A series circuit consists of a device where L = + H, R = 10Q, 


C = = F,and E(t) = 250 V. If the initial charge on the capacitor is 0 
C and the initial current is 18 A, find the charge and current at time t. 


Solution: 


g(t) = e * (—32t — 5) +5, I(t) = 2e~'* (160¢ + 9) 


Glossary 


RLC series circuit 
a complete electrical path consisting of a resistor, an inductor, and a 
capacitor; a second-order, constant-coefficient differential equation can 
be used to model the charge on the capacitor in an RLC series circuit 


simple harmonic motion 
motion described by the equation x(t) = c,cos (wt) + c2sin (wt), as 
exhibited by an undamped spring-mass system in which the mass 
continues to oscillate indefinitely 


steady-state solution 
a solution to a nonhomogeneous differential equation related to the 
forcing function; in the long term, the solution approaches the steady- 
state solution 


Series Solutions of Differential Equations 
e Use power series to solve first-order and second-order differential equations. 


In Introduction to Power Series, we studied how functions can be represented as power series, 
CO 
x(a) = S — a,x". We also saw that we can find series representations of the derivatives of such functions by 


differentiating the power series term by term. This gives y’( => nayxz”| and 
co 

yx) = n(n — 1)anz”*. In some cases, these power series representations can be used to find solutions to 
n=2 


differential equations. 


Be aware that this subject is given only a very brief treatment in this text. Most introductory differential equations 
textbooks include an entire chapter on power series solutions. This text has only a single section on the topic, so 
several important issues are not addressed here, particularly issues related to existence of solutions. The examples 
and exercises in this section were chosen for which power solutions exist. However, it is not always the case that 
power solutions exist. Those of you interested in a more rigorous treatment of this topic should consult a 
differential equations text. 


Note: 
Problem-Solving Strategy: Finding Power Series Solutions to Differential Equations 


co 
1. Assume the differential equation has a solution of the form y(x) = See ; ip 
Co 
2. Differentiate the power series term by term to get y’( =p na,2” * and yii(a = al n(n —1)a,z”?. 
n=1 n=2 
3. Substitute the power series expressions into the differential equation. 
4, Re-index sums as necessary to combine terms and simplify the expression. 
5. Equate coefficients of like powers of x to determine values for the coefficients a,, in the power series. 
6. Substitute the coefficients back into the power series and write the solution. 


Example: 
Exercise: 


Problem: 
Series Solutions to Differential Equations 


Find a power series solution for the following differential equations. 


Solution: 


a. Assume y(x) = ye a,x” (step 1). Then, y/( ->) Na, cs. and 


co 
Qe) = Se n(n — 1)a,x”~* (step 2). We want to find values for the coefficients a, such that 


yt—y = 0 


So n(n - 1a, ago BN endear = 0(step 3). 


We want the indices on our sums to match so that we can express them using a single summation. That 
is, we want to rewrite the first summation so that it starts with n = 0. 

To re-index the first term, replace n with n + 2 inside the sum, and change the lower summation limit to 
n = 0. We get 


Equation: 
[o,¢) [o.¢) 
So n(n - lane”? = Son + 2)( \(n + L)anir”. 
n=2 n=0 
This gives 
Equation: 


(oe) 
ye (n+ 2)(n 4+ l)any2x” = Anz” = 0 
n=0 


peer: Gu 2)(m- Lents —anle" = O (step 4). 


Because power series expansions of functions are unique, this equation can be true only if the 
coefficients of each power of x are zero. So we have 
Equation: 


(n+ 2) Vans — a, —Oforn = 0,15 2..<.,. 
This recurrence relationship allows us to express each coefficient a, in terms of the coefficient two 


terms earlier. This yields one expression for even values of n and another expression for odd values of n. 
Looking first at the equations involving even values of n, we see that 


Equation: 
a 
aq = =e 
ar, a. a OY) 
as an al 
= a4 ao 
46 65 ~ @ 
Thus, in general, when n is even, ay = — (step 5). 
For the equations involving odd values of n, we see that 
Equation: 
= Leben teat 
a Ba a 
a= Ups eel 
as B4 — BF 
a5 ai 


Ce = aT = a 


Therefore, in general, when n is odd, an = aa (step 5 continued). 


Putting this together, we have 
Equation: 


yo) = Sane” 


Re-indexing the sums to account for the even and odd values of n separately, we obtain 
Equation: 


ee Ek eS 1 2k+1 
y(z) =a > i? tai >> +I (step 6). 


Analysis for part a. 

As expected for a second-order differential equation, this solution depends on two arbitrary constants. 
However, note that our differential equation is a constant-coefficient differential equation, yet the power 
series solution does not appear to have the familiar form (containing exponential functions) that we are 
used to seeing. Furthermore, since y(x) = cie” + ce ” is the general solution to this equation, we 
must be able to write any solution in this form, and it is not clear whether the power series solution we 
just found can, in fact, be written in that form. 

Fortunately, after writing the power series representations of e” and e *, and doing some algebra, we 
find that if we choose 

Equation: 


we then have ag = co + c; anda; = Cp — cj, and 
Equation: 


y(z) =agt+aiz+ Fa+ Fe 


Ot 0° (—x)" 
= co) Ta ad) 1 

n=0 ie n=0 R 
=coe* +ci1e” 


So we have, in fact, found the same general solution. Note that this choice of c; and cg is not obvious. 
This is a case when we know what the answer should be, and have essentially “reverse-engineered” our 


choice of coefficients. 
lo e) 


. Assume y(z) = ae a,x” (step 1). Then, y'(x) = Ss na,x”! and 


i=l 


[o.¢) 
ya) = SS n(n — 1)a,x”~? (step 2). We want to find values for the coefficients a, such that 
n=2 


Equation: 


(x? —1)yn+6ry'+4y = —4 


[o-} CO 
(x? — 1) So n(n —1)a,2"~? + 6x Do na,z” 144 SS Gio 
n=2 n=1 n—0 
CO CO CO CO 
ae SS n(n — 1)a,z”? — So n(n —l)a,x”"? + 62 Ss na,z” 1+4 Se Gi = =Al, 
mal n=0 


| 
| 
iS 


Equation: 
[o.¢) [o,¢) 
2 n(n — 1)anx” — SS nl — l)a,2"=* + s 6nayx” + s Aaa” 4 (step 3). 
n=2 i) 


Now, in the first summation, we see that when n = 0 or n = 1, the term evaluates to zero, so we can 
add these terms back into our sum to get 
Equation: 


co co 


n(n—1)a oo (n— 1)anz”. 
=2 


n 


Similarly, in the third term, we see that when n = 0, the expression evaluates to zero, so we can add 
that term back in as well. We have 
Equation: 


lee) lee) 
y 6nay,x” = y 6nanx”. 
nw n=0 


Then, we need only shift the indices in our second term. We get 
Equation: 


[oe] lee) 
n(n — 1)anx”” (n + 2)(n + Loaner”. 
=2 =0 


n n 


Thus, we have 


Equation: 
(oe) love) aS Bs 
dn — Vans” wc + 2)(n + Lanyon” +S 6nanc” +S > 4anz” = —A4A(step 4). 
n=O) n=0 = re 
pan [n(n 1)an (n 2)(n 1)dni2 + 6nan + 4an gr™ = —4 
Nae [(n? N)An 6na, + 4an (n 2)(n 1)an42|2” = -4 
De, [n? nt 5nan + 4an — (n+ 2)(n 1)an42|2” = =f 
)\Gi Danie” = 4 


o Ln t A)(n+ 1l)a, —(n+2)(n4+1)anigla” = —4 


Looking at the coefficients of each power of x, we see that the constant term must be equal to —4, and 
the coefficients of all other powers of x must be zero. Then, looking first at the constant term, 


Equation: 
4ao = 2a2 = —4 
ay = 2a9 +2 (step 3). 


For n > 1, we have 
Equation: 


os 
3 
Meet 
— 
— 
3 
aN 
— 
Q 
3 
——~ 
3 
bo 
—* 
Q 
3 
+ 
ea 
II 


Since n > 1,n +1 +40, we see that 


Equation: 

(n+ 4)an — (n+ 2)ani2 =0 
and thus 
Equation: 

n+4 
An+2 = +9 an 

For even values of n, we have 
Equation: 

nu = $ (2a9 +2) =3ap +3 

ig = 2 (3a9 +3) = 4a) +4 


In general, a2, = (k + 1) (ao + 1) (step 5). 
For odd values of n, we have 


Equation: 
5 
GRY == See 
7 7 
aa 5 3 = 3 91 
9 9 
a7 7 a5 = 34, = 3a) 
= OS F 
In general, aox41 = ae al (step 5 continued). 
Putting this together, we have 
Equation: 


Note: 
Exercise: 


Problem: Find a power series solution for the following differential equations. 
ay’ + 2xy = 0 
b. (a 1)y! = 3y 


Solution: 


ONO 2 fever: All a= (ye 


ees (« +1)° 


—y?2 


Hint 


Follow the problem-solving strategy. 


We close this section with a brief introduction to Bessel functions. Complete treatment of Bessel functions is well 
beyond the scope of this course, but we get a little taste of the topic here so we can see how series solutions to 
differential equations are used in real-world applications. The Bessel equation of order n is given by 

Equation: 


a?y + zy’ + (2? —n*)y=0. 
This equation arises in many physical applications, particularly those involving cylindrical coordinates, such as the 


vibration of a circular drum head and transient heating or cooling of a cylinder. In the next example, we find a 
power series solution to the Bessel equation of order 0. 


Example: 
Exercise: 


Problem: 
Power Series Solution to the Bessel Equation 


Find a power series solution to the Bessel equation of order 0 and graph the solution. 


Solution: 


The Bessel equation of order 0 is given by 
Equation: 


z?y + zy! + 2*y=0. 


CO 
Co 
We assume a solution of the form y = s pant”. Then y'(“) = s na,x" | and 
He 
n=1 


hea i SS n(n — 1)a,x”*. Substituting this into the differential equation, we get 


= 
Equation: 


n=2 
co 
ax + oe [n(n — 1 
n=2 
[o.¢) 
ayxt + Du 
n=2 


CO 
ayx + MS [n?an a 


oe) oe) 
x s n(n —1)anz”?* +2 De na,w” '+ 2? Sik: Qnx" =0 = Substitution. 
n=1 


oe) 
+ ye NAnx” + ora ant”? =0 Bring external factors within sums. 
n=1 sa 
oe) 
+ SS Nance” + Nie An_22" =0 Re-index third sum. 
oat n=2 
oe) 
tayx + os NAnx” + Nees An-2t" =0 Separate n = 1 term from second sum 
n=2 pz 
Jan + nan + an—2|2” = 0 Collect summation terms. 


Then, a; = 0, and forn > 2, 


Equation: 


Multiply through in first term. 


Simplify. 


Nan +An_2 = 0 


= 1 
an = er aAn—-2- 


Because a; = 0, all odd terms are zero. Then, for even values of n, we have 


Equation: 


In general, 
Equation: 


Thus, we have 
Equation: 


a2 
a4 


a6 


The graph appears below. 


Note: 
Exercise: 


Problem: Verify that the expression found in [link] is a solution to the Bessel equation of order 0. 
Hint 


Differentiate the power series term by term and substitute it into the differential equation. 


Key Concepts 


e Power series representations of functions can sometimes be used to find solutions to differential equations. 
e Differentiate the power series term by term and substitute into the differential equation to find relationships 
between the power series coefficients. 


Find a power series solution for the following differential equations. 
Exercise: 


Problem: y// + 6y' = 0 


Exercise: 


Problem: 5y// + y' = 0 


Solution: 
— (=a/5)" pfs 
OS er = co + 5cie 


Exercise: 


Problem: y// + 25y = 0 


Exercise: 


Problem: y// — y = 0 


Solution: 
ae (a 4 oe _ 
y= Co C1 
n=0 n=0 (2n +1 
Exercise: 


Problem: 2y' + y = 0 


Exercise: 
Problem: y' — 2xy = 0 


Solution: 


= =cye™ 
Exercise: 


Problem: (x — 7)y’ + 2y = 0 


Exercise: 


Problem: y// — xy’ — y = 0 


Solution: 
oe) Qn oo gent 
=6 + C 
a 020 Orn 1d. T a5. 7---(Qn+1) 
Exercise: 


Problem: (1 + 2?) yf — 4ay' + 6y = 0 


Exercise: 


Problem: x7y!/ — xy’ — 3y = 0 
Solution: 
y= cin? + a 

Exercise: 


Problem: y// — 8y' = 0, y(0) = —2, y’ (0) = 10 


Exercise: 


Problem: y// — 2xy = 0, y(0) =1, y’(0) = -3 


Solution: 
-_ 2x3 1224 162° 12027 
y=1—se+ “3 at Gt meee 
Exercise: 
Problem: 


The differential equation x7y/ + ay! + (a? — 1)y = 0 is a Bessel equation of order 1. Use a power series of 


Co 
the form y = SS Q,z” to find the solution. 
n=0 


Chapter Review Exercises 


True or False? Justify your answer with a proof or a counterexample. 
Exercise: 


Problem: If y and z are both solutions to y/ + 2y’ + y = 0, then y + z is also a solution. 
Solution: 


True 


Exercise: 


Problem: The following system of algebraic equations has a unique solution: 


621 be 322 =8 

4z pe 222 =A, 
Exercise: 

Problem: 


y = e*cos(3x) + e*sin(2z) is a solution to the second-order differential equation y/ + 2y/+10 = 0. 
Solution: 


False 
Exercise: 


Problem: 


To find the particular solution to a second-order differential equation, you need one initial condition. 


Classify the differential equation. Determine the order, whether it is linear and, if linear, whether the differential 
equation is homogeneous or nonhomogeneous. If the equation is second-order homogeneous and linear, find the 
characteristic equation. 

Exercise: 


Problem: y// — 2y = 0 


Solution: 


second order, linear, homogeneous, -2=0 


Exercise: 


Problem: y// — 3y + 2y = cos (t) 


Exercise: 


2 
d 
Problem: (4) + yy’ =1 


Solution: 


first order, nonlinear, nonhomogeneous 


Exercise: 


d’y 


d : 
Problem: => + rg + sin? (t)y = et 


For the following problems, find the general solution. 
Exercise: 


Problem: y// + 9y = 0 
Solution: 
y = c,sin (3x) + cycos (32) 


Exercise: 


Problem: y// + 2y' + y = 0 


Exercise: 

Problem: y// — 2y' + 10y = 4x 

Solution: 

y = cye*sin (3x) + cge*cos (3x) + 2a + = 
Exercise: 


Problem: y// = cos (x) + 2y’ + y 


Exercise: 
Problem: y// + 5y+y = «+e" 
Solution: 


2a 
y=cje*+oe%7%7+ 24-5 


Exercise: 


Problem: y// = 3y' + xe” 


Exercise: 


Qs / 9 


Problem: y// — x* = —3y 


Solution: 


y = cye(-3/2® + egre(-3/2) 4 42 | 4, — 16 


Exercise: 
Problem: y// = 2cosx + y/ — y 


For the following problems, find the solution to the initial-value problem, if possible. 
Exercise: 


Problem: y// + 4y’ + 6y = 0, y (0) = 0, y’ (0) = V2 
Solution: 
y= e 2" sin (v2z) 
Exercise: 
Problem: y// = 3y — cos (x), y(0) = 4, y/ (0) =0 


For the following problems, find the solution to the boundary-value problem. 
Exercise: 


Problem: 4y' = —6y + 2y//, y(0) = 0, y(1) =1 
Solution: 


y= 42 (e* 1) 


Exercise: 


Problem: y// = 32 — y — y’, y(0) = —3, y(1) = 0 


For the following problem, set up and solve the differential equation. 
Exercise: 


Problem: 


The motion of a swinging pendulum for small angles @ can be approximated by ro + 40 = 0, where 0 is 
the angle the pendulum makes with respect to a vertical line, g is the acceleration resulting from gravity, and 
L is the length of the pendulum. Find the equation describing the angle of the pendulum at time ¢, assuming 
an initial displacement of 9 and an initial velocity of zero. 


Solution: 


9(t) = Oocos (/#) 


The following problems consider the “beats” that occur when the forcing term of a differential equation causes 
“slow” and “fast” amplitudes. Consider the general differential equationay/ + by = cos(wt) that governs 


undamped motion. Assume that Jt Fw. 
Exercise: 


Problem: Find the general solution to this equation (Hint: call wo = of b/a). 
Exercise: 
Problem: 


Assuming the system starts from rest, show that the particular solution can be written as 
_ 2 sin ( Wo—wt ) sin ( wotwt ) 
y= a(wo2—w?) 2 2 : 


Exercise: 
Problem: 


[T] Using your solutions derived earlier, plot the solution to the system 2y/ + 9y = cos(2t) over the interval 
t = [—50, 50]. Find, analytically, the period of the fast and slow amplitudes. 


For the following problem, set up and solve the differential equations. 
Exercise: 


Problem: 


An opera singer is attempting to shatter a glass by singing a particular note. The vibrations of the glass can be 
modeled by y// + ay = cos(bt), where y// + ay = 0 represents the natural frequency of the glass and the 
singer is forcing the vibrations at cos(bt). For what value b would the singer be able to break that glass? 
(Note: in order for the glass to break, the oscillations would need to get higher and higher.) 


Solution: 


b= a 
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V/2au—u2 
uv 2au — u? 


Integrals Involving a + bu, a ~ 0 


08. | ue = + (a+ bu — aln |a + bul) + 


oa, | = = gs |(a + bu)? — 4a (a + bu) + 20%In ja + bul +C 


du ast jie 
100. fe = Lin |4—|+C 


101. f — =-2+2 In |) +C 


d 
102. f AS = wn + grin la + bul + C 
a 


ee 
u (a+ bu 


u? du 
104. | —————_— =4(c + bu 
(a + bu)? 


105. [uve + bu du = 55 (3bu — 2a)(a + bu)? +.C 


la + bul) + +6 


udu 
106. | ———— = 4,(bu—-2a)Va+bu+C 
Jat+bhu * 


u? du 
107. | ———— = , (8a? + 3b?u? — dabu) Va + bu + C 
are rea ae 
Vatbu— . 
= = siln | Ye a , ifa>0 
108. / Uva + bu aa Wa 
= at +0, ifa<0 
109, [ S82" gu =2VaFbu+a f —S 
U uva+ bu 
vat+bu , = Vatu , bb du 
110. | —— du=-*"* +5 | —__ 
U uva + bu 
111. 


fever bud = TERE fur(a+ buy"? -na f wax budu 


iy, [ gt = aver _ _ tna ff Ud 
Jatba rent) ~ Wane) | 5, 

3, f —2 = eee nea _ b(2n—3) du 
urJ/a + bu a(n—1)u 2a(n—1) an 


Table of Derivatives 

General Formulas 

1.4(c) =0 

2. (f(x) + 9(2)) = f' (2) +9 (2) 

3. de (f (x)g9(z)) = f' (x) 9 (x) + f (z)9' (2) 


4. “(x") = nx"“!, for real numbers n 


8. a [f (9(2))] = f' (9 (2) - 9 (2) 
Trigonometric Functions 
9. “ (sina) = cosa 


10. + (tanz) = sec 


11. “(secr) = secrtanz 
12. 4 (cosz) = —sinz 
13. £ (cotx) = —csc?x 


14. 4 (csex) = —cscacotax 


Inverse Trigonometric Functions 


1 


15; f (sin ‘z) = 


Vi-® 
16. = (tan™'z) = 5 
17. & (sectz) = awe 
18. 4, (costa) = - 45 
19, # (cot'z) = ->4, 
20. a (ese™'a) = — a 


Exponential and Logarithmic Functions 
21, +(e") =e? 

22. # (In |z|) = + 

23. <4 (b*) = b"lnb 

24. 4 (log,x) = = 

Hyperbolic Functions 

25. + (sinhz) = coshz 

26: ~ (tanhz) = sech’? x 

27. £(sechax) = —sechz tanhz 


d. 


28. + (coshz) = sinhz 


29. + (cothz) = —csch?x 


30. + (cschz) = —cschz cothz 


Inverse Hyperbolic Functions 


ie 


Spa 


Bo: 


34. 


30: 


36. 


4 (sinh ‘z) = 
(tanh 

# (sech ‘) 
4 (cosh *z) 
 (coth's) 
# (csch”‘) 


Review of Pre-Calculus 


Formulas from Geometry 


A = area, V = Volume, and S = lateral surface area 


Parallelogram Triangle Trapezoid Circle Sector 


fe] Ps AAG 2y 


(a+b)h A=me A= 570 
C=2mr s= ro (@ in radians) 


Cylinder Cone Sphere 
H 
h | + 
oe Se 2 
V = ath V=3arh V=s7Pr 
S = 2arh S = al S = Anr? 


Formulas from Algebra 


Laws of Exponents 


i eae a = 
gM ee ae (zy)" = 
gn — we iy = 


Special Factorizations 


at—y = (#+y)(r-y) 
a+y = (a+y) (x*-ayt+y’) 
ey = («-y)(2*+ay+y’) 


Quadratic Formula 


If ax? + ba +c = 0, then a = tv Aca, 


Binomial Theorem 


M\ _ n(n—1)(n-2)--(n—k+1) al 
where & — ~~ k(k-N(k-2)- 3-21 ~~ O(n)! 


Formulas from Trigonometry 


Right-Angle Trigonometry 


; h 
sind = ;"” csc9 = SP 
yp opp 
dj h 
cos@ = — sec@ = 2 
yp adj 
__ opp _ adj 
tang = aay core = San 
hyp 
opp 
adj 


Trigonometric Functions of Important Angles 


0 Radians sind cos 0 
0° 0 0 1 

30° 1/6 1/2 /3/2 
45° m/4 V2/2 V2/2 
60° 1/3 /3/2 1/2 


90° n/2 1 0 


Fundamental Identities 


sin?0 + cos? 


| 
a 


1+tan20 = sec20 


1+ cot?@ = csc?20 

sin (F = 7) = cosd 

cos (F = ) = sind 

tan (4 — ) = coté 
Law of Sines 
sinA _ sinB _ sinC 

a b Cc 

Cc 

A 


Law of Cosines 


sin (—6 
cos (— 0 
tan (—6 
sin (9 + 27 
cos (0 + 27 
tan (0+ 7 


) 
) 
) 
) 
) 
) 


—sin0 
cos 6 
—tand 
sin 6 
cos 6 
tand 


a? — &+c-2becosA 
be = a*+c*—2accosB 


2ab cos C’ 


IN) 
NS) 

om 
Ne) 


Addition and Subtraction Formulas 


sin (x+y) = sinxcosy+coszsiny 
sin (2 — y) sin x Cos y — cos x sin y 
cos(#+y) = cosxcosy—sinasiny 
cos(a—y) = cosxcosy+sinzsiny 
tan x+tany 
tan (x te y) 1—tan z tany 
_ tan z—tany 
tan (x - y) 1+tan z tany 


Double-Angle Formulas 


sin22 = 2sinzcosz 

cos2r = cos’x — sin?x = 2cos*x — 1 = 1 — 2sinz 
2tan xz 

tan 2x a Eicane 


Half-Angle Formulas 


sin’x = os 22 


cos2x = Atco 22 


